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Abstract: Rational p-adic zeros of the Leopoldt—Kubota p-adic L-functions give rise to certain
sequences of generalized Bernoulli numbers tending p-adically to zero, and conversely. This
relationship takes different forms depending on whether the corresponding Iwasawa A-invariant is
one or greater than one. To understand the relationship better it is useful to consider approximate
zeros of those functions.
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1. Introduction

For a prime p and for a nonprincipal even Dirichlet character x whose conductor
is not divisible by p? (or by 8, if p = 2), consider the Leopoldt—Kubota p-adic L-
function Ly (s, x). Let 6 denote the p-free component of x. The aim of the present
article is to study a relationship between rational p-adic zeros of Ly(s, x) and the
p-divisibility of the Bernoulli numbers B™(6) as m tends to infinity. As is to be
expected, this relationship depends on the Iwasawa A-invariant attached to x.

Let w denote the cyclotomic character mod p when p > 2, or the unique
character with conductor 4 when p = 2. The relationship in question is a direct
consequence of the basic formula

B (xw™)

m—1
) m

L,(1—m, x)=—(1—xw ™(p)p (m=1,2,...). (L1)

It was studied in the recent work [4] by Kellner in the case of ordinary Bernoulli
numbers B™. The present discussion not only contains an extension to B™(6),
including p = 2, but also treats some new aspects and offers proofs different from
[4] that are perhaps more natural and give deeper insight into the results.
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2. Preliminaries

Fix an embedding of the field of algebraic numbers into C,, the completion of
an algebraic closure of the p-adic field Q,. Let v, denote the p-adic exponential
valuation on C,, normalized so that v,(p) = 1. A congruence a = (mod p?) in
C, means that vy(a — ) > z.

Let « be a rational p-adic integer, that is, a € Z,. We define r,(a) € Z by

ra(a) =a  (modp”),  0<ru(a) <p".

To avoid complications occurring for the prime p = 2 we assume throughout
sections 2-5 that p > 2. The case p = 2 is treated in the final section 6.
With the assumptions on y mentioned above we fix the notation

x=0u', 2<t<p,

and denote by d the conductor (prime to p) of 8. The reader mainly interested in
the case 8 = 1 should keep in mind that ¢ then assumes the values 2,4,...,p — 3.
We introduce the usual difference operator A.x,, = z,1. — , and recall the

identity
A= (1+A)4—1. (2.1)

The Kummer congruences for B™(f) state, for c¢ divisible by o(p") =
(p—1)p"~*, that

B™(6)

whenever k > 0, h > 1, m > 1, with the additional condition m # 0(mod p — 1)
for # = 1. These congruences, first proved by Carlitz [2], are in fact crucial for the
analyticity of p-adic L-functions. Proofs based on the theory of these functions
were presented in [6] and [7].

Recall that Ly(s,x) is defined and analytic for all s € C, satisfying v,(s) >
-1+ ﬁ. Moreover,

AF1—0(p)p™ ) =0 (mod p"*) (2.2)

Lp(s,x) = fx((1 +dp)® = 1), (2.3)
where
A(T) =" ai(x)T" € Op[[T]]
i=0

is the Iwasawa power series. Here Op is the valuation ring of the field Q,(¢)
generated by the values of 6.
By the A-invariant attached to x we mean

Ax =min{i >0 | vp(ai(x)) =0},

that is, the A-invariant of the power series fy. This power series defines an analytic
function on the disc Dy = {T' € C, | v,(T) > 0}, and it follows from the p-adic
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Weierstrass Preparation Theorem (|9], Theorem 7.3) that f, has A, zeros (counting
multiplicities) in Dr. Indeed, these zeros are exactly the zeros of a “distinguished”
polynomial of degree A, belonging to Og[T].

It is easy to see (e.g., [3]) that the zeros Ty of f,(T') satisfying v,(Tp) > ﬁ
correspond bijectively to the zeros so of Ly (s, x); this correspondence is given by

~ log(1+Tp)

To=(1+dp) —1, so=—2110)
o= (1+dp) * = log(1+ dp)

(2.4)

In particular, so = 0 if and only if Ty = 0, and v,(so) = v,(To) — 1 otherwise.

