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Abstract. In this paper, the third-order Jacobsthal generalized quaternions are
introduced. We use the well-known identities related to the third-order Jacobsthal
and third-order Jacobsthal-Lucas numbers to obtain the relations regarding these
quaternions. Furthermore, the third-order Jacobsthal generalized quaternions are
classified by considering the special cases of quaternionic units. We derive the rela-
tions between third-order Jacobsthal and third-order Jacobsthal-Lucas generalized
quaternions.
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1. Introduction and Preliminaries

Recently, the topic of number sequences in real normed division algebras has at-
tracted the attention of several researchers. It is worth noticing that there are ex-
actly four real normed division algebras: real numbers (R), complex numbers (C),
quaternions (H) and octonions (Q). In [2] Baez gives a comprehensive discussion
of these algebras.

The real quaternion algebra
H = {QZQO+Q1i+Q2j+Q3k7 ds €R, 8207152a3}

is a four-dimensional R-vector space with basis {1 ~ eg,i ~ e1,j ~ e,k ~ e3}
satisfying multiplication rules gg1 = qg, e1e2 = —ese1 = e3, esez = —ezea = €
and €31 = —€1€3 = €9.

There has been an increasing interest on quaternions and octonions that play an
important role in various areas such as computer sciences, physics, differential ge-
ometry, quantum physics, signal, color image processing and geostatics (for more
details, see [1,4, 10, 17]).

The origin of the topic of number sequences in division algebra can be traced back
to the works by Horadam in [12] and by Iyer in [15]. In this sense, Horadam [12]

doi: 10.7546/jgsp-50-2018-11-27 11



12 Gamaliel Cerda-Morales

defined the quaternions with the classic Fibonacci and Lucas number components
as

QFn:Fn+Fn+1i+Fn+2j+Fn+3ka Fnlen

and
QLn =Lp+ Ln+1i + Ln+2j + Ln+3k> L,1=1L,

respectively, where F}, and L,, are the n-th classic Fibonacci and Lucas numbers,
respectively, and the author studied the properties of these quaternions. Several
interesting and useful extensions of many of the familiar quaternion numbers (such
as the Fibonacci and Lucas quaternions [11, 12] and Pell quaternion [S] have been
considered by several authors.

After the work of Hamilton, James Cockle introduced the set of split quaternions
which can be represented as

Hi,—1) = {a=qo + q1e1 + qze2 + qze3; ¢s €R, s =0,1,2,3}

where e% = -1, e% = eg = 1 and ejeges = 1. Note that ejeg = e3 = —eseq,

ege3 = —e; = —eszep and eze; = ey = —eje3. The set of split quaternions
is also noncommutative. Unlike quaternion algebra, the set of split quaternions
contains zero divisors, nilpotent and nontrivial idempotent elements [18]. For more
properties of the split quaternions the reader is refereed to [19].

The set of generalized quaternions which can be represented as
Ha,8) = {q = qo + qre1 + qaea + gze3; ¢s € R, s =0,1,2,3}

where e, e and eg are quaternionic units which satisfy the equalities

e? = —a, e% = -0, e% = —af o
e1eg = e3 = —egeq, eze3 = fBeg = —eze, €361 = ey = —e1e3
where o, 5 € R.
By choosing « and j3, there are following special cases:
e o = 3 = lis considered, then H, i) is the algebra of real quaternions.
ea = 1, § = —1 is considered, then H; _q is the algebra of split
quaternions.
e a =1, 3= 0is considered, then Hy, ¢ is the algebra of semi-quaternions.
e « = —1, § = 0 is considered, then H(_; ¢ is the algebra of split semi-
quaternions.

a = 8 = 0 is considered, then H g ¢) is the algebra of %—quaternions.
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Pottman and Wallner provided a brief introduction of the generalized quaternions
in [20]. Furthermore, in [16], Jafari and Yayli studied some algebraic properties
of generalized quaternions and operations over them. A generalized quaternion ¢
is a sum of a scalar and a vector, called scalar part, S; = go € R, and vector part
Vg = qie1r + qee2 + qzes € Rzﬂ. Therefore, H(awg) forms a four-dimensional
real space which contains the real axis R and a three-dimensional real linear space
Ef’w, so that, H(aﬂ) =R Egﬁ (for more details, see [16]).

