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ON SPACELIKE ZOLL SURFACES WITH
SYMMETRIES

PIERRE MOUNOUD & STEFAN SUHR

Abstract

Three explicit families of spacelike Zoll surface admitting a
Killing field are provided. It allows to prove the existence of
spacelike Zoll surfaces not smoothly conformal to a cover of de
Sitter space as well as the existence of Lorentzian Mdbius strips of
non constant curvature all of whose spacelike geodesics are closed.
Further the conformality problem for spacelike Zoll cylinders is
studied.

1. Introduction

A spacelike Zoll surface is a Lorentzian surface all of whose spacelike
geodesics are closed and simple and have the same length. The basic
example of a spacelike Zoll surface is de Sitter space, the homogeneous
space SOg(2,1)/S0(1,1), and its finite coverings since it is not simply
connected. It can be understood as the Lorentzian analogue of the
round sphere as it has constant positive curvature. In [9], the authors
proved that a spacelike Zoll surface is diffeomorphic to a cylinder or a
Mobius strip. This purely topological classification leaves open the finer
questions of a classification up to isometry or conformality. Recall that
the cylinder as well as the Mobius strip admit uncountable many non
equivalent conformal Lorentzian structures.

The purpose of this article is twofold. First it provides three infinite
dimensional families of examples of spacelike Zoll surfaces, in order to
test answers to the questions that arise in the study of these surfaces.
Second it tries to initiate a study of the conformal properties of spacelike
Zoll surfaces since this is the main difference, besides the topological one,
to the Riemannian case.

In the Riemannian case several explicit families of Zoll surfaces, i.e.
surfaces all of whose geodesics are simple and closed, are known. The
most famous family is certainly the Zoll spheres of revolution, i.e. with
a Killing vector field, classified by Zoll and Darboux (see [3] chap. 4).
The first work in this direction for spacelike Zoll surfaces has been done
by Boucetta [5], who provided examples of spacelike Zoll cylinders of
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revolution, i.e. admitting a periodic spacelike Killing field. However,
contrary to a Riemannian 2-sphere, Killing fields of Lorentzian cylinders
are not periodic in general. Already, on de Sitter space, there exist three
conjugacy classes of Killing fields: the elliptic, the parabolic and the
hyperbolic one, each corresponding to a conjugacy class of 1-dimensional
subgroups of SOg(2,1) acting on SOg(2,1)/SOy(1,1). Following this
line of ideas this paper investigates spacelike Zoll surfaces admitting a
non trivial Killing field.

For general spacelike Zoll cylinders the dynamics and the causal char-
acter of a Killing vector field coincides with that of a Killing vector field
on de Sitter space, see Proposition 3.4. Thus there exist only three
types: elliptic, parabolic and hyperbolic. Adding technical assumptions
allows to prove the following (see Theorems 5.6, 6.1 and 7.5 for more
precise statements):

Theorem. There exists infinite dimensional families of explicit space-
like Zoll surfaces of elliptic, parabolic and hyperbolic types.

These metrics are constructed as deformations of a covering of de
Sitter space, the deformation preserving a chosen Killing field K. In the
elliptic case, this construction is completely analogue to the one made
for Riemannian Zoll surfaces of revolution in chapter 4 of [3] and the
family obtained gives a complete classification. However, when K has
lightlike orbits, new ingredients have to be added and the deformations
are realized via atlases adapted to K (see Definitions 5.1, 7.1). These
atlases are inspired by ideas used by Ch. Bavard and the first author
in [1]. At the moment the authors are not aware of an example of a
spacelike Zoll surface with a Killing vector field that does not belong to
one of these families, but conjecture that such metrics exist.

Besides the classification problem for Zoll metrics there is the rigidity
problem for Zoll projective planes proven by Green [8] and recently
extended by Pries [11] to surfaces all of whose geodesics are closed.
These notes present a new feature of spacelike Zoll surfaces, opposing
the Riemannian case:

Theorem. There exist Lorentzian Mdbius strips of non constant cur-
vature all of whose spacelike geodesics are closed.

The examples constructed are covered by smooth spacelike Zoll met-
rics with non constant curvature and parabolic or hyperbolic Killing
vector fields invariant by antipody, see Corollaries 5.10 and 7.9. So far
it is not clear whether the geodesics of the Mobius strips obtained are
simple and all have the same length i.e. if these metrics are spacelike
Zoll. It is interesting however to note that none of the three families
contain real-analytic metrics invariant by antipody.

Dropping the assumption of a Killing vector field two major results on
Riemannian Zoll surfaces remain: one is the theorem by Green [8] and
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its recent extension in [11] mentioned before. The other one is the the-
orem of Guillemin [7] saying that the space of Zoll metrics on S? in the
conformal class of the constant curvature metric gg is a manifold near
go and the tangent space at gg is precisely the space of odd functions
on S2. If Guillemin confined his study to the conformal deformations
of the round sphere it is because of the uniformization theorem. Note
that a uniformization theorem does not exist for Lorentzian surfaces
and there exists an infinite number of non isometric conformal classes
of Lorentzian cylinders. So naturally the question appears which con-
formal classes of Lorentzian cylinders are represented by spacelike Zoll
metrics.

The conformal class of an orientable Lorentzian surface is simply
given by its pair of lightlike foliations. Hence, for 0 < n < co two sur-
faces are C"-conformal if there exists a C"-diffeomorphism exchanging
their lightlike foliations. It is then clear that two metrics may be C™ but
not C"*!-conformal for any 0 < n < co. As often in Lorentzian geom-
etry, the question of determining the conformal classes is quite subtle.
Here the conformal class are determined by considering the map from
the space of lightlike geodesics into itself obtained by reflection on the
conformal boundary. This map is clearly a conformal invariant.

This paper contains essentially three results on the conformal class
of a spacelike Zoll cylinder (C,g). Without further assumption, it is
shown that a two-fold cover of (C, g) conformally embeds into de Sitter,
see Proposition 2.6. Furthermore, combining the results of Theorem 4.2
and Theorem 5.11, we have:

Theorem. Let (C,g) be a spacelike Zoll cylinder with a nontrivial
Killing vector field. Then (C,g) is C°-conformal to a cover of de Sitter
space.

Besides, there exists parabolic spacelike Zoll cylinders that are mot
C?-conformal to any cover of de Sitter space.

The authors conjecture that there exist spacelike Zoll metrics with
a Killing field which are not C'-conformal to a cover of de Sitter. An
extended classification of parabolic spacelike Zoll cylinders could yield
such a result.

The paper is organized as follows: section 2 studies spacelike Zoll
surfaces without assuming the presence of a Killing field; section 3 gives
the description of spacelike Zoll cylinders admitting a Killing field; sec-
tion 4 determines the CY-conformal class of these metrics; sections 5, 6
and 7 are devoted to the construction of the families of examples, finally
section 8, following an idea of Blaschke, explains how it is possible to
blend the preceding constructions in order to find examples that do not
admit any Killing fields.



246 P. MOUNOUD & S. SUHR

Acknowledgement. The first author wishes to thank J.F. Bony for
useful discussions and J. Lafontaine for pointing his attention towards
the question of the existence of non constant curvature spacelike Zoll
Mobius strips. The second author wishes to thank J.-L. Flores for ex-
planations in connection with the causal boundary and the conformal
boundary of spacetimes.

The research leading to these results has received funding from the
European Research Council under the European Union’s Seventh Frame-
work Programme (FP/2007-2013) / ERC Grant Agreement 307062.

2. General spacelike Zoll surfaces

Proposition 2.1. Let (C,g) be a pseudo-Riemannian cylinder all of
whose spacelike geodesics are closed. Then (C,g) is globally hyperbolic
and the universal cover of (C,—g) is not globally hyperbolic.

