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SOME EXCEPTIONAL PHENOMENA IN MULTIFRACTAL
FORMALISM: PART II*

DE-JUN FENGT, KA-SING LAU}, AND XIANG-YANG WANGS

Abstract. In Part I we showed that the L2-spectrum of the 3-fold convolution of the Cantor
measure has a non-differentiable point at a go < 0 [LW], therefore the standard multifractal formalism
does not hold. In this Part II, we prove a modified multifractal formalism for the measure.
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1. Introduction. The present paper is a continuation of the work in [LW] for
investigating the multifractal structure of the measure p of the 3-fold convolution
of the Cantor measure. We first recall some basic setting in [LW]: the probability
measure p satisfies the self-similar identity

3
p=> pinoS;",
=0

where SJ(I) = %(I + 2-]) for j € {07 17 27 3} and [p07p17p27p3] = [1/87 3/83 3/83 1/8]
This is one of the simplest examples of the IFS with overlaps having some exceptional
multifractal properties. We can express it in a vector-valued form

2
n() =Y T3 —j), (1.1)
j=0
where
n(Anio,1))
w(A) = | p((AN[0,1])+1)
n((ANnfo,1]) +2)

for any Borel subset A C R, and the matrix-valued coefficients T; are defined by

po 0 O 0 po O p1 0 po
To=| 0 po O |, T1=|p2 0 pr |, To=]| 0 p2 O
ps 0 po 0 ps O 0 0 ps
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The L%-spectrum 7(q) of 1 has been shown in [LW] to be

m(q) = — nlL“;o %(logs Z Z (eTy1)7),

i=0 |J|=n

where T’y denotes T}, --- T}, for J = ji --- jn, and e; denotes the 3-dimensional unit
vector whose (7 + 1)-th entry is 1, and 1 the 3-dimensional vector in which each entry
is 1.

Now we define a sequence of functions s,(g) of ¢ on R by setting so(q) = p] + p4,
s1(q) = (pop2 + p1p3)? and

w3 (ppims [ 2 ]), w2 12)

where

= po 0 - P11 Do
Ty = Ty = .
0 [ps D2 } ? [ 0 p3 ]
It was shown in [LW] that
THEOREM 1.1. The Li-spectrum 7(q) of p is given by

_ [ loggr(q) if g > qo,
T@‘{ glog;8  if ¢ < qo,

where r(q) satisfies Y peq sk(q)r(¢)FT = 1 and qo satisfies 8 Pr(q) = 1 (qo =
—1.149).  Furthermore 7(q) is real analytic except for q = qo, which is a non-
differentiable point of T.

log p(Bs(z))
log d
x (if the limit exists). It was proved in [HL] that

For = € supp(p), let ax) = lims_o be the local dimension of p at

THEOREM 1.2. Let E be the set of local dimensions of u, i.e.,
E={a: a=alzr) for somex € supp p}.
Then E = [a, &) U {a} with
a =log;(8/3), @=logs(8/VA1) and a=Ilogy8,
where \y = (74 1/13)/2.

As in the above two theorems, the multifractal formalism breaks down resulting
from the non-differentiable point of the L%-spectrum at gy, and the isolated point
@ in the dimension spectrum. It is known in [HL] that the isolated point & comes
from the two end points of supp p(= [0,3]). In this Part II, we will overcome these
problems by restricting p to the interior of its support [0, 3]. More precisely, we let
P = p|[3-m 3_3-m], the restriction of y on the interval [37™, 3 —37™]. Our main
theorem is:

THEOREM 1.3. Let r(q) be defined as in Theorem 1.1. Then r(q) is real analytic
on R. The Li-spectrum of pi., are the same for all m € N and the common value is

given by 7(q) = logs r(q), q € R.



EXCEPTIONAL PHENOMENA IN MULTIFRACTAL 475

Moreover if we denote K (o) = {x € supp u : a(z) = a}, then
dimyg K(a) = 7 (), Voae (aa),
where 7*(«) is the Legendre transform of 7(q), i.e., 7*(a) = inf{aq — 7(q) : ¢ € R}.