2. Third-Order Jacobsthal Quaternions

The Jacobsthal numbers have many interesting properties and applications in many
fields of science (see, e.g., [3,14]). The Jacobsthal numbers Jq(f) are defined by the
recurrence relation

K=o, 1 s a®, azl o

Another important sequence is the Jacobsthal-Lucas sequence. This sequence is
defined by the recurrence relation

D=2, P =1, 5@ =@ 42 a1 3)

(see [14]).

In [8] the Jacobsthal recurrence relation is extended to higher order recurrence
relations and the basic list of identities provided by A. Horadam [14] is expanded
and extended to several identities for some of the higher order cases. For example,

the third-order Jacobsthal numbers, { JT(LS)}HZO, and third-order Jacobsthal-Lucas
numbers, { jg’)}nzo, are defined by

I8 =08, 4 9 p2® g =0, JP =P =1, nz0 @
and

i =it +ich + 2%, i =2 i =1, =5 nzo0 ©

respectively.

Some of the following properties given for third-order Jacobsthal numbers and
third-order Jacobsthal-Lucas numbers play important roles in this paper (see [6,8]).

IO 4P =2 30 = 2

@ 43 _ [ —2if n=1 (mod 3)
Ttz =47 { 1 if n#1 (mod 3)
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2 if n=0 (mod 3)
i® —4JB3) = ¢ —3 if n=1 (mod 3) (6)
1 if n=2 (mod 3)

jﬁh*ﬂg):3ﬁ22

1 if n=0 (mod 3)
@ _g® — ! 1if n=1 (mod 3) (7)
0 if n=2 (mod 3)

(19,)" + 8949 = 4

—

3)

- 73 Jﬁzl if n£0 (mod 3)
F Joli—1if n=0 (mod 3)

and ) )
<j£3)) —9 (J£3)> — 912

Using standard techniques for solving recurrence relations, the auxiliary equation,
and its roots are given by

—1+iv3

m3—x2—x—2:0, T =2 and x = 5

Note that the latter two are the complex conjugate cube roots of unity. Call them
w1 and wa, respectively. Thus the Binet formulas can be written as

2 3+2iV3 3—2iV3
T =22 - S Sl 8)
and /3 /3
(: 8 3+ 2iv3 3 —2iv3
3P = 22+ I - g ©)
respectively. Now, we use the notation of equation (6)
2 if n=0 (mod 3)
Aw™ — Bw?
v = 2 T2 ) s =1 (mod 3) (10)
w1 @2 1 if n=2 (mod 3)
where A = —3 — 2wy and B = —3 — 2w;. Furthermore, note that for all n > 0
we have
v = v —ve y® =2 ad v =_3 (11)
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From the Binet formulas (8), (9) and equation (10), we have
1 1
(B3) — 2 (ontl _y/(3) i(3) — = (9n+3 (3)
AS - (2 V. > and Jn 7 (2 + 3V, > . (12)

In [6, 7], the author introduced the so-called third-order Jacobsthal quaternions,
which are a new class of quaternion sequences. They are defined by

3 3
JQP =30 es =P +3 08 e, JP1=JP (13)
s=0 s=1

where Jr([g) is the n-th third order Jacobsthal number, €? = €3 = €3 = —1 and
€1€e9€3 — —1.

The main objective of this paper is to define third-order Jacobsthal generalized
quaternions and obtain the relations related to these quaternions (i.e., for split
third-order Jacobsthal quaternions, third-order Jacobsthal semi-quaternions and
split third-order Jacobsthal semi-quaternions).

