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A NEW TENSORIAL CONSERVATION LAW FOR
MAXWELL FIELDS ON THE KERR BACKGROUND

LARS ANDERSSON, THOMAS BACKDAHL & PIETER BLUE

Abstract

A new, conserved, symmetric tensor field for a source-free Max-
well test field on a four-dimensional spacetime with a conformal
Killing—Yano tensor, satisfying a certain compatibility condition,
is introduced. In particular, this construction works for the Kerr
spacetime.

1. Introduction

In this paper, we consider the Maxwell equation for a real 2-form
Fab = Flapy),

(1.1) V%, =0, V%Fy, =0,

on a four-dimensional Lorentzian manifold (M, g,p). Recall that a con-
formal Killing—Yano tensor is a real 2-form Yy, = Y]y satisfying

(1.2) ViaYe = — 39aVaYe + 2 9(a1e) VY00
Associated with Yy, is the complex 1-form
(1.3) o = 3V, — IViY,h.

We say that Yy, satisfies the aligned matter condition if the Ricci cur-
vature and Y, satisfy

(1.4) R(aCYYb)c =0, R(aC*YYb)c =0.

Theorem 1.1. Let Yy, and Fy, be real 2-forms. Define the real 2-
form Zup and the complex 1-form n, by

(1.5) Zap = — 3(+F)aYie,

(1.6) Ne = — $VpZ — LivixZ,°,

and the real symmetric 2-tensor Vg, by

(1.7) Vb = 1(aTl) — 59a67Te — 3 (L ReeF) (0 Zoye + 139ab(Lree F) Zea
+ 2 Lrme* F) (0 Zoye — 159ab(L 1mexF) Zea,
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where &, is given by equation (1.3) and 7, denotes the complex conjugate
of Na-

If Yy is a conformal Killing—Yano tensor satisfying the aligned matter
condition (1.4) and F,, satisfies the Mazwell equations (1.1), then Vi,
has vanishing divergence, V*Vy, = 0.

Remark 1.2. 1) The vector field £ is Killing, V(,&,) = 0, if the
aligned matter condition (1.4) holds, cf. equation (2.9) below.

2) If VY, = 0 then Yy is a Killing—Yano tensor and &, is real. In
this case, the first condition in (1.4) is trivially satisfied, and the
last two terms of (1.7) vanish.

3) The Kerr family of stationary, rotating vacuum black hole metrics
admit a Killing—Yano tensor. More generally, the Kerr-Newman
family of stationary, rotating electro-vacuum black hole metrics
admit a Killing—Yano tensor satisfying the aligned matter condi-
tion. See section 3 for further discussion.

Let
Top = —FoFye + L gap Feg

be the symmetric energy-momentum tensor for the Maxwell field. It is
traceless and satisfies the dominant energy condition, i.e., Tppu®v® > 0
for any future causal vectors u®, v°. Further, if F;, satisfies the Maxwell
equations, Ty is conserved, VT,;, = 0. Hence, the current

(1.8) Jo = Typt®

is conserved, V*J, = 0, if v* is a conformal Killing field, V1) —
Vel ga = 0.

For the Maxwell field on Minkowski space, and more generally on
spacetimes admitting conformal Killing—Yano tensors satisfying the al-
igned matter condition, there are non-classical conserved currents not
equivalent! to any of the classical conserved energy-momentum currents
of the form (1.8), see [3] and references therein. For the Maxwell field
on Minkowski space, these include chiral currents constructed using the
20-dimensional family of conformal Killing—Yano tensors of Minkowski
space. As shown by the authors [4], analogous conserved currents exist
also on spacetimes with conformal Killing—Yano tensors satisfying the
aligned matter condition.