For the first part of the theorem, the main task is to show that r(q) is real analytic.
Note that this has been proved for ¢ > ¢o (in fact for ¢ > —2) in Part I. For the more
general g < 0, it requires more techniques in manipulating the product of the matrices
involved in sy (g). It will be discussed in detail in Section 2.

The second part of the theorem follows easily once we have shown that the multi-
fractal formalism holds for pg. To achieve this point, we represent g as a self-similar
measure generated by an IFS with infinitely many similitudes f;:

Hozzwjuoofflv (1.3)

Jj=1

where {w;}22, is a set of probability weights, and the family of {f;}52, satisfies the
following separation condition:

LN f;T) =0, i#],

where I = [1,2].

Using the representation (1.3) of ug, we can verify the multifractal formalism for
1o (actually for a more general self-similar measure generated by a non-overlapping
IFS with infinitely many similitudes). We remark that a multifractal analysis for such
infinite IF'S have been given by Riedi and Mandelbrot [RM], however they need more
restrictions on the contraction ratios and their theorem is not applicable here.

We point that a representation similar to (1.3) was set up earlier by Feng in [F]
for the Bernoulli convolutions associated with the golden ratio and some other Pisot
numbers. It was shown in [F] that, in the golden ratio case, the Li-spectrum also has
a non-differential point in (—oo, 0); however Feng and Olivier [FO] showed that in this
case, the multifractal formalism still holds in the sense that the dimension spectrum
and the Li-spectrum strictly form a Legendre transform pair.

In the appendix part we show that Theorem 1.2 can also be derived from Theorem
1.3. The argument is considerably simpler than the original combinatorial proof given
in [HL]. Actually in the appendix we will provide another one proof depending directly
on the estimates of the product of matrices developed here.

2. The Li-spectrum. In this section, we prove the first part of Theorem 1.3.
As in Part I, we let

My =8Ty = {1 g], My = 8T = [?) 1}

For a 2 x 2 nonnegative matrix M, we let | M| = [1,1]M][ 7 ].

Note that for any m > 0 and J € {0,2}™, J can be written as 0"12"2...¢"
or 2MQ"2...(2 — ¢)™ for some positive integers k and nq,...,ny, where ¢ = 0 or 2
according to k is odd or even. Accordingly, M; can be written as My*My? - - - M
or My*My?--- My*_.

To evaluate the norm of the product of matrices, for any k£ > 1, let € = 0 or 2
according to k is odd or even, and let ny,--- ,ni € N. Define

c(nu, - ymg) = [|Mg? My - - MI*|| (= |[My™ Mg - - - My []),
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and let

é(n, - ,ngk) = [0, 1) Mg M2 - MI* [ (1) ] _

It is clear that &(ni,--- ,ny) is the (2, 2)-entry of the matrix M Mg? --- M.

LemMA 2.1. For any k,l > 1, ny, -+ ,ng4 > 1, we have
c(ny, oo ne)e(egr, o k) < (s neg), (2.1)
1/8 <é(ny, -+ ,ng)/c(ny, -+ ,ng) <1, (2.2)
and
37k <E(ny, - ,mg)/3mt e < ok, (2.3)

Proof. The inequality (2.1) is true for the product of any two non-
negative matrices. For (2.2), it suffices to prove the first inequality. We write
My Mg M2 =[5 3 ] and M M2 Mk = [ 25 ], then

% c

a B |10 a b | a b

~ 6| |1 3 c d| | a+3c b+3d |’
It follows that a <, § <. We claim that v < 34; this will imply that («+ 8+~ +
§)/8 < 4 and (2.2) follows.

To prove the claim, we write MJ" -+ My*.' = [ ¢ % ]. Note that My =

c d
3n

[ 3n;1 ,;i ] and My = [ 3" {1 ] Hence if £ is even, then

0
a ﬁ - al b/ 3k 3"’;—1 B * %
v | | d 0 1 T 3w Al 4 d |

so that v < 30. Here and afterwards, we use * to represent an entry of a matrix
without giving its exact value. If k is odd, then

a a v 1 0 * * '
N6 = ¢ d 3’%2—1 3k = c’+3”k2’1d’ kgl |

since k — 1 is even, we have ¢/ < 3d’. Therefore

3m —1

y=c+ d <3d +3™d <2-3"d = 20.

