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ON THE LOCAL EXTENSION OF THE FUTURE NULL
INFINITY

JUNBIN L1 & X1-PING ZHU

Abstract

We consider a characteristic problem of the vacuum Einstein
equations with part of the initial data given on a future asymp-
totically flat null cone, and show that the solution exists uniformly
around the null cone for general such initial data. Therefore, the
solution contains a piece of the future null infinity. The initial
data are not required to be small and the decaying condition is
consistent with those in the works of [8] and [11].

1. Introduction

1.1. Introduction. As one of the major problem in mathematical rela-
tivity, the weak cosmic censorship states that the maximal developments
of generic asymptotically flat initial data possess a complete future null
infinity. There are some mathematical works towards the resolution of
the conjecture.

Christodoulou and Klainerman [8] proved the nonlinear stability of
Minkowski space-time in vacuum. Recall that a Cauchy initial data
(2,9, k) is called strongly asymptotically flat (introduced in [8]) if the
following holds near infinity:

9ij = <1 " 2M> 8ij + 0a(r=*?), ki = 03(r~/?),
T

where f = 0, () means 0¥ f = o(r*~%) for all k < m. It is proved in [8]
that for any strongly asymptotically flat Cauchy initial data sets which
are sufficiently close to the constant time slices in Minkowski space-time,
the maximal future developments are future geodesically complete and
are approaching the Minkowski space-time in a suitable sense. In par-
ticular, the weak cosmic censorship holds in this class. If the strongly
asymptotically flat data is not close to Minkowski, then the global ex-
istence type results are not expected. Nevertheless, Klainerman and
Nicold proved in [11] the global existence in the domain of dependence
outside a compact set in the initial data set using a different foliation
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of the space-time. The space-time is constructed in a neighborhood of
space-like infinity, and the information about the interior region of the
initial data is not used.

In both proofs of [8] and [11], a key ingredient is the construction of
an optical function u, which increases towards future and is normalized
at infinity. The level sets C, of u are outgoing null cones extending
to infinity. The function v is called the retarded time. The space-time
is then foliated by the null cones C,’s. Along these null cones, the
geometry tends to being Minkowskian in a suitable rate. For example,
the curvature components® , in the space-time behave like:

B=0"2"""), a= 0617

— (T2 _ -3 _ -3_—1/2
1) a,f=o(r""%), p=0(""), o =0("7_""),

along the null cones. Here r denotes the area radius of the intersection
of each C, and the maximal time slice, and 72 = 1 + »?. In the work

[8], u varies in (—o0, +00), and u = —oo denotes the space-like infinity,
u = 400 denotes the time-like infinity. In the work [11], u varies in
(=00, —Ng], u = —oo denotes the space-like infinity, and Ag > 0 is a

sufficiently large number. We remark that since Ag has been chosen suf-
ficiently large, the theorem of [11] is essentially a small data result. In
particular, the work [11] implies that for any strongly asymptotically
flat Cauchy data (3,3, k), there exists a region ), (for example, we
can choose 2y, to be the region bounded by the intersection of C_),
and ¥) with compact closure such that the boundary of its causal fu-
ture JT(2y,) of Q,, in the maximal development (M, g) consists of
future complete null geodesics. This property inspired Christodoulou
to introduce the concept of “possessing a complete future null infinity”
in [4]. Let (M,g) be the maximal future development of an asymp-
totically flat initial data (3, g, k) and €2, be a region in ¥ mentioned
above. Then we say that (M, g) possesses a complete future null infinity
if for any large A > 0, there exists some region 2y in X such that Qg
contains {2, and the boundary of its domain of dependence 9D ()
satisfies the following property: the affine length of each of the future
null geodesic generators of 9D (£) is not less than A measured from
ID* ()N 0JT(Q),). Based on the discussions on the retarded time
function above, one can also say that a space-time possessing a complete
future null infinity means the space-time can be foliated by a family of
future null cones C), extending to infinity, with u being a retarded time
function and varying in [—\g, +00), and the weak cosmic censorship is
equivalent to the global existence in retarded time.

1See the next section for the definitions.
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Figure 1. The characteristic initial value problem.

Therefore, it is natural to consider the characteristic-Cauchy mixed
initial value problem, that the initial data are given on a three-dimen-
sional disk €2, and an asymptotically flat complete outgoing null cone
Cy rooted at 0€)y, on which the initial data is NOT assumed to be small.
We remark that different from 2, mentioned in the above paragraph,
Qo here is not necessarily a large enough region. Then the main goal
of this paper is to extend the future null infinity towards the future,
i.e., solve the solution to the vacuum Einstein equations around the
initial asymptotically flat null cone in a uniform way. This is the local
existence in retarded time.

A further remark should be made about the choice of the decay rate
of the asymptotically flat initial null cone Cy. We work in the space-
times arising from strongly asymptotically flat Cauchy data, and the
corresponding null cones C,, behave like (1.1) at least for u sufficiently
negative. It is reasonable to expect that if the weak cosmic censorship
holds, for arbitrary u, the geometry on every single null cone C, decays
in the same manner, therefore, we can assume in this paper that the
geometry on Cy behaves like (1.1), by dropping the weight 7_, that is,

(12)  a,B=0("%), po =003, B=0("2), a=0@r"").

We remark that the weight 7_ describes the decay along the future null
infinity. We will omit the weight 7_ since we will only study a local
piece of the future null infinity. We also remark that together with the
condition (1.2), a list of the decay rates of the components of the null
connection coefficients?® on Cp is also needed.

Note that we can solve the vacuum Einstein equations over ) first,
then the boundary of the domain of dependence of €y can be served as
a new incoming initial null hypersurface, we are then facing a charac-
teristic problem with initial data given on two intersecting null cones® ,
as depicted in Figure 1. Now it is a good position to state a rough form
of the main theorem:

2See the next section for the definitions.
3See Section 3.2 for a description on the characteristic initial data.
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Figure 2. The region of existence in Theorem 1.

Theorem 1. Consider the characteristic problem of the vacuum Ein-
stein equations with the initial data given on an outgoing null cone Cy
and an incoming null cone Cy. These two null cones intersect at a
two-sphere, which we denote by Soo. Suppose that the null geodesic
generators of Cy are future complete and Cy is foliated by the affine
parameter s, whose level sets are spherical sections with area radius r.
Suppose also that Cy is asymptotically flat in the sense that, the curva-
ture components on Cy decay like

a,f=o(r""?), po =00, =00"?), a=0(""),

up to the second order derivatives* , and the connection coefficients
decay like

X=0("?), ¢=00"%, x=0("1,
try — try = O(r2), try = o(r™Y),

up to the third order derivatives. Then there exists a retarded time
function v and an € > 0 such that the solution of the vacuum FEinstein
equations exists in a double null foliation® for 0 < u < 4+00,0 <u < ¢
where w = s on Cy. The choice of € depends on appropriate weighted
Sobolev norms of the connection coefficients and the curvature compo-
nents. Therefore, the maximal future development contains a piece of
the future null infinity.

As mentioned above, the retarded time function u is understood as
an optical function normalized at infinity, whose level sets are the future
complete null cones. The decay rates listed above are the same as in [8]
and [11] but NO smallness is assumed. The region of existence in the
theorem is indicated by the dark grey region in Figure 2. The precise
form of the theorem is in Theorem 2 in Section 3.1. Combined with the
local existence over 2y, one direct corollary is:

“The small o0 means that the decay of «, 8 is in L?(Cp) and the big O means that
the decay of the other components is in Lg° relative to the affine parameter s.
5See the next section for the definition.
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Figure 3. The region of existence in the Corollary.

Corollary. Consider the characteristic-Cauchy mixed initial value
problem of the vacuum Finstein equations with the initial data given on
a three-dimensional disk Qg and an outgoing null cone Cy with future
complete null geodesic generators. g and Cy intersect at the boundary
0Qy of Qg which is a two-sphere. Suppose that the initial conmection
coefficients and curvature components on Cy decay as described in The-
orem 1. Then the solution of the Einstein equations exists in a future
neighborhood of the initial hypersurface Qo) Co in a uniform way, in
the sense that there exists an € > 0 such that the solution contains a
part which can be foliated by a double null foliation for 0 < u < +oo,
0 < u < € where u restricted on Cy coincides with its affine parame-
ter and u is a retarded time function. Therefore, the mazximal future
development contains a piece of the future null infinity.

The conclusion of this corollary is depicted in Figure 3. The dark
grey region indicates the region of existence. The two rectangle regions
are the part of the maximal development which can be foliated by the
double null foliation for 0 < u < 400, 0 < u < e. The very light gray
region indicates the maximal development.

The characteristic problem has one major advantage over the Cauchy
initial value problem since the constraints on the data are ODEs rather
than a system of PDEs. For example, it has been studied in the reso-
lution of the weak cosmic censorship in the context of spherically sym-
metric Einstein-scalar equations. This was resolved by Christodoulou
in a series of paper, see [5] and the references therein. In these works,
the initial data consists a function oy = %} Co where s is the affine
parameter of the null generators of Cy, where Cj is assumed to be a
complete null cone from a point towards to the future null infinity. In
addition, in the case of gravitational collapse, the global existence in
retarded time for the asymptotically flat characteristic problem leads
naturally to the event horizon, serving as the final piece of the solution.
We remark that Christodoulou considered the characteristic problem
with initial data given on a single null cone issued from a point, but not
the characteristic-Cauchy mixed or characteristic problem with initial
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data given on two intersecting null cones. However, the ideas of the
proof behind the different approaches are the same.

On the technical level, this work should be compared with the local
existence results of the characteristic problem for general initial data,
that were considered in [20] and [13]. Suppose that the initial data
are given on two null cones Cy and C, that intersect at a two surface
So,0- Rendall [20] showed® that for smooth initial data given on Cy
and C, the solution of the vacuum Einstein equations exists in a neigh-
borhood of their intersection Sp to the future of two null cones. Luk
[13] extended this result. He showed that if the initial data are given
on Cp for 0 < u < I and C for 0 < u < I, the solution, in fact,
exists in a full neighborhood of two initial null cones to the future, i.e.,
(u,u) € ([0, 1] x [0,e]) U ([0,¢] x [0, I2]), where € > 0 is a small param-
eter depending on the size of the initial data. One can directly apply
this result to the case when Cj is complete. The solution then exists
on a neighborhood of Cj but not uniformly. Caciotta and Nicolo [2] [3]
considered the initial outgoing null cones to be complete and asymptot-
ically flat and data is assumed to be small additionally. In this case, the
solution exists globally to the whole future of the two initial null cones,
say (u,u) € [0,400) x [0, I] where the constant I is the affine length of
the null generators of C|.

There are some other works using characteristic setting to capture
interesting mathematical and physical phenomena, by specifying some
carefully designed initial data, such as in the recent breakthrough on
the formation of black holes [7], [12], and on the impulsive gravitational
waves in [14], [15].

Before concluding this subsection, we should mention here two closely
related works. After the first version of this paper was finished, the au-
thors were able to prove in [17], which was, however, published earlier,
another version of Theorem 1 where only weaker decay conditions con-
sistent with those in the work [1] by Bieri are assumed” . Such decay
conditions are enough to guarantee the existence of Bondi mass by tak-
ing the limit of the Hawking mass of suitable sections of the outgoing
null cones. Another work we should mention is the work [9] by Cabet—
Chrusciel-Wafo, whose first version was appeared at almost the same
time as this paper. They proved (among many other things) that if Cy is
assumed to be smoothly conformally extendable across the boundary at
future null infinity, then the solution contains a piece of a smooth future
null infinity. The smoothness assumption allows them to use Friedrich’s
conformal Einstein equations and the problem at hand reduces to a finite

In fact, Rendall considered the characteristic initial value problem of a general
class of quasilinear wave equations including the Einstein equations.

"Different from the work [1], we used up to the third order derivatives of the
curvature for simplicity.
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problem. On the other hand, note that the decay condition (1.2) fails to
satisfy the peeling properties, which is a consequence of the smoothness
of the conformal compactification in order to define asymptotic flatness
by Penrose. Christodoulou had explained in [6] (or see Dafermos [10])
the reason why the smoothness of the conformal compactification is too
strong to include sufficiently many physically interesting Cauchy data.

1.2. Comments on the proof. The main tool of this paper is the en-
ergy estimates under a double null foliation. The technique of the energy
estimates for the curvature was developed by Christodoulou and Klain-
erman in [8], using the Bel-Ronbinson tensor for the Weyl curvature of
the space-time based on the contracted second Bianchi identities:

VO‘Raﬁwg =0.

Also, the Bianchi identities should be coupled with a group of the null
structure equations which are used to estimate the connection coeffi-
cients in terms of the curvature. On the other hand, when solving the
Finstein equations, one should first choose a suitable coordinate system
or a foliation of the space-time in order to write down the estimates.
The coordinate system or foliation should be chosen very carefully to
capture some crucial properties of the solution. In the groundbreak-
ing work [8], the space-time was foliated by two functions: a maximal
time function ¢, whose level sets are maximal slices ¥; representing the
constant time slice, and an optical function u mentioned in the above
subsection, whose level sets are future complete null cones C,, which
follows the gravitational waves radiating to infinity. The intersections
of ¥ and Cy are two spheres, and the equations will then be decom-
posed into ODEs along C, and elliptic equations on the spheres and 3.
When considering a global problem, one should use some specific ap-
proximately Killing and conformal Killing vectorfields as multipliers and
commutators in order to generate weighted energy estimates to capture
the decay of different geometric quantities approaching the null infinity.
This technique and procedure was also employed in [11]. Different from
the work [8], the work [11] mainly employ the double null foliation, also
introduced by Christodoulou, which means we foliate the space-time by
two optical functions v and u, whose level sets are incoming null cones
C,, and outgoing null cones C,, and the intersections are two spheres.
The equations in this case will be decomposed into ODEs along C,,,
C,, and elliptic equations on the spheres. The double null foliation is
suitable for the problems concerning the null infinity, since the (future
or past) null infinity can be viewed as the limit of the (incoming or out-
going) null cones. In the above two works, the outgoing null cones C,,
or the retarded function u, is not simply constructed by extending them
from the initial hypersurface to infinity. We should construct u initiated
from the future null infinity, requiring that « is the affine parameter at
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infinity. This is done by a limiting argument, and introducing a specific
differential equation satisfied by w on the last slice. The corresponding
foliation induced by w on the last slice is called the canonical foliation.
In the current work, we show that in the case the geometric quantities
are not assumed to be small, this method also works.