In spite of the large literature on conformal Killing—Yano tensors, and
the related conservation laws, the tensorial conservation law exhibited in
Theorem 1.1 appears to be new, even in the Minkowski case.? The fact

'A conserved current .J, is a 1-form concomitant of the Maxwell field, satisfying
V®J, = 0. We say that J, is equivalent to ja if J, — ja = VbC’ab for some 2-form
Cab = C[llb]'

20bserve, however, that the conserved currents one can generate from this tensor
are equivalent to the currents constructed in [3] in the Minkowski case.
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that the new higher order tensor concomitant V,;, is conserved also in
the case of the Kerr and Kerr-Newman spacetimes makes it interesting
from the point of view of the black hole stability problem, which in fact
served as an important motivation for the investigation which led to its
discovery. See section 3 below for further remarks.

At this point, we should mention that the symmetric tensor

By = VaFy VOF, — 19V F VI Fe,

which arises as a trace of the 4-index Chevreton tensor, was shown by
Bergqvist et al. [7] to be traceless and conserved for a Maxwell field on
a Ricci flat spacetime. Like the conserved tensor V;, introduced in this
paper, the tensor B, introduced by Bergqvist et al. depends on the
F,p and is quadratic in first derivatives of Fy;,. However, By, is traceless
and fails to satisfy any positivity condition. In contrast to By, the new

tensor Vg, introduced here has trace V%, = —n®7, and its leading-order
terms,
(19) n(aﬁb) - %gabncﬁc

satisfies the dominant energy condition. Here, the order of a term is
defined as the total number of derivatives of the underlying field F
in the term. That (1.9) satisfies the dominant energy condition can be
seen by comparing with the form of the standard energy-momentum for
a scalar field, see also [13]. The remaining part of V,; as defined in (1.7),
which has no dominant property, is at most linear in first derivatives of
F,;, and, hence, is a lower-order term. This leads one to expect that this
can be dominated by the expression in (1.9). However, this property is
subtle, requiring the construction of suitable equivalent currents which
shall be discussed in forthcoming work [4].

We observe that although V,;, is conserved and has a leading-order
term which satisfies the dominant energy condition, this does not give
a canonical choice of a conserved current, i.e., divergence-free 1-form.
In particular, if we consider the exterior of a rotating Kerr black hole,
the vector field £¢ is Killing but fails to be timelike in the ergoregion,
and hence the current J, = abgb is conserved but is not necessarily
timelike. In fact, even the leading-order term (147 — %ncﬁcgab)fb of J,
fails to be timelike everywhere in the Kerr exterior.

Although the Maxwell equation (1.1) for F, and the conformal Kill-
ing-Yano condition (1.2) for Yy, are conformally covariant, neither the
aligned matter condition (1.4) for Y, nor the divergence-free property
for V,;, are conformally covariant. For instance, one can see that (1.3) is
not conformally invariant if the weight of Y, is chosen to be compatible
with (1.2).

Theorem 1.1 relies on the notion of conformal Killing—Yano tensor
which makes sense in all dimensions and all signatures. However, our
proof of Theorem 1.1, which will be given in the next section, makes use
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of computations in the 2-spinor formalism. This formalism is particu-
larly closely related to the four-dimensional Lorentzian setting. Thus,
our method does not extend to higher dimensions, and it remains an
open question of whether extensions of Theorem 1.1 for appropriate
analogues of the Maxwell equations exist in those cases.

In the investigations leading to the main result, the SymManipulator
package [6], developed by one of the authors (T.B.) for the Mathemat-
ica based symbolic differential geometry suite zAct [11], has played an
essential role. SymManipulator makes it possible to systematically ex-
ploit decompositions in terms of irreducible representations of the spin
group SL(2,C), and allows one to carry out investigations that are not
feasible by hand.

In section 3, we show how the main result relates to the Teukolsky
and Teukolsky—Starobinsky equations using The Geroch—Held—Penrose
(GHP) formalism [9]. In this section we restrict the attention to Petrov
type {2,2} spacetimes, while still assume existence of a valence (2,0)
Killing spinor with aligned matter. This class includes the Kerr—-Newman
family of electro-vacuum spacetimes.