Lemma 2.2. Let (C,g) be a Lorentzian cylinder with at least one non
timelike or non spacelike loop. Then (C,g) is space- and time-orientable.

Proof. By exchanging g with —g, if necessary, we can assume that the
loop in the assumption is non timelike. Further since C' is a surface we
can assume that the loop is simple. Well-known arguments in Lorentzian
geometry (cp. [10]) allow us to additionally assume that the loop is
smooth and regular.

Let v: [0,1] — C be a simple closed, smooth and regular non timelike
loop in (C, g). Further let v; and v, be lightlike vectors at v(0) pointing
to the same side of . If ~ itself is a lightlike pregeodesic, the subsequent
argument will apply to the lightlike direction not tangent to . Denote
with 7; and 7, the geodesics with direction v; and v,. Lift both to R2.
Then not both lightlike geodesics can be invariant (even up to a finite
quotient) under the group of deck transformations. So w.lo.g. we can
assume that the lift of v lies on one side of 7; the lift of 7;. Now consider
the strip bounded by 7; and its translate by the deck transformation o
induced by the fundamental class of . If /(1) does not lie in the same
connected component of {w € TC )| g(w,w) > 0} \ {0} as ¥(0), then
~ and « o7 lie in the strip bounded by 7; and « o 7. But then « will
have a fixed point in that strip, which contradicts the assumption that
« is a deck transformation.

Consequently (C, g) is space-orientable. Together with the orientabil-
ity of C' this implies the time-orientability of (C,g) as well. q.e.d.

Proof of Proposition 2.1. First we prove that (C,g) is globally hyper-
bolic. W.l.o.g. we can assume that (C, g) is spacelike Zoll (see [9, The-
orem 6.1]). It is well known that global hyperbolicity is passed down
to finite quotients. Let v be any spacelike geodesic of (C,g). By as-
sumption v is an embedded closed hypersurface. We claim that v is a
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Cauchy hypersurface in (C,g). Let n be an inextendable causal curve
in (C,g) that does not intersect 7. Choose any curve from a point on
~v to a point on 7 and parallel transport the tangent vector 4 along
that curve. Denote the transported vector by v. Since 7 is causal the
spacelike geodesic with direction v is transversal to n (w.l.o.g. we can
assume 7 to be smooth.). This induces a smooth family of closed curves
transversal to a given inextendable curve at one end and disjoint form
it at the other end. This is of course impossible. Therefore 7 intersects
v, as v disconnects C' this intersection is reduced to a point and v is a
Cauchy hypersurface. N

Next we show that the universal cover (C, —g) of (C, —g) is not glob-
ally hyperbolic. Consider a deck transformation ¢ of C = C and a
point p € C. W.lo.g. we can assume that ¢(p) € IT(p), relative to
the time-orientable metric —g. Else consider ¢! instead of ¢. Now if
(C,—79) is globally hyperbolic then the space of causal arcs between p
and ¢(p) is compact. By the limit curve lemma and the assumption that
every future pointing (—g)-timelike geodesic from p intersects ¢(p) we
can conclude that both lightlike geodesics emanating from p intersect
¢(p). Since they are curves belonging to different transversal foliations
this is impossible. q.e.d.

Proposition 2.3. Let (C,g) be a Lorentzian cylinder all of whose
spacelike geodesics are closed. Then any pair of spacelike geodesics in-
tersects at least twice. The number of intersections is even and constant
throughout the set of spacelike geodesics.

Proof. The first assertion follows from the second, since obviously
there are intersecting spacelike geodesics and any pair of loops in the
cylinder has to intersect at least twice if they intersect once.

Since (C, g) is spacelike Zoll we can assume with [9] that the geodesic
flow on T'C is a free S'-action. Fix a simple and closed unit speed
spacelike geodesic v and consider the tangent curve 4. Further let 7y, 79
be two closed and simple unit speed spacelike geodesics geometrically
different from ~. Then the tangent curves 7; and 72 are disjoint from
4. Since 4 is a loop in the 3-manifold T'C we can connect 7);(1) and
12(1) via a path p: [0,1] — T'C not intersecting 4. The geodesics with
initial direction p(s) form a (smooth) homotopy by spacelike geodesics
geometrically different from ~ with endpoints n; and 7. Since any
intersection between geometrically different geodesics is transversal, the
number of intersection between v and n; has to coincide with the number
of intersection between v and 7. q.e.d.

Lemma 2.4. Every globally hyperbolic 2-dimensional cylinder is glob-
ally conformally flat.

This fact is actually folklore. For the sake of completeness and in
the absence of a reference we give a proof. Note that the lemma shows
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that every globally hyperbolic cylinder is conformal to one connected
component of the complement of at most two simply connected and
disjoint non timelike curves. Conversely of course every such component
is globally hyperbolic.

Proof. Denote the lightlike foliations of (C,g) by F12. Let v be any
smooth Cauchy hypersurface in a globally hyperbolic cylinder (C,g).
Choose a diffeomorphism ¢: v — S'. Define two maps a, 3: C — S to
be identical to ¢ on 7, « to be constant on the leafs of 7 and 3 to be
constant on the leafs of F5. Since the lightlike foliations are transversal
the differentials of o and g are linearly independent at every point.
Lifting everything to the universal cover gives two coordinates x,y whose
level sets are lightlike. Therefore the metric in these coordinates reads
f(z,y)dxdy with f(x + 27,y +27) = f(x,y). Consequently f descends
to the quotient and the metric % g is flat. q.e.d.

Remark 2.5. Next we want to fix a conformal embedding of de Sitter
space into (S! x R, dp? — dt?). De Sitter space is isometric to (S! x
R, cosh?(t)dw? — dt?). So in order to construct a conformal embedding
into the flat cylinder we have to find a reparameterization ¢: (0,b) — R
such that (id x))*(cosh?(t)dy? — dt?) is diagonal. This is equivalent to
solving the ODE (¢')?(s) = cosh?(s). Since ¢ is supposed to be a
diffeomorphism we can assume that ¢/’ > 0. Therefore we have to solve
the equation 9/(s) = cosh(s). In fact we do not need the solution 1)
explicitly. All we require is the value b, i.e. the length of the domain of
1. This can be done by integration: We know that

S /
A N

o cosh(o)
forall s € (0,b). For t = 1(s) we then see that (wlog lims_,¢1(s) = —00)

/t LIRS »L(t).

_oo Cosh(T)

The left hand side is equal to 2arctane! (which give the solution 1 =
log(tan 3)) and therefore tends to 7 for ¢ — oo. Thus de Sitter space is
conformal to a flat cylinder with circumference 27 and height .

Proposition 2.6. Let (C2,g) be a Lorentzian spacelike Zoll cylinder.
Then for all € > 0 there exists a smooth conformal embedding of (C,g)
into (S* x R, dp? — dt?) whose image is contained in S* x (—e, 7 + ¢).
Especially up to a twofold covering (C, g) admits a conformal embedding
into de Sitter space.

Note that the conformal embedding is not surjective in general. Finite
coverings of de Sitter serve as examples.



ON SPACELIKE ZOLL SURFACES WITH SYMMETRIES 249

Proof. Let (C,g) be a spacelike Zoll surface and F': C — S' x R be
a conformal embedding. Consider the image of a lightlike geodesic of
(C,g) in S* x R. We can assume that (0,0) lies on the image and that
the image is symmetric about (0,0). Denote with (a,a) and (—a, —a)
its future and past endpoint respectively on OF(C) in S* x R. Since
(C, g) is spacelike Zoll the fundamental class of every spacelike geodesic
generates 71 (C) and via the conformal embedding their images generate
m1(S! x R). Note that due to the continuity of the geodesic flow for
every pair of neighborhoods of (a,a) and (—a, —a) there exist spacelike
geodesics passing through (0,0) and intersecting these neighborhoods.
The geodesics have to close up after one round. Since the circumference
of the circle is 2w, the value of 4a is bounded from above by 2w, i.e.
a<m/2.

