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Abstract: The present paper is devoted to the study of traces on fractals of weighted Besov
spaces B;q(R",wg) as well as weighted Triebel-Lizorkin spaces F;q(R”,wE{) with wl (z) =
dist(z,I")*, where T is some d-set, 0 <d<mn, x> —(n—d).
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0. Introduction

The main purpose of this work is to present a solution of the trace problem
for the weighted Besov spaces qu(Rn,w};) and weighted Triebel-Lizorkin spa-
ces I, (R", wl) where the underlying weight w!, is a function that measures the
distance of a given point z € R™ to a certain fractal set I', wl(z) = dist(x,T)*,
x near I'. The precise definition of the weight wl, will be stated in Section 1. The
approach taken in this work is to a large extent based on Triebel’s monograph [21,

Section 18]. Recall that the classical trace operator trgn-1 is a mapping given by

tren s f(2) — f(',0) (0.1)

for z = (2/,1,) with 2’ € R""!. In other words, trg.—1 restricts functions on R"
to the hyperplane H = {x € R" : z,, = 0}. Given a function space X C D'(R"),
the trace problem consists in finding a space Y C 8'(R"™!) such that trg.—1 is
a bounded linear surjection from X to Y. There is quite an extensive literature
concerning trace problems for classical Besov and Triebel-Lizorkin spaces, begin-
ning with the work of H. Triebel [18] as well as of B. Jawerth [8]. The interested
reader is referred to [20, Chapter 4.4] for a new approach to this topic using ato-
mic decompositions and local means techniques. It is natural to try to replace the
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hyperplane H by appropriate fractal sets I'. Possible candidates for fractal sets
to consider are d-sets. The problem of characterizing traces on fractals attrac-
ted great attention rather recently, and important progress had been made in [21,
Chapter 18]. The treatment of the fractal trace problem for weighted function spa-
ces has been inspired by the unweighted results due to H. Triebel [21, Chapter 18].
The corresponding trace operator trr shall map weighted function spaces of type
Bs (R™,w)) and F3 (R" w}) into suitable function spaces on I'. For a deeper
discussion of analysis on fractals we refer the reader to the Section 2. It may be
worth reminding the reader that the weight function w! belongs to the Mucken-
houpt class A, if, and only if, —(n —d) < » < (n —d)(r — 1). A more complete
theory may be obtained by considering trace problems for weighted function spa-
ces of Besov and Triebel-Lizorkin type with weights from Muckenhoupt class, but
we will not develop this point here. The basic idea is to investigate the interaction
between the structure of fractals and the smoothness of the underlying functions
by means of the corresponding weight function. The essential tool in proving our
results will be atomic decomposition of function spaces with Muckenhoupt weights,
which are proved in the greatest generality in the recent work [9].

The outline of this work is as follows. In the next section we introduce nota-
tion and certain preliminaries. Furthermore frequently used definitions and basic
results on Muckenhoupt class, weighted function spaces and its atomic decomposi-
tions are discussed. Sections 2-4 are devoted to the trace problem, beginning with
a heuristic approach. Our main result can be found in Section 3, Theorem 3.1.
Precisely, we prove first a weighted counterpart of some recent results on traces
parallel to the unweighted case in [21, Section 18] for B-case. Let 0 < d < n,
x>—-(n—d), 0<p<oo,0<qg<min(l,p) and let T be a d-set. Then we have

x| n—d

trI‘BZE] ! (anwi) = LP(F)a (02)
x g n—d
where trpf € L,(T') for any f € Bp”qu P (R, wl) and any f¥ € L,(T) is a trace
2 n=d
of a suitable g € Bpp(;L P (R™,wl) on T'. Furthermore
x4 n—d
117 Ol ~ inf g 15577 )]

»x | n—d

where the infimum is taken over all g € Bg, 7 (R",w.) such that trrg = fT.
Furthermore, for d-set I with 0 <d <mn, 0 <p < oo and 0 < g < co we obtain

—d
trpBs,(R™, wh) = BY,(T)  with o=5— " -

p p

where —(n —d) < 5 < sp— (n —d) and By (I') is the trace space according to
the Definition 3.2.

Further consequences for F'-spaces, are given in the last Section
(Theorem 4.4). Let T’ d-set with 0 < d < mn, 0 < p < 00, 0 < ¢ < o0, and
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—(n—d) < s < sp— (n—d). Then we achieve that

E<4
p

trp 5 (R", wh) = trp By * (R") = BY (I)  with o =s—

p p

where BZP(I‘) is the trace space as above. Moreover for 0 <p <1 and 0 < ¢ < 00

we have ,

trrFy 7 (R™,wh) = L, (). (0.4)
At the end of this paper we characterize traces on n — 1 dimensional hyperplanes
of Sobolev spaces with special case of the weight function w. for d = n — 1,
wWe(z) = |z,]|*. Recall that w, belong to the Muckenhoupt class A, if, and only
if, -1<a<p-—1, (see[9]). Let 1 <p< oo and —1 < a < p— 1. Then for any
keN

_otl _otl
k—=3 k

trgn—1 W (R™, we) =Bp, 7 () =By, © (R™).

1. Weights and function spaces

This section collects basic notations and concepts. Let N be the collection of all
natural numbers. Furthermore, let Ng = NU {0} stand for non-negative integers
. In the sequel let N} denote the set of all multi-indices a = (aq,...,a,) with
a; €Ny, o =a1+ ...+ a,, and

glal

[
DY = e o

a € Ny.