We see that v < 36 in both cases and the claim is proved.

The second inequality of (2.3) follows from

k
. . 31 3m 3k 3me e [ 11
Mol"'MskS[?)nl 3n1]"'|:3nk 3nk:|_3 1+ +k|: :|
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and [0, 1][ o }k[ 0 ] = 2F=1. For the first inequality of (2.3), we observe that

ni g rne 1 0 3" 3n2271 * *
Mg* My* = 31 gm S T B R - e

Hence if k is even, we have

elmn, o) = [0, (MG ME?) - (MG M) [ | ]

> (3™ —1)(3"2 —1)--- (3™ —1)/2"
> 3n1+~~~+nk/3k_

If k is odd, then note that M]'™* [ 9 } = 3"k [ 9 ] Hence by using the previous result,
we have

E(nla"' ;nk) = [O, 1](M511M2nz)(M3k72M;k—1)M0nk |: (1) :|

= 5(7117 S 7nk71) . 3™k
> 3n1+~~~+nk/3k71.

LEMMA 2.2. For a fized ¢ € R, let 50(q) =2, 51(¢) = 27 and

(@)= > M7 n>2 (2.4)
Je{o,2}n—1

Then for any fized £ € N, there exists zo € (0, 37%) such that

Z e(ny, - ) (zg)™ T =1,

N, ,me>1
Moreover if let R denote the radius of convergence of the series ), <, 3n(q)x™~ 1L, then
anz gn(Q)Rn_l = 00.

Proof. From (2.3), we have for any fixed ¢,

a(P_@3%a)") < D0 el )T < oY (3%)")'

n>1 Ny, ,me>1 n>1

where ¢; = min{37%, 2%} and c; = max{3~%, 29‘}. The existence of z, follows
from the above inequalities. By the way,

> elng, )™ T <00, Ve (0,379). (2.5)

ny,-,ne2>1

For the second part, we only give a proof in the case ¢ < 0; since the case for
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g > 0 has been considered in Part I. For each ¢ € N, we write

Zgn(q)znfl — 22 Z C(Tll,-u ,nk)q:pnlJr"'Jr"k

n=2 k>1ng,--ni2>1

J4
:22 Z C(’I’L]J-.. ,’rLj)qx"lJr"'Jrnj

j=1ni, - ,n;>1

L
+2 E E E c(nl,- .. ,nkl+j)qxnl+“'+nk@+j

J=1k>1n1, ngey; =1
= 2([1 + IQ)

By using (2.1) for ¢ < 0, we have

VA
L<) ) e(nay - mpeyy) ™t TR

J=1k>1ny, - ngeq;>1

< Do en e nke) e (e, neg) T TR

4
<X Y el om0 Y ey )T )

j=1ny, - ,n;>1 k>1 ny,,mp>1

By (2.5) and the definition of z;, we have > .., 3,(q)z" ! converges on (0, z¢). Thus
R Z zZy. B

On the other hand, by (2.2), we have

L
S st >2n>2.80) N a(ng, oo ny)tamt

n>2 j=1lmng,- ,n;>1
For a given integer m € N, let £ = 2. Then for j = 1,2,...,2™, by making use of
(2.1), we have
1= Z c(ny, -, me)(zg)m e < ( Z é(ny, - ,nj)q(ze)"“r'“*"j)l/j.
nl,m,n@Zl nl,---,nj21

This implies that

and

lim ()™ >2-8%(m + 1).
m/,n; (9) > ( )

Thus Y, <o S R" ™! > 89(m + 1). Since m is arbitrary, we have > ., 5, R" ! = occ.
- > >

Now we can prove the main result of this section.
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THEOREM 2.3. There exists a unique real analytic function r(q) > 0 satisfying
S sk@r@ T =1 and > ksi(g)r()" < oo (2.6)
k=0 k=1

(sn(q) is defined in (1.2)). The L%-spectrum of puy, is independent of m and is given
by 7(g) = logs r(q)-

Proof. We have proved the theorem for ¢ > —2 in Part I. We will prove the
theorem for ¢ < 0 here. It will be more convenient to use the 5,(¢) as in Lemma 2.2
than the s,(g). Note that in this case

sn(q) =398~ HDI5 () n=0,1,---.

