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Abstract. We propose to use the identification of topological string partition functions as
equivariant indices on framed moduli spaces of instantons to study the Gopakumar-Vafa conjecture
for some local Calabi-Yau geometries.
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1. Introduction. In this work we exploit the relationship with certain equivari-
ant genera of instanton moduli spaces to study the string partition functions of some
local Calabi-Yau geometries, in particular, the Gopakumar-Vafa conjecture for them
[8].

Gromov-Witten invariants are in general rational numbers. However as conjec-
tured by Gopakumar and Vafa [8] using M-theory, the generating series of Gromov-
Witten invariants in all degrees and all genera has a particular form, determined by
some integers. See [8] or Section 2 for precise formulation. There have been vari-
ous proposals to the proof of this conjecture [14, 10, 20]. In this work we propose a
new and geometric approach towards this conjecture for some interesting cases. The
method relates the computations of Gromov-Witten invariants to equivariant index
theory and 4 dimensional gauge theory.

Recently there have been some progresses on the calculations of Gromov-Witten
invariants, both in the physical approaches [2, 11, 1] and mathematical treatments [29,
18]. For toric local Calabi-Yau geometries, one can now express the string partition
functions as sums over partitions. Furthermore, one can relate them to partition
functions in gauge theory according to the idea of geometric engineering (see e.g.
[22, 12, 13, 6, 30, 7, 9]). The latter are equivariant genera of framed moduli spaces
and can be computed by localization formula [21, 9] (see also Section 4). The fixed
points on moduli spaces are indexed by tuples of partitions hence one gets seemingly
different sums over partitions. However as shown in some of the works mentioned
above, one can use combinatorics to identify different expressions.

To prove the GV conjecture, one needs to rewrite the sums over partitions as
infinite products (see e.g. [9] or Section 2 for explanation). The purpose of this paper
is to point out that in some cases if one pushes forward the calculations from the
framed moduli spaces, which are the Gieseker partial compactification of the moduli
space of genuine instantons, to the Uhlenbeck partial compactification, then one can
achieve this. Let us briefly explain some relevant terminologies.
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For a compact complex d-manifold X, one is often interested in its Hirzebruch x,
genus. It is defined by:

d d

Xy(X) =D (=y)P Y (~1)?dim HI(X, APT*X).

p=0 q=0

By Hirzebruch-Riemann-Roch theorem, it can be computed as follows:
H x;(1—ye ™)
(1—e2)

where x1,...,z4 are the formal Chern roots of TX. The x,-genus reduces to other
invariants for special values of y, e.g., x1(X) is the Euler number, and

d
Xo(X) = 3 (~1)7 dim HY(X, Ox)
q=0

is the geometric genus of X. An important generalization of the x,-genus is the
elliptic genus x(X,y, ¢), which can be defined as the generating series of dimensions
of some cohomology groups of series of vector bundles. It can be computed by

9 1_ 16—3% 1— n et
W=y [ Lo [ St

n>1 q ezj)

It is easy to see that

Xy (X) =y x(X,y,0).

Denote by M (N, k) the framed moduli space of torsionfree sheaves of rank N and
¢z = k on P2, The instanton partition functions in 4D, 5D and 6D correspond to
the generating series of the xo, xy, and the elliptic genera, respectively, of M (N, k).
Note however M (N, k) is noncompact hence the cohomology groups might be infinite
dimensional, so the definition of the genera need to be modified. It turns out that the
weight spaces of the cohomology groups with respect to some natural torus actions are
finite-dimensional, hence it makes sense to replace the dimensions of the cohomology
groups by their characters. In this way, one gets the equivariant versions of the xo,
Xy and elliptic genera of M (N, k). Furthermore, one can compute them by using
localization formula.

Since the fixed points on M (N, k) are parameterized by tuples of partitions, lo-
calization methods applied in this gauge theory setting yield sums over tuples of
partitions. On the string theory side, one has different looking expressions as sums
over partitions. However combinatorics can be used to identity these expressions
[12, 13, 6, 30, 7]. Hence one can relate equivariant genera of framed moduli spaces in
gauge theory to the generating series of the Gromov-Witten invariants of some local
toric Calabi-Yau geometries. This idea appeared in physics literature in the context
of geometric engineering, for example Nekrasov’s conjecture [22]. Our detailed treat-
ment includes the cases with matters, hence it makes the geometric engineering of
SU(N) gauge theory with matters mathematically rigorous.

We notice that the identification of the Gromov-Witten partition functions as
equivariant genera suggests an approach to prove the Gopakumar-Vafa conjecture for
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the relevant Calabi-Yau geometries. To prove this conjecture, one needs to rewrite
the sums over partition as infinite products. We propose a natural geometric setting
to achieve this. More precisely, by exploiting the natural morphism M(N, k) —
M (N, k)o from the framed moduli spaces M (N, k) to the Uhlenbeck compactifications
M(N, k)o, one can pushforward the calculations of equivariant indices on M (N, k) to
M(N,k)o. When N = 1, M(1,k) is the Hilbert scheme (C?)*! while M(1,k)q is the
symmetric product (C?)®). By standard manipulation on the symmetric products
(cf. e.g. [27, 28]) one can get infinite product expressions and prove the Gopakumar-
Vafa conjecture. We will discuss in detail the case of xo, Xy, and elliptic genera which
correspond to three different local Calabi-Yau geometries. We propose to deal with
the N > 2 cases in a similar fashion.

We summarize the steps involved in our approach as follows.

Step 1 Compute the Gromov-Witten invariants by diagrammatic methods as sum
over partitions;

Step 2 Use Schur function calculus to rewrite the result in Step 1 as sum over par-
titions of certain ratios;

Step 3 Identify the result in Step 2 as suitable equivariant genera on M (N, k);

Step 4 Identify the result in Step 3 as suitable equivariant genera on My (N, k);

Step 5 Obtain Gopakumar-Vafa type infinite products by series manipulations.

The first three steps are mostly from existing works, and the last two steps are the
new features of this work.

Note it is a common practice in number theory that if one wants to show certain
number is integral, then one tries to identify it as the dimension of certain cohomology
group. Also it is well-known that by taking symmetric powers, one can identify a sum
expression with a product expression. Our proposal is compatible with such general
principles.

The rest of the paper is arranged as follows. In Section 2 we recall the Gopakumar-
Vafa Conjecture and its infinite product formulation. In Section 3 we compute the
equivariant elliptic genera for symmetric products, which naturally yield some infinite
product expressions. We recall some results on framed moduli spaces and compute
their equivariant ellitpic genera in Section 4. The relationship between the equivariant
genera of Hilbert schemes and symmetric products is studied in Section 5, and applied
in Section 6 to compute some Gopakumar-Vafa invariants for Calabi-Yau geometries
corresponding to M(1,k). We give two theorems about the index expressions of
the Gromov-Witten invariants of certain toric Calabi-Yau manifolds, and propose
a similar approach of infinite products for Calabi-Yau geometries corresponding to
M(N,k) for N > 1 by push-froward in equivariant K-theory. The detail will be
worked out later.

The major part of this paper was done during the authors’ visit of Center of
Mathematical Science, Zhejiang University in 2004. The authors would like to thank
CMS for its hospitality. The first and the second author are supported by NSF
and the thrid author by NSFC. During the preparation of the paper, there have
been interesting progresses in the subject. See [23] and [17] for the proof of the GV
conjecture for toric Calabi-Yau manifolds by using combinatorics and the theory of
topological vertex.

2. Preliminaries. In this section we recall the Gopakumar-Vafa Conjecture and
its formulation in terms of infinite product.
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2.1. Gopakumar-Vafa Conjecture. Denote by Fx the generating series of
Gromov-Witten invariants of a Calabi-Yau 3-fold X. Intuitively, one counts the num-
ber of stable maps with connected domain curves to X in any given nonzero homology
classes. However, because the existence of automorphisms, one has to performed the
weighted count by dividing by the order of automorphism groups. Hence Gromov-
Witten invariants are in general rational numbers.