Let C stand for the complex numbers, and Z" denote the lattice of all points in
R™. Let for m € Z™ and v € Ny, @Q,,, denote the n-dimensional cube with sides
parallel to the axes of coordinates, centered at 27”m and with side length 27".
We denote by D(2) the class of infinitely differentiable functions with compact
support in . §(R™) is the Schwartz class of all complex-valued, rapidly decreasing
C® -functions. The space of continuous linear functionals on D and 8§ will be
denoted by D’ and 8’ respectively. If ¢ € §(R™) then

—_n

Fp(§) = (2m)

/ e " p(z) da, £eR”, (1.1)

is the Fourier transform of ¢ where z£ denotes the scalar product in R™. As
usual, ¥ 'y stands for the inverse Fourier transform, given by the right-hand side
of (1.1) with 4 in place of —i. Both F and F~' are extended to 8’ in standard
way. To obtain a smooth dyadic resolution of unity {¢; };?';0 we choose a function
©o = ¢ € §(R™) such that

supp ¢ C{y € R" :|y| <2} and ¢(z)=1if |z|<]1,

and for each j € N, let ¢; be given by ¢;(z) = ¢(277z) — (277 1z).



98 Iwona Piotrowska

For a real number ¢ let [t] = max{a € Z: a < t}, i.e. the greatest integer
less than or equal to ¢. The positive part of a real function f is given by fy(x) =
max(f(z),0). In the sequel let both da and |- | stand for the Lebesgue measure.

A positive function w € LI°¢(R™) belongs to the Muckenhoupt class Ay,
1 < p < oo if there exists a constant 0 < A < co such that for all balls B holds

(o) Gy frorn) <x e

where p’ is the dual exponent to p given by 1/p' +1/p=1.
Recall that these classes are monotonically ordered, A, C A,, for p; < ps.
Moreover for p = oo, the Muckenhoupt class A, is given by

Ase = |J A, (1.3)
p>1
We define
ro :=inf{r :weA,} <oo, we€Ax. (1.4)

These classes of weights function were introduced by B. Muckenhoupt in
[11]. A systematic study of Muckenhoupt classes was initiated by Garcia-Cuerva
and Rubio de Francia in [7] and Stromberg, Torchinsky in [17]. We refer the reader
also to [16, Ch. V], for more details. Furthermore, Rychkov considered in [15] a
more general class of weights, the class .ALOC that contains Muckenhoupt class as
well locally regular weights. But we shall not deal with this class in the present

paper.

Definition 1.1. Let 0 < d < n. A set I' C R” is called d-set, if there exists a
Borel measure p in R™ such that supppu = I' and there are constants cj,co > 0
such that for arbitrary v € I" and all 0 < r < 1 holds

err < pu(B(y,r)NT) < erd.

Note that self-similar fractals, like the famous Cantor or Sierpinski triangle,
are special examples of d-sets. It is well-known that pu ~ U'Cd, the d-dimensional
Hausdorff measure, see [21, Chapter 1].

Definition 1.2. Let I' be a non-empty Borel set in R™ with |I'| = 0. We say
that I' satisfies the ball condition if there is a number 0 < 7 < 1 such that for any
ball B(z,r) centered at € T' and of radius 0 < r < 1 there is a ball B(y,nr)
centered at some y € R™, and of radius nr with

B(y,nr) C B(z,r) and B(y,nr)nT = 0. (1.5)
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Note that any d- set possesses this feature, see [22, Proposition 9.18].

The Lebesgue space L, (I") on the d-set I' with 0 < p < oo is the usual com-
plex L,-space with respect to the d-dimensional Hausdorff measure p equipped
with the quasi-norm

I12,ml = ([ f(w)lpu(dv)y/p <o

For a weight w € Ay and 0 < p < oo we define the weighted Lebesgue
space L,(R™, w) as collection of all measurable functions such that

i1 et = ([ irepuee) (16)

is finite. Obviously, for p = co one obtains the unweighted Lebesgue space, normed
by
[ [Loo(R™)]| = esssup|f(z)].

Thus we shall assume p < oo in the sequel.

Definition 1.3. Let 0 < ¢ < o0, 0 <p <oo, s€R and {p,;}72, a smooth
dyadic resolution of unity. Assume w € Ao . The weighted Besov space B, (R" w)
is the set of all distributions f € 8'(R"™) such that

1/q

[f 1By (R™,w ZWWH? (95 T)ILp(R™, w)|* (1.7)

is finite. In the limiting case ¢ = oo the usual modification is required.

Remark 1.4. The discussion on weighted Triebel-Lizorkin spaces F}; (R",w) with
0<g<oo, 0<p<oo, s€Rand we Ay will be postponed to the last section.
Note that for w = 1 we get classical Besov spaces B;q(R"). For a systematic
treatment of the unweighted spaces we refer the interested reader to monographs
of H. Triebel [18], [19] and [20]. It turns out that the space B, (R",w) does not
depend on the particular choice of the resolution of unity (¢;), see [13], [2]. This
space is a quasi-Banach space, and if p > 1 and ¢ > 1 then B;q(]R”,w) becomes
a Banach space. For p < 0o, ¢ < oo, §(R") is dense in By (R",w).

We recall the counterpart of atomic decomposition in Besov spaces.

Definition 1.5. a) Suppose that K € Ny and b > 1. The complex-valued func-
tion a € CX(R™) is said to be an 1y -atom (or simply an 1-atom) if the following
assumptions are satisfied

i) suppa C bQq,, for some m € Z™,

ii) [D%(z)| <1 for o< K, zeR".
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b) Suppose that s € R, 0 < p< oo, K €Ny, L+1€Ny and b > 1. The
complex-valued function a € CK(R") is said to be an (s, p) k.1 -atom (or simply
an (s,p) -atom) if for some v € Ny the following assumptions are satisfied

i) suppa C bQ,, for some m € Z",
ii) |D¥a(z)] < 277D for jo| <K, 2 € R,
iii) [p.2Pa(z) de =0 for [B|<L.