If we let 7(q) = 8 r(q), then (2.6) becomes

33 a(@)F(e) =1 and ) kSk(q)i(g)" < oo, (2.6)
k=0 k=1

and 7(q) = gqlogs 8 + logs 7(g). Let

oo

F(q,z) := 31 Z 5 (q)x™ .

n=0

For any fixed ¢ € R, denote by R(q) the radius of convergence of the series
>0 o 8n(g)z™ . Note that F(g,0) = 0 and F(q,R(q)) = oo (Lemma 2.2); the
continuity of F'(q,-) implies that there exists 7(q) satisfies (2.6)". Also observe that
for any fixed ¢ € R, F(g,-) is a monotone function. Hence, 7(¢) > 0 is unique.

The last part of the theorem was proved in Part I. O

The following proposition describes the limit behavior of 7(¢) at infinity.

PROPOSITION 2.4. lim,—. 7(¢)/¢ = o, limy—_ 7(q)/q = &, where
a=log(8/3),  a=logy(8/V\),

(see Theorem 1.2) where \; = (7 ++/13)/2.
Proof. Tt was shown in [LW] that

7(q) = — lim (11og3 > (elTy1)7),

n—oo N
|J|=n
where e} =[0,1,0] and 1* = [1,1,1]. For any J = j; - - - j,, € {0,1,2}", we have

3 3\"
elTy1<1'Ty, - T; 1 < gltsz e Tp 1< <3 (§> :

Hence for ¢ > 0, we have

3\ " . naa (3N
<§) = (elTy1)1 < Z (el Ty1)7 < 37 T4 (g) :

|J|=n
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It follows that lim, 4 7(q)/q = c.
To prove the second limit, making use of (A.3) and (A.4), we have

nq nq
ot (E) < ¥ (emayswey ()

8
|J|=n

for some constants C7, Cy > 0, and it follows that lim,—, . 7(q)/¢ = &. O

3. The restricted measure . In this section, we represent o = p1,9) as a self-
similar measure generated by an IF'S with infinitely many non-overlapping similitudes.

Let ¥ = J;—,{0,1,2}" be the collection of all finite words over {0,1,2}. For
J=j1gn, J =714l € X, we say that J and J’ are incomparable if there exists
some k < min{n,m} such that ji # j}. Let [J] be the subinterval [>;_, jr37*,
Sr k37 +37" C[0,1] and let

ws(r) =3""(x—-1)+ ij?fk + 1.
k=1

LEMMA 3.1. Let J, J € X, then
(1) es([1,2]) = [J]+1 C [1,2];
it) prr =propr;
(i) if J and J' are incomparable, then o (gﬁjl([[J’]] + 1)) =0.

Proof. Tt is direct to check (i) and (ii). For (iii), observe that

s (e ([JT+1)N[L2]) = ([J]1n[J]) + 1.

Since J and J' are incomparable, there exists k& < min{|J|, |J'|} such that j; = j! for
i < kand ji # j,. Thus [J]N[J] C [j1---5k] N [j1 - ji] which contains at most
one point. Since 1y does not have any point mass, (iii) follows. O

Now let

Lo={0,2}U{lji-jul€8: n>0, jp #1, k=1, ,n}.

Let T;’s be defined as in Section 1. For each J € X, we define w; as follows:
wo = wy = 3/8, and for the other J, w; = e{Tye; where et = [0,1,0]. By making
use of [LW, Lemma 2], we have

_ D 3
wy = [p2,0,p1]T},...5,_, Trer = [p2, p1]Tj,..j, _, { pg ] = 8—n|\Ma‘2 My,

Observe that

]
g
Il
l\')
M
M
%)~
g
s
n
»Moo
u>|°°
HMS
S
+
5
f
oo
|
—_
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THEOREM 3.2. The measure iy satisfies the following self-similar identity

o = Z wrpo o @yt
Jeo

Furthermore {¢y : J € Lo} has no overlap in the sense that p;([1, 2]) C [1, 2], and
os([1, 2) N ([1, 2) =0 for any J £ J', J,J' € So.