Based on M-theory considerations, Gopakumar and Vafa [8] made a remarkable
conjecture on the structure of F, in particular, its integral properties. More precisely,
there are integers ny. such that

(1) F= > ZZ%n%@sink—;)%_szz.

SEH,(X)—{0} g>0 k>1

For given X, there are only finitely many nonzero nf,. Let ¢ = eV~ and regard it
as an element of SU(2) represented by the diagonal matrix

(8 q91> '

Denote by V;, the (n + 1)-dimensional irreducible representation of SU(2). Then the
character of V,, is given by:

n+1l _ q—(n+1)

q - :qn_’_qn—Q_’__.__’_q—n.

xXv,\q) = —
(q) -
We have

1

A
(2sin 5)* = —(g+q~

Recall {V,, : n > 0} form an integral basis of the representation ring of SU(2). Since
Vi@V, = Va1 @ Vaoq, {(V1®Vo®Vy)® : n > 0} also form an integral basis.
Therefore, given integers nf, there are integers N¢: such that

(2) anz(—ng(q% _q—%)zg:ZNg(qg+qg—2+m+q_g).

920 920

2.2. Infinite product formulation of the Gopakumar-Vafa Conjecture.
The generating series of disconnected Gromov-Witten invariants are given by the
string partition function:

Z =expF.

See [9] for the following;:

ProproSITION 2.1. The Gopakumar-Vafa Conjecture can be reformulated as fol-
lows:

J oo

(3) 7 = H H H H (1 _q2k+m+1Qz)(m+1)N§

SEHy(X) j k=—jm=0

where j = 5, k= —j,—j+1,...,5—1,5.
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Proof. By (2) one has

1 kA
S LY bugosn yosges
SEH(X) g>0 k>1
k/2 qfk/2)2g

(71)971,”_(] (q -
2 L (¢> —q %)

SEH(X) g>0 k>1 :

DD Sl
“Eno
S EH( X)g>0k>1 —q2)
k(g—2a+1)
04

DD M- gzal_qk)g @

SEH,(X) g>0k>1

S X RS MY e S ne

SEH-(X)g>0k>1 m>0
- _ Z Z 1 qu(g 2a+1)Qk2 Z m+ 1 km
YE€H>(X) g>0k>1 k m>0
g
= Y MY S m i)Y gy

SEHX(X)g>0  a=0m>0 k>1

Z ZN‘JZ Z m+1 log ¢ 2a+m+1QE)

SEH2(X) g>0 a=0m>0

a0

From (3) one sees that to prove the Gopakumar-Vafa conjecture one needs an
infinite product expression for the string partition function. On the other hand, as
will be recalled below such partition functions are usually given by a sum expression
in the diagrammatic method. We will show by some examples how one can convert
the sum expressions to the product expressions. This is achieved by relating the string
partition functions to equivariant genera, first of Hilbert schemes, then of symmetric
products.

Our motivation is very simple. As noted in [9], the expression on the right-hand
side of (3) looks like ‘counting’ the states in the Hilbert space of a second quantized
theory, a situation similar to the calculations of orbifold elliptic genera of symmetric
products [5].

3. Orbifold Equivariant Elliptic Genera of Symmetric Products. In this
section we show that infinite product expressions arise naturally when one consid-
ers genera of symmetric products. This motivates our proposal of using symmetric
products to prove the Gopakumar-Vafa Conjecture. For references see e.g. [27, 28, 4].

3.1. Orbifold elliptic genera. Let M be a compact complex manifold and let
G act on M by biholomorphic maps. Furthermore, let 7: E — M be a holomorphic
vector bundle which admits a G-action compatible with the G-action on M. For
g € G, the Lefschetz number is defined by:

dim M

L(M,E)(g) = > (=1)"tr(glmiu.o(m):
i=0
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It can be computed by the holomorphic Lefschetz formula [3]:

ch, E
L(M,E)(g) = / ;
( /@) /Mﬂ chy A1 (Nara /)

where M9 denotes the set of points fixed by g, Nyse/ns denotes the normal bundle
of M9 in M. Here and in the following it is understood that one considers each
connected component of MY separately.

There is a natural decomposition

TM|ns = ©;N7(X5),

where each NY(J;) is a holomorphic subbundle on which g acts as e2™V=IA where
0 < Aj < 1. In particular,

N9(0) = TM?.
Define the fermionic shift by [26]:

(4) F(M?) = "(rank Ny, )A;.
J
Following [4], define
E](]\f7 q, y)g — y7%+F(M7'rg) ®j [®n21 (Aiyqn,—l (TMQ)* %] A,y—lanMg)
® ®n>1 (Sq" (TMQ)* ® Sq"TMg)]
@ ;0 [®n21 (A_yqnfli»)\j N;fj ®A_y_1qnij N)\j)

QX On>1 (Sqn71+)\j N;:j & Sqnij N)\])} .
Recall for complex vector bundle E,

AM(E)=1+tE+*A*E+ -,
S{(E)=1+tE+t*S*E+--- .

DEFINITION 3.1. The orbifold elliptic genus of M /G is defined by

b

[9]€G.

> L(M9,E(M;q,y)?)(h),
heZ(g)

where G, denotes the set of conjugacy classes of G, and Z(g) denotes the centralizer
of g € G.

For any h € Z(g), let M(9") be the set of points of M fixed by both g and h. By
Lefschetz formula, we have

td(TMI").

L(M9,E(M;q,y)?)(h) = / chy(E(M;q,y)?)

M3-h Chh(Afl(N;\}g,h,/Mg))
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3.2. Equivariant orbifold elliptic genera. Assume now a G-manifold M ad-
mits an S'-action which commutes with the G-action. The equivariant orbifold elliptic
genus is defined by:

OLGiaw)(s) = 3 i 3 LM E(Mi0.)%)(hes).
[9]€G. heZ(g)

where s € S'. This defines a character for S'. Denote by M (9" the points on M
which is fixed by ¢, h, and s. For our applications, it suffices to assume that M9/
consists of an isolated point. Then by Lefschetz formula, we have

chy, (E(M;q,y)?)

ChhyS (A_1 (N*

L(M?, E(M;q,y)?)(h,s) = aga))
Mah.s /Mg

3.3. Equivariant elliptic genera of symmetric products. Suppose X is a
nonsingular projective variety admitting an action by a torus group 7. The diagonal
action by T and the natural action by permutation group Sy on the N-fold cartesian
product XV commute with each other.

THEOREM 3.1. Suppose the equivariant elliptic genera of X can be written as
X(X5q,9) (b, ntr) = Y elmyL k)™Y't -t
m>0,1,k

then one has

Z QNX(XNasN;(Ly)(tl? s 5t7“)

N>0
QN 1% i 1/n\N _ N\/4N N
(5) S DI D DNC YD AN CAENGD
Nyn>1 i=0
_ 11 1
n>0,m>0,1,k1,. 0ty (1- Q”qmyltlfl "'tlﬁr)c(nm’l’kl""’k”),

where w, = exp(2my/—1/n).
Note we have

Z QNXy(XNa SN)(tlv e atT) = Z(yQ)NX(XNa SN,an)(th cee 7t?”)'