We will write a,n,(z) instead of a(x) to indicate the localization and size
of an atom. Note that the moment condition b) (iii) can be reformulated as
D?(Fa)(0) = 0 for |8| < L which shows that a sufficiently strong decay of Fa
at the origin is required. If L = —1 then b) (iii) must be interpreted in the sense
that there is no moment condition.

Let X,(ffq)@(:c) the p-normalized characteristic function of the cube @Q,,, defi-
ned by

s Qﬂ fi [SH®
X,(,I;;)@(x) = 27 Xum(x) = {0 ' fgi i ¢ gu:, )

such that ||Xz(f;2b |L,(R™)|| = 1.
Definition 1.6. Let 0 <p < 00, 0 < ¢ < 00, w € A, and put A ={A,,,, €C :
v € Ng, m € Z™}. We define

bpg(w) (1.9)
1/q

= A= D} 1 [|A fbpg(w)]| = (iH > Aemxil |LP<R”’“’>Hq> <o

v=0 mezZ"

Recall that for w =1 we have byq(w) = by, see [[Example 3.9(1)nasza. In
[9] the following example of a weight function was considered.

Example 1.7. Let I" be a d-set with 0 < d < n introduced in Definition 1.1 and
let sz € R. We study the weight wl (z), » € R", given by

r dist(z,I')* dist (z,T) <1

x(7) = { 1 otherwise, (1.10)

w

[9, Proposition 2.8, Corollary 2.10]. In the same paper we have shown that w! €
A, 1 <r < oo if, and only if|

—(n—d)<x<(n—-d)(r—1), (1.11)
thus wl € Ay if, and only if,

x> —(n—d). (1.12)

For the proof and more details we refer to [9, Proposition 2.8 (ii)].
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Atomic representation results provide an essential tool for studying trace
problems. For our purpose, we need an atomic decomposition of weighted Besov
spaces B3, (R", wy,). It is proved in full generality in [9, Theorem 3.10], see also [1].

We use utilize the following abbreviation in the sequel

G
op=n|-— .
P D .

Theorem 1.8. Let 0 < d < n and let I' be a d-set in R™ in the sense of
Definition 1.1. Moreover let wl, be the weight introduced in (1.10) with 3 >

—(n—d), and 1 :max(ﬁJrl,l) . Assume 0 < p < oo, 0<g< oo, s€R.
Let K,L+1 € Ny with

K> (1+[s])y, and L>max (—1,[op/, — s]). (1.13)
Then f € 8'(R™) belongs to ng(R",wF) if, and only if, it can be represented as

el

f= Z Z Avm@um (), converging in 8’ (R™), (1.14)

v=0mezZn
where a,, () are 1k -atoms (v = 0) or (s,p) k1 -atoms (v € N) and X € by (w,.).
Furthermore, taking the infimum over all admissible representations (1.14) with

1/q

o0 q/p
I\ lbpg (wi)ll ~ | D ( > I/\uml”wi(fﬂ”’m)> ; (1.15)

v=0 \mezZ"

we obtain an equivalent quasi-norm in B, (R", wl), where x™ ~ 27¥m, v € Ny,

m € Z"™ are chosen such that wt(z"™) ~ ||x%) |L,(R™,wh)||. In particular, for

—(n—d) < <0 we can replace (1.13) by its unweighted counterpart,
K>1+]s])+, and L >max (—1,[op— s]), (1.16)

such that for s > o, no moment conditions are necessary for the corresponding
atoms in (1.14).

2. Traces of Besov spaces on fractals: a heuristic approach

There is a variety of literature on traces on R™ both for Besov and Triebel-Lizorkin
spaces, but the systematic study of trace problems in the framework of fractal
sets started rather recently in [21] only. This section contains results on traces of
Besov spaces with Muckenhoupt weights, on fractals. Let us start by summarizing
unweighted results in this direction. Recall that for z = (2/,z,) € R™ with 2’ €
R™ ! the mapping

trpe-1: f(z) — f(2,0) (2.1)
is called trace of f on R"~! introduced in the standard way, see also the argument
below. The following theorem gives the complete answers to the trace problem in
the case of a hyperplane R"~1.
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Theorem 2.1. i) Let 0 < p,q < 0o and s — % > (n—1)(= — 1)1 . Then we get

1_

p
s—1

trgn—1 By (R™) = Byg ” (R™1). (2.2)

ii) Let n 22, 0<p<oo and 0 < ¢ < min(l,p). Then we get

1
trpn—1 Bg(R™) = L,(R™1). (2.3)

Classical references for trace problems in that case are [20, 4.4.1 and 4.4.2].
We shall now extend assertions of type (2.3) to the case of suitable compact
d-sets instead of hyperplanes in R"~!. In the sequel any function fI' € L,(T),
1 < p < oo, will be interpreted as a tempered distribution f € 8'(R™) given by

f(w)=/Ffr(v)(<pIF)(v)u(dv), ¢ € 8(R™),

where the restriction ¢|T" of ¢ is understood pointwise and u is a Radon measure
on I'. We explain the fractal counterpart of (2.1) now.

Let us temporarily consider a closed set I' C R™ with |I'| = 0 and assume
that there exists a Radon measure g on R™ with supp(u) = T'. Therefore the
restriction trre = @|I' understood pointwise is well-defined for any ¢ € S§(R"™).
Moreover let us suppose that for s > 0 and 0 < p,q < co there is a constant ¢ > 0
such that for all ¢ € §(R™),

lbrr | Ly (D) < clll Byg (R™, ws,)]- (2.4)

Since the Schwartz class $(R") is dense in B3, (R™,wL), the inequality (2.4) may
be extended by completion to all f € Bj,(R™, w}). The resulting limit of trpe
will be denoted by trrf. Note that it is independent of the approximation of
[ € B, (R", wl) by §(R")-functions due to (2.4).

We first recall what is known on traces of unweighted Besov spaces on a
d-set T'.