Proof. For the case J =0, 2, ¢;([1,2]) are [1, 3] and [2, 2] respectively. Let C' be
the standard Cantor set in [3, 3], then for any J € %\ {0, 2}, [J]+1 corresponds to the
middle-third interval in the construction of the Cantor set. Since ¢;([1,2]) = [J] + 1,
the disjointness of the {y([1,2]), J € Lo} implies the last part of the theorem.

Let X = U ex, ([7]+1). Then X = [1,2]\C. From the vector-valued self-similar

identity of p in (1.1), we see that ug is the middle entry of the expression. Hence
Ho(I7] + 1) = e Tasy o 1n([0,1]) = €4 Tyerp([1,2]) = wopo([1,2)).  (3.1)

It follows that pio(X) = > cx, wipo([1,2]) = po([1,2]), so that po is concentrated
in X. To prove the self-similar identity for g, it suffices to see that it holds on each
[J]+1,J € 3. Indeed for A C [J] + 1, let B C [1,2] be such that ¢;(B) = A. Tt
follows from Lemma 3.1(iii) that

> wypo 0 p3HA) = wipo 005 (9s(B)) = wipo(B) = po(A)
J' €Xo

(the last equality follows from the same proof as (3.1)). O

4. The modified multifractal formalism . In this section, we determine the
dimension spectrum of p. Recall that the local dimensions a(x) has the range E =
[a, @] U {a} (see Theorem 1.2 and [HL]). For each o € E, let

K(a) = {z € supp(p) : a(z) = a}.

THEOREM 4.1. For any a € (a, &),
dimy K (o) = 7*(a),

where 7(q) denotes the L-spectrum of uog (Theorem 2.3), i.e., 7*(a) := inf{ag—7(q) :
q € R}.

We will prove the theorem for a more general measure than the pg. Set I = [0, 1].
Assume that {f;}5°; is a family of similitudes on R with contraction ratios {r;}3°;.
Furthermore we assume that f;(I) C I and f;(I) N f;(I) = 0. Suppose there is a
non-empty compact set K C I such that

K = fi(K).
i=1
For probability weights {w;}5°,, let i be a finite Borel measure on K satisfying

=Y wiiof; . (4.1)
=1
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Let N*° be the sequence space over N endowed with the product topology. For J =
{ji}2, € N let J,, = j1...Jn. Define 7 : N — [ by

w(J) = lim f;, (),
Note that the limit is independent of x € I. It is clear that K = 7w(N*°).

Assume that for ¢ € R, there exists n(g) such that

Zw?r;"@ -1 (4.2)
i=1

Let ¢ € R, let v, be the product measure with probability weight {w]r, 1@ . e N}.
It is well known that v, is an ergodic measure on N°°. Define the measure p, on I by

_ -1
Mg =VgOoT .

LEMMA 4.2. Suppose Sup; ;o (1ogwi/1ogri) < oo and for each q € R, there
exists 1(q) satisfies

ngri_n(ln =1 and Zw T, (@) logr; < oo.
i=1

Then there exists a Borel set Gy C N with v4(G4) = 1 such that for any J € Gy,
the following holds:

hm —1og,uq fr( Zw T ~1(9) Jog( wir, @)y, (4.3)
hm —1ogu fi, I Zw T, long, (4.4)
1 o
lim —1 n|= 9" log r; 4.5
Tim S1og £, (1)) = 3wt " logr, (45)

i=1
where |f, (I)| denotes the length of the interval f;, (I).