N>0 N>0

Hence by taking ¢ = 0 in (5) one gets:
D> QN Xy (XN, SNt t)
N>0

_ me m(X)(tma"'ut:"n)
=P 2 -y

m>1

1
= H (1 — (yQ)rylth)eO Lk k)"

n>0,l,k1,....k,

Taking y = 0 in (6) one gets:

m

M Y QX St ) = (Y Do (X)),

N>0 m>1

See [27, 28, 4] for the nonequivariant version of (5)-(7).
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3.4. Equivariant elliptic genera of the symmetric products: The proof.
Assume

TX|x: = @y,

where s = ¢>™V =1 acts on N, by multiplication by 2™V~ Let g = moy, b = hy jm,
and n = ml. Here o; denotes an [-cycle, mo; stands for the composition of m disjoint
l-cycles. For examples, the permutation (12)(34)(56) can be written as 303. See e.g.
[15] for notations and more information on symmetric groups. Then we have

(8) TXn|(Xn)g,h,s = @2;10 @T:Bl @uNk,'r‘,’Ua

where Np, ., is a copy of N, on which g acts as multiplication by e2™V=Ik/l and h
acts as multiplication by e2mV/=1(r/m+jk/(Im))
LEmMA 3.2, If x(X3¢,9)(s) = X (e, B,7)q*y”s", then

l

|
—

9)

~|

LX) o0 BX 4, 0) ")y ms ) = Y ellan B 7)" s,
By

<
I
o

Proof. Let d, = dim N,,. Denote the formal Chern roots of N, by 2mv/—1x,;,
i=1,...,d,. Then we have

X(X5q,9)(s) = Y ela, B,7)q"y"s”

a, B,y

—/ ﬁ(zm/—u 4).Hﬁ9(”0vi—z+”“)
B Xe i 0 O(z; +vt,7)

v =1

On the other hand,

L((X"™) o0 B(X"™; q,9) ")) (bt jm, 5)
dy 1—1 m—1

do i — 2 — kT r/m+ jk/(Im) + vt, T
:/Xsil:[l(zw\/jl%i)'HHH Hyk/le(;vz kr/l+r/m+ jk/(Im) 4 vt,7)

0 o (Tpi — kT/L+7r/m+ jk/(lm) + vt, T)

v =1

do d .
O(mxy; — mz — mkr /[l + jk/l + mot, mT)
= Il(?wx/flxi)o”” |kam/l
/Xs i=1 '

el bt O(may; — mkt + jk/1+ mot, mT)

T Fr (may; —mz + mut, (mT — 5)/1)
= /Xs E(Qﬂﬁxoi) ’ H H O(maxy; + mut, (mt — 5)/1)

v =1

d d i
1 + O(mazy; — mz + mot, (mT — j)/1)
mdo /X };[1( ) 1:[};[1 0(may; +mot, (m7 = j)/1)

do dv O(xy; —mz + mot, (m7 — j)/1)
o L= L5 o=

v oi=1

- Z c(a, B, ) (g™ e 2mVTi /oy mB gy
a, By

= x(X, ezﬂﬁ(pj)/z,ym)(t,{l’t?)
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Hence we have

1
LX)l B(X™ q,9) ) (h jms 5)

o~ —
—~ <

Il
= o

o~ =

D ela, B,y) (g eV ey mBgm
=0 aupry

c(lo, B,7)q ™y s™ .
a, By

Proof of Theorem 3.1.

D> XX, Sniq,y)(s)p"
n>0
plN

89

l
=32 Hagw X LN, BN g ) M) )

n>0" IN;=ni>1"""  (Nyoy)hi=hi(Nioy)

1\ M
=11 > = <p> > LX) NeD) p(XIN g, )N (hy, 5)
(Nior)

N\ —
lZlN,ZO hlfhl(NlUl)
— C(l)(s),
>1
where
C’(l)(s)
N
1 (p - -
=2 W <z> o LX), BN g, y) M) (T, 5).
N; >0 (Nioy)hi=hi(Nyoy)
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Now
N,
1 /p\ INe Ny
=3 5 (7) 2
| -1 )
N; >0 Nl. ! h,:PF,N, jom a.l" 1,...,1),0m) Hle Hj:O(lm)Nl'J’leyj,m!
m,j le 7 m—NZ

L((XlNl)(N,,cn)’ E(XlNl;q,y)(N"‘”))(hla 5)

=3 > :
) Ni,jm )
Ni20 hl:PIDNL g m((o'l Ly 1),0m) Hm>1 HJ O(lm) ! Nl’]’m
mNy j, m*Nl

m,j

Ny jm

z |

(LCEm) 0, B (X0, )1, ))

@

N m
Il
= o

lm Nl]m

Z lmNLJleJm

H::]

3

>1
Ni j,m

/

L((le)(’""”, E(X"™;q,9) ") (hi jm, $)>

|
—

Ilm
exp (LX) B CE:000) ) )

m>1j=0 im
e [ 3030 B L, B 4,) " g,
ms15=0
Im 1 -1
= exp Lf L((X"™)men) B(X"™; q,4) ™)) (h jim, 5)
m
m>1 j=0

The proof is completed by using (9).

Here we have used an index calculation to prove Theorem 3.1. One can also prove
it using the graded symmetric products generalizing the approach in [27, 4]. Such a
proof is closer to a second quantized theory in flavor.

4. Partition Functions on Framed Moduli Spaces of Instantons. In this
section we recall some properties of the framed moduli spaces of instantons. Our
reference for this section is [21]. In particular, we compute various equivariant genera
on these spaces. The results are expressed as sums over tuples of partitions. Combined
with the combinatorial results in [12, 13, 6, 30, 7], these will enable us to relate
topological string theory with gauge theory.

4.1. The framed moduli spaces. Let M (N, k) denote the framed moduli space
of torsion free sheaves on P? with rank N and ¢z = k. The framing means a trivial-
ization of the sheaf restricted to the line at infinity. In particular when N = 1 we get
the Hilbert scheme (C?)[k]. See [21] for details.

As proved in [21], M (N, k) is a nonsingular variety of dimension 2Nk. The max-
imal torus T of GLn(C) together with the torus action on P? induces an action
on M(N,k). As shown in [21], the fixed points are isolated and parameterized by
N-tuples of partitions 7 = (u', -+, u?) such that Y, |u?| = k. The weight decompo-
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sition of the tangent bundle of TM (N, k) at a fixed point [ is given by
al (4 =i+~ (7
)3 et X O i),
a,y=1 (z,])Eu (i,5)€Emy

where t1,to € C* x C*, and e, € T.

4.2. A cohomological property of the framed moduli space. The space
M(N, k) has the following remarkable property. Let E be an equivariant coherent
sheaf on it. Even though H'(M (N, k), E) might be infinite-dimensional, the weight

spaces of the induced torus action on it are finite-dimensional, hence it makes sense
to define the equivariant index. In other words, if

HY(M(N,k),E)=>"V,
is the weight decomposition of H*(M (N, k), E), then
dimV, < o0
for all weight v. Hence one can define
ch H(M(N, k), E) = > (dimV,)e”
Furthermore, one can compute the equivariant index by localization (cf. [21]):

LEMMA 4.1. Let E be an equivariant coherent sheaf on M (N, k). Then

2Nk 4 ' B
X(M(N,k),E) =Y (~1)ch H(M(N,k),E) = ch (AT"M(Nk)> :
i=0 i — ’

This Lemma together with (10) gives us the following formula for the equivariant
elliptic genera of the framed moduli spaces:

(11)
> QM X(M(N,k),y,p)(e1, ... .en,tr,t2)

k>0
= Z Q) L1|M|HH
ploe n>1 a,y
(1 - ypn—le glt(ﬂ ) _lt_(lh _]+1 )( —1 n —leﬂ{tl ((M ) _l)tu‘ _]+1)
—1,( )t‘ —j+1 ((L) S S
(1.7 Epe (1_pn_1e 'Yltlu (ul ! ))(1 p ea €yt1 ! t21 J )
n— — (( a)t z-‘rl) 7 ( a) il _ B
(1 —yp 1@ 1t1 = t“ ])(1 y- p e efytlu t2 (] j))
,((# Vi—i+1) Y —j .