Acknowledgments. Part of the work on this paper was carried out
during visits to the Erwin Schrodinger Institute, Vienna, and the Math-
ematical Sciences Research Institute, Berkeley. We are grateful to these
institutions for hospitality and support. The authors thank Steffen
Aksteiner for many enlightening discussions and the referee for help-
ful comments. PB and TB were supported in part by EPSRC grant
EP/J011142/1. LA was supported in part by the Knut and Alice Wal-
lenberg Foundation, under a contract to the Royal Institute of Technol-
ogy, Stockholm, Sweden.

2. Proof of Theorem 1.1

For the remainder of this paper, we will make use of the 2-spinor for-
malism, following the conventions of [12]. Since our considerations are
local, we can assume without loss of generality that (M, g,) is oriented
and globally hyperbolic. This also implies that M is spin. Furthermore,
we assume all objects to be smooth.

The spin group is SL(2, C) which has the inequivalent spinor represen-
tations C? and C?. Unprimed upper case Latin indices and their primed
versions are used for sections of the corresponding spinor bundles, re-
spectively. The correspondence between spinors and tensors makes it
possible to translate all tensor expressions to spinor form. The action
of SL(2,C) on C? leaves invariant the spin metric exp = €(AB], Which is
used to raise and lower indices on spinors. The metric g, is related to
€AB by gap = €ap€arp. Let 8 denote the space of symmetric spinors
with k unprimed indices and [ primed indices.
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There are symmetric spinors k4p, ¢ap, and © 45 such that
3 . f— —
Yo = 5i(€aprkAB — €ABRA'BY),
Fopy = €arpdap + €apdarp,
Zay = €arp©ap +€aBOap.

The normalization of Yj; is chosen for convenience. Equations (1.1)-

(1.7) become, respectively

(2.1) VAadan =0,

(2.2) Viaakse) =0,

(2.3) Ean = VP 4k aB,

(2.4) 4%\ wp ke =0,

(2.5) Oap = —264%0p)c,

(2.6) naw = VP40,

and

(2.7) Vapap = snapias + $nBaisa

+2045(Led) ap + 3045 (Led) aB,

where ﬁg is a conformally weighted Lie derivative on spinors, see equa-
tion (2.10) below.

The projection of the spinor covariant derivative V 44/ on symmetric
spinors (which form the irreducible representations of the spin group
SL(2,C)) gives the following fundamental operators:

Definition 2.1 ([5, Definition 13]). Let the differential operators
Drey : Skg — Sk—1,1—1, Chy * Sy — Spt1,-1, CngJ 0 8kt — Sk—1,+1, and
Tt Ski — Sp41,4+1 be defined by

(9}67[(‘0)141-“1%71A’l...ALl = VBBICPAL..AkﬂBA/lmA;*lB’7
(Cgk,lSD)Al---AkHAll.“A;il = V(AlB/(IDAQ...AIC+1)AI1“-A271B/7
(cgg7l¢)A1"'Ak71Aﬁ...A;H = VB(AIl@AL..AkﬂBAIQ."A;H)7

(tyk’l(‘p)Al"'*’ka+1A/1mA;Jrl = V(A1 (All(JDAQ...AIC+1)AI2---AE+1)'

The operators are called, respectively, the divergence, curl, curl-dagger,
and twistor operators.

With respect to complex conjugation, the operators 2,.7 satisfy
gk,l = 917k, <7k,l = <7l,k, while % = Cngk, cg];fl = (gl,k- In the follow-

ing, we shall use the fundamental operators and their properties freely.
Any covariant expression in spinors and their covariant derivatives can
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be written in terms of the fundamental operators using the following
Lemma:

Ar-Ay € Sk.1, we have

Lemma 2.2 ([5, Lemma 15]). For any pa, . a,
the irreducible decomposition

Ay Al (%lgp

LA (A
1€

A/
vAl L (lDA2---Ak+1

A VAL
) Ay b
/
2

((gkl(p)Al Ak+1A i)

k‘ T A A/
T EH16A1(A2 (Cgk,lsﬁ)Ag...AkH) 1

g1 (Ag

K ALA;
T DD CA1(4:€

(gk,l(P)AsmAkH) ),

For example, the Maxwell equation and the Killing spinor equations

take the form
(%) g6) anr =0,
and
(Za0k)aBcar =0,

respectively, in terms of the fundamental operators.