One another ingredient is that some special reductive structures in
the Einstein equations are used to eliminate the high nonlinearity of
the equations. In general, it means that for some semi-global problem,
when no uniform smallness of the data is imposed, we can always write
the Einstein equations down in some coordinate systems or foliations,
and we will have some small parameter. Then the estimates can be di-
vided in several steps, such that the highly coupled nonlinear terms can
either be absorbed by the small parameter or can be controlled in the
previous steps. The coupled nature is completely destroyed. This allows
us to solve large data problem in a sufficient long but finite time and
obtain interesting mathematical results related to physics. The gate to
solving the large data problem was open in the work of the formation
of trapped surface by Christodoulou [7]. In this work, even though the
data prescribed is potentially very large for some components, it turns
out that these components appear together with some other small com-
ponents. The small parameter is still able to absorb the nonlinearity.
After Christodoulou, Klainerman and Rodnianski extended this result
in [12] by considering a larger class of the initial data. The current
work should be compared with the semi-global existence results by Luk
[13] which is mentioned in the above subsection, and by Luk and Rod-
nianski [14], [15]. In these cases, the data prescribed are bounded (in
suitable norms) and the small parameter comes from the smallness of
the existence region, which is the same in our current work.

The reductive structure is related to the null structure of Einstein
equations, which corresponds to the null condition in nonlinear wave
equations and ensures that when solving the equations up to infinity,
the decay estimates are strong enough to make the space-time integral
converges. The two structures are more or less the same thing in some
cases. In the current work, they are considered simultaneously. The
first example combining these two points is also given in Christodoulou’s
formation of trapped surface [7]. He solved the problem with initial data
prescribed at the past null infinity. However, the notion of the canonical
foliation need not to be introduced, because the data at infinity is given,
but not to be solved.

A good application of Theorem 2 in this paper is also the work [7] of
the formation of trapped surface. Based on the original setting in [7]®
if we, in addition, assume the initial data given in u € [0, ) is compactly

8The readers who are not familiar with the monograph [7] may first go to Section
3.2 for a simple introduction of the initial data.
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supported and extend the initial data trivially (that is ¥ = 0), then we
obtain the initial data given on a complete null cone C,,. With the
incoming null cone Cj serving as the initial incoming cone, we have a
new characteristic initial value problem with the initial data given on
Cuo UCs. We will prove, in Section 3.2, that the initial quantities on
Cy, for u > § satisfy the assumptions of Theorem 2. Consequently, we
will know that the maximal future development has a piece of the future
null infinity.

At last, we want to mention a technique of renormalized curvature
estimates introduced in [14]. By defining two new quantities
1,0 . . 1.
§(X7X)7 U:O-+§X/\X’
they can eliminate the component « in the null Bianchi equations Dp,
Do, and then we can do energy estimate without knowing information
about a. We find that this renormalization also works when considering
an infinite problem. We will use this technique in proving Theorem 2
and the advantage is the decay of « is not needed. This may suggest
that the decay of « is not quite relevant to the weak cosmic censorship.

p=p—

1.3. Outline of the paper. The remainder of this paper is organized
as follows. In Section 2, we will describe the double null foliation we will
use in the proof. We also present, in this section, the definitions of the
connection coefficients and curvature components, and the equations
they satisfy. Also, some basic geometric lemmas are also given. In Sec-
tion 3, we give the precise statement of out main theorem, and outline
the main steps of the proof. We will also investigate the characteristic
initial data in this section. The actual proof of the main theorem is
then given in Section 4.

2. Preliminary

2.1. Basic geometric setup. We follow the geometric setup and nota-
tions in [7]. We use M to denote the underlying space-time (which will
be the solution) and use g to denote the background 341 dimensional
Lorentzian metric. We use V to denote the Levi-Civita connection of
the metric g.
Let w and u be two optical functions on M, that is

9(Vu, Vu) = g(Vu, Vu) = 0.
The space-time M is foliated by the level sets of w and u, respectively.
Since the gradients of u and u are null, we call these two foliations to-
gether a double null foliation. We require the functions u and w increase
towards the future. We use C,, to denote the outgoing null hypersurfaces
which are the level sets of v and use C,, to denote the incoming null
hypersurfaces which are the level sets of u. We denote the intersection
Suu = C, N Cy, which is a space-like two-sphere.
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We define a positive function 2 by the formula Q72 = —2¢(Vu, Vu).
We then define the normalized null pair (es,eq) by e3 = —2QVu and
eq = —2QVu, and define one another null pair L = Qes and L = Qey.
We remark that the flows generated by L and L preserve the double null
foliation. On a given two sphere S, , we choose a local orthonormal
frame (e1,e2). We call (e1,e9,e3,e4) a null frame. As a convention,
throughout the paper, we use capital Latin letters A, B, C, - - - to denote
an index from 1 to 2, e.g., e4 denotes either e; or es.

We define ¢ to be a tangential tensorfield if ¢ is a priori a tensorfield
defined on the space-time M and all the possible contractions of ¢ with
either es or e4 are zeros. We use D¢ and D¢ to denote the projection
to Sy, of usual Lie derivatives L1,¢ and Lr¢. The space-time metric g
induces a Riemannian metric ¢ on S, ,, and £ is the volume form of ¢ on
Suu- We use d and ¥ to denote the exterior differential and covariant
derivative (with respect to ¢) on Sy_y.

We recall the definitions of null connection coefficients. Roughly
speaking, the following quantities are Christoffel symbols of V according
to the null frame (ey, ea, €3, €4):

1 1
xaB = g(Vaeq,ep), na= —59(V36A,64), w= 599(%63,64),

Xap =9(Vaes,ep), n,= f%g(vz;eA,eg), w= %Qg(V3e4,63).
They are all tangential tensorfields. We also define ¥’ = Q7 1y, ¥ =
Q 'y and ¢ = %(7] —n). The trace of x and x will play an impoRan‘c
role in Einstein field equations and they are defined by try = gABX AB
and try = ﬁAB X 45+ By definition, we can check directly the following
identities dlogQ = %(n +1), DlogQ =w, DlogQ = w.

We can also define the null components of the curvature tensor R:

1
aap = Rlea,es,ep,eq), Pa= §R(€A,€4,€3,€4),

arp =R(ea,e3,ep,e3), gA = %R(GA,€3,€3,64),
p= iR(€3,€4,63,64), o= %R(eg,ezl,eA,eB)ﬁAB.

We then define several kinds of contraction of the tangential tensor-
fields, which are used in deriving the equations. For a symmetric tan-
gential 2-tensorfield 0, we use 0 and tr to denote the trace-free part and
trace of 6 (with respect to ¢). If 6 is trace-free, D@ and D@ refer to the
trace-free part of D8 and D@. Let £ be a tangential 1-form. We define
some products and operators for later use. For the products, we define
(01,02) = ¢"“¢"P(01) ap(62)cp and (&1,6) = ¢*7(€1)a(&2)p. This
also leads to the following norms [0]? = (6, 0) and [£]? = (£, &). We then
define the contractions (6 - €)4 = 045¢p, (01 - 62)ap = (01) 4% (02)cB,
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01705 = g2 (01) ap(62)0p and §86 = & @& +&H @6 — (61, L),
The Hodge dual for ¢ is defined by *¢4 = ¢,%¢c. For the operators,

we define dif & = V¢4, cufles = PV ,&p and (dif0) 4 = VP045.
We, finally, define a traceless operator (Y ®&)ap = (V&) ap+ (V&) pa —
diF € g ap-

2.2. Equations. The following is the first structure equations in the
space-time written in a null frame (where K is the Gauss curvature of

Sﬁ,u)39
. 1 N
DX, = —Q, DtI‘X/ = _592(1:1')(,)2 - Q2|X/|27
. 1 _
DY = —a, Dtry = —592@%)2 - X')%
Dn=Q(x-n—B),
Dn=Q(x-n+p8),
Dw = Q*(2(n,n) — |n|* — p),
Dw = Q*(2(n,n) — n|* — p),

1 1
K = —textrx + 5(%5) - p,

N 1 - 1 _
dif X' = Seltrx’ = X'+ Stra'n — Q7B
N 1 N 1 B
d];(/g = 591‘51@’ _X/ “n+ 5‘51@@— Q lé,
1
cufln =0 — X NX,

2
1.0
cufln = —o + X AX,
o . R 1 1
D(Qy) = QZ(W ®n + n®n + §trxx — §trxx),
. PR 1
D(Qtr&) = 92(2d1/(fﬂ+ 2|m2 - (Xy&) — §trxtrx + 2p),
o 1 1
D(QX) = O*(V &n +n@n + StrxX — StrxX),

1

D(Qtrx) = Q*(2difn + 2nf* - (X, X) — Htrxtrx + 2p),
Dn=—-Q(x-n+ )+ 2dw,
Dn=—-Q(x-n— )+ 2dw.

We also use the null frame to decompose the contracted second
Bianchi identity V*Rqg,s = 0 into components. This leads the fol-

?See Chapter 1 of [7] for the derivation of these equations.
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lowing null Bianchi equations:!°

Da — %Qtrxoz +2wa + Q{-Y @B — (40 + BB + 3xXp + 3*Xo} = 0,
Da — S 0trxa + 2wa + Y BF + (4~ BB + 3% — 3°%0} =0,
D5+thrxﬁ—Qf-ﬂ—wﬁ—Q{diﬁa—i—(Q—i-?()-a} =0,
DB+ 20trxf — X - B~ wf + Qdifa+ (n —20) - a} =0,

Dj + %Qtrgﬁ — QX B+ wB — dp+ "do + 3np + 3"no + 2X - B} =0,
DB+ L0t — % B+ wf + Qo — o+ 3np — 30 — 2% - 5} =0,
Dp + S62trxp — Q{5+ (20 + C,6) — 5 (R,a)} =0,

Dp+ S0trxp + Qi + (21 ¢, ) + 5(%, )} =0,

Do + ;Qtrxa + QcuflB+ (2n +(,"B) — %X Na} =0,

Do + ;Qtrxa + QcuflB+ (2n - ¢, "B) + %)?/\Q} =0.

2.3. Hodge systems and commutation formulas. We will intro-

duce the Hodge systems satisfied by the connection coefficients. We
first define pu, p to be

1

uw=K+ Ztrxtr& — dign,
1

=K+ Ztrxtr& —difn.

And we also define &, k¥ to be

Aw +dif (25
Aw — diF (25).

= =
Il

Then we havell

Lemma 1. (Y, Qtry) satisfies
1
D(Qtry) = —i(Qtrx)2 — QX2 + 2w(Qtry),

. - 1 =R 1
dif (Qx) = id(ﬂtrx) +Qx-n— §Qtrxﬂ - Qp.

9Gee Proposition 1.2 of [7].
"1See Chapter 6 of [7].
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(Qx, Qtry) satisfies

D(Qtry) = (Qtrx)2 - \QXP + 2w(Qtry),

1
2
. =N 1 . 1

dif () = §¢(Qtrx) +Qx-n— §QtrX77 +Qp.

(n, 1) satisfies

1 1 N 1
Du = — Qtrxp — 591;1")(& - ZQter\z + §Qtrxm\2
+ dif (20X - n — Qtryxn).

(n, ) satisfies

Dy = — Qtryp — %Qtr&u — iQtrx\XP + %Qtr&]n?
+ dif (2QX - n — Qtryxn).
(w, k) satisfies
Aw = r— di (),
Dr + Qtrxs = —2(QX, WQW) +m,

where

m =~ 2(dj (OF), o) + i (Qtry - 05) — (9, o)
F(A(@7), o) — pA (9%) + A @20, m) 1))
+ dif (Q*(=X - B+ 2X - B+ 3np + 3*no)).
(w, k) satisfies

Aﬂzﬁ‘i‘djﬂ(ﬂﬁ)?

where

m =~ 2(dif (OR), de) + S (Ve - O5) — (A(92), dp)
— ((9), o) — A () + A2, ) ~ nl)
+dif (P(X -8 — 2% - B+ 3np — 3710)).

85
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We denote the first order elliptic operators (or Hodge operators)
Dy, Dy, by'?

D; : tangential one-form £ +— a pair of functions (dif &, cuylé);
Dy : tangential symmetric trace-free (0,2) type tensorfield ¢
— tangential one-form dit 6.
It is easy to calculate the formal L? adjoint

*D; : a pair of functions (f, g) — tangential one-form —df + *dg;

*Ds : tangential one-form &
1~
— tangential symmetric trace-free (0,2) type tensorfield —§Y7 ®E.

We will denote any one of the above elliptic operators (or Hodge oper-
ators) and their formal L? adjoint by D, *D.

We also need the following commutation formulas for the estimates
for the derivatives'? .

Lemma 2. Given integer i and tangential tensorfield ¢, we have

[D,Ye=2 V() V' 79,

j=1
D,V =>_ V() V' ¢,
j=1
and

D.Ye=) VK-V,

j=1
"D,V e=) VK-V
j=1

Here we use “” to represent an arbitrary contraction with the coeffi-
cients by ¢ or ¢. In addition, if ¢ is a function, then when i = 1, all
commutators above are zero; when © > 2, all i’s are replaced by i — 1’s
in above formulas.

2.4. Basic inequalities. We will introduce some frequently used basic
inequalities, such as the Sobolev inequalities, the Poincaré inequalities,
the Gronwall type inequalities, and the elliptic estimates for the Hodge
systems.

12
See [12].
13See Chapter 4 of [7] for the first group. The second group can be derived directly
by the definition of curvature.
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For the Sobolev inequalities, we start from isoperimetric inequality:
Given a function f € Wl’l(S%u) and denoting by f the average of f on
Su,u, we have

2
ay
/Su,u (f=1 dﬂg < I(Suu) </Suu ’df’du¢> ,

where I(S,,,,) is the isoperimetric constant. Based on the isoperimetric
inequality, we have

Lemma 3 (Sobolev inequalities, see Section 5.2 of [7]). Given a
tangential tensorfield ¢, we have for q € (2,+00),

1
16llz0(s,.0) < C/ma{1(Sua). 1 30 20 (10 Y 6 25, .
1=0

2
161l oo (8) < C\/maX{I(Sg,u), LY M0V ) 0l (s,):
=0

where v = r(u,u) satisfies 47r? = Area(Sy.) and C is a universal
constant.