Theorem 2.2. Let I' be a d-set with 0 < d < n. Moreover let 0 < p < co and
0 < ¢ < min(1,p). Then

n—d

trrBpg (R") = L,(T). (2.5)

n—d
The interpretation of the equality (2.5) is that trr f € L,(I') forany f € B,y (R™),

n—d
and that any f' € L,(T') is a trace of a suitable g € B,y (R™) on I in the above
described sense with

IF7Lp (D)l ~ inf llg | Bpd (R™)]],

n—d
where the infimum is taken over all g € B,y (R™) such that trrg = fT.
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For a complete discussion and proof we refer to [21, Theorem 18.6, Corollary
18.12] in connection with [22, Remark 9.19]. The interested reader will find there
also further references.

From now on let 0 < p < 00, 0 < ¢ < 00, 0 € R. We will work in the
framework of a d-set I' as introduced in Definition 1.1 with 0 < d < n . Moreover
let w,, be the weight according to Definition 1.10 and > > —(n—d). Recall that by
Theorem 1.8 the question wheter a tempered distribution f € 8'(R™) belongs to
the weighted Besov space ng(R”, wl) can be equivalently expressed in terms of

sequence spaces, A € by, (wl), where we use the appropriate atomic decomposition

in the form -

v=0mezn

with suitable coefficients A, and (o, p)-atoms a,, . In the sequel we shall divide
the summation over m € Z" in (2.6) with respect to the following ”remainder”
set

Ip, = {m € Z" : dist (T, supp aym,) > b27"} , v eENp, (2.7)

i.e. for m € Ip, the supports of the corresponding atoms have an empty inter-
section with I'. To shorten the notation we utilize the following abbreviations for
respective sums,

Yo=Y ad Y=Y

meZ™\Ir,, ~mEeZ" m€lr,,  mezn

such that ZF’” collects all atoms with a support near to I, and Er,y the rema-
ining ones, that are less important for trace problems on I'. This notation allows
us to write (2.6) as

f Z Zr,u Aum@um (T) + Z ZF,V Avm@um (). (2.8)

v=0 mezn v=0 mezn

Subsequently, we simplify the writing by denoting by fU and fr the first and
second sum, respectively, i.e.

0o I 0o
fF = Z Z Avm@um and fF = Z ZF,V AvmQym-
v=0 mez" v=0 mezmn
A careful look at (2.7) shows that fr has no influence on the trace problem on

I'. It implies that trra,m,(x) =0 for m € Ip ,. For m € Z"\Ir,, we obtain that
wl (z¥™) ~ 277 Consequently, f and f' possess the same trace on T,

trpf = trp fL.
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Assume for the moment that f € §(R™) and the trace is taken pointwise;
recall that 8(R™) is dense in Bj, (R",w}) for ¢ < oo.
Let us now consider the following reformulation of fT',

o i S (2 F ) (2F () = i S RMmivm(@),  (29)

v=0 mezZm v=0 meZm

InNg —p = . ~ 2
where Ay = A2~ Y7 are new coefficients and a,,,, = 2”7 a,,, are (U—%J?)K’L—

-atoms, accordingly. Let fT be given by (2.9) and let A\, =0, me€Ip,, v € Ny.
Applying Theorem 1.8 jointly with its unweighted counterpart for w = 1,
see also, [21, Theorem 3.8 p.75], to (2.9) yields

1/q

00 q/p
~ I'v
<A bl = [ X2 ( > Aml”2”‘> (2.10)

v=0 \meZ"

2
P

|71 B 7 ()

</ HAl bpq(wff)H <’ Hf‘ ng(anwF)H )

Fl

for suitably chosen {Ay,}.ie. f € Bg, (R™ w}) implies ffe B;q_%(R").

k2

Assume for the moment that o — % = "Tjd, ie. o = %”’d > 0, and
trrf = fU = trpf. Then f € Bg, (R™,w}) leads to trpf € L,(T),that is

x+n—d

trrBpg © (R™,wl) C L,(T), see Theorem 3.1 below.

3. Traces on fractals of weighted Besov spaces

We can formulate the first main result of this paper, which extends Theorem 2.2
to the weighted case.

Theorem 3.1. Let 0 <d<mn, x> —(n—d), 0 <p< oo, 0<q<min(l,p) and
let T' be a d-set. Then we have

x g n—d
trrBjy 7 (R™wh) = Ly(T), (3.1)
% n—d
in the sense, that trpf € L,(I') for any f € Bppq+ ? (R",wl) and any f' € L,(T)
2 n—d
is a trace of a suitable g € Bp”q+ * (R*,wl) on T and

n—d

ﬂ_l'_ n
]g BETT (R k)

IF7 1 Lp(D)]| ~ inf

Y

2 n—d

where the infimum is taken over all g € By, 7 (R™,w.) such that trrg = f'.

Proof. Our proof is based upon ideas found in [21, Theorem 18.6]. We essentially
make use of the atomic decomposition techniques from [9].
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Step 1. Let us assume that 0 < p < oo, 0 <d <n and 0 < ¢ < min(1,p).
We first prove that

»x  n—=d

trrByy  © (R, wh) C Ly(T). (3.2)

We start with ¢ € $§(R™). This causes no loss of generality, since the Schwartz
n—d

class 8(R™) is dense in B» T°7 (R™, wl), see [2]. We recall that for ¢ € $(R™) the

restriction operator trrp = ¢|I' it meant pointwise. We consider an optimal atomic
n—d

decomposition according to Theorem 1.8 of ¢ € §(R™) in BE;FT (R™, wl),

o= Z Z Aom@um (), (3.3)

v=0meznr

such that

n—d

1+ n
Hso| BiTT (R k)

~ ||)‘| bpq(“’i)”' (3.4)

Here the coefficients \,,, and the (Tl_d%"@ -atoms a,,, have the same

meaning as explained in Definitions 1.5 and 1.6. In particular, according to Defi-
nition 1.5 we have that suppa,,, C bQ,,, and

n—d4sx n)_ v(d—3)

|al,m(x)|<2_”( » »)=2"7» | meZ",veN,. (3.5)

Proceeding exactly as in Section 2 let us consider a decomposition ¢ =
o' + ¢r, such that ¢ collects all atoms with a non-empty intersection of their
support with T', and ¢r the rest.