Now consider rational p-adic zeros sg, that is, zeros sg € Q. Trivially, sgp € Q,
if and only if Ty € Q,. Since the positive values of v, in Q, are > 1 > p—il, we
find that the zeros sy € Q, correspond bijectively to the zeros Ty € Q,, and for
those zeros one has Ty € pZy,, so € Zp.

In general, the zeros Tj of f, of course belong to an extension of Q,(6) of degree
< Ay. Thus, if A, =1, the unique zero Ty is in Q,(8). If # =1 or 8 is a quadratic
character, this field is just Q,. For = 1, A, has been computed for all p below
12 million (see [1]); if nonzero, it is always = 1 and so the corresponding zero Tp
is in pZ,,.

But also in the case A, > 1 there are numerous examples known in which f,
has rational p-adic zeros Tp; see [3].

It will also be useful to introduce approximate zeros of L,(s,x). Let us call
o € Z, an approzimate zero of order (> 1) for Ly(s, x), if

Ly(0,x) =0 (mod p').
By [9], Theorem 5.12, rational p-adic integers o1 and o9 satisfy the condition
Ly(01,%x) = Ly(o2,x) (mod p') whenever o1 =0y (modp'™l). (2.5)

Hence an approximate zero o of order [ is obtained by approximating a zero sg € Z,
modulo p'~!. Conversely, when does a given approximate zero o really approxi-
mate some zero so? This question, related to Hensel’s lemma, will play a role in
Section 4.

3. Bernoulli numbers tending p-adically to zero

Throughout the following we use the abbreviations
B™(0) = B™@)/m,  B™(6) = (1—0(p)p™ )B™(®) .
Theorem 3.1. (i) Let o € Z,, be an approximate zero of order 1 > 1 for Ly(s, X)
and let
_1—-t-0

g P

(eZ,).
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Then R
BHE=UmB(9) =0 (mod p"t')  (n=0,...,1—1). (3.1)

(1) Conversely, let 3 € Z, and assume that the congruences (3.1) hold true.
Then o =1—(t+ (p — 1)B) is an approximate zero of order  for Ly(s, x).

Proof. For any n > 0, let

wy, =t + (p - 1)7%(5) :

We have w!~%» =1 and ¢ = 1 — wy(mod p™). Hence, by (1.1) and (2.5),
BY"(0) = —Ly(1 — wn, X) = ~Ly(ovx)  (mod p"*).

This implies both parts of the theorem, with Bin place of B. The assertions then
follow, since v, (1—6(p)p*=~1) = 0. One needs here the assumption that ¢ > 2. W

Note that the congruences (3.1) hold for all n in the range 0 < n <1 — 1, once
this congruence holds for n =1 — 1.

Theorem 3.1 implies that if L,(s,0w’) (2 <t < p) has an approximate zero of
order 1, then

Et(e) =0 (modp).

More generally, with the mere assumption that Ag, > 0, it is known that one just
has v, (B!(6)) > 0 (e.g., [8]).

By letting I — oo in the preceding theorem we immediately get the following
theorem.

Theorem 3.2. (i) Let so be a rational p-adic zero of L,(s,x) (hence so € Zp) and
let
1—t— S0
=T
Then R
BHE=UmB) () =0 (mod p"T')  (n=0,1,...). (3.2)

(11) Conversely, let B € Z, and assume that the congruences (3.2) hold true.
Then so =1— (t+ (p—1)8) € Zy, is a zero of Ly(s, x).

For part (ii) of Theorem 3.2, we can replace the moduli p"*! in (3.2) by any
p*~, where the sequence (z,) of rational numbers tends to infinity.

A by-product from part (i) of Theorem 3.2 is that the sequence (ry,(3)) tends
to infinity in Z, in other words, that § cannot be a nonnegative rational integer
(under the given assumption). This is easy to prove directly, too.

Suppose, for a moment, that the value ¢ = p is reduced to ¢ = 1. Then one
obtains, with 8 = —s¢/(p — 1), the congruences

BH@=1m(A)(9) =0 (mod p"t) (n=0,1,...),
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provided v,(1 — 6(p)) = 0. If v,(1 — 6(p)) > 0, these congruences are still valid
for n > ng, say, where ng is the least suffix such that r,,(8) > 0. Such an ng of
course exists if sg # 0.
Ift =1and sy =0, then w,, = 1 for all n > 0 and the reasoning above produces
nothing but the equation R
(1 - 6(p))B"(8) = 0, (3.3)

which is equivalent to 6(p) = 1. This is a well-known case in which A, is “trivially”
nonzero.