Proof. We use [J,] to denote the cylinder set in N*° with base .J,. Note that
Li(I)N f;(I) = 0 for any i # j, hence 7= 1(f;,(I)) = [J,]. By the definition of u, and

Vq,

Ha(f1, (D) = vo([Ju]) = [ wt .
It follows that

log pq(f1,(1 Z log(w? @),
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The limit (4.3) follows by applying the Birkhoff ergodic theorem to the i.i.d. random
variables {X;}52, with values {log(wr; "?)}2°, and with probability {wr; "¥}22 .
The other two limits follow from the same argument and

L (D) = ([Jw)ad) — and  |f (D] =[] 7.
i=1 i=1
d
Let ¢ € N be fixed. For J = (j;)2; € N, let ny = min{i € N: j; = ¢} and
Net1 = min{i € N: ¢ > ng, j; = £}, k > 1. We can choose the G in the theorem
satisfying in addition that each J € G,

lim 5+ — 1, (4.6)
k—oo My

Indeed, by the Birkhoff ergodic theorem again, we have
1 n
. Sy —n(q)
nlLrI;o - Zx{g}(ﬁ) =wir, ™", ae v, JeEN=,
i=1
where x is the characteristic function. It follows that

lim L = Jim (%2){{@}@0)/( !

k—oo TN k—o0 Nk+1

Ng+1

Z X{6} (ji)) =1L

For a measure v on R¢, denote

. . logy(lx =6, x+4])
Kyfa):={zel: 61—1>%1+ log &

_

THEOREM 4.3. Let i be the self-similar measure defined as in (4.1). Suppose

sup (logw;/logr;) < oo,
1<i<oo

and for each q € R there exists n(q) satisfying
o0 o0
Zw?r;"(‘n =1 and — Zw?r;(n(q)“) logr; < oo
i=1 =1

for some € > 0. Then n(q) is differentiable and
dimp Ky (n'()) = n'(¢)a — n(q).

Proof. 1t is direct to show that under the hypothesis, 7(q) is differentiable. It is
well known (cf., e.g., [LN, Theorem 4.1]) that

dimpg K (n'(q)) < n'(9)g — n(q)-

To prove the reverse inequality, we consider the set G4 in Lemma 4.2. First we show
that for each J € G and for z; = 7(J), the following identity holds:

lim log i([xy — 6, x5+ ])
50+ log

=1'(q). (4.7)
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To see this, fix J = (j;)2; € G, and let {nx}2, be the sequence in (4.6). For
a sufficient small § > 0, there exists k& € N such that r;, =~ <6 < ry, , where
Tjiegn 3= Tjr ---Tj,- Then fy (I) C [xg—9, xj+0]. It follows from (4.4) and (4.5)
that

logfi(fes =6, @y +3) _ w108 a(fr,,, (D) _ 55 wir, "V logw,

lim 1m :
50 log & T o0 loglfs, (DI T oy wlr; " log r,

=1'(q).

To prove the other inequality, we assume without loss of generality that fo(I) is
in between fi(I) and f3(I). Let {nx}pZ, be given as in (4.6) with £ = 2. Let us
denote J = J, 1 for short, then J2 = J,

MNi4+1— MNk41)

3
zy € fr(l)  and | fr() C f1,, (D).
i=1

If we take § = r7 - min{ry,r3}, then 6 > cry

1 = C|fjnk+1(j)| for some ¢ > 0, and
(g = 8,25+ 0] C fr,, (I). It follows that

log ji([zs =68, @ +3]) _ log fi(f.,, (1))
log ¢ h 10gc|fJnk+1(I)|'

Making use of (4.4) and (4.5) again, we have

logpi(zy— 90, x5 +4))
log &

lim;_, >n'(q).
This completes the proof of (4.7).
If we replace i with p, and use (4.2) in the above arguments, then

- % iy @) 4,—n(a)
i 10 ttlles =8 s+ 8) Sl ool ")
6—0 log § pya wfr;"(‘n log r;

for all J € G,. It follows from [Y] that

dimgpg =1'(¢)q — n(q)-

Therefore dimyn(G4) > n'(¢)g — n(g). Observe that (4.7) implies that 7(G,) C
Ku(n'(g)). This implies the theorem. O

Proof of Theorem 4.1. Observe that K (a) C (3o K, () U{0, 3}. Tt follows
that

dimyg K(o) < maxdimyg K, (o) = dimg K,y (a) < 7% (a).