(me)s—i+1, —(p] -
(e (1—p~ 1%67 tzl )1 —pn ealewtl t2(# ]))
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By taking p = 0, one can also get:

ZQkXy(M(N,k))(el, . EN, T, T2)

k>0
W)‘fitf(u?fm))

| —ycay 't 7
(12) Z Q i H H ()t —i 7(#;f‘7j+1))

,,,,, a,y (i,j)Ep™ (1 €af ’Yltl t2

_ —i+1) —

H (1_Z/€a 1t1 (3 tg ])
(r)5 —1+1) -

Gjyenwr (1— eae'vltl " g ])

If one further takes y = 0,

> Q@ xo(M(N,E))(er, ... en,t ta)

k>0

1
(13) Z Q H\MH 11 1 =)
2

>>>> v jens (1 —eaey ty
1
—(p)f—i+1)

) —1 T-dy
(yepr (1 —eaeqy ty ty )

4.3. A natural bundle on the framed moduli space. Recall M(N, k) can
be identified with the space of equivalent classes of tuples of linear maps

(B1:V—oViBy: Vo Vit W—-V;5: VW)
satisfying
[B1,B2]+ij =0

and a stability condition. Hence one gets a vector bundle V over M (N, k) whose fibers
are given by V. This bundle is an equivariant bundle, and its weight decomposition
at a fixed point [ is given by [21]:

V =D Vaca,
«
Z tl_i“t;j“.
(1,5)Ep™

Therefore, the weight of detV* at the fixed point [ is

[T (e TT e

@ (i,5)ep™

Now we take B, = K2 N ® (det V*)™, where K denotes the canonical line
bundle of M(N, k). The equivariant index (M (N, k), E} ;) can be identified with
the equivariant indices of Dirac operators, twisted by (det V*)™. An application of
the above fixed point formula gives us
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LEMMA 4.2. We have

> QFX(M(N k), ER ) (er, ... ent,t2)

k>0
Py N . . "
= Z Q i=1 |l‘|H 6(;|H°| H tzl_lt%71
14 ploeo N a=1 (i,9)Ep
(14) N
H H —1 = e)E=1) pe—j+1 ;1 —1 =M= pe—j41, _
ay=1(ijen (€a €yt ty' )2 = (ea”eqty by’ )

1

(eate, Tl =)y -4

1 (“a)§_i+1t2—(lt3—j))% _

(ig)enr (€a eqty
LEMMA 4.3. When
tr=e PPty = ey =P
we have the following identity:

> QFX(M(N, k), ER ) (ex, ... en,ty, ba)

k>0
P LN
= i I mB(|naa+hrye /2)
(Q/4) e
b N a=1

rp sinh g(aa,w + h(pg — .U;‘Y +j—1))

N
AL — s )

an=1i,j=1

)

where a; ; = a; — a;,

Proof. By Lemma 4.2 we have

Z Q¥ X(M(N, k), EX ) (e, .. en,t1,to)

k>0
— Z QPL 1] ﬂ Bl laa H Ph(i—1)
plieo N a=1 (i,5) €™
11 :
o y=1 (i,j)ep® 2sinh g(aa —ay + h(pd + () —i—j+1))
H 1
(i,j)enr 2sinh g(aa —ay = h((p)s +p] —i—j+1))
= Z (Q/4)va=1 |1t ﬂ emB(naa+he o /2)
T Patirt

N2 sinh S (aa s + h(ug — ] + 5~ )

. H H sinh g(aaﬁ +h(j—1))

a,y=11,j=1

3
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where in the last equality we have used Lemma 4.4 below and the identity:

1(p)
Rpo= ]+ (0 = 2im) =2 Y (G- ).
=1

(i,5)€ER

LEMMA 4.4. [16] We have the identity:

N

1
H H sinh B @ t,y

ar=1 \(i)er, SN g (G +h(uf +py" —i—j+1))

1
sinh § (aa,y — b +p5* —i—j+1))

(1,5)€ Ry
N 0o

H H sinh 2 5 (Ao +R(pd — pf +35 1))
smhﬁ(aa7+h(] —1)) .

a,y=114,j=1

5. Relationship between Hilbert Schemes and Symmetric Products. In
this section we study the equivariant genera of M(1, k) which are the Hilbert schemes
(C?)I¥. These are given by sums over partitions by localization calculations. By
identifying them with the corresponding orbifold equivariant genera of symmetric
products of C2, one then gets infinite product expressions.

5.1. Equivariant yo of Hilbert schemes as infinite products.

5.1.1. Equivariant xo of Hilbert schemes. By localization on (C?)™ (equa-
tion (13)) we have

3 Q" xo((@)M) (11, 12)

n=0

= 1
:ZQn Z - — l(e)+1,—a(e)y
tl t2 )

l(e),a(e)+1
n=0 |p|l=n HeEy,(l - tl ( )t2( I )(1

This is a sum over partitions.

(15)

5.1.2. Equivariant yg of symmetric products. Denote by xo( (CQ)(”))( 7t2)
the orbifold equivariant geometric genera of the symmetric product (C?)(™ =
(C?)"/S,,. Then we have

Qn
n(l—17)(1 = 13)

(16) Xo((C*)™)(t1,t2) = exp(

n>1

).

We will give three proofs.

Proof by direct calculations. Note

% n (C:C,y,---7:pn,yns'n:,5’"((jx7y’ 7= s
Hi((C?) >’@){0[1 L ] (Clz, 1) Y



STRING PARTITION FUNCTIONS AS EQUIVARIANT INDICES 95

where S, acts on Clz1,y1, " ,Zn,Yn] by permuting (z1,y1), -, (Tn,yn). Now the
weight decomposition of Clz, y] is

E P14P2
tl t2 ’
p1,p2>0

corresponding to the basis {#P*yP2}. Then by standard calculations for symmetric
powers we have

(17) gmx@«w")): I — tmth epZ Hn)

p1,p2>0

Proof by orbifold equivariant localization. Now consider the localization on the
orbifold (C?)(™) with respect to the natural torus action. There is only one fixed point
n[0] in (C?)(™ whose normal bundle has the following weight decomposition:

n(t1 + tg).

Taking into account the effect of the S, -action, one sees the contribution of this fixed
point is

1 1

n! (1 - tl)n(l - tg)n

One also has to consider the twisted sectors, associated with the conjugacy classes
of S,,. They can be described as follows [27, 28]. For every partition pu = (p1, ..., )
of n, let g, the product of disjoint cycles of lengths p1, ...,y respectively:

-1 J J J
7=0 1=1

=1 i=1

The centralizer of g, is denoted by Z,,. It is not hard to see that

gﬁ Sy (1) mel(”)

(semidirect product). Hence there is a surjective homomorphism Z,, — []\, S (u)s
and the order of Z,, is z,.
The twisted sector corresponding to u is given by

(€5 = (C*)) /2Z,.

For example, when p = (n), then g, is the n-cylce (1,2,...,n), ((C*)")% is the
diagonal in (C%)", Z, is the cyclic group generated by the n-cycle, so the twisted
sector in this case is just a copy of C? with a trivial Z,-action. There is only one fixed
point situated at the origin. The weight decomposition of its normal bundle inside
the whole space (not the twisted sector) is

n—1

Z(w%tl + w;tz).

=0
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Here we have used the weight decomposition with respect to the action by T" x Z,.
Taking into the account of the trivial action of Z,, its contribution is

1 1 1 1

NIy (1 —wity) (1 —wity) n(1—tP)(1—1t3)

In general, it is easy to see that ((C2)")9 can be identified with (C?)!, where Z,,
acts through the homomorphism Z,, — [[;_, Sy +(u)- There is only one fixed point in
each twisted sector, given by the origin in (C?)!, its normal bundle inside (C?)" has
weight decomposition

Taking into account of the action of Z,,, one gets the contribution from the twisted
sector:

1 1 1 1

T T2 (1 wjy ) (L i f) 2 LD (1~ )00 (1 = )

Therefore, the total contribution is

" 1
;Q Mzn HHZ 1(1_tz)mb(ﬂ)(1_t1)ml()
_z_: Z Hmi(ﬂ)! (i(l_ti)(l—t§)>
1 Qz ma
AL <<1t)(1t2>)
Q
e (i)

Qi
=P a8

Proof by general results for symmetric products. We have

1

Xo(C?)(t1,t2) = =)=t

hence by (7),

> RYXo((C*) ™M) (tr,t2) = exp Y | WXO((CQ)(h 13")

N>0 m>0

_ Q"
*e"pmz m(l— 7)1~ 13)
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5.1.3. Identification of the equivariant y, of Hilbert schemes and sym-
metric products. We now show that

(18) Xo((CHM) (1, 2) = x0((CH ™) (t1, ta).