Now return to the original notation 2 <t < p.

Ezxample. Assume that Ly(s, x) has the zero so = 0. Then 3 = (t —1) 3272 p
and wy, =t + (t — 1)(p™ — 1), so that the congruences in Theorem 3.2 become

B () =0 (mod p"T) (n=0,1,...).

In particular, if ¢ = p, then the preceding discussion shows that §(p) = 1. In this
case we can also derive these congruences directly by applying Kummer congru-
ences to the trivial relation (3.3).

4. Strict uniqueness

Let s1 and s be two rational p-adic zeros of L, (s, x) with the corresponding 51 and
(2, respectively, defined as in Theorem 3.2. Since s1 # so if and only if 81 # [a,
we see that the preceding correspondence between different sy and the sequences
(rn(B)) satistying (3.2) is bijective. In particular, if there is but one rational p-adic
zero o (not counting multiplicities), then the infinite sequence (r,(5)) is unique.
In the case that A, = 1, the following stronger uniqueness result holds true.

Theorem 4.1. Assume that A, =1 and that L,(s, x) has an approzimate zero o
of order 1 > 2 (or, alternatively, a rational p-adic zero so). If, for some n in the
range 1 <n <1 —1 (orin the range n > 1, respectively),

Bitp=1rx () =0 (mod p™*), 0<r, <p",
then r,, = r,(8) with 8 defined in Theorem 3.1 (or Theorem 3.2, respectively).

Proof. One has to show that 7, is unique mod p™. By Theorem 3.1, it is enough
to show that the congruence

Ly(o,x) =0 (mod p”“)

determines ¢ uniquely mod p”. Passing over to the Iwasawa power series we find,
by (2.3) and (2.4), that this amounts to proving that the conditions

fx(T) =0 (mod p" ), 7=0 (mod p) (4.1)

determine 7 uniquely mod p™*1!.
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Since A, = 1, the derivative of f, satisfies

Up(fil(r)) = vp(ar(x)) =0.

The assertion follows from this by the general principles of Newton’s p-adic tangent
method. Indeed, by writing

(1) = (T =7)g(T) + fx (), 9(T) € Og[[T]],

we first have f, (1) = g(7). If 79 satisfies the conditions (4.1), then 7o = 7(mod p)
and we obtain 0 = vp(f3 (7)) = vp(9(7)) = vp(g(70)). The equation

fx(m0) = (10 — 7)g(70) + fi(7)
then yields 79 = 7(mod p"*1). [ ]

As for the assumptions in Theorem 4.1, note that if Q,(f) = Q,, then the
assumption A\, = 1 implies that L,(s, x) has a rational p-adic zero.

Note a by-product from the preceding proof: Assume that A\, =1 and L, (s, x)
has a rational p-adic zero s¢. If o is an approximate zero of order [ > 2 for L,(s, x),
then

oc=s9 (modpt).

In the case # = 1 Theorem 4.1 is essentially due to Kellner [4]. He also used it
to compute (approximations of) zeros of Ly(s,w").

5. Sharper divisibility

If Ay > 1, it turns out that the congruences of Theorems 3.1 and 3.2 can be
sharpened. This is a consequence of the following “sharper Kummer congruences”.

Let ¢ denote the inverse of the ramification index of Q,(6)/Q,. Note that
0 < § < 1; 4 is the least positive vy,-value in the field Q,(6).

Theorem 5.1. If A\, > 1, then
A¢(p7z)§m(9) =0 (mod p"*°)
for alln > 1 and all m = t(mod p — 1).