Let 7 be a lightlike geodesic in (C, g). Denote with = and y the future
and past endpoints of Foy in S xR respectively. Since (C, g) is globally
hyperbolic the boundary of F'(C') is achronal (see e.g. [6] Theorem 3.29
and 4.16). Therefore we have F(C) C St xR~ (I'*(z)UI~(y)). The last
set being compact shows that OF (C') consists of two closed and simple
disjoint non timelike curves y*: ST — S xR with toy* > toy~. Since
neither v nor v~ can be everywhere lightlike, we can approximate both
curves up to a given error € > 0 by smooth, closed and simple disjoint
spacelike curves 72 : S — S!xR. Note that the precompact component
of ST xR~ (vF(SY) U~ (SY)) is a globally hyperbolic spacetime which
is e-close to F(C') whenever v are e-close to 7.

Now consider the cylinder (S' x R,dy? — dt?) as the quotient of
(R2, dzdy) by the Z-operation generated by (z,y) — (z+v/2m,y+27).
Denote with 3£ the lift of v to R2. W.l.o.g. we can assume that 7=
are parameterized as graphs over the z-axis, i.e. 75 (s) = (s,0X(s)) for
some maps 9;5: R — R. Since ’ygc are spacelike, closed and simply 93
are Z-equivariant diffeomorphisms.

Set 0-(s) := (6 (s)+6-(s)). 0 is obviously a diffeomorphism of the
reals. Define the diffeomorphism ©: R? — R? by O(z,y) := (z,0-1(y)).
It is conformal and maps the spacelike curve s — (s, 6(s)) to the diag-
onal A = {(z,y)| x = y}. We know that

sup|01 (s) = 0 ()] < V2(m +¢),

i.e. the curves © o5 have distance at most “TJFE from the diagonal. This

implies the same maximal distance from the sets {t = 0} in the quotient
space. Since for the chosen conformal embedding of de Sitter we have

0F(s) =s+ %, the claim follows. q.e.d.
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3. Killing fields on spacelike Zoll surfaces.

From now on, we will be interested in spacelike Zoll cylinders admit-
ting a Killing field K, i.e. a vector field with complete flow consisting
of isometries. We will prove in this section that the dynamics of K are
always similar to that of a Killing field of a cover of de Sitter space. See
Proposition 3.4 for the precise statement.

Proposition 3.1. Let (S,g) be a connected Lorentzian surface all
of whose spacelike geodesics are closed. Then any locally Killing vector
field of (S, g), i.e. with antisymmetric covariant derivative, is complete
and therefore Killing.

Proof. Let K be a locally Killing vector field on S and let ®x be its
local flow. For any z € S, we define w, by w, = sup{t; D4 () exists}.
Let v be a spacelike geodesic and wy = inf.c, w,. Let us assume that
there exists = € 7 such that w, > w, then @ﬁ (7) is a spacelike geodesic
that is not contained in any compact subset of S. This clearly contra-
dicts the assumption that all spacelike geodesics are closed. Therefore
we have w, = w, for any x € . Since any pair of points in S can be
joined by a broken spacelike geodesic, the function w is constant and
the flow of K is complete. q.e.d.

Proposition 3.2. Let (C,g) be a spacelike Zoll Lorentzian cylinder
admitting a non trivial Killing field K. Then every spacelike geodesic
of g is at least twice tangent to K or contains at least two zeros of K.
It follows that

1) K is periodic if and only if it is spacelike and if and only if it has

a recurrent orbit;
2) K is vanishing if and only if K is somewhere timelike;
3) any geodesic perpendicular to K contains all its zeros.

In particular, K has to be spacelike somewhere. Further K has only
finitely many lightlike orbits.

Proof. Let v be a spacelike geodesic of g. If there exists ty such that
v~ (o) is transverse to K then by pushing v along the flow of K gives
a spacelike geodesic intersecting « in at most one point. But, according
to Proposition 2.3 this is impossible.

It is well known that if K vanishes then it is somewhere timelike.
Reciprocally, if K is timelike at a point x € C, consider the geodesic
7 defined by v(0) = z, g(v'(0),7(0)) = 1 and g(7/(0), K;) = 0. As vy
cannot be tangent to K and as it cannot be everywhere transverse to
it, K vanishes somewhere along . Moreover, if m is a zero of K and
4 a spacelike geodesic containing m, we choose 4 different from ~. By
Proposition 2.3, 4 intersects . As 7 and 4 cannot be tangent and as
they are both perpendicular to K, the intersection can be only at a zero
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of K. It follows that there exists ty such that @3‘}(7) = 4 and therefore
m € v and any zero of K is on 7.

According to [9], a spacelike Zoll surface has no closed lightlike geo-
desic, therefore a periodic Killing field has to be spacelike. Reciprocally,
if K is a spacelike Killing field and if v is a spacelike geodesic that is not
an orbit of K then Clairaut’s first integral imposes the value of g(K, K)
at the points where K and v are tangent. It follows that K is tangent
to v only at points where the restriction of the function a defined by
a(x) = g, (K, K;) to v reaches its maximum. But as 7 is compact this
function also has a minimum, a point xg realizing this minimum has to
be a critical point of «, considered as a function on C. The orbit of K
through zq is therefore a spacelike geodesic and so is closed.

If K has a recurrent orbit, there exists a spacelike geodesic vy in-
tersecting this orbit transversally at a point  and ¢y > 0 such that
@’}g(x) € 7. Since a geodesic 77 emanating from @’}g(x) is uniquely de-
termined by g(17,7) and g(K,7), we have ®2(v) = 7. Consequently,
<I>'}°( is an isometry of v seen as a Riemannian circle. Therefore the orbit
of <I>'}°( is dense or finite. It cannot be dense as K would be everywhere
transverse to . Hence, it is finite and K has a closed orbit.

The proposition follows then from the fact that a (complete) Killing
field on a Lorentzian surface that has a closed leaf is periodic. Indeed,
every geodesic emanating from a point x contained in a closed orbit of K
is mapped to itself by <I>'}°( for some tg > 0. The isometry <I>'}°( has a fixed
point = and its differential d ®‘C(x) is an element of SOg(1,1) (if C' is
not assumed to be orientable we replace ty by 2tp) having an eigenvalue
equal to 1 (associated to the eigenvector K) therefore d@tfg = Id and
therefore <I>tI°< =Id.

Assume that K has an infinite number of lightlike orbits. Since space-
like Zoll surfaces are globally hyperbolic, any given spacelike geodesic
~ intersects all lightlike geodesics that contains lightlike orbits of K. If
the complement of the lightlike orbits has only finitely many connected
components, then an open subset of C' is foliated by lightlike orbits of
K. If not, the complement has infinitely many connected components.
Since K is smooth and ~ is compact, there exist an infinite number of
these components on which K is transversal to 7. Choose any such con-
nected component. If K is spacelike on it, then g(K, K) has a maximum
on the intersection of v with that component. But then one orbit of K
is a spacelike geodesic and therefore closed. This contradicts the first
part of the proof. So on these infinitely many connected components K
has to be timelike. We can therefore choose v to be orthogonal to K.
But it means that v cuts only timelike or singular integral curves of K,
therefore v contains an infinite number of 0 of K. Which is impossible
since 7 is compact. Therefore we can assume that an open subset of C'is
foliated by lightlike orbits of K. It follows from the Lorentzian version
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of Wadsley’s theorem, see [9, Theorem 2.3], that the set of lengths of
spacelike geodesics of a spacelike Zoll metric is bounded. On the other
hand, if S is a strip foliated by lightlike orbits of K then S is flat and
isometric to (I x R,dzdy) for some interval I. Thus, for any 7' > 0
there exists a spacelike geodesic segment contained in S whose length

is greater than 7. Hence, (C, g) does not contain any strip foliated by
lightlike orbits of K. q.e.d.