Applying the Holder inequality to the right hand side of the isoperi-
metric inequality, we have:

Lemma 4 (Poincaré inequality). Given a function f, we have

1f = Fllrz2(su.) < CATSu) PV ) FllL2(5,.0)-
We also need the following Gronwall type estimates:

Lemma 5 (Gronwall type estimates, see Chapter 4 of [7] or Chapter
4 of [11]). Assume that on the outgoing null cone C,, the parameter
u € [ug,uy] C [0,400), CHu+1) <7 < C(u+ 1) for some universal
C, and

Q[x] + [Qtry — Qtry| < Cr=3/2,

Then, for an arbitrary (0, s) type tangential tensorfield ¢, 2 < q < +o0,
and any real v, we have

||7“57V72/q¢HL(1(Sg,u) <Coquv,s (“TsjuiQ/qqﬁHLq(S&o«u)

=0

+ / ”TS—V—Q/q(D¢ - ;Qtrx(ﬁ)“[/q(su/’ql)du/) .

It is also true if we replace the first term of the right hand side by taking
value on Sy, ., and the integral of the second term by integrating from
uy to u.
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Assume that on the incoming null cone C,, with the parameter u €
[0,¢], we have
Qx|+ |Qtrx| < Cr
Then for an arbitrary tangential tensorfield ¢, 2 < g < +o0, we have

lolzsis.r = Co (Iollniso + [ 1D0ls, o).

Finally, we need the following elliptic estimates:

Lemma 6 (Elliptic estimates for Hodge systems, see Chapter 7 of
[7]). Assume that 0 is a tangential symmetric trace-free (0,2) type ten-
sorfield with

dig 0 = f,
where f is a tangential one-form. Then for i > 1, we have
i—1
1(rY )0l 2(5,.) < Cre | D NEV Y (L2800 + 101 22(500)
j=0

Given a tangential one-form & with

divé = f, cwflf =g,

we have fori > 1,

1PV )€l £2(5,.0)
1—1

<Or | YNV H)llz(s0) + 1TV Y )l 2(5,.) + 1€ L2(50.0)

J=0

Here Ck depends on i, TH(TW)Smax{i_lo}KHLz(s%u) and the Sobolev
constant (which depends on the isoperimetric constant I(Sy.)).

3. The main theorem and the structure of the proof

3.1. Definition of various quantities and the statement of the
main theorem. We first define several norms of the connection coef-
ficients and curvature components adapted to our problem. In many
cases, we use I' to denote one of the connection coefficients, say ¥, try,
X, trx, m, n, w and w up to a multiple by Q. In fact, I" will share all
estimates with QT because  will be close to 1 up to all derivatives we
use. We also use I' to denote Qtry — Qtry in some special cases. We
emphasize that Qtry and Qtry — Qtry should be treated in a completely
different way. We also use R to denote one of the curvature components
B, p, o, B and R to denote one of the curvature components p, o, 5 and
«. For the same component, that we use the underline or not depends
on different roles the component plays in the equations. We assign a
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number p to every connection and curvature component to denote their
expected decay rate about r:

p(X, Qtrx — Qtrx, n,n) = 2, p(X, trx, try,w) =1, p(w) = 3,
p(B) =4, p(p,o) =3, p(B) =2, pla) =1.

(3.1)

We will use I'y, R, and R, to denote one of the quantities with p as-
signed. The above definitions also valid up to a multiple by €.
Let 7 be the area radius defined by 477 (u, u)? = Area(Sy.). For the
null connection coefficients, we denote
OO’OO[FP] = sup HTPFPHLOO(SE,u)v

u,u

OMLy] = sup |72 ) Ty, .y for i < 1,

27”

O[] = sup [P~ (rV ) Tyl p2(s,,..) for i < 2.
w,u -

We denote O[I'] be the sum over all norms of I We also use Ovee,
Ob 052 and O to denote the corresponding sum over all I'. For the
curvature components, we denote

2
R[R,] =sup Y [P 2(rV ) Ryl r2(c.,),
=0

2
R[R,) =sup Y [r* 7 (V)R r2(c,),
L =0 -

and R, R denote the sum over all components R or R.

As discussed in the introduction, we consider the characteristic initial
value problem of the vacuum Einstein equations with the initial data
given on two null cones Cy and C, intersecting at a sphere Sy, where
Cy is complete towards future. Precisely, we will prove the following
main theorem in this paper:

Theorem 2 (Main Theorem). Suppose that we have two intersected
null cones Cy and Cy where Cy is an outgoing null cone extended to in-
finity and Cy an incoming null cone, and Sy = Cy () Co is a two-sphere.
Suppose also Cy and Cy are foliated by the affine sections parametrized
by two functions s and s, respectively. Let A(s) and A(s) be the larger
and smaller eigenvalue of 7(s)2¢|s, , relative to r(0)~?¢|s, ., and r(s)
be the area radius defined by 4mr(s)? = Area(Sso). Suppose also that
the initial data given on Cy|JCo satisfy the following:

Crh S A(s) S A(s) < Cany G (1+8) <r(s) < Coll+9),

1
Op £sup » <HrprHLoo(ss,o> + Y M2V ) Tl ags, o)

¥ Tptw i=0
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2
+ Z Hrp_l(TVYFPHL?(SS,O))
1=0
F 1Y) (0, Dl p2(cy) + sup (1Y )Ptrxllz2(s, o) + Caa + Cr < o,
S

2
Ro éz Z H"”p_Q(TW)lRpHLQ(CO) + HQZ§HL2(CO)

Ry, i=0

+
-

(H(TW)iDﬁHL‘Z(CO) +sup HTpl(?“W)iRpHm(ss,o))

=0

+
-

~
Il
o

(sup I/ Da, ()i 20, r3/25>||m<ss,o>) < oo,

FI%
Mw

HT” YY) Byl 2oy

kS
Iy

+ ||(7“77)DOé||L2 o HlID%al 2 (c,) < oo
=0

Then there exists an € > 0 depends on Oy, Ro, Ry and a global optical
function u such that the solution of the vacuum Einstein equations exists
in a global double null foliation for0 < u < 400, 0 < u < e. In addition,
Q — 1 along every C,, when u — 400 uniformly in u, which means that
the function u on C,, tends to the affine parameter of the null generators
of C,, when u — +o0.

Remark 1. The last statement of the above theorem shows that the
global optical function u can be viewed as the retarded time function.

Remark 2. Note that the initial quantities are written in the affine
sections defined by s and s. Because we are solving Einstein equations
up to the future null infinity, the global optical function w restricted
on (), is not coincide with the affine parameter s in general. In con-
structing the space-time, the difference between two different foliations
on (', should be controlled. On the other hand, although the optical
function u is constructed such that it coincides with s on Cy, but the
lapse €2 may change. In other words, the vectorfield L restricted on Cy
and L' restricted on C|, are invariant in our whole construction, but L’
restricted on Cjy and L restricted on C, will change in general.

3.2. The characteristic initial data. Recall from [8] and [11] that
for any strongly asymptotically flat Cauchy data, there exists a region
), with compact closure such that the boundary of the causal future
of ), in the maximal development consists of complete null geodesic
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generators. The boundary of the causal future of 1), satisfies the as-
sumptions on the outgoing null cone of our Theorem 2.

In this subsection, we will give a brief description on how to specify
the characteristic initial data on two intersected null cones and show
that a trivial extension of the initial data in [7] satisfies the assumptions
of Theorem 2 and can serve as a simple example of our setting. One
can see the full details of specifying arbitrary characteristic initial data
in [7], [20], [13], or [2] for the infinite cases.

The initial data can be specified as follows. Geometrically, the initial
data set on the null cone Cy consists of the conformal geometry of Cp,
which means that given a family of spherical sections on Cj (usually
the affine sections) which are parameterized by a function s, one needs

to specify a family of metrics g(s) on the sections and then the actual

~

metrics on the sections of Cp are given by ¢(s) = ¢?(s)g(s) where the

conformal factor ¢(s) is determined by ¢(s), see, for example, [7]. In
practice, we will usually impose certain initial conditions on the shear
X (), which is the derivative of the conformal geometry, see, for example,
[12]. Similarly, the initial data on the null cone C also consist of the
conformal geometry of C(, and we usually specify the shear Y. To ensure
the well-posedness, we also need to specify the “full geometry” on the
intersection of two null cones Sy o = Cp () Cy. The full geometry consists
of the metric ¢ induced on Sy ¢ (but not only the conformal metric), the
torsion (, and both expansions try and try.

Remark 3. Specifying initial data in such a way will cause the lost of
derivatives. This is the nature of characteristic problem. For example,
in order to ensure that the assumptions of Theorem 2 are true, the
bounds for up to more than third derivatives of the shears ¥ or X are
needed. However, only estimates for up to the third order derivatives
of ¥ and x can be obtained.

We then want to show that a trivial extension of the initial data given
in [7] satisfies the assumptions of Theorem 2. It is a good example where
Theorem 2 is applicable, and the consequence is that the the maximal
future development of such initial data will have a piece of the future
null infinity, and a closed trapped surface. Recall that the initial data
constructed in [7] is given on a null cone C,, from a point o where
up < —1 is a fixed number. Let u be the affine parameter on C,, with
its value being ug at the point 0. We assume that for ug < u < 0, the
initial data given on C,, is trivial, which means that the geometry is
precisely the geometry of a null cone from a point in Minkowski space-
time. Let § > 0 be a small parameter, the initial data givenin 0 < u <9
are the so-called short pulse data, of which the shear satisfies

10" [uo ™Y ™ D"R| < 672 ug| T Cr -
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The norm is taken by ¢ in L.

We drop the weight ug because we are not considering the problem
from the past null infinity. Remember the relation derived in Chapter
2 in [7] as follows:

X ~ 5*1/2,trx ~1, ¢~ 5172, X ~ 512, try ~ 1,
and 32 B2 po~1, Brd, a,Da~ 2
The above notation 1 ~ ¢" means that for 0 < u < 4,
16"V " D™ )| < 6" Chp .-

In particular, the above relation holds for u = §. We can also choose
X suitably such that try > 0 at u = §. We also remember the induced
metrics on the spherical sections ¢ are expressed in the form

J(u) = P> (u)g(u),

where 5(@ has the same volume form for all u. We know that for
0<u<d,

~ o (¢}
¢— 1~ 30, |uo|%g— ¢ ~ 872, |uo| g — g ~ 57,
[¢]
where ¢ is the standard metric on the unit sphere. The above relation,
in particular, holds for u = 6.
We may assume that the shear imposed on 0 < u < § has compact
support such that we can smoothly extend X to uw > ¢ trivially, i.e.,
X = 0 . We then prove the following:

Proposition 1. Extending the initial data on Cy, as described above.
Then the assumption of Theorem 2 on Oy, Ro holds on the truncated
cone Cy, for u> 9.

Remark 4. The incoming null cone C§ in the work of Christodoulou
[7] will serve as the incoming null cone C|, in Theorem 2. We do not
care about what happens for 0 < u < 4.

Proof. The triviality of Y implies that g(g) = 3(5) for w > 6 and ¢
satisfies D%2¢ = 0. Recall the relation D¢ = ¢try/2 and try(8) > 0, we

can solve ¢ as
o)try (6
o() = 2O, 5y 14,
and ¢ > 0 for all u > §. Also, try satisfies Dtry = —%(tTX)Q and can

be solved as 5

2 Y

trx(u) =

*One can also do as in the last several pages in [7] without the compactly sup-
ported condition, but which is essentially the same.
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which is positive for all u > §. The above computation shows that C,,
is a complete null cone without conjugate points and cut points along
the null generators.

We then estimate r by using the equation Dr = rtry/2. This equation
follows from the variation of area:

D/ du :/ Qtrydpy ;.
Suw I s g

We denote a = ming,, trx(d), A = maxg;, trx(d), and A > a > 0.
By the formula of try, we have 2/(u+2/a) < try(u) < 2/(u+2/A) and
this also holds for try. Therefore, we have

log(u—d+42/a) —1log(2/a) <logr—logr(d) <log(u+2/A)—log(2/A),
which implies the condition on r with the constant depending on a
and A.

It is not hard to estimate A(u) and A(u) (the eigenvalues of 7(u) ~2¢(u)
with respect to r(6)72¢(d)). Because along the null generators, the

o~

conformal geometry ¢ does not change, then

Alw) = Au) = [r(8)¢(w)/r(u)$(8)]%,
whose bound depends only on a, A and the maximal and minimal values
of ¢(8) on S5 ,-
We begin to consider the connection coefficients and curvature com-
ponents. For try, we have

[try| < Cr1, [try — try| < Cr2,

by the relation between u and r, and C' depends on a and A. For the
derivatives of try, we argue by induction on the order 7 of the derivatives.
For i = 1, we consider the equation Ddtry = —trydtry and apply the
Gronwall type estimates:

[ridtex|(w) < Clridtrxu—s < C.

Note that the weight 72 is related to the structure of the equation in an
essential way. Now we assume |(7¥ )i ~!(rtry)| < C;_1, and commute
V! with the equation Ddtry = —trydtry to obtain

i—1

DV ‘try = —trx ¥V “try + Z Vitry - YV try.

j=1
The second term on the right hand side comes from the commutator
[D, V" ! (see Lemma 2, and remember { = 0). Again by the Gronwall
type estimates, we can conclude

(V) (rtex) | (w) < 1Y) (rtr)lss,, < Ci

We can then turn to ( = n = —n on C,. Combining the null Codazzi
equations di¥ ¥ = --- and the equation for D7, we deduce that (see
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Chapter 2 of [7])

1
D¢+ trx¢ = —§¢trx.
Applying the Gronwall type estimates, we have

r¢)(w) <Clr3cls,. +C / " Pty () e
)
SC‘T3C|S6,1LO + CT(H)

Dividing (u) on both sides leads to the desired estimate |r?¢|(u) < C.
The derivatives of  are estimated in a similar way.
We consider the equation for the Gauss curvature K, (see Chapter 5

of [7]) X
DK +tryK = —iﬁtrx.