In the computations below we shall need some commutator relations
satisfied by the fundamental operators, see [5, Lemma 18]. The follow-
ing lemma gives the commutators which are relevant here.

Lemma 2.3. Let pap € 829. The operators 9, €, €V and T satisfy
the following commutator relations:

(2.8a) (2113,40) = 0,

(2.8b) (€31%,00)aBcp = 2% apc’ €p)r

(2.8¢) (%3:[71%70%0)ABA’B’ =204 B PB)C + %(%J%T,OSD)ABA’BH
(28d)  (Z31D,00) a8 = 2V apcpe“? — 8Apap — (€113 00) aB-

Directly from the Killing spinor equation and the commutators (2.8a)
and (2.8d) we get

(2.92) (Z1:1€) =0,
(2.9b) (Fi18)apap = — 32U wpkp)c

Hence, if the aligned matter condition is satisfied, §AA/ is a Killing
vector.

Given a conformal Killing vector €44’ we define a conformally weigh-
ted Lie derivative acting on a symmetric valence (2s,0) spinor field by
[5, Definition 17]

(2.10)  Lepa,..ns =P Vipoa,. Azé, + SPB(As.. Az, V Ay EPE

1804, 4,, Vo

We shall now prove an auxiliary result on the derivatives of 144/,
which will allow us to prove our main result.
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Lemma 2.4. Let kap € 82 satisfy the Killing spinor equation (2.2)
and the aligned matter condition (2.4), and let Eaar be given by (2.3).
If pap € 82,0 satisfies the Mazwell equation (2.1) and naar is given by

(2.6), then

(2.11a) (Z11m) =0,

(2.11b) (€117 a8 = 2(L¢d) B,
(2.11c) (€ 1 m)arp =0,

(2.11d) naw&™ = k4P (Led)an.

Proof. Using the definition of the Lie derivative, the Maxwell equa-
tion and that €44 is a Killing vector we get

(2.12) (Led)an = ¢ (€119 p)c + €Y (Fa0d) aBoa.

The equation (2.11a) follows directly from the commutator relation
(2.8a). Also using the commutators (2.8d), (2.8b) and the Killing spinor
equation, we get

(2.13) (6118)aB = ((51,1(55,()’{)AB = —6Akap + 3V apcpr©?,
(2.14) 0= 2(%31%,0K) ABCD = ‘I’(ABCFRD)F-

Performing an irreducible decomposition of the contraction ¥ 4gcrrp?,
and using (2.13) and (2.14) we get

(2.15) VUapcrkp” =3Meapikpe) + s€ap|(611€) Bo).-

By using the definition of © 4p, the Leibniz rule, applying irreducible
decompositions, and making use of the Killing spinor equation, the fact
that €44/ is Killing, and the Maxwell equation, we find

(G11m) 4B = (61164,0) an
= k9P (631 T200) aBcD + k(A N D31 T 09)B)

+ 5047 (G118) mo + 367N (Fa00) aoar

Applying the commutator relations (2.8d) and (2.8b) and making use
of (2.15) now gives

(G1,1m) a8 = 204 (6118 B0 + 269Y (T200) aBcar
= 2(L¢d) an,

where (2.12) was used in the last step.

Proceeding in a fashion similar to the above, using the definitions of
naa and ©4p, the Leibniz rule, applying irreducible decompositions,
and making use of the Killing spinor equation, the fact that £44s is
Killing, and the Maxwell equation, we find

(Cgﬂﬂl)A'B’ = HAB(%JJ%,O@ABWB/.
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The commutator relation (2.8c) then gives

((51TJ77)A'B/ = —2PpoapkPoa”,

and the aligned matter condition gives (2.11c).
Finally, expanding the definition of 4 4/, and using the Killing spinor
equation and the Maxwell equation yields

(2.16) KPC(P00) apcar = naar + 38 wdap.
Contracting (2.12) with k4p and using (2.16), (2.13), and (2.14) gives
(2.11d). q.e.d.