Assume first that 0 < p < 1. In view of (3.4), to prove (3.2) we have to find
an estimate from above of the quasi-norm

ltxrg| L@ = / T ()P () + / lor ()P () (3.6)

by the quasi-norm ||| bpg(w,.)||. Taking into account that a,, NI = @ for all
atoms belonging to the representation of pp, we immediately get that the last
integral in (3.6) vanishes, since then [ |pr(7)|Pu(dy) = 0. Hence we have
v
Z )\l/mal/m (7)

o0
lerrgl L@ P <3 /
v=0 r meEZ™

< CZ ZFW')‘WTLV)/F ‘aum('}/”pﬂ(d’w

v=0 mezZn

DD e

meZ™\Ir,, meL"

u(dy) (3.7)

Recall that
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i.e. we consider only atoms with a support near I'. The rest of atoms play no rle
for a trace problem on I'.

Let us turn our attention to the last integral in (3.7). Since p(I' N Qum) ~
2774 by Definition 1.1, we obtain by (3.5),

/ |awm (V)P u(dy) < 27 (TN Quum) ~ 2747
T

Plugging the above estimate into last term in (1.15) yields

> T
lore] LyIP <D0 >0 PumlP277 < A bpg ()] (3.8)

v=0 mez"

where the last inequality holds by virtue of ¢ < p and (1.15). Consequently, by
(3.4) for 0 <p <1 and g < p we have

n—d

£+7 n
[brre [Lp(D)I < ¢ A ] bpg(wi)]| < ¢ |l [Bgg 7 (R, wy) (3.9)

For p > 1 we use the triangle inequality to get

o 1/p
v
Jtrrol LD < (zz |Aym|pz—w) <\ )] (3.10)

v=0 mezZ"
<A Jbpg (w))])-
Again, the last inequality holds by virtue of ¢ < 1. Finally, we arrive at

2 | n—d

(Pl BIEI g (Rnawi)

with 0 <p < 00,0 < ¢ < min(p,1),
(3.11)

l[troep] Lp(D)]| < ¢

which proves the inclusion (3.2).
Step 2. Let 0 < ¢ < min(p,1) and max (d*T”,O) = (d*T”)Jr <p<oo. We
give a proof of the reverse inclusion

»x | n—d

L,(T) C trp By 7 (R™). (3.12)

We shall adapt the arguments used in Step 2 of the proof of Theorem 18.2 of
[21]. It is known that D|r is dense in L,(I"). Thus, we may work without loss
of generality with ¢ € D(R™). Moreover assume that ¢|r # 0 and consider the
neighborhood of T given by

Iy ={zeR": dist(z,T) <27%}.

By compactness of I' together with properties of Hausdorff measure, there are
open balls B(z;,r) with j =1,..., N centered at I" with the same radius r > 0
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depending on the covering, that cover I'. Note that T, C ijzl B(z;,7), where h
depends on given covering.
Now, let {p; }é\,:1 be a smooth resolution of unity in a neighborhood T’} of

I' Nnsupp ¢ adapted to (B(xj,r))j-v:l. In particular, we have Zjvzl @j(x) =1 for
r € suppy and suppp; C B(x;,7). Let us now put \; = max,ep(a, ) [@(z)]

Then, by the properties of the above defined resolution of unity we get

d—

N N
olo) = Y el@)ei() = 3o Ar' T TN e@g )] (313)

where terms with A; = 0 are omitted. Let us define

~ d—3c d—3c 1

Aj=Ar 7 and aj(z)=r""7 A

p()p;(2).

We obtain that suppa; C B(z;,r). Furthermore, choosing r > 0 small enough,
we get

T _d—x n—d | sx
jay(a)) = P52 ) < 545
J

3

and analogous estimates for all D®a;. We thus can consider a; as (”"1%7;0) -
K,L

. s . d—
-atoms according to Definition 1.5. It follows from the assumption p > (T") n

that ”_d% > n (% — 1) . Therefore, moment conditions as needed in (1.16)
+

may be omitted. Once again, using the atomic decomposition method together

with properties of the weight wl we may estimate the quasi-norm of (3.13) as
follows,
n—d+ s r - r
e [Bpg " (R™ wi )| <A [bpg(ws,) | (3.14)

N 1/p
<e | Sl i, I En D) |
j=1

Let us again choose r > 0 arbitrarily small. Straightforward computation shows
that ng()xj,r) |L,(R™, wh)|| ~ 7. Moreover we have u(B(x;,7)) ~ r¢ by Defi-
nition 1.1. Proceeding further as in the Riemann integral construction we arrive

at

1/p

N
Sl |\ L ® || | <eltre L@ (3.15)
j=1
Hence, we have proved that
n—d+sc r
[ |Bpg " (R, w; )|l < clltrre [Lp(D)]l, € D(R™). (3.16)
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The rest of the proof goes through as for [21, Theorem 18.6], with hardly any
changes: for convenience, we include the argument here. It follows from density of
Dlr in Ly(I") that any f € L,(I') can be represented in the form

f)=>_fi(v), v€TL, f;€DR" (3.17)
j=1
with _
0 < |ltrrfj [Lp(T)| < c277||f| Ly(D)||, j€N. (3.18)

Thus by (3.16) we have

n—d+sx
1 1Bpa " (R™wi)|l < lltrrf; Ly (D)) (3.19)
Now we may define an extension operator in the following way,
n—d+sx

extf = ij € Bpy”  (R™,wh), trrextf = f. (3.20)

Jj=1

By virtue of (3.17) and (3.18) we obtain

n—d+sx
llextf |Bpg " (R™,w;)| < IIf |Lp(D)]I (3.21)

This finishes the proof of (3.12).