Proof. Fix n and m as in the theorem. From X\, > 1 it follows ([8], Theorems 1
and 2) that

A, 1(B™(#)=0 (mod p'*?).
By (2.1),

Agy_1yyr1 B™(6) = p" LA, B™(0) + (p )Ak B™(6). (5.1)
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Here the first term on the right hand side is of vp-value > n 4 §. So are also the
remaining terms, since for k in the range 2 < k < p"~! (for n > 1) one finds,
making use of (2.2),

v ((pnl)A’;_lémw)) = n—T—uvy(k)+vp(AE_ B (0)) > n—1—v,(k)+hk > n .

k
(5.2)
|

Theorem 5.2. Assume that N\, > 1. If L,(s,x) has an approzimate zero o € Z,,
of order | > 2, then

B\t‘i‘(l)—l)rn/(ﬁ) (9) =0 (mod pn+1+6) (TL =0,...,1— 2) )

where [ = 1;271" as before. If Ly(s,x) has a rational p-adic zero sg, then the
same congruences hold for all n > 0, with § = 1;’%‘“"0.

Proof. As to the former part, we see from Theorem 3.1 that Bf(P=Dra+1(5)(p)
=0 (mod p"*?) for n = 0,...,1 — 2. Theorem 5.1 then implies the assertion, first
with B in place of B.

The latter part follows similarly from Theorem 3.2, or simply on letting I — oo
above. ]

If Ay, > 1 and Ly(s, x) has a rational p-adic zero sg, the preceding argument
also shows that

BHP=Ur(g) =0 (mod p"t?) (n=12,...)

for every r = r,_1(8)(mod p"~1). This result should be compared with Theorem
4.1. Recall that § = 1 when Q,(0)/Q, is unramified.

To conclude, consider the case of ¥ mod p, that is, y = w!, t =2,4,...,p — 3.
In this case the last results imply the following corollary.

Corollary 5.1. If A\« > 1 and L,(s,w") has an approzimate zero o of order | > 2,
then

BrH@=DnB)+") = 0 (mod p™t?) (n=0,...,1—2), (5.3)

where B is as above and b is any rational integer. In particular, for | = 2,
B~ =B'=0 (mod p?).

This result has a connection to the theory of cyclotomic fields. Let Ay denote
the p-part of the ideal class group of the p**'th cyclotomic field (k > 0). By
the Herbrand—Ribet theorem, the eigenspace of Ay corresponding to the character
wP~! is nontrivial if and only if A+ > 0. This condition is equivalent to B! (w'~!) =
0(mod p), or also to B' = 0(mod p). Given that this is satisfied and assuming the
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Vandiver conjecture, we know ([9], Corollary 10.17) that the eigenspace in question
is cyclic of order p**! provided that

BY(w' ™20, B'#B"“P! (mod p?). (5.4)

The latter incongruence fails if and only if A\,: > 1. Looking at the former incon-
gruence, we first observe that

B1(wt71) = B(tfl)p4+1 — pt-1p+1 (mod p2)

(for the first step, see, e.g., [8], Lemma 1). Hence B'(w'~!) = 0(mod p?) is
equivalent to N
BP0 = (mod p?). (5.5)

By Corollary 5.1, this congruence is valid if (1°) A+ > 1 and (2°) L,(s,w") has an
approximate zero o of order 2. It follows from Theorem 3.1 that, conversely, (5.5)
implies (2°) (even without any assumption on A,:). But this can be seen directly,
too: the choice o = 0 works, since

Lp(oth) = fwt(o) = _Bl(wt_l)

(cf. Example in Section 3).

Computations have shown (see [1]) that in the case A,¢ > 0 the incongru-
ences (5.4) as well as the incongruence B® # 0(mod p?) always hold in the range
p<12-106.

Kellner ([4], p. 412) illustrates the congruences (5.3) by a graph, comparing it
with his result corresponding to Theorem 4.1. He leaves open the question about
the maximum value of n for which the congruences (5.3) hold true. From Corollary
5.1 and Theorem 3.1 we find that this maximum is [ — 2, where [ is the maximal
order of the corresponding approximate zero of Ly (s,w"). In particular, the chain
of congruences (5.3) is infinite exactly for every rational p-adic zero of L,(s,w").

Since these congruences express a rather strong condition in comparison to
the one given by Kummer congruences, one may be tempted to suggest that they
never occur, in other words, that the nonzero values of A\ ¢ are always = 1, at
least in the presence of an approximate zero o of high order. But one should be
cautios, because in the more general case x = fw" it is well possible that A\, > 1
and Ly (s, x) has rational p-adic zeros, even for 6 satisfying Q,(0) = Q,.