Our first proof follow [21]. First notice higher cohomology groups H’((C?)", O)(i >
0) vanish since (C?)(™ is a rational singularity. Secondly, note

HO((C?)", 0) = HO((C*)™, 0),

hence (18) follows.
For the second proof, note 7 is a small resolution, we have

O(Cz O(Cz)(n)
We then apply the results in [25].

5.1.4. The infinite product expression for equivariant y, of Hilbert
schemes. Let t; = g and t2 = ¢~!. Putting (18) and (7) together,

Xo((C*)) (g, ¢71) = x0((C*)™)(a,q7")

e Y s — e Y

m>1 n>1

1—q

By the following series expansion

m2>1
we have
— Q Q n(m
Zn(l(q q)n)Q __Z( ;LD Z q =
n>1 n>1 m>1
==Y m>y Q)" _ og [Ha-qor
m>1 n>1 " m>1
Hence
(19) > Q@@ (g g = [ -qmQ™
n=0 m>1

5.2. Equivariant x, genera of Hilbert schemes as infinite products.

5.2.1. Equivariant y, genera of Hilbert schemes. By the N = 1 case of
(12) we have

ZQk C2 [n] (tl tg)

n>0

) i RE—
tg J+ )(1_yt1 (l‘ ]))

e 29 1l tht S

H’Jii) i—J+1 7’+1 — (i
(pen (L—1 thi It )(1_t (H J))

_ Z Q! H — gyt "5t - ytll(e)+1t5“(e))_
1 _ tl i(e) a(e) )(1 - tll(e)+1t;a(e))

ecu
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5.2.2. Orbifold equivariant x, genera of symmetric products. By local-
ization formula we have

s (= yt)(1 - yto)
(©) = mi=w)

This can be directly verified as follows. It is easy to see that

(C[Zlazﬂ’ (p, Q) = (an)v
HO(C2, APT*C2) = Cle1, 22]dz1 @ Clz1, 22]d22,  (p,q) = (1,0),
(C[Zl, ZQ]dZI A dZQ, (p7 q) = (270)a

0, otherwise.

So we have

Xy((CQ)(tlat2) _ Z (tTth ytmlJrltmz _ ytaﬂlt;n2+1 + y2t71711+1t;n2+1)
ml,mgzo
(1 —yt1)(1 —yt)
(1 —t1)(1—tp) ~

xo(C?)(1 — yt1 — yta + y°tits) =

Therefore by standard calculations on symmetric products [27, 28] we have

(21) S QlE S0 a) = exp Y L EN
n>0 n>1 Q
Indeed,
> Q"X ((CH)", Sn)(tr, 1)
n>0

H H (1 o leltTlnl-‘rltg’Lz)(l _ lelt;nlt;nz-‘rl)
1— Qlylfltinltgbz)(l _ yl+1QltT1+1t£n2+1)

1>1my1,m2>0 (

= exp Z Z (log(1 th1+1twrlz) + log(1 — let;nl tng'*‘l)
1>1 my1,m22>0
—log(1 — lefltvlnltgn ) — log(1 — l+1tm1+1tm2+1))
1
=exp) > —QUy TV (L y ) -y + P )
1>1n>1

o Q” (1- nt"><1fynt3>
- pz n@n( 1) (1~ t3)

t ty
:epoQ Xy L )

_ n n
n>1 Q

This matches with (6).

5.2.3. Identification of the equivariant x, of Hilbert schemes and sym-
metric products. Since 7 : (C?)IMl — (C?)(™ is a semismall resolution, we have

(22) Xy (CHI) (81, 12) = X (C2, 50) (t1, 1),
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5.2.4. Equivariant x, genera of Hilbert schemes as infinite products.
Again let t; = g, t2 = ¢~ . By combining (22) with (21)

> Q" (€M) (g, a7 =D Q"xy(C% S)(g.q7")
n>0 n>0

ex Q"(1—y"¢")(1-y"¢")
pz 1_ nQn (l_qn)(l_q—n)

Now
) Q"(1—-y"¢")A—y"¢ ")
Sl —yr@n)(1—g")(1—g¢)
Q- ye) e — )
1 e e
o1t kzo n>0
= _ Z Z Z (m+1) (QFF1yFgmtlyr — (QFHLykH+1gm+2)n
k>0m>0ns1
_(Qk+1 k+1qm)n (Qk—i—l k+2qm+1)n]
_ Z Z (m + D)log(1 — Q1yFqm+1) — log(1 — QFF1yF+14m+2)
k>0 m>0
—log(1 — Q¥ yFH1g™) +log(1 — QM 1y 2™+,
Hence
ZQ" (€ (g,q7")
(23)

H ( 1 _ Qk-‘rlykqm-‘rl)(l _ Qk+1 k+2qm+1))m+1

= QR Iyktg — Okt1, kt1l,mt2 :

R S\ ere (1~ QFFIyFTTg?)

5.3. Equivariant elliptic genera of Hilbert schemes as infinite product.

5.3.1. Equivariant elliptic genera of Hilbert schemes. The N =1 case of
(11) gives us

> Q@ x((C) My, p)(t1, 12)

k>0
_Z y Q)M H
n>1
(24) (1 _ ypn—ltlf 2 j+1) (1 (p,]‘.—i)tgi_j_‘rl)
(4,§)€n (1 _pn—lt Zti Hi— ]+1))(1 ] )tui—j-i,-]_)
(1 7ypn 1t1( z+1)tﬂ7—J)(1 -1 ntltj H_th_(M ]))
en (L= prte, T Dy (ST )y
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5.3.2. Equivariant elliptic genera of symmetric products. By localization
formula we have

X(C?,y,p)(t1,t2)
(25) ' [ (1—yp ) (1 =y pnty ") (L—yp" ) (1 —y~'p"t; ")
(1—prtt)(1 —prty ) (1—pr=tg) (1 —prty )

n>1
By (5) we get
ZQN SNvPa )(tl?tQ)
N>0
1
B Q" 1 2) 1/m\N | N
—expz ZX(C WP )y )(tlatQ)
N,n>1 i=0

5.3.3. Identification of the equivariant x, of Hilbert schemes and sym-
metric products. Motivated by [5] we make the following conjecture:

(26) ZQk (C*™; p,y)(t1, t2) ZQk ", Sk, y)(t, t2).

We will refer to it as the Equivariant DMVV Conjecture.