Step 3. To complete our proof we have to extend the result of Step 2 to
p > 0,1i.e. for x < d. Let us assume now that 0 < ¢ < p < ‘FT” . Analysis similar to
that in the proof of [21, Corollary, 18.12]Triebel97 shows that for (%,p) -
K,L
atoms we do not have moment conditions for ¢pg; in (3.13) by property (1.13).
Let B(y,,nr) be a ball with the condition (1.5) which can be written, after easy
reformulation, in the following form

dist(B(y;,nr),T) = nr. (3.22)
We follow the argument in Step 2 replacing ¢¢; by the function

¥i(@) = (ppi) (@) + x;(2)

n—d+sx
P
tions according to Definition 1.5 with L > max(—1, 0/, —s) . This is a somewhat

tricky construction and can be found in the proof of [24, Theorem 3.6]. The atoms
wp; and 1; coincide in a neighbourhood of I' due to (3.22). Now we can use the
argument of Step 2 again. The proof of Theorem 3.1 is thus complete. [ ]

where supp x; C B(y;,nr) and ®; is an ( ,p) -atom with moment condi-

In the concluding part of this section we shall work with Besov spaces intro-
duced in terms of traces on fractals, and recall their definition first.
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Definition 3.2. Let I' be a d-set in R"™ according to Definition 1.1 with
0<d<n.Let s>0,0<p<oo,and 0< q< co. Let us define

n—d

S 8+ P n
BS,(T) = trrBpg ” (R"). (3.23)

We equip this space with the quasi-norm

n—d

s+ n
\g| B m) (3.24)

I B3 (D)]| = inf

n—d
where the infimum ranges over all g € B;; ? (R™) with trrg = f.

In a natural way we extend this notation to weighted spaces B;q(R”, wl): by
trp B, (R™, w},) we mean the collection of all f € Ly (I") such that there exists some
g e B;q(R",wE) with trrg = f, and || f |trpB;q(R", wl)|| = inf||g |B;q(R", wh)]|,

the infimum is taken over all g € B (R™, w},) such that trpg = f. To study the

e

fractal trace problem we get the following statement.

Theorem 3.3. Let 0 < d<n, 0<p<oo,0<g<ooand —(n—d) < »<
sp — (n —d). Then
g—n=d_ zx
trr By (R, wl) =By, * 7 (D)
Proof. Step 1. The idea of the proof is to use Definition 3.2 together with the
observation that
trp By, (R", w),

s

) = trr Byg ? (R™), (3.25)
n—d >

with the parameters given above. Afterwards we apply (3.23) to s’ = s— % -
0, i.e. such that s’ + "Tjd =5— %. This leads to

trp B, (R", wh) = B, (1),

that is, the desired result. Moreover, as will be clear from the argument below, it
is sufficient to deal with the inclusion

trp B3, (R, w) < trp Byg * (R™) (3.26)

bl

only, the converse assertion follows by parallel observations.
We consider some f € trp B, (R", wl). Let € > 0. By the definition of this
space there is some g € B, (R", wl) such that trrg = f and

gl B2, (R™, wh)|| < || £] trr B, (R, wh)|| + % (3.27)

We take the atomic decomposition of g in Bj, (R, wl,),

9=>_ > Aomtum(z), (3.28)

v=0mezZn
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where A, € C are coefficients and a,.,(x) are (s,p)k, r-atoms in the sense of
Definition 1.5. In view of Theorem 1.8 we have to choose K > s, L > max(—1,
[0p/ry — 8]) With 7o = max(-*5 + 1,1); so let us assume
K > max(s, s — z)
p

and (3.29)

L > max <1, [crp/ro 75] , [oszr Z]) .

Thus Theorem 1.8 implies that we find a corresponding atomic decomposition
(3.28) with (3.29) and

S n €
0 By < ol BB D] + 5 (330
We now proceed similar to Section 2. Recall our notation

Ip, = {m e 7" : dist(T, suppaym,) > 62_"} , v €Ny,

> = 2 =2

meZ™\Ip,, mEL™ m€lr,  mezn

and

We decompose

9= Z ZF,V AVman(x) + Z ZF.V )‘umavm(x) = gF +gr

v=0 mezZn v=0 mEZ"'

with trpg = trpg", trrgr = 0. We extend g by 0 outside,

7 - . o .
7= 3 " (2 %) (2F (@) + 30 30, 0 (2Faum(x)) 3:31)
v=0 mez" v=0 mEZ,”V
=2 2 Avmivm (@),
v=0mezn
obtaining an atomic decomposition of g with
Ao = {Mﬂyg form € Z"\Ir.y, (3.32)
0 otherwise.

Moreover Gy, = 2Y7a,,, are (s - %,p) -atoms. We benefit from our
K,L

assumption (3.29) and can apply the unweighted version of Theorem 1.8 (s =
0,79 = 1), see [20, Theorem 3.10], to obtain

~ s—= n
9185 7 &)

<|

Ko 1bpa - (3.33)
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On the other hand, trrg = trrg" = trrg = f, and

by (3.32) and (1.9), recall HXt(}:v)z \LP(R"7w£)H ~ 2"% . m e Z"\Ip,, v € Ny.
Combining (3.27), (3.30), (3.33) and (3.34) we obtain

Xum ‘bqu < ||)‘Vm |bpq(w£)|| (3.34)

|3 155 ™ ™) < ellf terr By, (R WD)+,

that is, we have found some § € By, ” (R") with trrg = f and the above norm
estimate. Hence, f € trpBpg ” (R"), and for € \, 0,

| tereBrs @)

<cllf |trpB;q(R”,wF)H .

el

This proves (3.26). [ |

In view of (1.12) it is clear that the theory of Besov spaces with Muckenhoupt
weights covers only weights w!, from (1.10) with s > —(n — d). Theorem 3.1
above concerns weights wl, with s < sp— (n —d), s >0, 0 < p < co, where

n—d _

fe B;Q(R",wi) possesses a trace trpf € IB%:,; o).