We can deduce that |(rV)!(r?K)| < C; by commuting derivatives and
applying the Gronwall type estimates.

We turn to try and Y. We combine the Gauss equation and the
equation for Dtry and obtain the following (see Chapter 2 of [7])

Dtry + trxtry = —2K — 2dif ¢ + 2|¢]%.
We then deduce that

u
Ir?try|(u) <Clritry|s, w T C/ (1+r 14+ 2)dd
o o )

SC\TQtrx\sé’uo + Cr(uw),

and therefore |rtry|(u) < C. A similar argument gives the desired
estimates on the derivatives of try. For X, the equation we consider is
(see Chapter 5 of [7])

1 . ~ ~
DY — 5“)(& = -V ®C¢+ (RC.

We apply the Gronwall type estimates to obtain |(7V )*(rX)|(u) < C;.

We remark that we do not need w here. In fact, if we consider the
equation for Dw, we find that w need not to decay. The decaying
condition on w is ensured by our construction of the canonical folia-
tion.

We finally turn to the curvature components, which are easier to de-
rive. We rely on the null Bianchi equations for D3, Dp, Do, DS, Da
and DDa. The last one comes from commuting D with the equation
for Da. Remember ¥ = 0 and then oo = 0. We can commute derivatives
and apply the Gronwall type estimate, to obtain

|(rY ) (B8, 7%p, %0, 12 B, ra, rDa)| < Ci.

We should remark here that because X = 0 when u = §, then by the
null Codazzi equation we can obtain an improved estimate 5 ~ 1 when
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uw = 0 (originally B ~ 6~Y/2). We remark that the trivial extension
of the initial data on C,, to finite length is also used in [16] and
such improvements are essential in the work [16], in which we have,
in fact, obtained an even better improvement under an addition condi-
tion.

We have verified that the assumptions of Theorem 2 about Oy and
Ro hold. Finally, we remark that the above estimates are done in C*
for any k and have stronger decay as compared to the assumptions in
Theorem 2. q.e.d.

3.3. The structure of the proof. We will prove the above Main The-
orem in the rest of the paper. First of all, we give the structure of the
proof.

We begin the proof by defining

Aen = {c>0: ¢ satisfies the following two properties
for two constants €, A > 0},
where ¢ is a small positive parameter and A is a positive large con-

stant. They will be suitably chosen in the context depending only on
007 R07 E() .

(1) The solution of the vacuum Einstein equations g exists in a double
null foliation given by (u,u) for 0 < u < ¢, 0 < u < g, where u
coincides with the affine function s on Cp and u|c_ is canonical,
which means that the following equation holds on C.:

(3.2)

o =0, Alog = saitn+ 3 (5(RD) - TR~ (0-7)-

(2) Written in the double null foliation given by (u,u), R,R < A.

We will prove, for ¢ > 0 sufficiently small and A sufficiently large,
u, = sup A; A = +oo.
The proof is divided into following steps:
Step 1: We first construct on Cy a new function u which is canonical
and such that the section u = 0 is the simply Spo = Co () C and
u varies in [0, e] where € depends on Oy and R,,. This shows that
A A is not empty. Then we are going to argue by contradiction
and assume u, = sup A. A < +00.
Step 2: In this and the next step, we work in the space-time region
My*,s which corresponds to 0 < u < wu,, 0 <wu <e. It is not hard
to see u, € A. o. We will prove that, if ¢ > 0 is sufficiently small,

O[Xa tl“&, Q,U%)?» QtTX - QtrXJl] < C(OO’RU)v O[@] < C(OO’R)

This is done in Section 4.2, Proposition 3.
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Step 3: Under the conclusion of Step 2, we prove that, for ¢ > 0
sufficiently small,

R,R < C(Op,Ro,Ry)-

This is done in Section 4.3, Proposition 6.

Step 4: We extend the solution g to 0 < v < u, +J, 0 < u <
e+’ for 4,0’ sufficiently small, such that it holds again O, R, R <
2C(0p, Ro,Ry). The extension of the space-time follows by [13].
We then construct on Qu* 45 @ new function us for 0 < us < ¢
such that wug| Cuis is canonical, provided that € > 0 and § > 0 are

sufficiently small (6 may depend on & and §’). Then, by continuity,
if 6 > 0 is sufficiently small, the new function us can be extended
inside up to C as an optical function, and we have the new double
null foliation 0 < u < u, +9, 0 < us < e. In particular, the
norms Rs, Rs expressed in the new foliation are bounded by some
constant depending on Oy, Ro, Ry-

Now we can choose A sufficiently large such that u, + 9 € A. A which
leads to a contradiction to that w, = sup.A. A < +o00. Finally, we
will show that we can construct a global retarded time function u and
complete the proof.

4. Proof of the main theorem

4.1. Canonical foliation on initial null cone. We shall carry out
Step 1 of the proof to construct canonical foliation on C, in this sub-
section.

The construction of a canonical foliation on the last slice is carried
out both in [8] and [11] (or [3]). The case for space-like hypersurface
is considered in [8] and the case for incoming null hypersurface is con-
sidered in [11]. The full detail of the local existence of the canonical
foliation on a null cone is given in [18]. For the sake of completeness,
and because the setting is not exactly the same in our case, we give
a proof here but do not carry out some detailed computations. The
reader can also refer to Chapter 3 of [19] for the comparison between
two different foliations and Chapter 7 for another argument.

We first define the following addition quantities which are needed in
the construction of the canonical foliation:

1
R[DB] =sup > _ |(r¥)' DB 12(c);
=0

1
R[Da] =sup » I(r¥)'Dall12(c,). RID*a] = sup||D*all (¢,

L oi—o
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1
O?[Dw] =sup Y [|(r¥ ) Dwllr2(s, ) O[D*w] = sup | D*wl|r2(c,)-
L =g v -
Now we work on an arbitrary incoming null cone €', with a back-
ground foliation given by a function A > 0 and A = 0 on S,0. We
assume that on this null cone, we have:

(4.1) O, R, R[Da, D*a), O*[Dw], O|D*w] < C,

for some C. The norms above should be understood as the norm taken
only on one single null cone C,,.

To define a new foliation, we use a function W (s, ) defined on [0, ¢] x
Su,0 to represent a new foliation in the way that, the new foliation
function Wu is defined by the relation W)u(W (s, 6),60) = s. Moreover,
we fix a coordinate system (6',6%) on S, and carry them to C, by
the null geodesic generators. Then each point on C,, has the same 64
coordinates in both the background foliation and the foliation given by
(W)y. Under the new foliation, we have also the new “lapse” function

W)Q. W represents a foliation iff
Wa(s,0) 2 DV (5,0) = (W (5,0), 000 (W (5,0),0) > 0
s

Under the new foliation, the following vectorfields
(W)L — (W)aL,
1
(4.2) Mr = W(L/ +|VW L + 2V “ W Ey),
a
WEA=Ea+V WL,

also form a null frame with g("WL,"W)L) = (MWL, WL = 0,
gL, MLy = —2 and (WL, WE,] = 0 if [L,E4] = 0. In ad-
dition, WILMW)y = 1. Here ¥ ,W = 9paW. We can also compute
the relation of the connection coefficients and curvature components in
different foliations:

MWy =02 + 2 Q VW +2Y W @ 1
200 -YW)@ VW -2YW @ (Qx - Y W)
+2YW R YW — |V W[AQx + 2V *W],

X =07y,

Wy =n+ Q- YW,

Wp=p—2(YW,5) + (YW, Y W).

In the first formula, ¥ iBW = OpaOg W =I 23090 W where I iB are the
Christoffel symbols of the spherical sections relative to the background
foliation at (W (s, #),0).

(W) -1(W)
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Suppose now that W represents a foliation. We consider a map A,

which is defined by
AW)(s.0) = [0S, 0),0)0 W (S 0),0)d5'
0

where (WA)Q) is the solution of the equation
WA log VOQW (s,0),0) = VG(W (s,0),0),
™ log M0Q(s) = 0,
where

1
W)y &L W) 330 (W)
G 5 dig "y

+y @(((WB@ %) = (W, ) = (M~ (W“W’m) |

We can express G in terms of geometric quantities related to back-
ground foliation and derivatives of W. We can compute (in a schematic
form):

Wdig Wy =difn + YW - Qx -+ VW - Dy
+ YW -V (Qx) + Q- VW + VW - Qyx - Qy
LYW YW DQy), -
(Mg, M) =(%,%) - LIV WPRP
+OX (- YW +wYW - YW + VW),
Wp=p—2YW-B+a- YW VW

For W which does not represent a foliation (but only a family of sec-
tions), the right hand sides of the above inequalities still make sense.
Therefore, we can extend the map A to the case that W does not repre-
sent a foliation. Note that if W is a fixed point of the map A, then we
can estimate log € directly and conclude that W represents a foliation,
then the function (W)u given by W is canonical (see equation (3.2)).

We first carry out some calculations and then consider the behavior
of A in suitable chosen function spaces.

For any W, we denote Syy(,) or simply Sy to be the sections. We
first compare two different families of sections W7 and Ws. For fixed s,
we consider a family of sections W; £ tWi (s, 0) + (1 — t)Wa(s, ) where
t € [0,1]. We will compute both sides of

d d
d rwm) (00 — Lwy
dt( A log Q) ax ¢
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We first compute the right hand side %(Wt)G. We denote W =
Wi — Ws, then by the expression of (W) 0,

1 _ _ _
"o =WDp+2YW - 8+ 2WY W, - DF*

+2a-YW-YW; + WDa* - YW, - Y W,

Note that we use 8% and of to denote the corresponding contravariant
tensorfields to 8 and «. The derivative D also applies to the metric ¢.
The addition term Qy arises, but since Qy is in L, we do not need to
care about it. N N

We also compute

dwy
dt

The other terms of %(Wf)G are computed in a similar way.
We then compute the left hand side

d
(W) (W) a)
dt ( A log Q)

UGN <§tlog ((Wt)A)Q) Wt ) 4 log (W00

(Wt)p = —(Wt>WQtrX(Wt) (Wt)p + o %(Wt)p + Wﬂtrx(wt)p

_ ZWQX (Wt)W2 log (WA — 2(Wt)di/(, (WQX) . (Wt)W log (We)a) ()

2(W) 4 <§t log ((W»A)Q) _ g,

In the above expression, since (W) A log (WA Q = WG| we can esti-
mate WY 2 log (WDAQ in L2(Sy,), by H(Wt)G||L2(SWt)? if we assume
that for all Wy,

(4.3) (W)TH(W)K”LQ(SWt) <C,

and then the elliptic estimate applies. The expression (Wt)dif/ (WQX) is

of the form ¥ W-Qx+W-(V (2X)+Y Wi-D(QX)), and V)Y log (W)

is also controlled in LP(Sy,) for all p € [2,+00), by H(W’f)GHLz(SWt).
Also, we compute, by (Wt>log((Wt)A)Q =0,

- %(an _ ) % log (W))Q 4 Wtry log (W) Q,

Therefore,

d d
W) 5 (dthg ((WMQ) — LG 4 g,

0

W) % log ((Wt)A)Q = — (W) WQtrX log ((Wt)A)Qy
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and we conclude by elliptic estimate that

‘(Wt)(ry)g <§t log ((Wt)A)Q>

L2(Sw,)

d
SO/H(Wt)TQ(a(Wt)G + (Wt)Gl)HLz(SWt)

n H (Wt)TZ(Wt) WQtrxlog ((Wt)A)Q”LQ(SWt)-

Here the constant C’ depends on the constants in the assumptions (4.1),
(4.3) and the following: for i = 0,1,2, any W and any function f, we
assume

4) CHIFY ) FW (E, ), ) 22 (5409

<NV fll2(sw,) < CIHEY )V (), ) L2(5,0)-
So, to compare two different foliations,

1Y) =* (log "DVQWi (s, ), ) — log (TAQWa(s, ), )l (s, 0)

_ H(TW)Q (/01 %log«mmm(m(.), .)dt)

=
0

1
d
gC’/O (H<Wt>r2(dt<wﬂa + "G | 28,

L2 (SLL,O)

W) (py7)=2 (d log (WD QW (-), ))

dt
dt

L2(SWt)

+ H (Wt)r2(wt) WQterOg ((Wt)A)Q”L2(SWt)) dt

We estimate

d
Wt),.2 Wi
(45) R ODG] s,

<C'|W0, 7 (HrQ(diﬁ’Q’ (X, X)s )22 (S0,
+ [rQerx (dign, (X, X)) Pl 2(5(,)
+ |12y WtHL4(S(Wt))
< 2D - n, D, ¥ (0, Q- O, 2. B
Y (Q00) L4 (S, )
+ ||(Wt)7“3/2WWt|2||L4(S(Wt>)

x ||[r'2 D(D(Qx), QX[ Qxw, @ 00 145 40,)

IR 2] 25 30y IR (5, )

+ |32 W | (s g,
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x [[r2(Qx -0, D, Y (90, 2 0, B) | (s,
1T W s 53 | O Wall s

x [|[r2(D(Q), [QR] Qxw, a, QX)L
+ H(Wt)TQWQWHB(S(Wt))HQXHL“(SMN'

We need to estimate the norms of the background quantities on the
sphere S(yy,). For arbitrary section given by a function Y = Y (6) > 0,
we consider a family of sections Y;(6) = tY (6) which connects the sphere
Sy and Sy 0. For an arbitrary tensorfield v, we compute

d
Ly T - / Y (D(|[4) + Qtrxle|V)due
dt SYt SYt

Swy))

< / Yo e + / Y6 Dl e
Sy, Sy,

We integrate the above inequality over [0, 1]. Now, if we assume
(46) W(Sa 9) S EW,

then we can choose €y small enough so that

/ et

< / bl duo
S%o

1 1
- ( / Y\w|6dutdt> ( / Y]Ddeutdt)
0 JSy, 0 JSy,

Sl 7a0s,.0) + ||¢||?]:6(QH)HQQZ)HL2(QE)'

The second inequality holds because the volume element Ydu,dt =
dus, ,du. Therefore, by the Sobolev inequality, we have

1/2 1/2

9] Lacsy)
(47) SHQZJHL‘*(S’H,U)

_ _ 3/4
+ (I 20Vl + I lie,) 1%,

Using the above inequality, we can relate the norms of the background
quantities on the sphere Sy, to the norms on Sy ¢ and the norms of D
derivative on L?(C,,). One can check that the norms in (4.1) are enough
to control the norms appearing in (4.5). Again if ¢ is small depending
on C7, we have

1
d
/0 |77 2 OG 2(sy dt < CIT =2 (Wils,) = Wals, )20
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Here C’ depends on the constants in the assumptions (4.1), (4.3), (4.4)
and the bound sup, ||(7V )S2W; (s, I r2(s,0)- The other terms are esti-
mated in a similar way and we have
(4.8)

1Y )=*(log ("IAQWi (s, ), -) — log (WDVQWa(s, ), ) L2, o)

<C'N[(r W)= (Wils, ) = Wals, )l r2(s,.0)-
Finally, we have the following:

Proposition 2. Suppose that on incoming null cone C,, with back-
ground foliation given by u, the assumptions (4.1), (4.3), (4.4), (4.6)
hold. Then the inequality (4.8) holds for any two families of sections
W1 and Wy, if ew is sufficiently small.