Proposition 3.3. Let (C,g) be a spacelike Zoll cylinder admitting a
non trivial Killing field K. Letn be a lightlike geodesic of g that is trans-
verse to K and « be the function on C defined by a(x) = g,(Ky, K;).
Then the function o tends to +o0o at both ends of n. Moreover, if K is
not periodic then o vanishes once or twice on n and if there exists © € n
such that a(x) < 0 then it vanishes exactly twice.

Proof. Let n: (tinf, tsup ) — C be a lightlike geodesic that contains a
point x such that a(z) > 0. For any ¢, if a(y(t)) > 0 then (aoy)'(t) #0
or (awo)"(t) > 0. Indeed, if (awo~)’'(t) = 0 then the orbit of K through
~(t) is a geodesic and therefore, as g is spacelike Zoll, contains conjugate
points. The curvature of g being constant along this geodesic, it has to
be positive and therefore (a0 ~)”(t) > 0 (see Lemma 4.9 of [3]).

Clairaut’s first integral tells us that along any spacelike geodesic
the value of g(¥, K) is constant. We denote it by k.. Even if we impose
g9(%,9) = 1, it can be chosen as big as wanted by taking an initial
speed at a point where o > 0 sufficiently close to a lightlike direction.
Moreover if K is tangent to v and if g(%,7) = 1 then the value of «
at this point is equal to k?/ Any spacelike geodesic being somewhere
tangent to K, the function « is unbounded on C.

We suppose first that K is periodic. The saturation of any lightlike
geodesic n by K is equal to C. We have seen in the proof of Proposition
3.2 that « has critical points. But, we just saw they are all local minima.
It means that « has a minimum that is realized on a unique orbit of
K that we denote by 9. We choose 1(0) such that n(0) € ~, i.e. such
that it realizes the minimum of «. The restriction of a0 n to |tiue, 0]
and 0, tsyp [ are strictly monotonous and, as any spacelike geodesic has
to be tangent to K on both side of vg, we see that a0y — +oo when ¢t
goes to tins Or tgyp -

We can assume now that « vanishes somewhere (but maybe not K).
Let 1 be a lightlike geodesic that is transverse to K. Let us first suppose
that a(z) > 0 for some = € 7. Let V be the connected component of
a~1(]0, oo[) that contains . The vector field K sends lightlike geodesics
to lightlike geodesics and leaves V invariant. On V the vector field K
is transverse to any lightlike geodesic, thus the flow of K defines an
open equivalence relation on the lightlike geodesics of V. Hence, V is
the saturation of n NV by the flow of K. Let v be a spacelike geodesic
intersecting V. As the function « vanishes on 9V the restriction of «
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to y NV has a local maximum and therefore v has to be tangent to K
somewhere in V. Therefore « is unbounded on V. Any level set of aly
intersects 7 since the saturation of n NV under K is V. Since o, is
monotonous, the restriction of o to 7NV goes to 400 at one end and
to 0 at the other end.

Let us now see that this other end corresponds to an intersection
between n and a lightlike orbit of K. The function « is strictly mo-
notonous on 1 NV, therefore for any ¢ > 0, a~!(c) NV is equal to one
orbit of K. Any spacelike geodesic is twice tangent to K, therefore the
boundary of V' contains at least two non trivial lightlike orbits of K. We
choose small lightlike transversal 7 and 7 along each of them such that
a(riNV) =a(reNV). As the level sets of & on V are equal to orbits of
K, there exists ¢; such that @%(Tl) N1e # (. If 7 and 75 are pieces of
leaves from the same lightlike foliation then ®%.(7) NV = NV. But
it would mean that 7y and 7 are transversals of the same lightlike orbit
of K, contrary to our assumption. Hence we can assume that 7 and the
geodesic containing 71 are leaves of the same foliation. Consequently
there exists ta such that <I>t1§(7'1) NV C n and therefore n intersects a
lightlike orbit of K.

In order to see that a goes to +oo we just have to prove that it
takes positive values again. Let x be a point of 1 such that a(z) = 0.
According to Proposition 3.2, the function « has to take non zero values
again. Let us suppose that there exists a point y € 1 such that a(y) < 0.
We choose a parametrization of 1 starting from y and 3 unit spacelike
geodesics v; starting also from y. The geodesic = is perpendicular to
K and the initial speeds satisfy

19(31(0), 7(0))] < 19(30(0),7(0))] < [9(52(0),7(0))-

That is 71 is the closest to n. We remark that the roles of 41 and 9 are
permuted if 7 is replaced by 7 the other lightlike geodesic emanating
from y.

As above we choose two numbers a < 0 < b such that 7, is transverse
to K on ]a,b[ and such that K is tangent to -, at the points y3(a) and
v2(b). Let U be the saturation by K of va(]a,b[). Let us see that each
orbit of K cuts at most once v2(Ja,b[). If y € ya(]a,b]) and L (y) €
v2(Ja, b[) then, using Clairaut’s first integral and the fact that a flow
always preserves the orientation, we see that @'}0((72) = 7. As the set
of tangency points between v and K is preserved by the flow of K it
follows that ®'2(y2(]a, b])) = y2(]a, b]). If tg # 0 then K has closed orbits
contrarily to our assumption. The map (s,t) — ®% (12(t)) therefore
defines coordinates on U such that metric reads a(t)ds?+2dsdt+dt? (in
order to obtain a 2 we may have to change K by one of its multiples),
with a(0) < 0. The open set U contains lightlike orbits of K. Let
¢ €]0,b[ the smallest number such that a(c) = 0. It corresponds to
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an orbit of K that goes to a zero of K (a separatrix). It implies that
a/(¢) > 0 (otherwise D K(7y2(c)) = 0) therefore o/(t) > 0 for t > c.
Doing the same for the biggest number d €]a, 0] such that a(d) = 0, we
see that U contains exactly 2 lightlike orbits of K that are separatrices
of saddle points.

The intersection of ~y with U is asymptotic to these lines therefore
nNU cannot cut any of them and it has also to be asymptotic to them
in both direction. It implies that 7 cuts the two lightlike orbits of K
contained in U (see figure 1). Swapping the roles of 1 and 7 we see
that n cuts the two lightlike orbits of K contained in the open set U’
obtained by saturating a segment of ~y;.

Figure 1. the positions of the curves vy, 2, n and 7 on U.

Thus there are points on 17 on both side of y where « takes positive
values therefore a goes to infinity on both ends of 7. q.e.d.

If (C, g) is a spacelike Zoll surface with a Killing field K then Propo-
sition 3.3 says that in the coordinates obtained by K-saturation of a
lightlike geodesic the metric reads h(y)dz? + 2dxdy with h defined on
an interval I =]t~,¢+*[ and h — +oo when y — t*. We can actually
precise this fact:

Proposition 3.4. Let (C,g) be a spacelike Zoll cylinder admitting a
non zero Killing field K.

1) When K is periodic, then (C,g) is the quotient by a horizontal
translation, of a metric on R? that reads h(y)dx? + 2dxdy where h
is a positive function that has a unique local minimum and satisfies
limy 4o h(y) = +00.