3. Third-Order Jacobsthal Generalized Quaternions

The third-order Jacobsthal and third-order Jacobsthal-Lucas generalized quater-
nions have respectively the expressions of following forms

3 3
JQY, =N Ui =JP + Y I Ve, IP1=0P a4
s=0 s=1

and

3 3
JQY =Y ies =i+ e iP1=59 (s
s=0 s=1

where Jv(f) is the n-th third-order Jacobsthal number, j,(LS) is the n-th third-order
Jacobsthal-Lucas number and e, es and ez are quaternionic units which satisfy the
equalities

2 2 2
el =—a, e5 =—03, e3=—af
elex = e3 = —egeq, €63 = ffe; = —e3ea, €361 = Qe = —e1€3.
Let us denote the sets of the third-order Jacobsthal and third-order Jacobsthal-

Lucas generalized quaternions by J QS’)B and j QS’)B respectively and their natural
basis by choosing « and :
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e Fora=p8=1,J Q(l?’f is the set of third-order Jacobsthal real quaternions
and j Q(g) is the set of third order Jacobsthal-Lucas real quaternions [6].

e Fora =1, B =-1,J Q ~ 1 is the set of split third-order Jacobsthal quater-
nions and ]Qlﬁl is the set of split third-order Jacobsthal-Lucas quaternions.

e Fora=1,6=0,J Qf’% is the set of third-order Jacobsthal semi-quaternions.

e Fora=-1,8=0,J Q(ﬂ,o is the set of split third-order Jacobsthal semi-
quaternions.

e Fora=p5=0,J Q((]3()) is the set of third-order Jacobsthal + 7-quaternions.

Throughout this paper, we study on third-order Jacobsthal generalized quaternions
J QS’)E Similar relations hold for third-order Jacobsthal-Lucas generalized quater-

nions jQ . In the following we will study the important properties of the third-

order J acobsthal generalized quaternions and third-order Jacobsthal-Lucas gener-
alized quaternions:

e The sum and subtract of .J QS’,)B ,, and j QS’,)B ,, 1s defined as

7
TR QY = D (I 5 es (16)
s=0

where JQS};vnangi)ﬁ,n € H(O‘aﬁ)'

Furthermore, we can be written as .J Q(3) =5

afBn = where

V ’
1@, T Vi®,

SJQ(3> = J7(l ) and V = ZZZI J,gzses are called the scalar and
a,B,n a /3 n
vector parts, respectively.

e The multiplication of these quaternions are defined by

108100 = - (Vi Vi, )

a,B,n

(3) i(3)
J V &3)6 n + j’I’L VJQ((XS,)Bn JQa,B,n JQa,B,n

where

(3) (3)
h <VJQ<3> 7VJ-Q<3) ) =aJQ a,B,n+1 jQ&BnJrl_‘_ﬁJQa,BnJﬂ JQ o,Bn+2

o,B,n a,B8,n

+aBIQY s s IQ s s
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and
(3) (3) - ~(3)
Vigw, X Vg =01 (7Q05 i@ 5 —1QL 5 - 1Ql%% )
+ ae (JQS:M 'jQS)ﬁ 17 ‘]Qaﬁ L0 53>

3 . (3 3
tes (70,50 - 70, 10,

e The conjugate of .J QS')B ,, 18 defined by

3 _ 3 (3)
JQu 0 = SJQS%’ VJ@aﬁn JB Z I es (18)

and this operation satisfies

I = TQh
TQuhnt QS’; n =0+ 10 s

JQS’gn ]Q aBn —J Q(Bn' Q((j)ﬁ,n

)

3)
for all JQ( B ]Q( apn € Hiap)-
e The norm of an third-order J acobsthal generalized quaternion, which agrees

with the standard Euclidean norm on R* is defined as

Nr(IQP) ) = 102, 1@ | =[5, 10T, eo
103
-1 J
e The inverse of JQS,)ﬁ,n # 0 is given by (JQS)ﬂn) = M
NT(JQQ B n)

From the above two definitions it is deduced that

(10%,,,-10%,) " = (10%,) - (1e%,) . en

Now, by the addition, subtraction and multiplication we can give the following
theorems.