Remark 5. It is easy to see (4.3), (4.4) hold for some C' depending
on the bound in the assumption (4.1) and supy [|(r¥ )=*Wi(s, )|l £2(s, )
if ¢ is sufficiently small.

We apply the above proposition on C to prove the existence of the
canonical foliation on C if ¢ is sufficiently small. Given ¢ > 0, we
define the function space Ko C C([0,€], H*(So,0)) to be the collection
of functions W which satisfy

W(0,0) =0, W >0,
Supg H(TW)SQW(S’ ')||L2(So,o) < CICo,e'
We will choose Ci, . sufficiently small such that the assumption (4.6)
holds for suitable ey. Note that now the constant C’ above depends
on C(Op, Ry, Ry). We first simply take W7 = W and Wy = 0. Note

that the background foliation is the geodesic foliation, so 2 = 1, then
by (4.8),

1PV )S2 AV (s,) — A©)(s, D20
< /0 1Y) =2V W (5, ), ) — COR(0, ) [ 25, o)l

<eC(00, Ro, Ry, Cicy,.) sup | (r¥ )= W (5, )l 1250,0)

1
S 5 CICO7€ .

We remark that we should use (4.7) again here because we compare

the bound of background lapse €2 on the sphere Sy to the bound on

Sw(s)- Also note that A(0)(s,-) = s(0402(0, ), whose contribution to

the above inequality can be bounded by %C;COJ by choosing e sufficiently

small. Now we have verified A(Kp:) C Koe. Tosee A: Ko — Koe is a

contraction, we only need to apply (4.8) again for any two W; and Wha.
We then complete Step 1 of the proof.
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4.2. Estimates for the connection coefficients. In this subsection,
we derive estimates for the connection coefficients in terms of the cur-
vature components and complete Step 2 of the proof. Remember that
we work in the space-time with the double null coordinate (u,u) with
(u,u) € [0,u,] x [0,¢], and u is canonical on C,, . Precisely, we will
establish the following proposition. -

Proposition 3. Assume that R, R < co. Then we have
O[X, trx, m,w, X, trx, Qtrx — Qtrx, n] < C(Op, Ro), Olw] < C(Op, R).

We will prove this proposition in this subsection. We first introduce:
Bootstrap assumption (1): O < Ay,
Bootstrap assumption (2):

Sup 1Y ) (., X 7)), (P V)2 (rp), (P W) (PP R) |2 < A2,

sup 1Y )P (20, Ry w), (r V)2 (2 1), (P Y ) (P26) | 20, < Do,

sup ||(rV )3(rtrx, try) ||L2(S£,u) < Ag.

u,u
We will prove the following two propositions. Then Proposition 3
follows directly by a bootstrap argument.

Proposition 4. Assume that R, R < oo and the bootstrap assump-
tions (1)(2) hold (in fact, we use only the bootstrap assumption (1) and
SupgH(TW)?)(TI/Q?],Q)HLz(Qu) < Ay). Then for € sufficiently small, we
have -

O[X? tI’X, n,w, 557 tI'X, QU"X - QtrX7 77] < 0(007 RO)? O[@] < C(OOa R)
In particular, we can choose Ay sufficiently large such that O < %Al.

Proposition 5. Assume that R, R < oo and the bootstrap assump-
tions (1)(2) hold. Then for € sufficiently small, and As sufficiently
large, the norms in the bootstrap assumption (2) are bounded by %Ag.

Proof of Proposition 4. We first establish the following lemma, which
says that the geometric quantities share the same estimates up to a
multiple by Q and we need not to distinguish u and r:

Lemma 7. If € > 0 is sufficiently small depending on Ay, Ag, then
1Y )= log Q| oe(s, o) + 1772 (r W )? 1og Q| Las, )
+ Ir (Y ) log Q| r2(s,, ) < 77 C(Op, Ra).
In particular, we have C(Og, Ro)~! < r(Q2 —1) < C(Opy, Ro). Also, we

have

C(O0) (L +u) <7 < C(Op)(1 +w).
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Proof. Recall that u|c, ~is canonical. That is, on S, o, €2 satisfies
the equation

__ 1. 1/1,, . = _

g =0, Alog= i+ 3 (3R D-TD) - (0-9).
The expression on the right hand side is invariant, in particular, does not
depend on Q. Therefore, by L? elliptic estimate and Sobolev inequalities
(which are valid because we are working on initial null cone Cp), we have

1Y )= 10 2l poes, o) + 1721V ) log Q ags, o)
+1lr (Y log Qll2(s,, o) < 7' s, 0 C(O0, Ro)-

Because we do not change the foliation u on Cp, € is extended as a
constant along every null generator of Cy. The above estimates then
hold along the whole Cj.

We introduce an auxiliary bootstrap assumption: (4C,)"1(1 +u) <
7 < 4C,(1 + u). Then the conclusion about [|log Q|z(s, ) follows by
integrating the equation D log ) = w:

u
log 2/ < [log sl + | lwldu’ <75, ,C(O0,Ro) +elaminr) 1\,
- 0 N Hu

and then multiplying both sides by r and choosing ¢ sufficiently small.
We now go to the estimate on r. This follows directly from the equa-
tion Dr = rQtry/2 and the estimate on € derived above. Therefore,
the auxiliary bootstrap assumption above can be improved and actually
holds. The equation Dr = rQtry/2 follows from the variation of area:

D/ du :/ Qtrydy .
Suw 9 s Y

We then go back to log () and its derivatives. It is obvious now the
conclusion about log {2 is true because the auxiliary bootstrap assump-
tion is, in fact, true. We can then commute ¥ three times to the
equation Dlog{) = w and then apply the Gronwall type inequality to
obtain the conclusion. q.e.d.

The bootstrap assumption (1), the above lemma together with the
bounds of A(s), A(s) ensure the validity in the space-time of the basic
inequalities, and the conclusions of Lemma 3, Lemma 4 and Lemma 5
in Section 2.4, which are used frequently. The constants will depend on
Oy if € is sufficiently small. We will not prove them here. They can be
found in Chapter 4, 5 and 7 in [7] or in [13] (under a slightly stronger
assumption).

Now we turn to the estimates for the connection coefficients. As in
the first step, we consider the structure equations for DI' where I' €



ON THE LOCAL EXTENSION OF THE FUTURE NULL INFINITY 105

{X’, trx’, n, w}, which can be written in the following form:

Qrp = Ep' + Z Fpl FPQ’

where R € {p, 3,a}. Note that in the above equations, p < min{p’, p; +
p2}. Then applying the Gronwall type estimates, we have

[7PTplloo(5y0) S 17 Tpll Loo(5,.0)
u

u
b [ I By s, da’ + [ 1Tl
0 ® 0 =
Therefore, by applying the Sobolev inequality to the curvature term,
OO?OO[Xv tI‘X, n, UJ] 5 00 + 51/23 =+ 5(A1)2a

which implies that for e sufficiently small, OO’OO[X, trx, n, w] < C(Oy).
We then commute ¥ to the structure equations, for ¢ < 2

DY'Tp =Y 'Ry +) V' (Tplp) + ) V()Y T,

j=1

The last term comes from the commutator [D, V'], see Lemma 2. We
estimate the nonlinear terms on the right in the following way:

PP (rW ) (Tpy Lpa )l 4 (5,.0)
SIrP Tl poe (50, 1772 (PY ) s [l L4 (5,,.0)
+ P2 (rV ) Tpy | a8y ) 1772 Tpa | Lo (8,0
and
7P (r V) (Tpu Toa)ll 2251 1)
S T gy | oo (8,00 1772 (P )Ty [l 28,0
+ 1722 (1Y )T [l L2 (8 ) 1772 Dol Lo (54.0)
P YOyl 2 1772 PV ) Tpa [l Lt (5,

The term coming from the commutator is treated in the same way.
Therefore, by applying the Gronwall type estimates,

oM, 0*?[x, try, n, w]
<Oy 4 PR+ £(0¥®0%2 4 (OM?2) < Oy + ' *R + e(A1)?,

choosing ¢ sufficiently small yields O, O?2[y, try, n,w] < C(O).
We then consider the structure equations for DI' for I' € {Qtryx —
Qtry, QX, Qtry, n}, which can be written in the following form:

DUy =Ry + YT+ Tp Ty,

where R € {p,B}, I € {n,w} and p < min{p’,p", p1 + pa}. There
are no essential differences in the estimate procedure. But note that in



106 J. LI & X.-P. ZHU

order to estimate the bounds in a correct regularity, we need the bound
H(TW)3(7’1/27%Q)HL2(QU)- Therefore, we have

O[xtry — Qtry, QX, Qtry, n] < C(Oy).

Remark 6. We should make a remark here that the initial norms
of the connection coefficients on Cy are not exactly the same as in the
assumptions of Theorem 2, because the optical function v depends on
which is the last slice and then the vectorfield L’ is not invariant on
Cy in the bootstrap argument. However, the vectorfield L is invariant
because the foliation on Cy does not change. This ensures that the
connection coefficients x’,n, Qx and the covariant derivative ¥ do not
change and w keeps zero on Cy. And the difference between the second
order derivatives of n = —n+2dlog © on Cy and the one appearing in the
assumptions of Theorem 2 is controlled by up to third order derivatives
of log 2 on Cy.

Finally, we consider the structure equation for Dw:

Dw = Q*(2(n,n) — |n|* = p).
This equation should be integrated initiated from C', . Recall the

canonical foliation equation on C,, (3.2). Since dlog = %(17 + 1), it
can be written in the following form:

. IO = _
(4.9) dign = 5 (¢ %) — (X)) = (p = 7).
We commute D with the equation for difn above,

dif (—=x -1 + B) + 2dw) — 2dit (X - n) — Qtrxdifn
1 -

~D(5((%.X) ~ (%X — (p =)

We plug in the equations for D(QY), DX’ and Dp, and denote p =

p— 3(X,X). We deduce the equation for Aw:

N 1
2Aw =2dit (QB) + dif (32X - n + 5Qtr&n)
+ Qtrydifn + (F — F + Qtryp — Qtry - p),

(4.10)

where

3 1 1
F = S0trxp — (49, 8) + {(2n = ¢, 8) = 5 (X, V& +n@n) + Etrx\x\z}-

In addition, w = —Qtry log Q2 by log 2 = 0.
We are going to estimate the norm ||Y72gHL2(S£ ) on the last slice

in terms of the norms on Cj provided that ¢ is sufficiently small. This
is done by considering equation (4.10). We need the following lemma.
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Lemma 8. Fori <1 and € sufficiently small,
1Y) (2,120, 78, 1K) | p2s,.) < C(Ro, Op).

Proof of Lemma 8. We consider the null Bianchi equations for Dp,
Do and DB and commute Y with them. We can estimate by the Gron-
wall type estimates and Sobolev inequalities

(Y ) (20,70, 7B) |25, )
Sy )’ (7"20,7“ a,7B)ll22 (5, 0)

+0/ Zn (V) (r2p, 120, 1B, 0) s, e

’lt U

SRo + gl/QAlg < C(Ry).
The estimate for K comes from the Gauss equation K + %trxtrx —
%(5(\7 X) = —p- q.e.d.

We compute

L Vel = - L Aw(w - ) SlAwlies, e - @z, .

SlAwl 25,0 IV wllz2(s,..)-
The last inequality holds by the Poincaré inequality. Therefore, by
equation (4.10)
[V )wllz2(s,, ) + lwllzz(s,, )
SIr?dwlirzgs, o+ 1@llzs, ) S C(Oo, Ro).

To derive the estimate for ¥ 2w, by the elliptic estimate (Lemma 8
and 6), we have

1(rY ) wll 25, ) S C(Oo, Ro).

Then both [|rwl| (s, _,) and Hrl/Q(rV) @l s, .) are bounded by the
Sobolev inequalities.
We apply the Gronwall type estimates to Dw, we have

/

U
el S Wellimcss, o+ 12020 = 0 = plls, , da

<Y, u)C (O, Ro) + 1732 (u, u)C(Op, Ry, R).

We will also commute ¥ with the equation for Dw. By a similar argu-
ment, we finally obtain Olw] < C(Op, R). q.e.d.

Proof of Proposition 5. In this proof we will appeal to the Hodge sys-
tems introduced in Lemma 1. Note that under the assumption of Propo-
sition 5, the conclusion of Proposition 4 holds and we will make use of
it. Now we proceed by considering each component.
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Estimate for ¥ *;. We commute ¥ twice with the equation for Dp
and estimate the rlght hand side in suitable norm. The nonlinear terms
on the right hand side involving only the connection coefficients (before
commuting V) are simply bounded by O. The nonlinear terms involving
the derivatives of the connection coefficients or curvature components
(before commuting ¥ ) can be estimated by the Hélder and Sobolev
inequalities as

2
DIVTC Dl S D IV T,V Wlleas,.),
i=0 i<2,j<2

where U refers to YI” or R, R. The first factor is bounded by O, and
after integrating, the second factor is bounded by R, R or the bootstrap
assumption (2).