Similarly for » = sp—(n—d), 0 < ¢ < min(1,p), see Theorem 3.1. A natural
question to ask is what happens for stronger weights, that is, s > sp — (n — d)
or »x = sp— (n—d) with ¢ > min(1,p), respectively? The final answer to this
question in the unweighted case is due H. Triebel [23, Theorem 1.174], see also [23,
Corollary 7.21]. Roughly speaking, the result given there states that for s < "Tjd,
0 <p,g<oo,ors= ”Tjd, q > min(p, 1), the trace space trr B, (R") does not
exist. Below we show how to transfer this observation to our situation.

Corollary 3.4. Let 0 <d <n,s>0,1<p<o0,0<g<oo and » > —(n—d).
Then trpB;q(R”,wE) exists if, and only if,

n<sp—(n—d) or x=sp—(n—d) and 0<g<1.

Moreover, if s > sp — (n —d), then D(R™\I) is dense in B, (R™, w},).

Proof. The sufficiency follows from Theorems 3.1 and 3.3, concerning the necessity
we refer to [23, Corollary 7.21] for the unweighted case and (3.25). Note that the
additional assumption s < sp—(n—d) or 0 < ¢ < min(p, 1) when » = sp—(n—d)
are needed only later on to determine the trace space explicitly.
It remains to show the density of D(R™\I') in Bj (R™,w}) when s >
sp — (n —d). Clearly, by the embeddings
By (R, wh,) — Bi (R", wh,) — Bi¢(R", w},)

el
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for all 0 < ¢ < oo, and & > 0 small, it is enough to deal with spaces B, (R", wh)
only, where 2 > sp—(n—d) and 0 < p < co. Then §(R") is dense in B3, (R", wy,)
and we can restrict ourselves to show that for all £ > 0 and all ¥ € $(R™) there
is some p € D(R™M\I"), i.e. ¢ € C§°(R™) with supp(p) C R™\I', such that

| —¢ | By,(R™,w,)|| <e. (3.35)

We continue by assuming that supp ¥ NT # (). Otherwise, dist(T",supp ) =6 > 0
and we can take ¢ = 1, appropriately modified if supp % is not compact. Let
T'x be some neighbourhood of I' Nsupp 9. For 5 € N, consider a covering of I'y
with balls centered at I' and with radius 277. Since I' is a compact d-set one

needs M, ~ 279 balls to cover it. Let {@T}i\iﬁ be an associated smooth partition
of unity such that ¢, € C§°(R"™), supp ¢, C B, ; = B(%,Q*J), ~v- € T' and

SMi . (z) = 1 with = € T4. Recall that H ® LR w H ~ 279% | Let

v € D(R™) with v =1 on I’/ and supp v C I'y. Takmg into account Definition
1.5 and Theorem 1.8 we obtain

v= Z el ZQJ(S" 277670 (p,y) (), @ €Ty (3.36)

The sum on the right-hand side of (3.36) may be viewed as an atomic decomposi-
tion of v in B3, (R",w},) with atoms given by 27 36=3) (o) (@) and coefficients

A = 27 (s = ) For convenience let us assume once more that we do not need
moment condltlom7 otherwise (3.36) has to be modified. Then Theorem 1.8 and
Definition 1.6 imply

I 13,0 Z?“‘”ﬁ [ 1 2 H

: 1/p
<2 HE (Y1 — it —E)

It follows from the assumption s < ”i’f*d that

|7 1B, (R™, wy,)|| < &

choosing in our construction j sufficiently large. For ¢ € §(R™) we thus arrive at

[ [Byp(R™ ws) || = ||y + (1 =) | w,)||
< [ 1B, (R” H+H L=7)¢ By, (R™,wl)|
<[l ICF(r™) thl H+H1— ) By (R” w) |
<&+ || (1= |B, ||



Traces on fractals of function spaces with Muckenhoupt weights 113

where k& € N is chosen large enough. On the other hand, we obtain (1—7)1 € S(R™)
and dist (supp((1 — v)¥),T') > 0. Hence, there exists some ¢ € D(R™\I') with

H(l - fY)'(/) - |B;p(Rnaw£)H <e.

This concludes the proof of (3.35). ]

Remark 3.5. The Corollary 3.4 explains, at least in some cases, the impossibility
to have a trace of f € Bj (R, w}), s > sp — (n — d) in the sense of L,(T).
We only get the trivial counterpart of (2.4), i.e. for the dense subset D(R™\I') in
B3, (R™, w},) the left-hand side in (2.4) always vanishes unlike the right-hand side.
But then it is not possible to explain trrf in a reasonable (standard) way, as the
independence of the approximating sequence fails. One would like to have a real
alternative in the sense that either trpBj, (R", w},) exists or D(R™\I') is dense in

Bs, (R™,w}}). But this remains open so far - as in the unweighted case.

4. Traces on fractals of weighted Triebel-Lizorkin spaces and applica-
tions

In this section we discuss traces on fractals of weighted Triebel-Lizorkin spaces. Our
main aim here is to extend known results on traces of unweighted Triebel-Lizorkin
spaces to the weighted case. The last part of this section is devoted to give an
application of our results for F'-spaces to traces of weighted Sobolev spaces on
(n — 1)-dimensional hyperplanes. Let us start by recalling needed definitions. The
best references here are [2] and [9].