5.3.4. Equivariant elliptic genera of Hilbert schemes as infinite prod-
uct. Now let t; = g and t5 = ¢~ !. Assuming the equivariant DMVV conjecture, one
then has:

10gZQ’“ (©)¥:p,y)(g,q7")

1ogZQ" Snip,y) (@,
n>0
le 1 -1 .
=Y e YN BTy g g
1>1m2>1 7=0
le 1 -1
=22 Sy
11 m>1 =0

. H (1 yme(n—1)2ﬂm(m7—j)/lqm)(1 _ y—menZWﬁ(mT—j)/lq—Trt)
(1 _ e(nfl)Zﬂ\/jl(mTfj)/lqm)(l _ 6n27r\/jl(m'rfj)/lq7m)

(1 _ yme(n—l)Qﬂﬁ(mT—j)/lq—m>(1 _ y—me?’LQ‘ﬂ'\/jl(T)’LT—j)/lqnl)
' (1 _ e(n—l)Zﬂ\/jl(mT—j)/lq—m)(l _ en27'r\/—;1(m,‘r—j)/quL)

m m —m

:ZZley ml=y"q" 1—y™q
m 1-— -m

qm 1—¢q

-1 —1(m7—j m —m  n2my/—1(m71—j —-m
1 (1 — ymen2mV=Tmr=0)/lgm) (] — y=men2nV/=1(mr=3)/l;=m)
(1 _ enZwJ?l(mT—j)/lq7rz)(1 _ e'r’LQTI'\/?l('"LT—j)/lq—Tn)

(1 _ ymenQﬂ'\/jl(mrfj)/qum)(l _ y7m6n27r\/jl(m‘r7j)/lqm)
' (1 _ enQﬂ'\/—il(mr—j)/lq—m)(l _ en27r\/—71(m7'—j)/lqm)
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Let

A —yp")(1—y'p"q ) (A —yp"q )1 -y 'p"q)
(1=prg)(1—prq7") (1—=p"q ") (1 —p"q)

>1
= Y Clab,)pd"y"
a>0,b,ce€Z

where C(a,b,c) are some integers. Note the left-hand side is invariant under the

changes of variables ¢ — ¢~ !, or y — y !, i.e.,

(27) C(a,b,c) = C(a,—b,c) = C(a,b,—c).

Furthermore, for fixed a and c there are only finitely values of b such that C'(a, b, ¢) # 0.
Hence there are integers C'(a, b, ¢) such that

Z (a,b,0p*"y" = Y Cla,§,e)p" (@ + 0V o+ gy
0,b,c a,j>0,c€EZ

We have

-1 —1(m71—j m —m  n2my/—1(mT—j —-m
1 (1 — ymen2mV=1mr=i)/lgm)(] — y=men2nV/=1(m7=3)/lg=m)
l (1 _ en2w¢j1(mr—j)/lq7rt)(1 _ en2ﬂ¢j1(m7—j)/lq—m)

J s

. (1 —yme n2my/—1(m7t—j3)/1 7m)( _ yfmenQﬂ'\/jl(mTfj)/lqm)
(1 — en2my/=1(m7— ])/l )(1 _ enZwﬁ(mT—j)/lq7n)

1

C(CL,[L C) 2my/—la(mr— _])/lqmbymc

= C(la,b,c)p™q"y™*

_ Z la .77 ma Z q2k:m me.

a,j>0,c€Z k=—j
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We have two ways to proceed from here.

logZQk (€)™ p,y) (a0 ")

le 1*3/ q" 1*9’”(’”22 b
=>_> = " =T C(la,b, )™ g™ty
1>1 m>1 —4a l—q ab,cl>1
Q" 2
== =y =y =y ) Y (et g™
n>1 m>0
. Z C’(la,b,c pnaqnbync
a,b,c
==Y (m+1)> Y C(a,b,c)
m>0 1>1 a,b,ceZ
Z [(Ql a m+b+1 c— 1) (Ql a m+b+2yc)n
n>1

(Ql a, m+b c)n (Ql a m+b+1yc+1) ]

= Z m+ 1) ZZC (la,b,c)

m>0 a,b,cl>1

[log( Ql a m+b+1yc 1) 10g( Ql a m+b+2y0)
10g(1 _Ql a m+b c)+10g(1 _Ql a m+b+1yc+1)]

therefore,

ZQ’“ Hipy)g.a7h)
(25)

1 *Ql a m+b+1 c— 1)( Ql a m+b+1yc+1)>(m+1)C(la,b,c)

- H H H < — le qm+b+2y (1 — QlprgmTye)

m>0a,b,cl>1
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In the same fashion we have

log Z Q" x((CH™:p,y)(q.q7")

Ql” 1—y " 1-y"q
XD = —

qn q—TL

—-n

J
Z C’(la,j, C)pna Z q2kmymc

1>1n>1 a,j>0,c€Z k=—j
an
:_Z —n n y q nq—n+y2n)2(m+l)qmn
n>1 m>0
Z ZCla ], na Z q2kn nc
a,j>0,c1>1 k=—j
z—Z(m—I-l)Z Z C(la, j,c)
m>0 1>1 a,j>0,c€Z
a m+2k+1 c—1 l a m+2k+2 c\n
Z Z )" = (Q'p y°)
k=—j n>1
(Ql a, m+2k c)n (Ql a m+2k+1yc+1) ]

= Z (m+1) Z ZCla,j,c)

m>0 a,j>0,c1>1
J
Z [log(l _ Ql a m+2k+1yc 1) log(l _ Ql a m+2k+2yc)
k=—j

—log(l _Ql a m+2k c) —|—log(1 _Ql a m+2k+1yc+1)]

therefore,

X 2 [k] 1
Q" x((C)"™;p,y) (g, )
k=0
Y Y YO Y l 2k+1, c—1 1 2k41, et1 Lm+néasie)
(1=Q'p*gm ™y (1 = Q'p " Ty A

1—
(- le qm“’“r2 - le qmtRye)

m>0a,j>0,cl>1 k=—j

Now notice that

J (1 — QIprqm+2h+lyc—1)(1 — Qlpagm+2h+lyetl)
kl_[j (1 — Qlprgm+2ktzye)(1 — Qlpogm+2kye)
k—ﬁ(l — Qlpogmrhtlye= 1) T = Qlopagm+2ktyet)
HJ+2 %)(1 — Qlpagmt2ktiye). Hi;%( (1— leaqm+2k+1yc)’

i=3)
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hence we also have an infinite product of the type in (3):

ZQ'“ ()™ p,y) (g, 07"

]7_ 1_Qp qm+2k+1yc 1)
oo -1 I 155 A

m>0a,j>0,ci>1 \ [ [~ (]+2)(1 _ Qlpagmkye)

(m+1)C(la,j,¢)

Ql a m+2k+1 c+1)

k—ﬁ( )
Hk_,(J (1 — Qlpagm+2ktiye)

6. Rank 1 Examples. In this section we will study the local Calabi-Yau geome-
tries corresponding to gauge theory moduli spaces M(1,k), which are the Hilbert
schemes (C2)W. We will show that by using the results from the preceding section,
one can extract the Gopakumar-Vafa invariants by identifying the string partition
functions with the xo, xy or elliptic genera, first of the Hilbert schemes (C?)I" then
of the symmetric products (C2)(™).

6.1. The 4D case. In this subsection we consider equivariant xo of M(1,k%).
In this case the corresponding local Calabi-Yau geometry is the resolved conifold
O(-1) ® O(—1) — PL. The Gopakumar-Vafa invariants in this case is well-known.
We rederive it from our point of view for completeness.

In this case the web diagram for the local Calabi-Yau geometry is

"

we have following formula for the closed string partition function [2, 11, 29]:
(30)  Zo(@.a) =) (~Q"W.(q ZQ'“'W Wula™).
neP
We have
THEOREM 6.1. We have the identity

(31) > QMW (t)Wy(ta) ZQ“XO (€)Mt ta).
w
Proof. Recall
1
Wyu(q) = su(d”), Pu(d”) = 1= s
where
¢ =(¢%,q2,...)