Theorem 1. Let J Q B be the third-order Jacobsthal generalized quaternion.
Forn > 1, the following relations hold

2JQa B + JQ(SB n+1 + JQa Bn+2 T JQa ,B,n+3 (22)
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JQ&S,ZM - elJQS,)B,n+1 - €2JQS),)B nt+2 €3JQ o,B,n+3

_ ) @+28+ 10a8) 1Y + (38 + 9a8)J%, (23)
+a+28+9a8)J%,

where o and 3 are real numbers and J,SB') is the n-th third-order Jacobsthal num-

ber.

Proof: (22): By the using the equations (14) and (16), we have
(3) (3) (3)
2JQu 0 T IQ0 g1 T I Q0 g2

= 2(!]7(13) + 23: Jr(z:?ses> + (%@1 + Z ngzs+1 s) (J(3)2 + Z +s+263>
s=1 =1

3
<2J(3) + J(le + Jn+2> + Z <2Jn+s + J(stJrl + J7(”25+2)
s=1

= n+3 + Z +s+3€5 - ‘]Qa ,B,n+3"

Using the identity of third-order Jacobsthal numbers Jé J23 = JSEQ + J,ﬁ)l +27%

in (4), the last equation becomes
QJQa Bn + JQa ,B,n+1 + JQa Bn+2 T JQ( a,B,n+3"
(23): From equations (14) and (1), we conclude that
JO®. g% egQ® e JQ
a,B,n 1 oaﬁn—i—l 2 a,B,n+2 3 a,B,n+3

(J(3) _|_ZJ”+ es> —el( e +Z n+8+1es)
— €2 (Jﬁé + Z Jv(zi)sﬂes) €3 <J(+3 + Z n+s+3€s>

=J +ady + I, + apIl.

Substituting the identities of third-order Jacobsthal numbers J (3 ) = 2J, (3)

Z:’oJ,(LJZ1 + 2J7(L ) and J( )6 = 9J75A22 + 10J(J21 + 9J,(1 ) which are well known using
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relation (16) into the last equation and after simplifying we can assert that

JQa B T elJQS)ﬁ,nJrl - 62‘]@&3}3 n+2 63JQ£v3)B n+3

_ 1 +28+10a8) 0 + (38 + 908)J 5,
+(a+ 26+ QaB)J,(L?fQQ '

Special Cases:

e For o = 3 = 1, the equation (23) is equivalent to
{ JQY) A 61JQLLn+)1 } — 377®) 4 12§
_€2JQ1,1,n+2 €3JQ1,1,n+3

which was studied by Cerda-Morales in [6].
e For the case & = 1 and 8 = —1, the equation (23) becomes

(3) (3)
JQ1,§)1,n - €1JQ17_1(,§3+1 = (J( ) + 17J(3)1 + 5J(421>
—ngQ§7_17n+2 —e3JQi L is '

e Let 3=0. Fora =1, a=—1and a = 0, there are following relations

JQ%?()W - el‘JQf()),nJrl - eZJQf()),nJrz - 63‘]Q§?()],n+3 = J7(13) + JT(L3+)2
JQ(E?,O,n - elJQ(f’i,o,nH - e2JQ<§?,0,n+2 - 63‘]Q(E%,O,n+3 = qug) - ‘]7(13+)2
‘]QE)?()),n - eleé?g,nJrl - eQJQE)?()),n+2 - 63‘]Qéz,%,n+3 = Jr(zg)

Theorem 2 (Quadratics Identities). Ler J\> and 7> be the third-order Jacob-
sthal and third-order Jacobsthal-Lucas numbers, J QS/)M and j Q&g%n be the third-
order Jacobsthal and third-order Jacobsthal-Lucas generalized quaternions, re-
spectively. In this case, the following equations can be given