Precisely, the right hand side of the equation QW2M, divided into
three groups, can be bounded as follows: B

1
I =7 V?(—Qtrxp — Sl 2 (s,.0)
2
Oltrx) Y (Y )26 + 77 2T 020l 125, )
=0

7 =% y? (—Zﬁtrx!XP + §Qtfxl77!2)HL2(sJ)
<rolC(0),
ITT = || *(dif (208 - 1 — Qbrxn))l| 2(s,..)
20[llrY P ()l 2(s,.0) + r ORINEY )0l 225,00
+r 320X [PV )P P0) | p2(s)
+r20Ml|(rY )2 (Qtrx) [ 2,0 + 7 2C(O).

Similarly, the commutator can be estlmated
2
PID, V2 el s, S 7 OR tex] DY) (r)ll (s
i=1

Then we apply the Gronwall type estimates to the equation for DY 2&,

1Y )2 ()l 2(5y,0) S NV )2 ()l 2250

u
+/ (I + 1T+ ITT + 7 [D, Y 2l (s
0

We take the square of the above inequality and integrate over [0, u].
Therefore, we estimate, by the Holder inequality,

Ydu'.

uu’)

u Uu 2
/ [/ (4 11+ DY 2l s, )| e
0 0 -
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Oltry. X Z [ [ 210 e ey

+ [T ) e, du | + 5 iC(©)
0 =

SerT'C(O, R, R, A).

111 is estimated in a similar way

u u 2
/ { / II7 du’] du’
0 0

SOPe [ 107 ORI,
1 Oltry’e / SR 2y ded
0 ~u

L O /0 I [ AR I

e [0 [T @l o
+er73C(0)

<er2C(0O,R, R, Ay).

Therefore, for e sufficiently small,
1rY)? ()l 22 (e S C(O0, Ro).

By the div-curl system for n we have

1Y )2 1ll 25,0

IV rp)lras,. + 1Y) (rw) r2(s,,,,) + 77 C(O).

The last term comes from estimating the lower order terms by Propo-
sition 4. Consequently,

1Y Y nll 220y S C(O0, R, Ro).

The estimates for Y7 X and Y7 w are almost the same and we only

sketch it. In fact, the estimates for V35, Y®x and V3w can be done
simultaneously. B N

Estimates for ¥ * X and V3 try. We commute Y ? with the equation
for D(Qtrx) and we estimate the right hand side as follows,

| 167 5 @2 = SI0%P + 2u(@n)
0

+ D, V¥t s, e/
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<OR, trx, ] [ [ 167 ls, e

L2V RO 2y + 10V Pl )] +2C(O)
561/20(07 R? AQ)

Then for e sufficiently small, by the Gronwall type estimates for the
equation for QW?’(Qtrx),

1(rY ) texllz2gs,,.) S C(Oo)-
By the dif equation for X, we have

1Y) ()| 225, 0)
SV 2B r2(5,.0) + 1PV )2 Qx| 22(5,.0) + 7 C(O).
Consequently,
1Y )> () 22, S C(O0, R).

Estimate for YV 3w. We commute Y with the equation for Dk, and
estimate
2

/0 [/0 ||V (—Qurxs — 2(Q%, Vw) + m)|z2s,, du' | du’

<O%

u 1
/0 ST ) + 20V ) e
=0
2 P llZa e, + RIBP)d
+ [ IeY @R e

+ Y P20 22, + Rlp o 512w

Sé‘C(O, R,R, AQ)

Note that there are no terms arising from commutator [D, V] because
we only commute Y once and « is a function. Applying the Gronwall
type estimates, we have

1Y) (r*8)ll22(c,) S C(O0, R).

By the Laplacian equation for w, we have

1Y) ()l p2s,u) S V)R 25,0 + 10V )2 2Q8) 1 r2(s,,.0)-

Consequently, for e sufficiently small,

(4.11) 1Y )? (re)ll2(c) < C(Oo, R).
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Remark 7. We also remark here that, X/, u and x are the same as in

the assumptions of Theorem 2 in the construction, and the initial norm
of Qx differs from the one in the assumptions of Theorem 2 by up to
third order derivatives of log 2.

Estimates for Yy and ¥ try. The difference here from the above
estimates is that we rely on the Hodge systems coupled with propaga-
tion equations along D direction instead of D direction above. As in
estimating O, integrating along L direction should start from the last
slice. Therefore, we should consider first the value of ¥ (Q2trx) on the
last slice. By the definition of the canonical foliation, the equation for
D(Qtry) is reduced to

1 T~ =N —
D(Qtry) + 5 QrxQtrx = Q*(20n* = (X, X) + 27)-
The term difn disappears and p will disappear if commuting Y on the
equation, that is,
1
D(V*(Qtrx)) = — SV (QtxxQtry)

+2Y2(Q2(2[n)* - (R.X) +20)) + [D, V2]V (Qtry).
The right hand side does not involve the third order derivatives of X

and 7, and, therefore, can be controlled by O and A; after integrating
along L. We have, by the Gronwall type estimates,

1Y ) (rQtex) [ 22 s, )
Sy ) (rQtex)llz2(s,, o)

+ [0l T @mlla, o
£ 0l Y ) s, )
+ 1 POmIEY 0 )i, oldu’ + 17 C(0)
<C(Op) +£20(25 + C(0p) < C(Oy),

for € sufficiently small.
Now we commute V? with the equation for D(Qtry) and estimate
the terms on the right as follows,

Uy 1 1 N
/ "”4HY73[_§(QUX)2 - §|QX|2 + 2w(Qtry)]

T QW (Qtrx) + [0, V(@) | 12s,, o/
§O[QtI'X - QtI‘X, 5(\7 W]

< [T e,

10V as,

u
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1Y) rw)llnzgs,, ) + OO

SO / T_Z[H(TW)3(TQ1:I‘X)HL2(S“ B 4+ H(TW)S(TQSC\)HL?(SH m)]dﬂz

u, 1/2
/ du) 169 )2 () 20y + 71 C(O).

i

By the dif equation for Yy, we have
1PV ) () £2(Su.0)
SNV Q)| Las,..) + 10V (rQ2B) || L2(s,..) + 77 C(O).

Therefore, by applying the Gronwall type estimates, combining the
above inequality multiplied by r, we have

1Y) (r2x) | 25,0
SIEY )P Qo) e s, )

+0 [P0 e, d

Y Pl + 10V P0A) i) + 1 CO)

The first term on the right hand side can be absorbed by the Gronwall’s
inequality, thanks to the factor r—2. Finally, we have the estimate

1(rY )? (rQ2trx) |25, ) < C(O0, R),
and, consequently,
-V )* ()l 22(c) S C(O, R).

Estimate for Y7317. Note that by the definition of the canonical
foliation, p = 7 and, hence, Y21 = 0. Then we commute ¥ ? with the
equation for Dy, and estimate the right hand side as follows,

u u, 1
[ e o joma)

2
+ QtrxV 2+ [D, 772]MIIL2(su,,u,)dU’} du/

2

< /0 Ol SNV () s o
i=0
+ 7 Oty — Qtrx, i]z/ P NV )iz,
u i=0 B

<r71C(0,00,R,R),
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wr Uy 1 . 1 2
/0 / r3!rv2<—4mrxlx|2+QQtrx\nP)uLz(su,,u,)duf] du/

Ser™10(0),

U LU, 2
LV v eag - emapli, | a

<Ol / O 2a e,
T Oftr? / o [(5 AR I

FORPE [ 207l
u . U, 2
co? [ [ 1ev el ] a
+erC(0)
SORPr [T 107 Pl +170(0.00.R)
We estimate ||(rYV )3 77HL2(C by the difr-cuyl systems for 7,

1Y )1l 22,

SNV o)z, + 10V ) (rimllz e, +&'/2r71C(O).

Therefore, by applying the Gronwall type estimates and integrating the
square of the resulting inequality along D direction,

1Y) )iz c,) SO _1/ eV i, dv

u
+r71C(0,0,,00, R, R).
Then, by the Gronwall’s inequality, we have
1Y) )72,y S 771 C(O, 00, R, R),
and, finally,
1Y) 20l ey S C(O, 00, R, R).
Estimate for Y73g. At the last step, we consider W?’g. As above,
we should consider first the value of ¥ x on the last slice. This can be

directly seen from equation (4.10), which is, in terms of £, on the last
slice, where

1
2k =dit (32X - + 59‘51@77)
+ Qtrxdifn + (F — F + Qtrxp — Qtryx - ).
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It is easy to see that the right hand side involves only the curvature
components and the first order derivatives of the connection coefficients.
By Lemma 8 and Proposition 4, ||(rV)(r? B)llr2es,. ) S C(Oo, Ro).

We estimate the right hand side of the equation for DY k which is
obtained by commuting ¥ with the equation for Dk as follows.

2

/ [ / T2 - Y Qs — ¥ (O8, ¥2) + m) s, de | de
0 u =’
1

<or! / [r2<2\<rw<r D22,y + 107wl

1=0

HI Y20l 125, + Rlps 0, B12)] du!
+ r—6u<rv>3gu%2(c

5@r1/ Y ez, du +770(0, 00, R, R).

By the Laplacian equation for w, we have
”(TW)SQHLQ(QH) S H(TW)("”QE)HL%QQ + H(TV)Q(ng)HL?(QH)

Applying the Gronwall type estimates to the equation for DY « yields

HT2WE”%2(QLL) §||T2WEH%2(QE*) +T1<9/ r’2II(TY7)(r2ﬁ)Hiz(gﬁ,)du’
+772C(0,00, R, R).

We multiply the above inequality by r and apply the Gronwall’s inequal-
ity to Hr5/2y7ﬁ||L2(Qu). Note that the factor in the integral becomes

r~3/2 and is integrable, therefore,
1PV 72y S 77C(0, 00, R, R),
and, therefore,
||(TW)3QHL2(Q£) S C(0,00, R, R).
At last, we choose Ay sufficiently large to complete the proof. g.e.d.

4.3. Estimates for the curvature components. We are going to
complete Step 3 of the proof in this subsection. We will prove in this
subsection the following proposition:

Proposition 6. If € is sufficiently small depending on Op, Ro, Ry,
then we have

R+ R < C(Op,Ro, Ry)-
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Proof. As discussed in the introduction, we apply the renormalization
in [14] in the current work. We write p = p—3(¥,X) and & = o+ 3XAX.
By direct computation, they satisfy the follovvlng renormalized Bianchi
equations

.3 . )
Dp + §Qtrxp =Q{dix B+ (2n + ¢, B)
1 ~ ~ ~ 1 o~
- 5 (X YV @n +n@n) + JtrxIRI°},
3 1. _ .
Do + 5Qtrxo =Qcuflf+ (2n+ ¢, B) + XA (Y @n +n@n)}.

This calculation is similar to that in deriving equation (4.10). To couple
with these two equations, the equation for DS should also be rewritten
as

1 -
Dj + §Qtrxﬂ =Qx B —-wph

F QI+ o+ Bup+ 800 + 28 B+ 5(@ARX) —* dRAR)}.

To make the expression in a uniform way, in this subsection, we will
denote

1 .
El - ﬁgv EQ - _év E?) - (_p7 U)a

Ry = _é7 R3 = (p7 U)a Ry = 0.

Compared to our usual conventions in previous sections, the definition
are essentially the same up to a constant multiple.

Now define © acting on R, say (—p,7), —f3, @ and their derivatives,
respectively, to be

OV (—p,6) = DY'(—p,5) + Qter (—p,5),
DY (-B) = DY'(-B) — QX - V'(-B),
OV ' = ZA)W’g — §Qtrxy7ig.

We also denote D to be one of the Hodge operators Dy, Ds, *D; and
*Dy (see the definition before Lemma 2). We also define D to be act-
ing on the derivatives of the corresponding tensorfields in an obvious
way. Then we denote *D to be the corresponding L?(S,,) formal
adjoint.'®

We collect three groups of the null Bianchi equations, say Df-Dp-
Dgs, Dp—Da DB and Dg- Da. By the commutation formulas for D, V1,
[D, V", [D,YV"] and [*D, V"] (see Lemma 2), we can write them in the
following form. For j =1, 2,3, denoting W_IK =0,

and denote

15WWe abuse the notation here as compared to Lemma 2.
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Eii £ QWZ 1 — QDWiEj

= 3 (VAT R+ PR, )Y R, + VKT R,
k=0

i = B+~ trxV'R; + Q" DY 'R
=33 (VY TR, + VRO, )Y R, + YO, Y TEYT
p = p1 P2 ) v

k=0

FY QD) VT ) + VA KT T Ry ).

With the null Bianchi equations written in the above form, we can
refer to the exact form of the null Bianchi equations by direct counting
to obtain the following lemma:

Lemma 9. In the first equation, j +1 < p1 + p2, and by definition
of the numbers assigned, p > 1 automatically. In the second equation,
we have p > 2, j +2 < min{p1 +p2,py +ph + 1, p] +ph + p5}.

We then compute

Q(TQ(”jfl)WiRjﬂ\Qdug)
=2 D (Clory, XV Ry P + 2(V ' Rjs1, DY 'Rj1))
=2 (tex, X1V Ry | + 2(V ' Rj1, QDY 'R, + E}).

We also compute carefully

D(TQ(i+j_1)|y7iEj|2d,ug)
=(2(i +j — Vr20H )2 Dr| VR |* — 2 D0ty |V R,
=270 (i 4 j = 1)(Qtrx — ) VB

2V R, QDY Rja + OX -V 'R; + EL))

Summing up the above two identities, then integrating on the spacetime
manifold M, ,, which is enclosed by Cy, Cy, Qg and C,, we have

/ T2(i+j—1)|y7i j+12+/c TQ(i+j_1)|Y7iEj|2

:/ P21 |5 j+1‘2+/ Tz(i+j—1)W7iRj‘2+// QQ—sz(i)
Co Cy My,u
S [ AiRap s [ g [ )

Co Cy M
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where M = M, . and
R P I
+ VO,V T R,, + VT KY R >Y7iRj+1>

+ p2i+i=Y <Z i (Wkrpyi_kﬁj + Wk(QFpl)Wi_kRm

+ YO,V VT,
"‘W (Qrp’l’)v (Fpgrpg)

+ Wk_lKWi_kRjJrl) ) WZR]) ’

with the numbers assigned to every component satisfying Lemma 9.
Here we abuse the notations, that the p, p1, p2 in the first two lines are
not the same as in the other three lines.