Hence by the standard identity:

> su(@)su(y) =exp IM’

n>1
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it follows that

lul x = S w—
%:Q“Wu(tl) u(t2) —epz; 1—t7) 1—t§)) 11 (1—-Qt™ty=)

mi,m22>0

The proof is completed by the results in §5.1. O

REMARK 6.1. By localization formula one can write the right-hand side of (31)
as

= 1
Z Q" Z -l _ tll(€)+1t2—a(e)) '

e),a(e)+1
n=0 ‘#l:n HCEM(I - tl ( )t2( ) )(1

Hence (31) is an identity that equates an infinite sum over partitions to an infinite
product:

oo . 1
Z Q Z l _ l(e)+1,—a(e)
tl t2 )

—l(e), a(e)+1
n=0 |pu|=n HeEM(l - 2‘:1 ( )t2( o )(1

Q" 1
= i ma—g) = 1 aoamey

n>1 m1,m2>0

Now we take t; = ¢ and to = ¢~ 1. By (30), (31) and (19) we have

9) =Y xo((C)")g, ¢ =[O -q"Q™

m>1

We have a direct proof as follows. First of all (15) becomes

Z Qn (CQ n]

n 1
= Z Q Z Heeu(l _ qh(e))(l _ q—h(e))

n=0  |ul=n
© (e)/2 —h(e)/2
_ —Q)ll : g
- Z Z( H h(e)/2 —h(e)/2 H q—h(e)/2 _ qh(e)/2
n=0 p ee,u ecp
— Z Z IHIS“ )5, (q°).
n=0 p

Then the first equality follows from the identity W, = s,(¢”), the second equality
follows from the identity:

Zsu(m)sut (y) = H(l +zy5),

where & = (21, 22,...) and y = (y1,¥2,.-. ).
By comparing with (3) we get

NI = 64180
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6.2. The 5D case. This case has been discussed in Section 5.1.1 and Section 6.1
in [9]. We now combine their result with the results in §5.2 to extract the Gopakumar-
Vafa invariants. The web diagram is

The partition function given by topological vertex method is

(32) Z(Q,Qmya) = > (=) (=Qu) "' Cur0) () Copar (0)(9)-

HEP veP
The following result has been proved in [9, §5.1.1]:

> Z2(Q,Qm,q) (1 = Qg™ ) (1 — Quog~"109))
B @) 2 11 (1= D) (1 — g hGD)

5 (i,5)€ER

Now we take t; = q and to = ¢~ ! in (20) to get

(1 — yg"CD)(1 — yg=hi9))
> Q@ ia.g = S gr T sz
- . (i.4)€n (1 —¢ha))(1 — g=h)

Hence we get the following result proved in [9, §6.1]: After a variable change y = Q,n,
we have the identity

i o(C ) (g, q7h).

By (23) one then gets:

m m m+1
(34) 7 = H ((1 — QMLQF ¢ (1 — QF Q2 +1))
kmso \ (1= QFHLQEF ™) (1 — QHIQrTgm+2) ’
hence

_ Okt1k ,m+1 _ kk+1,m+1 m+1
(35) z= [ (((1 QF1Qk g™ 1)(1 - QFQkHg ))) ’

1— Qk+1Q1;n+1qm)(1 _ Qk+1Ql;n+1qm+2

k,m>0
Comparing with (3) one gets:

Norqs, = Orsi 15

Norq;, = ~0ns,
g _
NQer” = 0, g > 1.
6.3. The 6D case. This case has been discussed in Section 5.1.1 and Section

6.2 in [9]. We now combine their results with §5.3 to extract the Gopakumar-Vafa
invariants in this case. The web diagram is
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The partition function by topological vertex method is

(36)  Z(QQmQua)= Y (=" (=Q)"(=Qu)"Chivn(@)Crrviy: (a)-

Hv,nEP

The following expressions for the normalized topological partition function have been
derived in [9]:

5 2(Q,Qm Q1,9
Z(valeq)
- lul (1= Q"Y1 = Qg™ "))
Z,J:Q (i};[E,u (1 — qh(%]))(l _ q—h(z,j))
ﬁ (1 - QQma" ™)1 — Q5Qmg h(”))(l Q 1qh(”))( —QEQy a7 "))
= (1 —Qkghb))2(1 — @0))2 ,

where @), = Q1Q,. The right hand side can be written in terms of the Jacobian
theta-functions.
Now let t; = g and t = ¢~ ! in (24), then by (24)

ZQ’“ (€)™ p,y) (g, 47"

= Z L | yg" ) (1 = yq ")
e (L= @)1 — g hCD)

o0

. H (1= pryg" ) (1 —pry~ g ") (1 = pryg ) (1 — pry~tgh D))
(L (L — g h)2

Thus one gets the following result in [9, §6.2]: After a variable change p = @, and
y = @y, one has:

=> Q" ™ p,y) (07",

k=1
Hence if one assumes the Equivariant DMVV Conjecture, then Gopakumar-Vafa Con-
jecture for this case follows by (29). We give some examples below.
6.4. Appendix: Examples of the 6D case. We have
> Cla,b,c)pq"y"

a,b,c
=1+p2q+q H+ylg+aH+y ' (g+q ")
26— 4y +y D+ WP +y ) +@+a )+ 4P +q7?)
—wa+ye  +y la+ry e 2w tya Py Ty )+

in particular,

1, b=c=0,
0, otherwise,

(37) C(0,b,¢) = {
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and
-1, b==1,¢c= =41,
(38) C(1,b,¢c) =« 2, b==+1,c=0,
0, otherwise.

6.4.1. The a = 0 case. We have by (37) only one case with C(0,b, ¢) # 0 which

gives us:

m _ +1)C(0,b,
((1 _ qub+ +1yc 1)(1 _ qub+m+1yc+1) ) (m+1)C(0,b,c)
L 0= Qi) (1= Qi)

((1 —Qf¢g™tly™H(1 - qu’”“y))(m“)
>1

(1-Qigm*2)(1 - Qlq™)

This matches with (34).

6.4.2. The a = 1, [ = 1 case. We have by (38) six cases when C(1,b,c¢) is
nonzero. We group them into three pairs. The pair (b,¢) = (£1,0) gives us:

I <(1 — Qpg™ (1 - qum“y“))z“”“)
(

— +3 _ +1
o 1 qu'm )(1 qu'rn )

I ((1 —Qpg™y (1 - qumy“)>2(m+l)
(1= Qpg™*)(1 — Qpg™—1)

=11 ( (1 — Qpg™*2y=1)(1 — Qpg™y~H)][(1 — Qpg™+?y)(1 — qumy)]>2(m+l)
(1 — Qpg™+3)(1 — Qpg™*+1)(1 — Qpg™—1)] - (1 — Qpg™+) .

m>0

m>0

The pair (b,c) = (£1,1) gives us:

I ((1 — Qpg™**)(1 — Qpg™?y?) ) S
o V(1= @pgm*Py)(1 = Qpgmtiy)

T ( (1 —Qpg™*y)(1 — qu’”1y)>_(m+1)
(1= Qpg™)(1 — Qpg™y?)

1 — qum+2)(1 — qum)][(l _ qum+2y2)(1 o qumyQ)] —(m+1)
I )

m=0

1 — Qpgm+3y)(1 — Qpg™y)(1 — Qpg™~1y)] - (1 — Qpg™Ty)

The pair (b, ¢) = (£1,—1) gives us:

g (1-Qpq™y~*)(1 - Qpg™) iy

so (1= Q@pgmHly=)(1 = Qpgmty~t)

Y (1-Qpg™ Py (1 - Qpg™t?)
meo (L= @pamH3y=1)(1 = @pgmtiy=t)

Y [(1 = Qpg™*2y~2)(1 — Qpg™y )] - [(1 — Qpa™ ) (1 — Qpg™)]
[(1 = QpgmT3y=1)(1 — Qpg™Tly=1) (1 — Qpg™~ty=1H)] - (1 — Qpgmtiy=1)

—(m+1)

—(m+1)

m>0
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Note the last two pairs each contains a term

[T =@Qpg™)(1 = Qpg™)~ "+,

m>1

6.4.3. The a =1 and [ = 2 case. This involves the coefficients C(2,b,¢), i.e
the coefficients of p? given as follows:

6—4(y+y )+ +y )+ (a+a )+ +a7?)
~(ya+yg "y latyTia) 20y Fya Py iy )
=22y +y )+ +y )+ (a+a ) +4@® +¢" +q7?)
—ya+a )~y Ha+ra ) 2@+ +a7) — 2y P+ "+ a7
We have rewrite the terms of the form y¢(¢? 4+ ¢=2) as
v +d° +a7%) -y
A GV type expressions can be obtained from the term 4(¢ + ¢° + ¢=2) as follows:
I ((1 — Q%pg™ Py (1 - Q2pqm+3y)>4(m“)
(1- QqumH)(l Q?pg+?)
pg" Yy~ (1 - Q2pgmtiy)\ Y
( (1- szqm“)(l — Q%pq™) )