2) When K does not vanish and is not periodic, then there exists a
finite atlas {(U;,i),i € Z/2kZ} such that ¢;(U;) = R x I; and
1/12-_1*9 = hi(y)dz? + 2dxdy where the h; are non negative smooth
functions, such that

e h;i(0)=0

e the h; are strictly monotonous on |t;,0[ and on ]0,t] |
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¢ limy—ni hi(y) = +o0;
o hyi(t) = hoiy1(t) for any t > 0 and hg;i(t) = hei—1(t) for any
t<O0.
3) When K wvanishes, then there exists a finite atlas {(Uj,v;),i €
ZJAKZ} of C minus the set of zeros of K such that 1;(U;) = Rx I;
and (1/12-_1)*9 = h;(y)dx?+2dxdy where the h; are smooth functions

such that:
e for any i € A, there exists a; < 0 < b; satisfying hi(a;) =
hi(b;) =0,

h; is positive and strictly monotonous on |t; ,a;[ and on |b;, ],
h; is negative on |a;, b;[,

hmy—nf hi(y) = +o0;

hai(t) = hoip1(t — ag; + agiq1), for any ag; <t < bo;;

hai(t) = hoip3(t — ag; + agiy3), for any t < ag;;

hoi—(t) = hoi(t — bai—1 + ba;), for any t > ba;_1.

Proof. The first case is a direct consequence of Proposition 3.3 and
the fact that, in this case, the saturation of any lightlike geodesic of the
universal cover is the entire space. The interval I corresponds to the
interval of definition of the geodesic.

Let us assume now that K is not periodic. Let n; be a lightlike
geodesic such that g(n, K) = 1. It follows from Proposition 3.3 that
the map (s,t) — @4 (n1(s)) is a diffeomorphism onto its image, that we
denote U;. In these coordinates the metric reads hidt? + 2dsdt. Let
Uit be a connected component of a~1(]0, +00[) NU;. Let 12 be another
geodesic such that g(r, K) = 1 and cutting n; at a point p € U;.
We define Uy and hy as above and U2+ as the connected component of
a™1(]0, +oo]) N Uy that contains p. It is easily verified that 7, cuts all
the leaves of K contained in U1+ (cp. previous proof), therefore U1+ =
U2+ and the functions hy; and hs coincide on Ufr . It implies that the
derivative of hq on the boundary of U1+ in U7 is equal to the derivative of
ho on the boundary of U2+ in Us. According to Proposition 3.3 it means
that h; changes sign if and only if ho does. As any pair of points can
be connected by a broken lightlike geodesic, it implies that if a function
h; takes negative values they all do.

The properties of the function h; are also given by Proposition 3.3.
The fact that the atlas is finite is equivalent to the fact that K has only
a finite number of lightlike orbits and therefore follows from Proposi-
tion 3.2. The identities between the h;’s follow from the fact that the
transition maps between the charts are isometries. q.e.d.

Let us remark that Proposition 3.4 actually says that there are only
three possible dynamics for Killing fields of spacelike Zoll cylinders, the
three dynamics that appear on de Sitter space. The study thus splits in
three cases that we will call elliptic, parabolic and hyperbolic in reference
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to the constant curvature case. In order to be able to determine when
such metrics are indeed spacelike Zoll, we have made assumptions on
the h; appearing in Proposition 3.4, see sections 5 and 7.

4. The Conformal Classes

In this section we prove the C%-classification of the conformal classes
of spacelike Zoll cylinders admitting a Killing vector field.

Definition 4.1. Let g, ¢’ be Lorentzian metrics on a manifold M. A
homeomorphism ®: M — M is called a conformal homeomorphism if
it maps g-lightlike geodesics to ¢'-lightlike geodesics up to parameteri-
zation. If such a ® exists (M, g) and (M, g') are called C%-conformal.

Note that for surfaces C%-conformality is equivalent to the property
that the lightlike foliations are mapped onto each other. Denote with
[g] the conformal class of the pseudo-Riemannian metric g.

Theorem 4.2. Let (C,g) be a spacelike Zoll cylinder with a non
trivial Killing vector field K. Then (C,g) is C°-conformal to the k-fold
cover of de Sitter space, where 2k is the number of intersection points
between any pair of distinct spacelike geodesics. Besides, if K is periodic
then (C,g) is C*-conformal to the k-fold cover of de Sitter space.

The proof will be given at the end of the section. In general the C°-
conformality cannot be improved to C?-conformality as Theorem 5.11
shows.

Proposition 4.3. Let (C, g) be a globally hyperbolic spacetime admit-
ting a conformal embedding F: (C,g) — (S x R, dg? — dt?). Assume
that there exists a conformal homeomorphism ®: (C,[g]) — (C, [g]) that
leaves each lightlike foliation of (C, g) invariant. Then Fo®oF~! has a
unique extension as a conformal homeomorphism of (S* x R, dp? — dt?).
If furthermore ® is a C"-diffeomorphism, so will be the extension.

Proof. Since we are interested in the conformal structure only, we
can assume from the very beginning that C' is an open subset of S x R
bounded by possible none, one or two closed and simple non timelike
loops.

Consider (S' x R,dp? — dt?) as the quotient of (R?, dzdy) by the
Z-action generated by (z,y) — (z + /27,y + v/27). Lift everything to
R2 and denote the lift of ® with ®. Since ® maps horizontal lines to
horizontal lines and vertical lines to vertical lines, we see that &J(az, y) =
(®1(z), ®2(y)). By the assumption that (C, g) is globally hyperbolic the
intersection of any lightlike line in (R?, dzdy) with C is an interval. This
implies that the maps ®1(z) = 20 ® and ®5(y) = yo® are well defined.
Since z(C) = y(C) = R, we can define the extension of ® denoted by
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®, to R? by setting B (z,y) := (P1(z), P2(y)). This extension is unique
if we impose the condition of conformality on the extension. Since ®;
and P9 are equivariant under the deck transformation group of R? over

S x R described above, ®, descends to a conformal homeomorphism of
(S x R, dp? — dt?). q.e.d.

Corollary 4.4. If K is a smooth conformal vector field on a globally
hyperbolic cylinder (C,g), then for every smooth conformal embedding
F: (C,g9) — (S x R,dp? — dt?) there is a unique smooth extension K
of F,K to a smooth conformal vector field of (S* x R,dp? — dt?).

Proof. We have seen in the previous proof that the local flow of the
lift of F,K to the universal cover (R?, dzdy) has the form ®;(z,y) =
(®14(x), P2t(y)). This implies that the lift of F, K has the form

(Ko (2), Ka(y))

for smooth functions K7, Ky on the lift of F'(C'). Since the intersection
of every horizontal and vertical line with the lift of F'(C') is non empty
and connected, we can extend the functions K; and K5 to R? by setting
Ky = (K1, Ks) where K is the value of the z-part of K on the
intersection of the vertical line through (x,y) with the lift of F/(C) and
K is the respective value on the intersection of the horizontal line with
the lift of F'(C). Since the lift of F,K is invariant under the group of
deck transformations, it is now obvious that the constructed vector field
induces a smooth conformal vector field on (S* x R, dp? — dt?). q.e.d.

Corollary 4.5. If (C,g) is spacelike Zoll and admits a nontrivial
Killing vector field K, then the conformal boundary is piecewise smooth
and spacelike. If K has no lightlike leaves then the boundary is spacelike
and smooth.

Proof. By Corollary 4.4 the Killing field K admits a unique conformal
extension to S' x R for every conformal embedding. Since the image
of C is invariant under the flow of the extension, so is the conformal
boundary. Therefore the conformal boundary consists of non timelike
orbits of the extension since (C, g) is globally hyperbolic. By Proposition
3.2 K has only finitely many lightlike orbits. Therefore the conformal
boundary contains only finitely many singularities of the extension, i.e.
the common limit of lightlike orbits. The rest consists of spacelike or
lightlike orbits.