We divide the terms contained in T;Z) in different types.

Type 1: Terms like 7"2(”3"1)(WiRjHWilelViZEm) where i1 +iy =
1 < 2. We have j+1 < p;+po, therefore, we estimate by the Holder
inequality,

// 204 D|Y R YTy, V2R, |

/2
</ A d“)
) 1/2
» (/ 7“_2/ r2(z‘1+z‘2+p1+p2—1)|y7i11“p1Y7i2Rp2|2du'>
0 Lo

A1 1T <eVPR.IT.
For i1 =0,

72 < Sup(Hrn-i-plW“I"pl HLOO(Su u))

y /T_Q / p2itr-D|gizp 12 < C(0))R2.
0 !

For 41 = 1, then 42 < 1, applying the Sobolev inequality,

I Ssup(r= 2 [r Y T, 1 Fas, )
u,u

uu)
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U uw : i
[t [,

Ssup(r 2 PP IT, R, )

E’u
i2+1

> /OTZdul Z / |T2(k+p271)ykﬁp2’2 5 C(OO)E2

k=io

For i1 = 2, then i2 = 0, we also apply the Holder and Sobolev
inequalities,

112 Ssup(rH [r P Y AT, )
ig+2

> /T_Qd’u,/ Z / |r2(k+p2—1)y7kﬁp2|2 S C(OO)BQ
0 k=io ¥ =u/

There are also terms like 7'2(7;+j71)(W”F}%WIQRIDW’LEJ‘)- We
estimate, since 7 + 2 < p1 + p2,

// P2V YT, YRR, VIR,
M

. 1/2
S < 7"_2/ r2(i+j—1)|y7iRj|2du/>
0 Cyr

“ 1/2
« (/ / T2(i1+i2+p1+p2—2)’WhrplWiQRpQPdu/)
o Jo,

<e'2C(00)RR.

Type 2: Terms like r2(i+j_1)(WilpriQRj+1Y7iRj+1) and terms like
rﬂiﬂ*l)(W”I‘pvmﬂjvlﬂj) with 41 + 49 = ¢ < 2. Because p > 0
in the first case, we estimate

//M P2 WA, W2 R Y R |

2 u
<sup(r= 2/ (P )T s, ) S /0 /C P20+ 37 * 3 20
u,u k=0 !

<eC (O, R)R?,

where i, = 2,1,0 for ¢ = 2,4, 00, respectively. Note that w is
involved in this case and O depends on R.

For the second case, only ¥, Qtry — Qtry and w are involved as
a I'. Therefore, we estimate

[ eI R )
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Ssup(r=9r? (r ¥ )T pas, )
2
<> / e / P27k R [y
OO Z/ —2/ 2(k+7—-1) |y7kR | du

Type 3: Terms like 7“2(”3"1)(W“I‘p/lWi2Y7Fp/2Y7iEj) and terms like
20D (WL, )V 2 (Cpy Ty )V Ry) for iy + iy = i < 2. This
type which arises from renormalization only appears when j = 3.
For the first case, we have j +2 < p| + p, + 1 and Fpé contains
only n. Therefore, the estimate can be done as the second case of
Type 1. For the second case, note that the connection coefficients
I' and I'? have the same regularity. That is, ['? can be estimated in
L>°(S), Y (I'?) = T'VT can be estimated in L*(S), and ¥ *(I'?) =
'Y 2T+ (VY T)? can be estimated in L2(S). Therefore, Y *2 Loy Tpy)
can always be estimated in different norms on S, ,, and get addition
/2 factor after integrating on M.

Type 4: Terms like r2(i+j_1)(Y7iIKY7i2ﬁjY7i i+1) and terms like

P2 =)W KY 2 Rj 11 V' R;) for iy +iz = i—1 < 1. By Lemma 8,
H(TW)“(TK)HLz Suu) < C(Ro,Op) and, hence, HT3/2K”L4(Su’u) <
C(Ro, Oyp). Therefore -

[ N KT R Y Ry

1/2
</ [ I Ry )
) 1/2
. (/ e r“"““’m“)IW“KW”RJ’M/)
0 S

<e!2C(Ry, O9)RR,

and the second case can be treated similarly.

Then, by choosing ¢ sufficiently small,

2
Z( [ iR [
; u (@)

z+] 1 |y71 |2>

< / rz(iﬂl)wyiRjH‘?Jr/ T2(i+jfl),y7iﬂj‘2
i=0 CVO Qo

-
Il
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C(00) 2/ / 26451 |y * R Pdul + 1.

Because the factor =2 is integrable and O is independent of R, then we
can apply the Gronwall inequality to complete the proof of the propo-
sition. q.e.d.

Remark 8. The function u restricted on C|, does not coincide with
s, the affine parameter on C,. Therefore, in the above estimate, the
initial terms on C|,

/ T2(i+j—1),y7iﬂj‘2 _ / T2(i+j—1)lyiﬂj‘2dug du
c Co0<u<e wu

Co
are not exactly the same as defined in R,. Therefore, we need to esti-
mate the initial terms by R,. Suppose that the affine foliation given by
s is the background foliation and the foliation given by u can be repre-
sented by a function W (s,#)'¢ defined on [0,¢] x S? as in Section 4.1.
Observing that s = W(s,0) and 0yaW (s,0) = WA§‘(§:W(S’0),0), it is
convenient to estimate Y 4s instead, where ¥ here refers to the angular
covariant derivative relative to the foliation given by u. This is because
Y s is a geometric quantity defined on C; while W is not defined on C|.
From the relation

Ds = Q2

we can estimate by Lemma 7 that

1= sl s, + 1V sllzags,) + 1V sl 2250, < €C(O0, Ro),

where the weight r is dropped because the inequality is written on a
single null cone C|, on which r ~ 1. Let ¢/ be any geometric quantities
like the connection coefficients and the curvature components, and their
derivatives, written relative to the affine foliation. We estimate

[ WPy
Co0<u<e wu

/
< / 20 2d s, ds < / ran
QO70§§§SUP w a Q()

Here Sy refers to the affine sections and the last term (with the prime
symbol) refers to the integral over C, relative to the affine foliation as in
the definition of R,. Let ¥’ be the angular covariant derivative relative
to the affine foliation, and D’ be the projection of £;, on the affine
sections, we will have, in a schematic form, B

Yo' =V + Vs (DY +x ).

Here s is not the affine parameter on Co but simply the first variable of W.
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Combined with the estimates for Vs derived above and y’ derived in
Section 4.2, which are in L*°, we have

[Py au
Cy0<u<e wu

! 112 10012 /12
S(lJV¢I>+dM%Rw<LJD¢!+w|>-

Taking one more YV, by the estimates for V%5 and ¥ X' in L*(Syu), and
the Sobolev inequalities on Sy ., we have

[Py du
Co0<u<e o
2

S_, (/CO !V/2¢/’2> +eC Oo,RO Z (/O ‘V’iw/P) ,

=0

where V' refers to V' or D’. Now from the relations of the curvature
components p, o, 3 and a between two foliations:

p=p—2(Vs,B)+d (Vs Vs),
o =o' —QWSAB + (- Vs)AVs,
B=Q(p' —a - Vs),
a =0,
where p’,0’, ', o’ refer to the curvature components in the affine folia-
tion, and the estimates for ¥>s in L?(S,.), we have

/ T,Q(ZJr]*l)’WZE]’QdMg du
Cy,0<u<e u,u

SE(Q) +5C(007R0)
!/
% (/ r2]|W/Q/B;’2_}_T2372(|Q/233|2+ |D/R;|2)> +€c(00)
Co

The last term comes from the term X - which is the differences between
p and p, o and &. For o, the second term on the right hand side is
contained in the definition of R,. For p/,¢’ and 8, we can use the
null Bianchi equations to express their D’ derivatives in terms of the V'
derivatives of 8" and o/, which are also contained in the definition of R,
and the lower order terms which are a product of one of the connection
coefficients and one of p/, 8" or @’. The connection coefficients on C,,
can also be estimated in terms of R, using the null structure equations
along D" direction. Finally, by choosing e sufficiently small, we achieve
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that

Z/ ?”2<i+j_1)|77iﬂj!2du¢ du SE% ey
R 7/Cp0<u<e w,u
=P

which is the desired estimate.
The initial terms on Cjy

/ r2(i+j71) |Y7iRj+1 ‘2
Co

are also different from the terms in Ry. However, it is much easier
because the foliation given by w is the same as the foliation given by the
affine parameter s on Cy, we will have

B=Q7'8, p=p,0=0, =08, V=YY"

Then by Lemma 7, the estimates for 2, we immediately have, for e
sufficiently small,

/ P2V R P S RE,
Co
which is the desired estimate.

4.4. Canonical last slice. We will carry out the last step of the proof
in this subsection. As introduced above, we first extend the solution to
a larger region Mg which corresponds to 0 < u < wu, +0,0 <u <e+4§'.
First of all, § and ¢’ should be chosen such that all bounds derived in
Section 4.2 and Section 4.3 are bounded by twice of their bounds in
M. This is ensured simply by continuity because § and ¢’ are allowed
to depend on & and u,. In the rest of this subsection, we will fix ¢’
and then choose ¢ sufficiently small such that we can construct a new
canonical function us varying from 0 to e.

At this point, we hope to apply Proposition 2 to the new last slice
Cy, +s- Different from the initial slice Cyy, we should note that, first,
we must estimate the bounds for R[Da, D?a], O?[Dw], O[D*w] which
are not estimated yet, second, on the null cone Qu* 15> we have less
room as compared to C, to solve the canonical slice equation, because
the background foliation w which is canonical on C,, only varies from
[0,e4¢'], and this is exactly the reason why we need the ¢’ to be positive.

So, we will prove the following as the first step:

Proposition 7. If € is sufficiently small depending on Oy, Ro, Ry,
then we have

R[Da, D*a], O?[Dw], O[D*w] < C(Og, Ro, Ry)-

Remark 9. This proposition is proven in the origin region M, _ .. We
can then choose ¢ and ¢’ sufficiently small such that this proposition still
holds in the region My 4516 with a twice large bound.
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Proof. For the norms about «, we rely on the null Bianchi equations
for DB and Da. We first commute D with the Bianchi equations:

DDa — ;0txDa + Y 2D
1 - S
=§Q(Qtrx) -a —2wDa —2Dw - a+ [D, D] — [D, V&®|6
— QWY B — D (Q{(4n — QBB +3%p — 3"X0}) ,
DDB — QR - DB + Qdif Da
=D(X) - 8 — [D, difla — Qudif a

- D (G0 - w8+ 04202 )

As what we have done in the energy estimates, we can establish the
following inequality:

/ DA + / Daf? < / DB + / Daf* + / 7).
c e, o — Jo

0

The term Tf comes from Dqa times the right hand side of the first equa-

tion, plus Df times the right hand side of the second equation. By
commuting one more Y, we also have

/ 07)DIE + | 167)Daf

—u

r 2 r 062 7'4(1).
< Jovpae s [ evipar s [ )

The terms which are D applying to the connection coefficients are ex-
pressed directly using the null structure equations (except Dw). There-
fore, using the bounds for O, R, R, Lemma 8, the Holder and Sobolev
inequalities, for € > 0 sufficiently small depending on Oy, Ro and R,

we have
Jorete [

<eY2C (00, Ro, Ry)

u

1
+ [0, o - [ |¥) Dy
0 Cu =0

+ (00, Ro) ( | / i \(rwa\?du') "
(/ / Z\rW )!Da| du) "

uzO
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—i—(’)[trx,w,j{]/ / Z ’(TV)ZQ@QdW
0 C i=0

+ O[n, 1] (/OU/C/ZQ:\(TW)iDB\Qdu) -

uw’ =0

. 1 1/2
=) 7 21/
(/0 /Cu/;wwwdu) ,

" 9 1/2
2 w r 1 2u/
+0[D1</0 /C/D( V)ig2d )

., ) 1/2
1 2 /
x (/O /Cu/;wwm du) ,

where the terms which are already estimated are collected in the first
term on the right hand side. By the Gronwall’s inequality, we have

R[DB)? + R[Da)?
SRo[DA? + Rolaf?
+ (00, Ro, Ro) (RIDa] + /2 + £ *RIDFIR[Da))

+e0*[Dw]R[BRIDA.

(4.12)

We remark that the initial terms should be treated in the same manner
as in Remark 8. '

Therefore, we should first estimate O?[Dw]. We commute ¥'D with
the structure equation for Dw for 7 < 1:

DY'Dw = Y'D(Q*(2(n,7) — |nf* = p)) + [D, ¥ ' D]w.

We should integrate this equation from the last slice Qy*' Commuting
D with equation (4.10) which is written on C,, :

2ADw =D (2@9 (06) + A (30% - + Q)

+ Qtryxdifn + (F — F + Qtryp — Qtry - [))>

+2[A, Dlw,
Dw =Qtryw — Qtryw — DOQtry log Q2.

We should pay special attention to the right hand side. Note that,
by the null Bianchi equations for DS, up to the lower order terms,
Ddif (928) ~ dif di o, which is not in L?(S,,,,) but only in LQ(QH). But



ON THE LOCAL EXTENSION OF THE FUTURE NULL INFINITY 125

note that we can control ||(TW)ZQ||L4(Su,u) for ¢ <1 using an analogue
of Proposition 10.2 in [7] or a special case for Y = w in (4.7), as

1Y) el pags,..) S Ro + C(Rlal, R[Dal).

Therefore, we should be able to control [|(rV ) Dwl| [4(S,.)- In this
paper, we only control ||(rV ) Dw|| [2(S,.,) for simplicity, which is enough
for our work.