Here is one such example from [3] (p. S40). Let p = 5 and x = w?, where 0
is the quadratic character mod 2504. Then A, = 2 and L,(s, x) has two rational
p-adic zeros, approximately s; = 2.41303, s = 3.00334 (in the usual 5-adic “dec-
imal” notation). The Iwasawa power series in Zs[[T]] is, with the accuracy given
in 3],

Fo(T) = 0.0104+0.00T +1.3T% +4T% 4 - -~ |

and its zeros are approximately 77 = 0.331200, 75 = 0.204143.
For the size of A+, see also Washington’s heuristic discussion in [5], pp. 261-265.
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6. The case p = 2

In the case p = 2 we take y = fw! with ¢t = 2 or 3. Hence § # 1. The notation
below is the same as in the case p > 2, unless stated otherwise.
We will apply Kummer’s congruences modulo 2-powers in the following form:

Ak (1= (2)2"B™ (1) =0 (mod 2" +2k+1) (6.1)

for all Kk > 0, h > 1, m > 1, provided the conductor of 7 is not a 2-power.
These congruences, which are slightly stronger than those given in [6] (p. 239), are
obtained from [7], formula (2), by induction on h, using the formula

k
Af =3 (’C)akw
i=0
(choose ¢ = 2"~1, d = 2 in the identity (2.1) of the present work). Note that the
Iwasawa power series fy is two times the power series appearing in [7].

The function La(s, x) is defined for v3(s) > —1 and can be expressed by means
of the Iwasawa power series in the form

La(s, x) = (1 +4d)* = 1) .
This time we have f,(T') € 204[[T]] and write

AT =23 a7 .
=0

The A-invariant is again defined by A\, = min{¢ > 0 | v2(a;(x)) = 0}. In the disc
Dy ={T € Cy | v2(T') > 0} the function f, has A, zeros (counting multiplicities).
The zeros T} satisfying v2(Tp) > 1 correspond bijectively to the zeros sg of La(s, x);
this correspondence is given by

s — 10g(1 + To)
07 log(1+4d)
Thus, if so # 0 (or, equivalently, Ty # 0) then va(so) = v2(Tp) — 2.
It follows that the rational 2-adic zeros sy correspond bijectively to the zeros

To € Qo satisfying va(Tp) > 1, and for those zeros one has Ty € 47Zs, s¢ € Zs.
Approximate zeros of Lo(s, x) satisfy the condition (2.5) in this case as well.

Tp = (1+4d)* — 1,

Theorem 6.1. (i) Let o € Za be an approzimate zero of order | > 4 for La(s, x)
and let

1—t— b
5:%:§+5' (0<b<2 B €.
Then N ,
BiHor2ra () (gub) =0 (mod 2"H4) (n=0,...,1—4). (6.2)

(ii) Conversely, let 8 = % + 3 with0 < b< 2 and ' € Zz, and assume that
the congruences (6.2) hold true. Then o =1 — (t + 20) is an approximate zero of
order 1 for La(s,Xx).
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Proof. Let n > 3. With w, = t + b+ 2r,(3) € Z we have w!~"» = w’ and
o=1-(t+b+28)=1—wy(mod 2"). Hence

B (0w®) = —Lo(1 — wp, x) = —La(o,x) (mod 2"+1). (6.3)
The Kummer congruences (6.1) for K =1 and h = n — 2 show that
B () = B3 (Aw’) (mod 271 .

It follows that Ly(c, x) = O(mod 2) if and only if B¥i=4(fw’) = 0(mod 2!). This
proves the theorem. [ |

Actually, (6.3) is valid for all n > 0. Thus one gets for approximate zeros of
order | = 1,2 or 3 congruences of the form of (6.2) but modulo lower 2-powers. In
particular, if La(s, x) has an approximate zero o of order [ > 1, we have

either B'(f) =0 (mod 29) or B"(fw)=0 (mod 29)

with ¢ = min(l,4), depending on whether or not § = (1 —t — ¢)/2 is integral,
respectively. A necessary and sufficient condition for this integrality is that o = 1
(mod 2) for t =2 and ¢ = 0(mod 2) for ¢t = 3.

By contrast, the Kummer congruences (6.1) yield, for £ = 0, that

B™(¥)=0 (mod2) (m=23,..),
whenever 1 is a character with conductor not a 2-power.