The proof of the main theorem is now a matter of straightforward
verification.

Proof of Theorem 1.1. From the Leibniz rule, we first find
VEEVapap = %ﬁA’BvBB/nAB’ + %ﬁB’AVBB/nBA’
+ %WAB’VBB/ﬁA’B + %UBA’VBBIﬁB’A
+104VPP (Led)ap + 504m VPP (Led)an
+ VPP 05 Led) an + VPP Oup (Led) an-

This can be simplified by first observing that L ¢ is a symmetry operator
taking solutions of the Maxwell equation to solutions of the Maxwell
equation, so (%J,oﬁg(ﬁ) Ap = 0 and similarly for the complex conjugate.
It can be further simplified by substituting the definition VZ 4045 =
naar, cf. (2.6), to eliminate the derivative of © 4p terms. This yields

!
VPP Vapap =

— 4B (G am) as — 0P 4(6117) aB
AP AE ) s — Sna” (M ap

+ $0ara(Z1,1m) + $naa(Pram)

+inaB(L D) ap + iaP(Led)an

The terms involving (%ﬁln) ap and (€1,1M)ap are zero by equation
(2.11c). Those involving (Z),1n) and (2 17) are zero by equation
(2.11a). Finally by equation (2.11b), the terms involving (%1.1m)an
and ((51 1M arpr cancel with those involving (ngb) ap and (£ gq_ﬁ) A'B!, TE-
spectlvely This completes the result. q.e.d.

3. Further remarks on Kerr and Petrov type {2,2} spacetimes

The stationary, asymptotically flat, vacuum Kerr spacetimes, and
more generally the electro-vacuum Kerr—Newman spacetimes, have al-
gebraic type {2,2}, i.e., the Weyl spinor ¥ 4pcp has two distinct, re-
peated, principal spinors 04,4 which are unique up to a rescaling. The
dyad 04,4 is normalized by 04t4 = 1. For the following discussion,



A NEW TENSORIAL CONSERVATION LAW FOR MAXWELL FIELDS 171

recall that given a spin dyad 04,4, one defines for a symmetric spinor
w4,...A, Scalars w; by contracting ¢ times with 1A and k — i times with
o4. This yields Weyl scalars U;, i = 0,...,4 and Maxwell scalars ¢;,
1 =0,1,2. Similarly we use a subscript 7’ to denote j contractions with
7, and the remaining primed indices with 34", In a spacetime of type
{2,2} with principal dyad o4, ¢4, it holds that

(3.1) Vapcp = 6Y2040BLCLD),

and in this case it follows from (2.14) that any valence (2,0) Killing
spinor must be of the form

(3.2) kAB = CO(AlB),
for some scalar ¢, and hence of the three scalars k;, i = 0,1,2, only
k1 = —(/2 is non-vanishing. If in addition the aligned matter condition

holds, then the Ricci spinor ® 4 g4/ must be of the form
(33) Puparp = 4@11’0(ALB)6(A’ZB’)'

If (¢t,r,0, ¢) are Boyer—Lindquist coordinates, then the Coulomb field,
i.e., the unique static, regular Maxwell test field, on the Kerr—-Newman
spacetime takes the form

1
baB = 2 O(ALBY)s

(r —iacosf

up to a rescaling by a constant. In particular the extreme components

o, P2 are zero. The background Maxwell field in the electro-vacuum

Kerr—Newman spacetime is a constant multiple of this Coulomb field.
The Killing spinor k4p is

(3.4) KAB = %(r —idacos 0)oatp),

which is, therefore, proportional to the background Maxwell field in the
Kerr—Newman spacetime. Hence, by the Einstein equation, ® sga/p’ is
proportional to kapka/g. It follows that the aligned matter condition
holds in the Kerr—-Newman spacetime.

The normalization in equation (3.4) is chosen so that £* = (9;)?,
where £, is given by (2.3). In particular £, is real, which exhibits the
fact that the Kerr—Newman family admits a Killing—Yano tensor, as
remarked above. In particular, we see that the tensor Vg, given by (2.7)
is conserved. More generally, any vacuum type {2, 2} spacetime admits
a Killing spinor of valence (2,0), of the form (3.2) with ¢ proportional
to U, /3 This shows that Theorem 1.1 applies in the class of vacuum
type {2,2} metrics.