We want to exclude the lightlike case. So assume that there is a
lightlike orbit of K in the boundary of C. We denote it by I. Since the
boundary is invariant under the flow of K the entire lightlike orbit of
K is contained in the boundary. Let n be a lightlike geodesic asymp-
totic to a point in I. By Proposition 3.2 we know that g(K, K) — oo
as 7 approaches the boundary. Especially K will be spacelike near
the boundary. We will now consider 7 only near I. Note that since
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C' is 2-dimensional —g is Lorentzian again. Further (C,—g) is time
orientable by Lemma 2.2. Time orient (C,—g) such that K is future
pointing on 7. Lift everything to the universal cover (C, —§). Now de-
note with J*(y) and J~(y) the causal future and past respectively of
Yy € C relative to —g with the lifted time orientation. Since the lifted
boundary is lightlike as well we see, e.g. by considering the situation
in a conformal embedding into (R?, —dzdy), that for points x on 7 suf-
ficiently close to the boundary the set J*(z) N J~ (CIJ}{(JJ)) is compact

in 6’, where @ = denotes the flow of lifted Killing field K. Recall that

every Lorentzian metric on C is causal. It is well known that these
two properties imply that the set of future pointing causal curves, mod-
ulo reparameterizations, from z to <I>}~{(3:) is compact in the space of

causal paths of (C, —§) (Proposition 8.7 in [2]). Therefore z and Pl ()
are connected by a maximal —g-timelike (i.e. g-spacelike) geodesic of
g-length at least fol V9(K,K)dt = \/g(K, K)(z). The right hand side
diverges as  — 9C, thus showing that (C,g) contains arbitrarily long
non selfintersecting spacelike geodesic arcs. This contradicts Wadsley’s
Theorem (cp. the last argument in the proof of Proposition 3.2). q.e.d.

Definition 4.6. (a) Let (C,g) a be globally hyperbolic cylinder
and F: (C,g) — (S' x R,dp? — dt?) a conformal embedding. A
ping-pong in (m, de? — dt?) is a piecewise smooth, closed and
simple lightlike loop with vertices on the boundary.

(b) Let k € N. A globally hyperbolic cylinder (C,g) has the k-ping-
pong-property (k-PPP) if every lightlike geodesic of (C, g) lies on
a ping-pong and every ping-pong has exactly 2k vertices.

The definition of ping-pongs can be interpreted in a dynamical con-
text. We describe this interpretation at the end of this section.

Remark 4.7. Ping-pongs can only exist in conformally compact
globally hyperbolic cylinders. Further, ping-pongs are invariant under
conformal homeomorphisms, i.e. the definition is independent of the
conformal embedding F'.

It is clear from the construction of the conformal class of de Sitter
that the k-fold cover of de Sitter has the k-PPP.

The next Proposition is the first step in the proof of Theorem 4.2.

Proposition 4.8. Let (C,g) be a spacelike Zoll cylinder admitting a
non trivial Killing vector field. Then (C,g) has the k-PPP where 2k is
the number of intersections of any pair of spacelike geodesics.

Note that finite covers of de Sitter show that every k € N appears.

Lemma 4.9. If the conformal boundary of a globally hyperbolic cylin-
der in ST x R has no lightlike parts, then every lightlike geodesic lies on
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at most one ping-pong. Further if every lightlike geodesic lies on a ping-
pong, then the spacetime has the k-PPP for some k € N.

Proof. If the conformal boundary has no lightlike parts the intersec-
tion of a lightlike line with it is unique. Therefore the vertices and sides
of a ping-pong are uniquely determined by any side of it. Further if the
conformal boundary has no lightlike parts, the intersection of a light-
like geodesic with the boundary varies continuously with the geodesic.
Therefore the first selfintersection of a ping-pong varies continuously.
Since the number of sides and vertices of a ping-pong is finite, it is
constant throughout the set of lightlike geodesics. q.e.d.

Proof of Proposition 4.8. We will show that every lightlike geodesic is
a side of a ping-pong by considering it as the limit of a sequence of
spacelike geodesics.

Let F: (C,[g]) — (S' x R,[dp? — dt?]) be a conformal embedding.
We will not distinguish between (C,g) and its image under F. Repa-
rameterize all spacelike geodesics of (C, g) as graphs over S x {0}, i.e.
graphs of 1-Lipschitz functions on S'.

Now let 1 be a lightlike geodesic of (C,g). Reparameterize n as a
partial graph over S' x {0} and denote it with the same letter. Next
consider a sequence of spacelike pregeodesics 7, such that 4,(0) —
7(0). By the Theorem of Arzela-Ascoli a subsequence of =, converges
uniformly to a [dp? — dt?]-non timelike curve 74, : S — S* x R. By our
assumptions 7 is a subarc of the limit curve.

Since Yo is the limit of spacelike pregeodesics and (C, g) is spacelike
Zoll, the limit curve has to be lightlike everywhere on the intersection
with C. This follows from the fact that in C' the curve 74 is a non
timelike pregeodesic as it is a limit of spacelike pregeodesics. If it is
not lightlike, v, will be a spacelike pregeodesic and therefore nowhere
lightlike, thus contradicting the initial assumption on the sequence.

Fix a closed and simple spacelike geodesic 7y of (C, g) not contained
in the sequence {v,}nen. Since all 7,’s intersect 7y transversally in
exactly 2k points, the limit curve intersects 7y in exactly 2k points as
well. Note that the intersections cannot approach one another in the
limit since on g the injectivity radius is bounded from below. Therefore
Yoo contains exactly 2k lightlike pregeodesics of (C, g).

We claim that the limit curve has only vertices on the boundary of
C in S' x R. Then 74 will be a ping-pong with exactly 2k sides. If the
2k lightlike pregeodesics do not cover the entire limit curve, a piece of
the boundary has to be part of the limit curve. Note that by Corollary
4.5 the conformal boundary of (C, g) consists of spacelike and constant
orbits of the unique conformal extension of the g-Killing vector field K
to (S x R, [d¢? — dt?]). Let Yooljto,t;] Pe @ subarce lying in a spacelike
orbit of K and U a neighborhood with K|y spacelike. By restricting
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U and [tg,t1] we can assume that g(K, K)|,, has at most one critical
point, a maximum, in U for all ~, intersecting U. This follows from
the classification of the Killing vector fields of spacelike Zoll cylinders in
Proposition 3.4. In fact let ¢ be a critical point of g(K, K|, that is not
a maximum. Then 7, is transversal to K. Thus the K-orbit through
Tn(t) is itself a geodesic. If it is spacelike, it has to be closed and K
is spacelike everywhere. In this case there is only one geodesic K-orbit
and we can assume that it lies outside of U. In the other cases K,
has to be a non spacelike and again we can assume that it is disjoint
from U. Further note that the maxima of g(K, K)|,, are exactly the
minima of

arcoshZ ., (K, 3,) = 9(K, n) )
3 = R K i )
Note that this definition makes sense without referring to g, since it
coincides with the respective quotient in (S' x R, dp? — dt?). Conse-
quently, by Proposition 3.4, the quotient is monotonous in U except
at its minima. From our assumptions we know that 7”|[to,t1} converges
uniformly t0 7ool[4y,,] @ piece of a spacelike orbit of K. Use K and a
curve orthogonal to K in U to introduce coordinates (w,z) on U such
that 0, = K and 0, L K relative to dp? — dt?. Note that on the inter-
section with C' the orthogonality also holds with respect to g. Choose
constant 0 < C1,Cs < oo such that the absolute value of the slope of
lightlike vectors in these coordinates is bounded between C7 and Cs.
Reparameterize the 7, and v, on the intersection with U as graphs
over the w-axis. Let wg := Yoo (to) < W1 := Yoo(t1). For € > 0 choose N
such that
Vnlfwown) © U N Al2] < eCa(wr —wo)}
for all n > N. Since the slope of 4, is bounded by Cs and z(7,) has at
most one critical point in U, the slope of 4, is bounded by Cse on a set
A C [wg, wq] of measure at least (wy — wp)(1 — 2Cs¢).
9(K¥n)
\/g(K7K)\/Q('.Yn7'§/n)
that dp? — dt? in the (w, z)-coordinates reads as Edw? — Gdz? for some
positive smooth functions £, G on U. The upper bound on the slope of
the lightlike directions is equivalent to saying F—GC3 < 0, i.e. g > 1 .