To prove the reverse inequality, we apply Theorem 4.3 to the family {p; : J €
Yo} defined in Section 3; the conditions of Theorem 4.3 hold for n(q) = 7(q). By
Proposition 2.4, (a,&) = {o« € R: a = 7/(¢) for some ¢ € R}. Hence if we take
a=17'(q), then dimy K () > dimpy K, (a) > 7*(a). O

Appendix A. Local dimensions. The proof of Theorem 1.2 in [HL] is
based on some complicated combinatorial analysis on the multiple representation of
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Yoo €3™  es = 0,1,2,3. In the following we give two other proofs: one is a conse-
quence of Theorem 4.1 and another one is based on the direct estimate of the product
of matrices.

For x € supp p = [0, 3], define

@(z) = limsu log plz = 9,z + 9]
5~>Op 10g5

and define a(x) similarly by taking the lower limit.

LEMMA A1, Let J = jija--- € {0,1,2}. For a given jo € {0,1,2}, set
T =3, o4 Then

. 1
a(xz) = — limsup - (logs €5, Tj,..5,1).

n—oo
Similar equality holds for a(x) by taking the lower limit respectively.

Proof. Denote J, = ji---jn. Then x € [J,] + jo. By (1.1) (see also [LW],
Proposition 2.1), we have

/’L(IIJ'”]] +j0) = e;ole”'jna7

where a = p([0,1]). To prove the lemma, we only need to prove that there exist
Cy, C5 > 0 such that

Cru([In] + o) < p(lJn] +Jo —37") < Cop([Jn] + Jo), Yn €N, (A1)

Indeed, the above inequalities can be checked directly. Here we only consider the case
Jn=171...Jn with jy =0 for t =k +1,...,n while jr > 0. In this case,

[Jn] +Jo—37" = [j1- - Jr—1(x — 1)2--- 2] + Jo.
It follows that
p([Jn] +1) = €Ty, .y, Ty, 5 ",
and
N([[Jﬂ]] +i— 3—n) = eszl"'jkflTjk—nglika'

A direct calculation for T, T4 shows that

n—k
T, T8 *a, Ty, 1Ty Fax <g> a
for jp = lor2. Thus p([J,] +¢—37") = u([J.] +4) (i = 0,1,2), which implies
(A.1).0O

LEMMA A.2. Let e} =[0,1,0] and e} = [1,0,1]. Then Ty = g(ese} + 3eie}).
Furthermore for any n € N and J € {0,2}", we have

3\" 1\"
eiTies =esTyer =0; eiTser=eiTyl= <§> ; esTres =efT 1l = <§) || M ]|
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Proof. We only need to observe that for J € {0,2}", T; has the form
[ T ey } The rest of the proof is direct. O

ay 0 as

Proof of Theorem 1.2. Tt follows from Proposition 2.4 and Theorem 4.1 that the
domain of 7*(«) is (a, &), and all the local dimension « of i in (a, &) are attainable
for some z € (0, 3).

For the three specific a’s, it is a direct check that for x = 0, 3,

a(z) =log; 8 = a.

If we take z = 14+ =, jx3™%, jr = 0 or 2, then Lemma A.1 and Lemma A.2 implies
that

o) = log,(8/3) = a.
For @, recall that we have proved in [LW, Lemma 3.2] that
200)"2 < [ Myl < 5(A)"2, Mgl = | Mz = min{||My]| = [J]| =n}, (A:2)

where J? = ¢-..2020, J2 = (2 —¢)---0202 (¢ = 0 or 2 according to n is odd or
even), the alternative sequence of 0 and 2 with length n.

Let J = joji--- = 11020202--- and = Y, jx3~ % = 17/12, then by Lemma
A.2 and (A.2), we have

1\" VA"
et Tj..;,1=3 <§) | Mj,...j. || ~ <Tl) . (A.3)

Lemma A.1 implies that

a(z) = logy(8/ /A1) = d.

d
We can also prove Theorem 1.2 by a direct use of the product of matrices instead
of going through Theorem 4.1 on the L?-spectrum and the Legendre transform.

LEMMA A.3. For any z € (0,3), we have a < afz) < a(r) <a.