2 2 2
(3) (3)
(‘]Qa B, n) + (‘]Qa B, n+1) + (‘]Qa,ﬁ,n+2>
3 3 3 3 3
( W JQaBn J’r(z—gl JQ((ZV,};,R+1 + J’r(z—QQ JQEJ{,}?JHQ)
1 —3-22041)(1 + 4o + 166 + 6403)
7 ~242 (U + 20U, + 48U, + 8apU )
—2(1+a+B+apB)

(24)
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o 2i$ - Q%) — 185 . JQ
('7 QS)M)Q_ ) <JQ$)@H)2{ on+2 ( i) J+ 2aj( +4850, + 80‘5»7" )}

n—2
(25)

(3)

where o and (8 are real numbers, and Uy, () _ —J, (3 )1 as equation (7).

Proof: (24): From equation (14), we get
(10.)" = (28 + Yo e) - (o9 + 3 )
_ ((Jy(L?)))Q to (Jﬁ)l) +8 ( n+2> +af (Jﬂ?))z)

+2J8-JQ, .

Combining the equation (16) with the last equation gives
(10 ,n>2+<J@a%z,m>2+<J@fzn+z>2
() () ()
N > <n+3>2>
3 (%) + () + (22
~a ()" + (450" + (8)")
+2 (I 9QE, + I QY L+ Iy QY )

2 2
Thus, using the identity of the third-order Jacobsthal numbers (Jég)) + <JT(E£1> +

2
(JSQ) = % (3 L Q2(nt1) _ 2”+2U7g3) + 2) by (8) into the last equation and after
simplifying we obtain that

3) \2 3 2 3 2
<JQ£!,,)8,TL> + (Jng,ii’,n—l-l) + <Jng,)B,n+2>
3 3 3 3 3 3
2 ( 7(L ) ’ JQ((J,)B,n + J?Ele ‘]Q((x,)ﬁ,n—ﬁ—l + J1§J22 JQ(Q,)B,H+2)
—2. 224 D(1 + 4o + 16ﬁ + 640.3)
1. gn+2 (U(?’) + 22U, + 48U, + SaBUfL?jz?))
—2(14+a+B+ap)
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where U(3) = jT(Lg)l — Jr(le-

(25): In the same manner, from the equations (14), (15) and (16) we can see that

(402),) - (J@(‘Q’,% o)
—2]n ]Qaﬁn 18J JQa,Bn

() =0 (39)") =a (@) -0 (42)")
5 (@gg)? 9 (J;gg)?) of ((Jm) 9 (J,g%ggf) |

2 2
Putting the identity ( j7(L3)> -9 (J,(f’)) = ont2 ]7(13) 3 of the third-order Jacobsthal
numbers (see [8]) into the last equations and after an easy computation we obtain

. (3) 2
(1Q%.) —9 (7Q,) =21 iQl,,, — 1829 QY
_2n+2( (3) +2a37(1 2+45Jn +8aﬁj,(f’)).
Special cases:

e For a = 8 = 1, we have the following relations for the third-order Jacob-
sthal quaternions which were given by Cerda-Morales in [6].

3) (3) 1)
B )2 ® )’ @i = T TCLL,
—9(J =2 :
<]Q1,1,n> ( QLLn) { _ (17],(1 ) +7i% 4+ ijffz)

e Let = 1 and § = —1. In this case, we have the following relations for the
split third-order Jacobsthal quaternions

(0 (raf2) =2 ‘;?zg;figm ini)” i

e Let 3=0. Fora =1, a = —1 and a = 0, the equation (25) becomes
(3)

(3) .
(10,) 9 (7ef,) =2 { " ffni?”( o ]51351 321 o }
3 (3)
R G g
R

2n+1 JSQ

ounnN
<
L
&
3
N———
[\
|
Ne)
/N
<
L
o
3
N———
[\
Il
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[ |
In Theorem 3, the first identity of norm for & = § = 1 is analogous to the ordinary

third-order Jacobsthal quaternions

340 - 22" — 642" + 18 if n =0 (mod 3)
Nr(JQW)) = 19§ 340 22 4 682" + 23 if n=1 (mod 3) (26)
340-22" —4.2" + 15 if n =2 (mod 3)

(for more details see [6]).