Now we can give a bound on on A. In fact we know

The lower bound on the slope is equivalent to saying F — GC’l >0, ie.

G < 1 . For 4, = (1,42,,) we then have
G .9 722n 52022
1— 242 >1-2n s
E =" Ct Ct

on A. As E = ¢g(K, K) we have

m

VK, K) < g5, An)-
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Thus we have

L0n) = [ Valia s
> (wy — wo)(1 — 2025)7V(112_C§€2 inf \/g(K, K).

Ch
Since we can choose U as small as we wish, infy /g(K, K) will diverge
to co by Proposition 3.4. Thus the g-length of the ~,, diverges as n — co.
This contradicts the corollary of Waldsley’s theorem asserting that the
geodesic flow on the unit tangent bundle of a spacelike Zoll manifold is
periodic. q.e.d.

Proposition 4.10. A globally hyperbolic cylinder (C,g) has the k-
PPP and the conformal boundary contains no lightlike parts iff it is C°-
conformal to the k-fold cover of de Sitter space. Further if the conformal
boundary is C™-spacelike, then the conformal homeomorphism can be
chosen to be a C"-diffeomorphism.

Assume that the globally hyperbolic cylinder (C,g) has the k-PPP
and the conformal boundary contains no lightlike parts. Lift everything
to the universal cover (R?, dzdy) of (S x R,dy? — dt?) with the deck
transformation group generated by (z,y) — (z 4+ V27,5 + v/27). Then
the boundary of the universal cover C is the union of the graphs of
two v/2m-equivariant homeomorphisms 0% : R — R, i.e. 6% (z + /27) =
0% (z) + /27, over the z-axis (6~ < 7).

Lemma 4.11. Assume that the conformal boundary of the globally
hyperbolic cylinder (C,g) does not contain any lightlike parts. Then
(C,g) has the k-PPP iff (67)" o 0T)F(2) =z + /27 for all z € R.

Proof. Let « € R. Then (z, 0" (x)) is the future endpoint of a vertical
lightlike g-geodesic v of (C,g) in R2. The point ((7)"tof™ (), 0" (x))

is the past endpoint of the horizontal lightlike g-geodesic ’ye_+(x) of (C,9)

in R? whose future endpoint in R? is (z,6%(z)). Now we can consider
the vertical lightlike geodesic of (6’ ,§) whose past endpoint is ((§~) o
0" (x),07 (x)) and start the above construction over again. This defines
inductively a series of wedges in (R?, dzdy) with vertices in dC' and sides
in C.

Now if (C, g) has the k-PPP take the lift of a ping-pong that contains
a given lightlike g-geodesic ;. The ping-pong in (C,g) returns to
the same geodesic after k wedges in (S x R, dp? — dt?). By the first
paragraph this implies that ((67)~! o #7)*(2) = x + v/27. Since any
v, lies on the lift of a ping-pong, we see that the k-PPP implies the
identity for (=)~ o 6T)F.
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For the other direction we can restrict ourself to geodesic lifting to
vertical lightlike geodesics since the claim for geodesics lifting to hor-
izontal lightlike geodesics follows by considering the vertical lightlike
geodesic with the same future endpoint as the given horizontal lightlike
geodesic. If the identity ((#7)~ o #7)*(z) = x + v/27 holds for all z
then the projection to S' x R of the wedges constructed in the first
paragraph will form a k-ping-pong, thus showing the lemma. q.e.d.

Proof of Proposition 4.10. The second assertion will readily follow from
the construction in the first part. Further if (C,g) is CY-conformal to
the k-fold cover of de Sitter space, then the k-PPP is obvious for (C, g).
The conformal boundary does not contain any lightlike parts either since
this is invariant under conformal homeomorphisms.

Using the Lemma choose a v/27-equivariant homeomorphism : R —
R conjugating (67)~! o §% to a translation by % Applying (=1 o
6+ o )~! to both sides we obtain

(Y of o) Ha) — (v o b 0rp) ()

Now we can isotope ¢! 06~ o1 and ¥~! o 81 o ¢ simultaneously to
translations. Note that for the k-fold cover of de Sitter the boundary
is given by two translations whose difference is % Thus the result of
this isotopy is a conformal homeomorphism of (C, g) to the k-fold cover
of de Sitter space.

Finally the conformal boundary is C"-spacelike if, and only if the
homeomorphisms #* are C"-diffeomorphisms. Since (§7)~! o 7 is pe-
riodic the conjugation ¢ can be chosen to be C™ as well. This shows
that in this case (C,g) is C™-conformal to the k-fold cover of de Sitter
space. q.e.d.

_ Vor
==

Proof of Theorem 4.2. The proof follows from Corollary 4.5, Proposi-
tion 4.8 and Proposition 4.10. In fact if (C,g) is spacelike Zoll then
by Corollary 4.5 the conformal boundary does not contain any light-
like parts. Further by Proposition 4.8 (C,g) has the k-PPP for some
k € N. By Proposition 4.10 these two properties imply that (C,g) is
CO-conformal to the k-fold cover of de Sitter space. If K is periodic
then by Corollary 4.5 the boundary is smooth and by Proposition 4.10
the conformal homeomorphism is a smooth diffeomorphism. q.e.d.

As announced we give a dynamical interpretation of ping-pongs. Con-
sider a globally hyperbolic conformally compact cylinder (C,g) whose
conformal boundary has no lightlike parts. Then we know that ev-
ery lightlike geodesic lies on a unique lightlike polygonal chain (with
self intersections) with vertices on the conformal boundary. The map
(67)~' 0 AT can be defined as before and induces a homeomorphism of
the future conformal boundary of (C,g). The difference is that i.g. the
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polygonal chains do not close, i.e. no power of this homeomorphism
is the identity. In fact a periodic point corresponds to a closed chain.
If the chain has no selfintersections the lightlike geodesic is a side of
a ping-pong. It is conceivable that this map completely encodes the
conformal class of (C, g) on every level of differentiability.

5. Parabolic case

In this section we will describe a family of parabolic spacelike Zoll
surfaces, i.e. admitting an atlas similar to the one described at point 2
of Proposition 3.4. This family will allow us to construct several inter-
esting examples, such as Moebius strip all of whose spacelike geodesics
are closed with non constant curvature or spacelike Zoll cylinders not
smoothly conformal to a cover of de Sitter space. We start with the
following definition of a “parabolic atlas”.

Definition 5.1. Let (C,g) be a Lorentzian cylinder with an atlas
A ={(U;, $:);i € Z/2kZ}. We denote by ®;; = $; o ¢; * the transition
functions of A.

We will say that A is a parabolic atlas of (C, g) if:

1) for all i € Z/2kZ, the image of ¢; is R?;

2) the transition functions are the following:

Poiir1: HT  — HT

(.’L’,y) = <_x+%7y) )
if 4 75 0 @27;_1722' : H™ — H~
(ﬂj‘,y) = <—3§‘+%,y) 9
q)gk_L()Z H~ — H~
(ﬂj‘,y) = <—3§‘+§+T,y),
where H* = {(z,y) € R%;y > 0}, H~ = {(z,y) € R%y < 0} and

T € R,
3) forall i € {1,...2k},

9 = ¢; g = yPda® + 2dxdy + f;(y)dy?,

where f; is a smooth function satisfying 1 — 32 f;(y) > 0 for all
y e R.

Remark 5.2. Note that a parabolic atlas induces an analytic struc-
ture on C'. The Killing field K is according to the conditions analytic as
well. In opposition the metric g need not be analytic, but the g-length
of K is again an analytic function on C.