To do this, we denote ADw = —Qdifdifa + G 3y on the last slice
C,, - It is direct to verify that 112G 3 Wz2(5p.0) S C(Oo, Ro). Then we
compute

w2 — w(Dw — Dw
/ e / | ADu(Du- D
:/ (—di,)(/di;(/g-i—G(g))(@—E)

U

SG 125, IV Delzags, .+ [ diva ¥ D,

Uy, U

Therefore,
1
M N0V ) Dwllras,. ) SIFPGe)lles,, . + 10V )alls,. )
1=0
<C<Oo, Ro, RO: R[DCMD

Then we apply the Gronwall type estimates to the equations for DWi&
for 7+ < 1, and conclude that the above estimate hold for all u.
Substituting this estimate back to (4.12), we have

RDB] + R[Da] S C(Op, Ro, Ry)-

This in turn gives the desired estimate of ||(r¥ )" Dw||2(s, ) for i < 1.
By the Sobolev inequality, we can also bound ||r!/2Dwl|| LA(Syu)*

In order to estimate K[QQQ], we commute D? with the null Bianchi
equations for ZA?Q and DB. We can do the estimates exactly as above,

provided that we have the estimate for O[D?w]. This can be done as
the above estimates for O?[Dw], by commuting D? with the equation
for Dw and equation (4.10). Note that in this case, when considering
the Laplacian equation for D?w on the last slice Qu*, the highest order
term of the is dif dif (Da), which has no estimates. But we have con-
trolled dif (Da) in L*(C,,). Therefore, by a similar argument, we can

first control || D?w| z2(c ,.) and then integrate the equation for DD?w to
obtain the estimate of HQ Wl z2c,) for all u. q.e.d.

Now we consider the function space
]C = ICH*“F(;,&-F(;’ C C([O, 5], H2(52*+6’0))’
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such that

W (0,0) =0,
(4.13) 0<W(s,0)<e+d,

sup, [|(rV)=2(W (s, ) = $)llz2(s,_50) < €K
for some small number ex to be fixed. K is close in C([0,&], H*(Sy_44,0))-
We remark that the second condition ensures that there is enough room
such that the new foliation ")u given by W € K also varies from 0 to
€. This is exactly why we need § to be sufficiently small depending on
d’. Obviously we can first choose ex small enough such that the second
condition is ensured. Also note that by our definition of K, W need not

to represent a foliation, but only a family of sections parameterized by
s. As in the first step, we will prove

Proposition 8. For ¢ sufficiently small depending on Oy, Ro, Ry,
and 0 sufficiently small (may depending on € and '), A(K) C K and A
is a contraction in K C C([0,¢], H*(Sy_450))-

Proof. 1t is not hard to see the assumptions of Proposition 2 hold
for ¢ sufficiently small depending on Oy, Ro, Ry. We use (4.8) for
W1 =W and W5 = s. We recall that Qu* is a canonical last slice with
the foliation given by the origin u, then for any e, > 0, by continuity,
we can choose § sufficiently small, such that

1(rY) =2 (log VW (s, -), ) = log s, )| L2(5,1s0)
SC(O0, Ro. Ro)[|(r V) =2 (W (s, ) = )| 125, _y50) + E3-
Then we integrate s from 0 to 1,

1Y) =2 (AW (s, ) = $) 2 (s, a0)
5/0 H(TW)S2((WA)Q2(W(S,7 ')7 ')Q_Z(W(Slv ')’ ) - 1)||L2(Sg*+6,0)d5
<eC(O0, Ro, Ro) sup 17 )2 (W (5, ) = 5) 25, s + <6

The inequality (4.7) should also be used here because we compare the
bound of the background lapse €2 on the sphere Sy ;s to the bound on
Sy (s)- We choose e small depending only on Op, Ro, Ry, then choose
e, sufficiently small depending on ex and &, such that

sup | (rV) =2 (W (s, ) = 8)l|12(s,,y50) < €K-

This implies A maps K into itself.
Also, we can use (4.8) to conclude that,

1Y )=2(AWL)(s, ) = AW2) (5, D 225, 150)

5 /s H(TV)S2<(WA)92(W1 (3/7 '))Q_z(Wl (5,7 ')7 )
0
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— QW ), )22 (Wals, ), 125, o5 0)ds
$eC(0o, Ro, Ro) sup 1Y )=2 (W (s, ) = 8)llz2(s,, 1a0)-

By choosing ¢ sufficiently small depending only on Oy, R, Ry, then
A : K — K is a contraction and this completes the proof. q.e.d.

To proceed further, we are going to estimate the difference between
two optical functions u; and us which are constructed from the canonical
foliations on le and Qb, respectively, and u; < uy. The corresponding
geometric quantities are labeled by lower index 1 or 2. In the past of
Qﬂl’ the null frames are related by

Ly =L,
_ Lo 1 1/2_A
Ly= L1+ ( 29(L1a L)) Ly 4 2( 29(L1,L2)) o (E1)a,

_ 1
(E2)a = (E1)a + € 1(—59(31, L)) 20 4L,

Here o', 02 satisfy 046P¢((E1)a, (E1)p) = 1. This relation is exactly
the relation (4.2).

Along the null generators of (Cs),,, using the above relation, we
compute

Do (u1 — u2)
(1a)  =I01+ (505 T)LL +2(~ (L, L2)) V20 (B a] )

= - %Q(Llla L),
and
(4.15) Dy(uy —ug) = Q3072 — 1.
We should consider g(L}, La) to estimate uy — ug. Then we compute
Dag(Ly, Lo)
=wag(LY, L2) + g(Vi, Ly, La)
W16) o (L), L2) = 29(LA, Lo)o 0P 0 (R1) a — 9( L4, L2)Qu (brx)s

— g(I4, L)~ 59(La, L2)) V20 () 4 = 9(L4, L2)Pen,
and
(4.17)
229(1/17 Ls)
= — 2073w, (L}, La) + 49, °Q3(—g (L1, L)) (01 (m) a+ 05" () ).
Here o1 and o9 satisfy the same property as o.

Now we go back to the canonical foliation given by us on the new
last slice C, s, which we have constructed above. The origin optical
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function u which is canonical on C, is also extended up to C', |5 and
the difference between u and us on C’u 15 is controlled by ex, see (4.13).
Note that we can choose ex arbltrarlly small by setting ¢ sufficiently
small.

Our goal is to extend us as an optical function back to the initial
null cone €. This means that both us and u satisfy the above system
of equations (4.14)—(4.17) with u; = v and uy = us. With the “initial
data” on C,, 5 which are close to each other, we can conclude that the
extension of ug to Cy can be done. This is essentially the continuity of
equations (4.14) and (4.16). Again by continuity, the curvature norms
Rs, R expressed in the new foliation (u,us) is bounded by twice the
norms R, R in the old foliation (u,u). Therefore, we complete Step 4
of the proof.

4.5. Global optical function and recovering the full decay. Fi-
nally, we will construct the global retarded time function u to complete
the proof. We also appeal to equations (4.14)—(4.17). Let uy and ug be
the optical functions from the canonical foliations on le and ng, re
spectively, and u; < uy. The space-time is constructed by sending u; to
+o00 and we will consider the convergence of the function u,. Therefore,
we need to compare u; to uy for any uy > u,.

We first consider (4.17) on le. Because L1 = L9 on Cp, then
9(Ly,Ls) = 0 on Cp. We assume on C,, , 73 (uy)g(Ly, Lo)| < A4 .
Then by integrating (4.17), we have

178 (uy)g(Lh, La)| S ey (uy)C(Op, Ro) Ag + £C(Op, Ro) Ay

By choosing ¢ sufficiently small, we have |rj(u;)g(L}, L2)| < A4
Therefore, we have deduce that |r3(u;)g(L}, La)| < C(Op, Ro) on Cy,

Now consider equation (4.16) in the past of C,,- We are going to
apply the Gronwall type estimates to integrate this equation from le
to its past. The term wog(L, L2) — Qg(Lll,Lg)aAaBﬁl(Sel)AB can be
absorbed by the Gronwall’s inequality because both wy and X1 decay'®
not slower than ry 2. On the other hand, by the structure equation for
Dtry, we can estimate, in the foliations given by w1, us,

1
[Qitrx; — Qitrxils, o S e!/2C(0v, RO)rj’

i
for i = 1,2. By construction Qitrx1|s, , = Qatrxals, ,, We can estimate

1
|QltrX1 — QQtI'XZ‘ S C(Oo,'Ro)f2

T'9

7ry should also depend on ug but we only emphasize the dependence on u, here.

!8Recall that both 71 and 72 are equivalent to (1 + w).
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Therefore, replacing the term Qqtry; by Qatryo will add terms decaying
not slower than ry 2 which can be absorbed by the Gronwall’s inequality.
We are in the position to apply the Gronwall type estimates,

75 (w)g (LY, Lo)]
SIr(un)g(Ly, La)le,,

Uy
+ [ BOIo2h L) ) - g(Lh, Lo
We argue by bootstrap again. We assume |r3(u)g(L}, La)| < Asry *(uy).
Taking into account that |r3(uy)g(L}, L2)| < C(Op, Ro) on C,,, we have

73 (uw)g(Ly, La))|
S(rp 2 (w) + (AY?rg* (wy) + Ay (wy))rz 2(0)C(Oo, Ro).

~

Now we can choose 75 %(u;) sufficiently small, i.e., u; sufficiently large,
and Ajs sufficiently large, such that |r3(u)g(L], Lo)| < $As75%(uy).
Then we conclude that

[r3(w)g(L1, L2)| S C(Oo, Ro)ry ™ (wy)-
We go back to equations (4.15) and (4.14). By (4.15) on C,, , and

uy = ug on Cp, we conclude that [u; — ug| < C(Op, Ro)ry *(ug). Then
by (4.14) in the past of C, , we have

Uy

i =l Sl —wale, + [ lo(Eh Lol

u

<C(0y, Ro)ry (uy),

which means that, as u; tends to infinity, u; will converge to a global
function wu.

It is direct to check the convergence of the derivatives of uy. Now
consider V(uy — ug) = —1(L} — L}). Because u; — us — 0, we have
Q; — Q9 — 0. Also, the above computation shows that g(L}, Ly) — 0.
By the relation between L; and Lo, we have L} — L) — 0 and we
conclude L) = —2Vu; — L' = —2Vu as u; — +oo. In particular,
|Vu| = 0 and u is a global optical function.

To verify that, under the global double null foliation (u,w), the cur-
vature norms R, R < C(Op, Ro,Ry), we need to show that the norms
written in (u,u1), R1, Ry converge to R and R. To do this, it is suffi-
cient to show that ¥49(L}, La) — 0 as u; — 400 for ¢ < 2 in suitable
norms. The case ¢ = 0 is proved just above. For the case i = 1 we
compute

(F2)ag(Ly, L) = 9(V(my) , L1, L2) + 9(L1, Viiy) , L2)-

For the first term on the right hand side, we express (F3)4 and Lo in
terms of (F1)4, L; and Li. Then the first term on the right hand side
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equals to the sum of the form I'y - g(L}, L2)” with the power v > 1.
For the second term on the right hand side, we express V By) L2 =
QQ(XQ)g(EQ)C + 92(772)14[/2, and then express the Fy and Lo in terms
of By, Ly and L;. fherefore, the second term on the right hand side
equals to the sum of T'y - g(L), La)” with v > 1. We already have
g(Ly,L2) — 0 and Ey — E where E is tangent to the sphere Sy,
therefore, ¥ ,9(L},L2) — 0 as u; — +oo. The second order deriva-
tives are done in a similar way, involving one order derivative of the
connection coefficients. Then ¥ 3g(L}, L) — 0 in L*(Sy..).
At last, if we denote

Ria] = sup (9= %0)
RI5) = sup (7)) s,
RiDa] = sup [ (19)= (D)l 2(c.)
RIDA) = sup |6F)= (DB s2c,
R{D%a) = sup [ Dal 12 c,)

R[D?B) = sup [ D*B| 12(c)-

We denote Rola, Do, D%a] to be the corresponding norms taken on Cj
and R,[3, DB, D] to be the corresponding norms taken on C,. We
can show that if, in addition,

Rola, Da, D% 4+ Ry, DB, D] < oo,

then R[a, Da, D%a), R[B, DB, D?B] < C(Op,Ro,Ry), where we have
included the above two groups of initial norms into the definition of
Ro,Ry- Such a decaying condition on « comes from the works of
Christodoulou—Klainerman [8] and Klainerman—Nicolo [11], which deal
with the so-called strongly asymptotically flat Cauchy data.

We firstly consider the case for « itself. For the angular derivatives
Y, the proof is similar. We use the null Bianchi equations for Do and
Dp to obtain

| el [ aap s [ e [ aeeP s [ )
Cu Q£ Co QD M

We estimate
[ 15 [ e -aca T 5-a
M M

—f-S(\R[p,O'] a+F[trx,w] /8/6|
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To estimate this term, we put all the curvature components in suitably
weighted L?(C,) norm and obtain

/M Ari0| < cOR[a] + R[S, p. o|R[a] + R[P?).

Choosing ¢ sufficiently small we can derive the desired bound for R[«]
and then the bound for R[f].

Remark 10. Though the proof is quite direct we also make some
remarks on this estimate. We find that the decay rates of a and 3 are
the same, and the decay rate implied by the norm on incoming null cone
R[] is weaker than that implied by the norm on outgoing null cone
R[], which is not the case for other components p,o, . Therefore,
unlike the proof of Proposition 6, though try does appear in the error
terms as try|B|?, we can also estimate this term by using R[3] instead
of R[A].

We then go to Da. We commute D with the null Bianchi equations
for Da-Dg, and obtain

DDa — QY &Dg
=[D, D]a + [D, Y 83 + QwY &
-D <Q{—;trxoz — 2war — (40 + )®B + 3xXp + 3*;@;}) ,
DDB — QX - DB — Qdif Da
= 20uxDg — S D(rx)B + DOR) - 5
+ [D, dif)a + Qudif a + D (wB + Q{(n +2¢) - a}) .

The terms which are D applying to the connection coefficients (except
Duw) are expressed directly by the null structure equations, and Dw
is estimated by commuting D with the equation for Dw!® . We can
then complete the estimates by energy methods as above. We should
note that, the first term on the right hand side of the second equation
—%QtrxDB suggests the weight function 72, and /3 which appears in the
second term —3D(Qtry)S3 should be estimated by using R[] instead
R[] to gain enough decay, see Remark 10. There is another approach to
the term %QtrxDﬂ. According to the null Bianchi equation, DS ~ dif «
and can be estimated by using R[«] up to the lower order terms. This
gains enough decay in the energy estimates. The estimate for YV Da-
Y Dj and then D?a-D?8 are similar.

19Unlike in the proof of Proposition 7, the estimate for Dw is not coupled with
Da because we simply integrate the equation from initial null cone Cy.
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