Theorem 3. Let Jég) be the third-order Jacobsthal number, J Q(3) be the third-

order Jacobsthal generalized quaternion and J Q B be the conjugate of J Q a.Bn
Then, the following equation hold

22+t (1 + 4 4 165 + 6403)
Ne(IQ®, ) = % ~242 (14808 — 4B)”) + (20 — 48)V] +12 o7
bl ) 2
+(1+0a8) (V) +a <Vn(f’;)1) +8 (V)

and Vn(3) as in equation (10).

Proof: By multiplication of two third-order Jacobsthal generalized quaternions,
and by using the identity of the third-order Jacobsthal numbers Jff?g = S&Q +

J7(13+)1 + 2J7(13) it may be concluded that

NT(JQS)B n)

| |
A

Z +365) : ( éj +565)

- (J,g?>>) +a(J7Sj21) (J ?2)2+a5( )2.

Finally, from the Binet formula (12) of JT(L?’) it is obvious that

(JS’))Q _ 4% (2n+1 B Vf’))z _ % (22(n+1) o2y () 4 (Vé?’)f) '
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Then, we have

22+ (1 4 4o + 168 + 64a5)
n 3
N (IQY, ) = 1) oni2 (V( )+ 2oV, +4pv P, + 8a5Vn+3>

L () () 0 () ()
2201 (1 4 4o 4 1653 + 64a3)

_ L) on2 ((1 +8a8 — 4BV + (2a — 48) VD)
t1+aB) (V) +a (V) 48 (V5))

using the relations VTES) + V( +)1 + Vrfi)Q = 0 and VTE ) = Vn(i?g forn > 0.

Special Cases:
By scrutinizing « and (3, the equation (27) becomes as follow:

Nr(QP ) = ig {85 220000 g2 (509 — v @) 1 () 14 }

—75- 2200 — 3. 9m42 (209, — )

NT(JQfL,n) = % (Véi)l) B (V,fi)2>2
5.920n+1) _gn+2 (1yB) | 2V( )
L NES L R () +( ) )

In the following theorem, the first and second formulas are analogous to the Theo-
rem 3.3 and 3.4 in [6].

Theorem 4 (Binet’s Formulas). Let2 =1+ 2e1 + 4eq +8e3, w1 = 1 + wier +

wl 62 +63 and &y = 1+wqe; +w2 eo+e3 generalized quaternions. Let JQ(X )6 n

and
]Q aBn be the third-order Jacobsthal and third-order Jacobsthal-Lucas general-
ized quaternions, respectively. For n > 0, the Binet formulas for these quaternions

are given as

1
7%, = = (2”“2 Qﬁf’)) (28)
and
1 -
QW = == (2"+32 + 3VQ;3>) (29)
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respectively. Here, the sequence VQS)’) is defined by

o~ e~ 2—3e;+ex+2e3 if n=0 (mod 3)
VQS) = AwiiGr = Buylon =< —3+4e€+2e —3e3 if n=1 (mod 3)
Wi T w2 14+2e; —3ea+e3 if n=2 (mod 3)

(30)

where A = —3 — 2wy and B = —3 — 2wy. Furthermore, note that for all n > 0

we have VQS}LQ = —VQSJ)FI -vQY.

The following theorem gives d’Ocagne’s identities for third-order Jacobsthal gen-
eralized quaternion.