3.1. The Teukolsky equations and V,;,. The Maxwell equations on
a Kerr black hole imply the spin-1 Teukolsky equations for the extreme
scalars, ¢g and ¢o [15]. This system has many properties in common
with the spin-2 Teukolsky equations which arise from linearizing the
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Einstein equations. Despite the fact that the so-called Teukolsky Master
Equation (TME) have been known for more than 40 years, and have
been the subject of much study, no boundedness or decay estimates are
known for the Teukolsky equations for fields with non-zero spin, other
than the mode stability result of Whiting [17].

Although the extreme scalars for Maxwell and linearized gravity sat-
isfy the pair of decoupled Teukolsky equations, they are in fact related
by the Teukolsky—Starobinsky Identities (TSI), see [16, 14, 10] and ref-
erences therein. Further, it is known that from the Maxwell system in a
vacuum type {2, 2} spacetime one may derive a set of three second order
differential equations (still denoted TSI) relating the extreme Maxwell
scalars ¢, @2 [8, 1]. Conversely, if a pair of extreme Maxwell scalars,
¢o and ¢o, satisfy the TME and TSI, then there is a ¢ such that the
¢; satisfy the Maxwell equations [8].

We shall now explain the relation between the TME-TSI system and
the conservation property of V. This will make it apparent that one
may view V; as an analogue of an energy-momentum tensor for the
TME-TSI system. The discussion here is in terms of type {2,2} space-
times admitting a valence (2,0) Killing spinor with aligned matter.

Lemma 2.4 gives the relations

(3.5) (1,65,0)ap =0,
(3.5b) (%1,1%2T,0@)AB = %@&(?)AB-

The following lemma shows that the system (3.5) is a sufficient condition
for the conservation property of V.

Lemma 3.1. Assume that pap € 82 satisfies the system

(3.6a) (€}, 6] o) ap =0,
(3.6b) (%,1%;7090)143 = W4B,
for some wap € 820. Let

(3.7) SAAr = (%T,o@)AA’,

and define the symmetric tensor X asparpr by
(3.8) Xupap = 55aBSaB + 3SBASHE A + ST A B AR + 3TABPA B -
Then
(3.9) VBB X ypap = 0.
Proof. By applying the operator ‘5570 to (3.6b), commuting deriva-

tives and using (3.6a), we get the integrability condition (%J,ow) aa = 0.
With 44/ given by (3.7), we directly get

(3.10) (Z1,16) =0, (Cgﬂﬁ)A'B' =0, (€¢1,19) aB = wWAB-
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The proof of Theorem 1.1 then gives (3.9). q.e.d.

Remark 3.2. 1) No assumptions were made on the spacetime ge-
ometry in Lemma 3.1.

2) Lemma 3.1 shows that the fact that V; is conserved, V*V;, = 0,
follows from the second order system (3.5), which is a consequence
of the first order Maxwell system in any spacetime with a valence
(2,0) Killing spinor with aligned matter.

If the spacetime is of type {2,2}, then k4p is of the form (3.2) and
the components of © 4p are of the form

©¢ = —2kK1¢p, 0 =0, O3 = 2K1 2.

Thus, in this case, only the extreme components of ¢ 45 appear in © 4,
and hence in 74 4/. This is also true for the right hand side of equation
(3.5b). To see this, we note that equation (2.11d) can be used to express

(ﬁgqﬁ)AB in terms of n44 and (ﬁg@)AB,

ks npe wal (Le®)p)p
(kepr©P) (kepr©P)

(3.11) (Led)ap =

Here, also the relation (ﬁg@)AB = _K(Ac(ﬁﬁ(b)B)C was used. The above
discussion shows that in a type {2,2} spacetime, the system (3.5) can
be written as a second order differential system for the pair of extreme
Maxwell scalars ¢g, 2. In particular, we find that in a type {2,2}
spacetime, Vi, can be written solely in terms of the extreme components
of ¢ 4p. This has two important consequences.