Proof. For x € (0,3), we can write © = >, k37F, jr € {0,1,2} and jo, j1,- -
are not all 0 or all 2.

It is easy to verify that for any i € {0,1,2}, j € {0,1,2,3}, there exists some
k€ {0,1,2,3} such that eT; < ey, where e = [1,0,1]. This implies that

3 n
e;ole'”jnl S 2 (g) :

By Lemma A.1, it follows that a(x) > logs; 8/3 = a.
To prove a(x) < &, we claim that for J € {0,1,2}",

&n1zq(%§>, (A.4)
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where e = e or e3. Indeed let N(J) be the total number of entries of J that equals
to 1. If N(J) = 2k is even, we write J = J11Jol - Jor1Jogy1, J; € U[’io{(),2}l. By
repeated use of Lemma A.2, we have

. 3 [Joky1] K 3 14| J2i-1] 1 14| J24]
T;1=|(- = - Mj,.

1 [J2k+1] k 1 1+[J2i—1] 3 14| J24 |
arn=(3)  dIl(5) 0 (3) 0 i
i=1

7]

By making use of (A.2) and noting that A\; < 6, we can show that e'T;1 > (%) .

If N(J) = 2k + 1 is odd, we write J = Ji1J2, where J; € U®,{0,2}' and

N(J2) = 2k is even. Applying Lemma A.2 and the above estimation to J yields the
claim.

Now to complete the proof of the lemma, note that jo, j1,--- are not all 0 or all

2. Thus there exist some k > 0 and Cs > 0 such that
eéOle...jk Z Oge,
where e = e; or e3. By the claim, for any n > k, we have

VAL

n—k
e 1) ..., 1 = CoeT), .5, > C1Cs <T) :

t
Jo
Lemma A.1 implies that

— 1 ~
ax) = —hmn_,oog (log3 eg-Dle...jnl) <log5(8/v/ A1) = a.

LEMMA A.4. For any 0 < 0 < 1, there exist integer sequences {xy}5>, and
{yr}72, such that

. Tk Yk k
hrn B A —

koo 3 (@it yi) R X (mi ) P XD (it wi)

and
k k
i 2=l ® g gy 2= g
koo y 1 (@i + i) koo y i1 (@i + i)

Proof. Let xp, = [0k] and yr = k — x, where [z] is the integral part of . Then
{zr}p2, and {yx}32, satisfy all the conditions. O

Another proof of Theorem 1.2. We have shown that the three specific values
of a’s are attainable. It remains to consider the case for a < a < &. We write
a = fa+ (1 —0)a. Let {2,122, and {y,}>2; be the sequences in Lemma A.4.
Let J, = 00---012020---1 and put these segments together as J = 1j1jo--- =

—_—— —

Tn Yn
1J1Ja - -+ . A similar calculation as Lemma A.3 yields

k 3 x;+1 1 yi+1
el sy, 1= H (g) (g) I Mrey)lls

i=1



488 D.-J. FENG, K.-S. LAU AND X.-Y. WANG
where I(y,) = 2020 - - -, the alternative sequence of 2 and 0 with length y,,. By making

Yn
use of (A.2), we know that there exists & < C(k) < £ such that

Ty, sy ] = O(k)’“f[l @) (%) - (A.5)

For any n € N, there exists k£ € N such that Zi:ll [Ji] <n < Zle |.i], ie.,

k—1 k
2k — 1)+ > (wi+vi) <n<2k+ > (i +vi).
=1 =1

It follows that

t t t
elT]1J2"'Jk1 < ellejz“'jn]- < elTJ1Jz'“Jk711'

By taking logarithm, together with (A.5) and the special properties of
{zn 352, {yn}22, in Lemma A.4, we conclude that

— lim 1(1og3 el Ty, 1) = (0logs(8/3) + (1 — 0) logs(8/v/\1)) = a,

n—oo N
this completes the proof. O

Recently Shmerkin [S] independently considered the multifractal structure of the
3-fold convolution of the Cantor measure and the extension from a different approach.
Testud [T] found some interesting phase transition behaviors for another class of self-
similar measures.
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