Theorem 5. If J Q&S)ﬁ ,, be the n-th third-order Jacobsthal generalized quaternion.
Then, for any integers n and m, we have

JQS:)B,m ’ JQt(xg,)ﬁ,n-l—l - JQS:)B,m—&-l ’ JQS,,)B,TL

| [ 2mauQR), -2t 2 €1V
7 —\égi (w{”_”@@g — wg‘_”@g@l)

where 2 = 1+2e1+4es+8es, &1 = L+wier+wiestes, Bz = L+wae +wieates
3 .~ (3 3
and UQ7(1) = ]Q((L}a,n—l - ‘]ng,)ﬁvn—l—l'

Proof: Using the Binet formula for the third-order Jacobsthal generalized quater-
nions and VQ%S) in (30) gives

3 3 3 3
QT i1 — Qb i1 TR
a1 (rr2-veld) (- vl

9 - (22— vel,) (22 -vel)

- 1 { —2m+1’2\VQ£L34)_1 _ 2n+2VQ£2)/2\_|_ 2m+2’2\VQ£L3) + 2n+1VQS’Ll_1/2\ }

49 +VQWVQE), - vl Vel
1 m+185 3 n 3) 5 \/g m—n-~_ -~ m—n-~_~
== (2 +12UQ£L_)H -9 +1UQ$nl_12 -5l (wl W1y — wh w2w1)>
where UQY = Q) _, —JQW | foralln > 1. m

Taking m = n + 1 in the Theorem 5 and using the identity
(2 —e1 — ey + 263)
W1W1We — wolaWi = (w1 —w2) { —(1+a+ B+ af)
+(Be1 + aes + e3)



Third-Order Jacobsthal Generalized Quaternions 25

we obtain a type of Cassini-like identity for third-order Jacobsthal generalized
quaternions. Then

Corollary 6. For any integer n > 0, we have
ot (2200(2, - l3)

1
JQ . JQ(3) . Q(3) == —I—(2 —e1 — €2+ 263)
< o,p, +1) Bnt2’ o,p, 7 —(1+a+B+ap)

+(Be1 + aes + e3)

Special Cases: In particular, for the third-order Jacobsthal and third-order Jacobsthal-
Lucas generalized quaternions by considering the special cases of « and 3, respec-
tively, the Cassini-like Identities are as follows:

5\ G y 1o (230, —uQ?),2
-(mg,zw) —JQg,zW-JQ;;,n:{ (2005, - vaill3)

7 -2+ 363
(3) 1 2TL+1 22UQ ol — UQn+22
n 577)3) 3) 5
° (J §3()) n+1>2_JQ(13()) n+2° Ql()n - % { 2 - (22UQ”+13_ UQn+22)
| B —€1 + 63
0<JQ(10n+1) JQ 10”+2JQ Lon= - g ) ;16 o +2>
—e1 — 2ey 3
¥ y _ L[ (220Ql), - U2
y ('] ((“))er) JQ00n+2 JQ((),()],n =z { ( . 1136 +2 ) .
- 3

4. Conclusions

The third-order Jacobsthal generalized quaternions are given by

JQB. = B 4 elJ(le + 62J(+)2 + esJﬁ)a

a,B,n
where J,S3) is the n-th third-order Jacobsthal number and e;, e2 and e3 are quater-
nionic units which satisfy the equalities

2 2 2
e] = —q, es =—0, ez =—af

ere =e3 = —egeq, eges = ffe; = —ezea, eze] =aey = —ejes.

For o« = 3 = 1, the third-order Jacobsthal generalized quaternion .J Qﬂn which
was given by [6] becomes the real third-order Jacobsthal quaternions. For o« = 1
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and $ = —1, the third-order Jacobsthal generalized quaternion J Q(f’)_lm becomes
the split third-order Jacobsthal quaternion. Starting from ideas given by Horadam
[12], Pottman and Wallner [20], the third-order Jacobsthal generalized quaternions
are studied and the relations related to these quaternions are obtained (i.e., for third-
order Jacobsthal semi-quaternions, split third-order Jacobsthal semi-quaternions
and third-order Jacobsthal %-quaternions).
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