Theorem 6.2. Theorem 6.1 holds true, when o is replaced by a zero sg € Za of
Lao(s,x) and in (6.2) n assumes all values > 0.

Proof. Let | — oo in Theorem 6.1. |

In the following, analogs of Theorems 4.1 and 5.2 are formulated for rational
2-adic zeros only; the corresponding discussion of approximate zeros is left to the
reader.

Theorem 6.3. Assume that A, = 1, La(s,x) has a rational 2-adic zero sy and
B=0—-t—s0)/2 €Zsy. If, for somen >1,

B2 () =0 (mod 2"tY),  0<r, <2,
then v, = r,(0).
Proof. The proof is completely analogous to the proof of Theorem 4.1. |

If Ay > 1, then
AB™(0) =0 (mod 2*7%) (6.4)
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for all m = t(mod 2); see [8], Theorems 1 and 2, where however the modulus is 23+9
corresponding to a weaker version of (6.1)1. In the case that 3 = (1—t—s¢)/2 ¢ Za,
we use this observation to formulate the following counterpart to Theorem 6.3
(with no obvious relation to A, however).

Theorem 6.4. Assume that 0 is a quadratic character and that vo(Ay B! (Bw)) =
4, Ly(s,x) has a rational 2-adic zero sg and B = (1 —t —s0)/2 = 3 + ' with
B € Zs. If, for somen > 1,

Btt142rn (fw) =0 (mod 2"T%), 0<r, <2",
then r,, = ().
Proof. The second assumption implies, by the Kummer congruences, that
V2 (Ay B™(Bw)) = 4

for all m =t + 1(mod 2).
Fix n > 1. The following formulas, for all m = ¢ + 1(mod 2), correspond to
(5.1) and (5.2):

2n71
~m 2n—1 ~
Agn B™(Bw) = ; ( ) )A’;B (Bw), (6.5)
where
gn—1 ~ =n+3 fork=1
AEB™ (6 ’
vz<( k ) 2 (w)> {>n—|—3 for2 < k <27 L
Hence -
'UQ(AQHBm(g(JJ)) =n+3 (66)

whenever m = ¢ + 1(mod 2). By (6.2) and (6.1) we may write
Btr1H2(ra—1(8)+2" " ) (w) = d, 2"+ (mod 27H4),
with ve(d,,) > 0, for all w > 0. Again by (6.1),
A2, B™(Hw) =0 (mod 2"+

(even mod 22"15) for all m > 1. By taking m =t + 1 + 2(r,—1(8") + 2" tu) we
obtain from this that A%d, = 0(mod 2). Therefore,

dy = do +u(dy — do) (mod 2) (u=0,1,...).

Eq. (6.6) shows that dy # di(mod 2). Hence there is a unique v = ug € {0,1}
such that d,, = 0(mod 2), that is,

EHHQ(T“*(ﬁ')”n_luo)(9w) =0 (mod 2""%).
This congruence is equivalent to the one in which B is replaced by B. Thus the
theorem follows from the uniqueness of wuy. |

INote an error in [8] in the statement of Theorem 2: when p = 2, the congruence
n = t(mod p — 1) should read n = ¢ (mod 2).
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The method of this proof could also be used to provide an alternative proof for
Theorems 4.1 and 6.3.
The following results correspond to Theorems 5.1 and 5.2.

Theorem 6.5. If A\, > 1, then
A B™(#) =0 (mod 2"3+9)
for alln > 1 and all m = t(mod 2).

Proof. Use (6.5), with 6w replaced by 0, together with (6.4) and the Kummer
congruences. |

Theorem 6.6. Assume that A\, > 1. If Lo(s, x) has a rational 2-adic zero so and
B=(1—t—s0)/2 € Za, then

B 0)(9) =0 (mod 2"*+%)  (n=0,1,...). (6.7)

Proof. Theorem 6.2 implies that B+2+1(8)(g) = 0 (mod 2"+%). The assertion
then follows by virtue of the preceding theorem. ]

To compare this result with Theorem 6.3 it is illuminating to write down a con-
sequence from (6.7) in the form

Bt2raa®)+2"0) () = 0 (mod 2"T3T0)  (n=1,2,...),

where b is any rational integer.
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