Definition 4.1. Let 0 < p <00, 0 < g< 00, s € R and w € Ay . Moreover let
{¥j}32¢ be a smooth partition of unity as introduced in Section 3. The weighted
Triebel - Lizorkin space Fy (R",w) is the collection of all tempered distributions

f € 8'(R™) such that

1/q

1 1Epy R w)|| = || D2 1F e FHON | ILp(R™ w) (4.1)
j=0

is finite. In the limiting case ¢ = oo the usual modification is required.

Note that in this case for 1 < p < 00, s € Ny and g = 2 we obtain classical
Sobolev spaces, i.e.
Fpa(R™) = W (R™),

see [19, Section 2], [20, Section 1.2.5] and [21, Section 10.5].
The unweighted trace result due to H. Triebel [21, Corollary 18.12] reads as
follows.
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Theorem 4.2. Let I' be a d-set, 0 < d <n. Let 0 <p <1 and 0 < ¢ < 0.
Then we get

n—d

trrFpg” (R™) = LP(F)

with the usual interpretation.
Next we define the corresponding Triebel-Lizorkin sequence spaces.

Definition 4.3. Let 0 < p < o0, 0 < g < 00 and w € A, . Furthermore let XZ(,I;)@
denote the p-normalized characteristic function of the cube @, defined by (1.8).
Then

fuaw) = {A = (s} - (42)

7 ] = (3 % )

v=0mezm

/\umx(ﬂl(')

LP(R”,w)H < oo}

(usual modification for g = 00).

In the sequel, we again consider the weight wl as introduced in (1.10). We
now present a generalization of Theorem 4.2 to the weighted case.

Theorem 4.4. Let I' be a d-set, 0 < d < n. Let 0 < p < 00, 0 < g < o0,
—(n—d)<x<sp—(n—d),or x=sp—(n—d) if0<p<1. Then

trp 5, (R”, wh) = trr By * (R™), (4.3)

el

In particular,

x| n—d

trrFpg 7 (R w,) = Ly(T) (4.4)
for 0 <p<1,0<qg<o0,and
g—n=d_ zx
trFg (R, wl) =By 77 (), (4.5)

provided that » < sp—(n—d), 0 <p<oo and 0 < ¢ < 00.

Proof. The proof is based on the argument given in the proof of Theorem 3.3
combined with [23, Proposition 9.22]. We only outline the main ideas of the proof
for

trp F5, (R, wh) C trp By * (R™). (4.6)
The proof of the converse inclusion is done analogously. Let f € trrF,, (R", wh).
Following the same consideration as in Step 1 of the proof of Theorem 3.3 we

arrive at the atomic decomposition of g in Fj (R™, w) and its reformulation for

g as in (3.31). We conclude that § € By, ” (R™), since

- s— = n ~ ~
a1 Bow ™ ™) < |31 ]| < [N S| < N a7
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follows from [23, Proposition 9.22 (i)]

since d-sets satisfy the ball condition what means that they are porous in the
notation used in [23]. Consequently we have for g with trrg = f,

where the equation HX| bppH ~ HX| Irq

a1 B2 (")

<ellgl B ®wh)l| + 5 < 111 o Fpy (R wh)l| +2, (43)

which completes the proof. [ ]
Remark 4.5. It turns out that the index ¢ plays no rle in the consideration of
traces on d-sets of I, (R", wL). More precisely, for 0 < gy < 1 < 0o we get

tI‘FFS

oo (R™, wh) = trpFS

Pq1

(R",wr),

as in the unweighted case, see [22, Theorem 9.21].
We have the following counterpart of Corollary 3.4 due to (4.3).

Corollary 4.6. Let 0 <d <n,s>0,1 <p<o0,0<qg< o0 and » > —(n—d).
Then trpFj5 (R™, w},) exists if, and only if, < sp — (n — d). Moreover, if 3 >
sp—(n—d), and 1 < p,q < oo, then D(R™\T') is dense in F3, (R", w},).

We conclude our paper with a well-known example for Sobolev spaces and a
d-set I' with d = n — 1. We characterize traces on n — 1-dimensional hyperplanes
of Sobolev spaces. We first discuss a special case of the weight function w! for
d=n-—1.

Example 4.7. Let a« € R and = € R™. Note that for d = n—1 and taking » = «
the weight w! transforms into

_ [lzal® |zn] <1 49
wa () {1 otherwise . (4.9)

As shown in [9], we(z) belongs to the Muckenhoupt class A, if, and only if,
-l<a<r—1.

We recall briefly the definition of Sobolev spaces.

Definition 4.8. Let kK € N and 1 < p < oo. The Sobolev Space Wg(R”,wa) is
the collection of all f € L,(R™, w,) such that the norm

1/p

[l WER we)|| = [ D [DPf] Lp(R™, wa) )"
[BI<k
is finite.

It is well-known that for £ € Nyg, 1 < p < 00, and wq € Ap, ie. =1 <a <

p— 1, we have
Fray(R" wa) = Wy (R™, w,). (4.10)

This can be found, for instance in [15, Proposition 1.9]. We are now in a
position to state the last result of this paper.
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Proposition 4.9. Let 1 <p< oo and —1 < a <p—1. Then for any k € N

g atl

trpn—1 W;(Rn, Wa) = Byp T(F)

Proof. Using (4.10) and Remark 4.5 combined with Theorems 3.3 and 4.4, we
obtain

ko
trgn-1 W;(R”,wa) = tarle;Z(R”,wa) = trga-1Bpp " (R™)

a_1 Lo+l

—&—
=Bpp * p(r):Bpp i (F)

Note that our assumption for a to imply we € A,, i.e. @ < p—1, already ensures
a < kp—1, k €N, needed in Theorem 4.4. [ |

Remark 4.10. This result was first proved in [18, Section 3.6] using tricky inter-
polation techniques.
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