(1-Q%pg™ 'y~ 1) (1 — Q%pg™'y) "
n )

m>0

(1—Q%*pgm )(1 — Q%*pgm2)

H( Q"Y1 @y (- @pg 2y Y
)
m20

1— szqm+1+3)(1 — Q2pg ) (1 — @2pgmt1-1)(1 — Q2pgmti—3

(1 — Q%*pg™ 12y (1 — Q*pg™Hy) (1 — Q*pg™H1—2y) 4(m+1)
0 ( (1 — Q2pgm+1+1)(1 — Q2pgm+1-1) > .

m

%

In the same fashion one can get a GV type expression for other terms.
The case of @ = 2, [ = 1 can be dealt with similarly. One only has to change Q?%p
to Qp? in the above expressions.

7. Rank > 1 Cases. In this section we will study local Calabi-Yau geometries
that correspond to the framed moduli spaces M (N, k) for N > 1. We will present
details for the identifications of the relevant string partition function as equivariant
genera for suitable bundles on M (N, k). We also propose a method to obtain infinite
product expressions.

7.1. The rank N = 2 cases. The corresponding local Calabi-Yau geometries
are given by the Hirzebruch surfaces F,, (m =0, 1,2). Their web diagrams are given
by

B B B

F| Fy |F F Iy F Fy F

B B+ F B +2F
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where B, F' € Hy(F,,,Z) are the homological classes of the base and the fiber respec-
tively, and we have

F? =0, B? = —m, BF =1,

hence

Their dual graphs are

The following results on the closed string partition functions can be found in [2, 11, 29]:

4 e~V -1k m 3
Z Wu ;/,4Q| . VoL ”3>\/2Wu4u3((71) QB)W‘

H1234

2 — 1K m 1
Wusﬂlelff ! -em‘/i1 ulA/QWHzﬂl((—l) QB)W |.
Define the normalized partition function by:

Zr, (QB,QF;q) .

THEOREM 7.1. After the following change of variables:

Q = QBQ;lyeﬁal = —17(11 — Qg = 2a

we have the following identity:
Z™(Qp,Qr;iq) ZQk M(2,k), B3 (V).

in other words, the generating series of the GW invariants on the local Calabi-Yau
geometry of Hirzebruch surface F,,, can be identified with the generating series of the
equivariant indices of suitable bundles on the framed moduli spaces.

Proof. Tt has been proved in [6, 30] that the normalized partition function of the
topological string theory is given by

Z"(Qp,Qr;q)
m|p? 7'”5 K,
fz N"Qp27'Q% )Iul\HuQIQFLW\ (R 1+5,2)

o0

H H smh aa7+h(u§’“—,u;7—|—j—i))
sinh 2 5 (aay +h(j — 1))

)

a,y=114,j=1

where a12 = —as1 = 2a, a11 = azp2 = 0, QF = e~ 28a ¢ = e~ PP The proof is
completed by Lemma 4.3. O
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7.2. The N > 2 cases. In this case the corresponding local Calabi-Yau geome-
tries are that of suitable ALE spaces of An_i-type fibered over P'. We study the
closed string partition functions of Ax_; fibrations. In this case the corresponding
(p, q) 5-web diagrams are of the following form:

Using the topological vertex [1] (for a mathematical theory see [18]), one can show
that [13, 30, 7]:

Zm) = Z ((—1)N+m=2N gyl 4+ 1]

el N
(A=t 1 N » N
Q(Ner*?i)(lH [++n']) Q*(Ner*?i)(\HH' [+-+p™ )
FrL' Fi

i=1 i=[NEmtl)
N1 1 i i+l R
' H QN =) ot =i e )

F;

=
0

T T ] S s A2 =] +5-0)
ay=1ij=1 smh’a(aay—i—h(j—z))

)

where Qp, = e #(@=¢+1) Here Z("™) is a normalized partition function introduced
n [13].
By splitting the terms with and without m, one gets:

[N+m 1] N1 |H1|+"'+‘HN‘
7 (1 — _(N—
20m = 3 [ (=1)N27VQp H or II @
phye N i=[ A
[N+£n,71 . N—1 v . m
(_1)\u1|+~~+|uN| H Q\IﬁlH“'HH’l H Q;(W’“H"'H# D
=l 1 gy

N [eS)

% N H Hsmh (G +h(pg —p +j — 1))
oy=1i=1 s1nh5(aa7+h(]—z))




J. LI, K. LIU AND J. ZHOU

112
When
th=e Pty =ePh, e, =P
we have the following identity by the same method as in the proof of Lemma 4.3:

ZQkX(M(N, k)aK]?/'7k ®(d6tV)m)(ela '76Nat1at2)

k>0
P N
= > (@2 i 1] [T e o tonthnue/2)
#1 ,,,,, N a1
: ﬂ ﬁ sinh 5 (o~ + h(ps — p) +j — 1))
wnmiigor snhS(aan +h(i—4)
where a; ; = a; — a; Thus we should take ¢ = e P,
(FEp=1] N-1
—i —(N—i
) e=CvY¥es [I @x I @7
i=1 j= [ Ntmt1
1_[ 2 ]
and
N
H e Blulaa
a=1
(A=) N1 |
11 Qn i TD,

i=1

1 N 1 i
- ot [t |4 |
(—1)!m] 7] | I QFf
i:[N+127L+1]

The right-hand side of the last equality can be rewritten as:
N .
I( 1)6*ﬁak]|#1|7

[FE=1]
11

[ (e,
=[]

N

H e~ Blnlaa

a=1 i=1
. Therefore, if one takes furthermore

where k = [Hm=1]
efor =1,
then one has
7 (m) k 3
Z0M =N " QF(M(N, k), K%, @ (det V)™)(ex, ... en, tr, b)
k>0
under the above specializations. To summarize we have:
THEOREM 7.2. For N > 2, we have
.. .,eN,tl,tg)

(10) 20 = 3T QE(MN. k), Ky, @ (det V)™ (e,
k>0
with the following specialization of variables: t; = e P", ty = M, e, = e oo,
ﬂa[%] =1, QFi — e*,@(ai*azdrl), and
(A= N-1
—q —(N—1i
Q=(vVes [ @i II @™
i=1

g=ePh e

N+7n+1]
2

i=[



STRING PARTITION FUNCTIONS AS EQUIVARIANT INDICES 113

7.3. Infinite product expressions for equivariant indices. Now we propose
a method to obtain infinite product expressions for equivariant indices.

In gauge theory another partial compactification has been used. Denote by
M8 (r,n) the framed moduli space of genuine instantons on S* = C2 U {oco}, and

Mo(r,m) = U oM™ (') x (€20,
There is a projective morphism
7w M(r,n) — My(r,n)

which is equivariant with respect the torus actions on both spaces. In particular,
when r = 1, this is the Hilbert-Chow morphism:

7 (CHM S ()™,

We now explain why we can expect a product expression by exploiting the col-
lapsing morphism. We apply the Riemann-Roch theorem in the equivariant G-theory
of algebraic stacks developed by Toen [25]. The rough idea is as follows. We have
converted the calculation of closed string partition functions to the calculation of
equivariant indices of EY on M(N,k). If we use the pushforward map 7, in the
equivariant G-theory, we end up with a calculation on My(N, k), where localization
leads to a calculation on the orbifolds (C2)(™). Now G-theory on (C?)(™ is the same
as the S,-equivariant K-theory of (C?)". Then by standard argument one can get a
product expression for the partition function.
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