Firstly, in the Kerr—-Newman spacetime the extreme components of
the time-independent Coulomb solutions of the Maxwell field equations
are zero, and hence the conserved tensor V_; naturally excludes non-
radiating solutions of the Maxwell equation. Secondly, as we shall ex-
plain below, the second order system of differential equations for © 45,
becomes the combined TME-TSI system. To see this, we shall write out
equation (3.5) as a set of scalar equations, by projecting the equations
on a principal dyad. We shall write the resulting system of equations in
the GHP formalism [9, 12].

A priori, equations (3.5) imply two sets of three equations. However,
one of the three scalar equations implied by equation (3.6b) is redun-
dant. To see this, we shall need the following technical lemma. This
fact can also be seen by direct calculations in the GHP formalism.

Lemma 3.3. Assume that (M, gup) is a type {2,2} spacetime which
admits a valence (2,0) Killing spinor kap and assume that the aligned
matter condition holds with respect to kap.
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If pap has the property k4B pap = 0, then equation (3.6b) with

26488 T (G o0)rr  26aT (Lew)pyr
3(kepk©P) 3(keprCP)

(3.12) wAR =

18 equivalent to
(3.13) H(AC(%J%T,OCP)B)C = - %(ﬁsﬁﬁ)AB-
Proof. We see that wap consists of two pieces,
ka“wre = —2(Lep)ap and K Pwap = 264 (€] o) an.
Correspondingly, (3.6b) can be split up into (3.13) and
kAP (6116) 00) ap = 26 (€] gp) an,
which follows from k4B 5 = 0: In fact the gradient of k4Bp a5 = 0 is
0= —284pap — %HAB(%T,OSO)BA' + kB9 ( T 00) apcar-
Taking a divergence of this and using the commutator (2.8d) gives

0= 26 (ely)an 2P0 o)

AB CD _ 4\, AB

+WapcpkE™T @ PAB-

The curvature terms drop out due to x4Ppap = 0 and that (2.14)
implies that W apcp is proportional to K(4pkcp)- q.e.d.

For a Petrov type {2,2} spacetime admitting a valence (2,0) Killing
spinor with aligned matter, the GHP spin coefficients &, x’, o, 0’ are zero.
From this fact and a direct calculation one obtains the following lemma:

Lemma 3.4. For any type {2,2} spacetime admitting a Killing spinor
kap with aligned matter we can write equations (3.6a) and (3.13) in the
GHP formalism as follows.

1) The GHP form of equation (3.6a) is
(314a) 0= —2pbwa+Dbbys—27"8 o+ o,
(314b) 0= —7bya+ 37 bwa+5bdpa+37b wo— 7P o
+ 2P0 o — pdpa+1pdpe+53bpa—p 8 o
+ 308 o+ 30D o,
(3.14c) 0= —20"bPwo+b b o— 27802+ 083 ps.
2) The GHP form of equation (3.13) is
(3.15a) 0= —pPp wo+pb o+ pp wo+008 o — 78 0o —7 & o,
(315b) 0= —p'byps— b2+ b b+ T80y +7 3y — 3 0.
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Remark 3.5. 1) We see from Lemma 3.4 that equation (3.6a)

with scalar form (3.14) is equivalent to the TSI for Maxwell given
in scalar form (with a different scaling) in [1, §5.4.2]. Similarly,
in view of Lemma 3.3, the equation defined by (3.6b) with right
hand side given by (3.12), is given in scalar form (3.15) which is
the TME with a different scaling, cf. [2].

2) Equations (3.14)—(3.15) are a sufficient condition for the tensor

Xap given by (3.8) with wap given by (3.12) to be conserved.

We conclude from this discussion that Vg (or rather X, given by
(3.8) with wap given by (3.12)) can be thought of as an “energy-
momentum tensor” for the s = 1 combined TME-TSI system, which
corresponds to the scalar equations (3.14)—(3.15).

(1]
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