Clearly, Lorentzian cylinders admitting a parabolic atlas posses a
Killing vector field K that is everywhere spacelike except on a finite
number of lightlike orbit (K reads as 0, in any map ¢;). De Sitter
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Figure 2. The manifold, the open set U; and the Killing
field (k = 2)

space clearly admits such an atlas. It has the following parameters
k=1, 7=0and f; = fo = 0. Let us note that if we modify only T,
the cylinder obtained still has constant curvature equal to 1 but is not
isometric to de Sitter space (for example its spacelike geodesics are no
more closed).

We remark also that for any ¢ € Z/2kZ the restrictions of fo; and
f2i+1 to H have to be equal as well as the restrictions of fo; 1 and fo;
to H~. In particular if g is analytic then f; = fo =+ = fo.

Proposition 5.3. Let (C,g) be a spacelike Zoll cylinder admitting a
parabolic Killing field K, i.e. that is not periodic and does mot vanish.
Let o be the curvature of g and a: C — R the function defined by
a(p) = gp(Kp, Kp). There exists | > 0 such that (C,l - g) admits a
parabolic atlas if and only if for any p € C, a(p) = 0 implies o(p) > 0
and do(p) = 0.

Proof. According to Proposition 3.2, K has spacelike and lightlike
orbits but no timelike ones. Let n be a lightlike geodesic of (C,g)
transversal to K. According to Proposition 3.3, the function « van-
ishes somewhere on 7 and goes to +00 on both ends of 7.

Let U be the saturation of n by K. There exists a lightlike geodesic
vector field Y on U tangent to n such that [Y, K] = 0. It allows us to
find coordinates on U such that g reads as h(y)dz? + 2dxzdy with h > 0
for (x,y) € R x I, according to Proposition 3.4, h vanishes at only one
point. The assumption on the curvature implies that h(y) = 0 implies
h"(y) > 0. Choose the coordinates so that h(0) = 0 and denote by a
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the function defined by h(y) = y2e22W) | Rescaling g we assume that
a(0) = 0. The hypothesis ¢'(0) = 0 entails that a’(0) = 0.
Let v(t) = (z(t),y(t)) be the unique curve satisfying:

9('(t),02) =1
) V(). = 1
7(0) =0
ie.
x/y262a(y) + y/ -1
Y (e (1 +d(y)y) =1
7(0) =0
Fact 5.4. For ally € R, we have 1+ d'(y)y # 0.
Indeed, if we have 1 + d/(y)y = 0 then the curve t — (t,y) is a
complete spacelike geodesic. As it is not closed, it contradicts the fact

that the metric is spacelike Zoll.
Thanks to Fact 5.4, we can write

e_a(y)
/
Yy = -7
1 +yad'(y)
x/ . e_2a(y) 1 _|_ ya,(y) — e_a(y)
 1+yd(y) y? ’
Therefore 5
9 _ a1 R—E)
oy e ) (1+ya (y) —e >

as @’ (0) = 0 we see that %Z is well defined on R and smooth. It implies
that v is the graph of a function, in particular it cuts each horizontal
line exactly once. The fact that h goes to infinity on both ends of 7 says
that ~ is defined on R.

Hence, the map ® : (u,v) — v(v)+(u, 0) is a smooth diffeomorphism.
Equation (1) exactly says that ®*g|y has the desired form. Repeating
this construction for any lightlike geodesic transverse to K gives us an
atlas of (C,g) such that the metric has the right expression. The last
things to check are the transition functions.

If 1)/ is another lightlike geodesic and if we denote by V' its saturation,
then there are 3 possibilities: either U = U’, either UNU’ = 0 or
V :=UNU’ is an half plane of U ({v > 0} or {v < 0}). The only case
to deal with is the third one. In that case there exists a geodesic § in
V that is perpendicular to K and such that the orthogonal symmetry
relatively to § sends n on 7 (see [1] for details). It is not difficult to
check that this symmetry is the transition function we were looking
for. It has the right expression up to a possible horizontal translation.
However, it is not difficult to modify the atlas so that these translations
are trivial except one.
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Reciprocally, it is easily checked that a Lorentzian cylinder admitting
a parabolic atlas satisfies the conditions on the curvature given in the
statement. q.e.d.

Remark 5.5. If (C,g) is a spacelike Zoll cylinder admitting a par-
abolic atlas A, then the parameter k of A is equal to the number % in
Theorem 4.2.

At the moment we do not know if there exists a spacelike Zoll metric
with a parabolic Killing field that does not admit a parabolic atlas.

We are able to describe all the spacelike Zoll surfaces admitting a par-
abolic atlas:

Theorem 5.6. Let (C,g) be a Lorentzian cylinder admitting a par-
abolic atlas A = {(U;, ¢;);i € Z/2kZ}. The surface (C,g) is spacelike
Zollif and only if the parameter T of A vanishes and there exist k smooth
functions kg, ...Kkk_1: R — R such that

1) for allt € R, for all j € Z/KZ, k;(t) > —1;

2) all the functions k; have the same infinite Taylor expansion at 0

and satisfy k;(0) = %(0) = 0;
3) the function Zj Kj is odd;
4) for all i € Z/2KZ the function f; such that

9 = ¢; g = yPda® + 2dxdy + f;(y)dy?,

satisfies
1— (14 K(/90)2
( y;ﬂ/zj) ify>0
fily) =
1— (14 kpi/9)?
Ot sn)” ey <
Yy

where |.| (resp. [.]) is the lower (resp. upper) integral part.

Proof. Let A be a parabolic atlas of (C,g). We denote as above by
g; the expression of g in the coordinates (U;, ¢;). We recall that there
exist functions f; such that the g;’s read as y?dz? + 2dxdy + fi(y)dy>.

Lemma 5.7. Let ; : t — (x(t),y(t)) be a unit spacelike geodesic of
(R2,g;). There exists ¢ > 0 such that v; is contained between the lines
y = c and y = —c and is tangent exactly once to each of these lines.
Moreover the geodesic segment between these points satisfies

dr /1 —y2fi(y) — /2 —y?

Ay N
Proof. Let ; : t +— (x(t),y(t)) be a unit spacelike geodesic of (R?, g;).
It is well know that Killing vector fields induce first integrals for the
geodesic field, more precisely the fact that the vector field 0, is Killing
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implies that g;(0y,7}) is constant. Therefore, there exists ¢ > 0 and
€1 € {£1} such that:

@) y?2 +y = ec
v + 22"y + fily)y? = 1.

This system of equations can be solved if and only if ¢ —4? > 0 proving
that ¢ # 0 and —c < y < ¢. Solving it we find:

o erc(l —v2fi(y)) + e/(1 — y2fi(y)) (2 — y2)
y2(1 —y2fi(y))

y/ C2 _ y2
= —€ o .
1—y2fi(y)

where € € {£1}. It implies that
dr  —eerey/1— 2fz — /2~

dy y2\/c2 —y2

The number €; determines the orientation of the geodesic and € changes
only when y = +ec.
The fact that for any yo such that 0 < |yo| < ¢ the integral

/yo —c\/l— 2fZ \/02_y
0 y? —y?

diverges implies that v is tangent at most once to each line y = +c.
The fact that for any yo €]0, c[ and any y; €] — ¢,0[ the integrals

/C V1=yfily) — Ve -2

. yﬁ
/—c\/l— y2 fily \/62—y
Y0 URRVAC

/y1 —c/1—y2fi(y \/62—yd
e y \/7

converge implies that v is tangent at least once to each line y = +c.
q.e.d.

Proposition 5.8. Let v be a unit spacelike geodesic of (C,g). The
geodesic vy is closed if and only if

¢ CZZ’GZ/%Z( 1—y2fi(y) — 1)
. Ny

dy = -7,

where T is the term of translation appearing in ®op_1 ¢ and c = |g(y', K)|.
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Proof. Let v be a geodesic of g and pg,...,p;, ... the points where
is tangent to the Killing field K (such points exists according to Lemma
5.7). For each geodesic segment [p;, pi41], there exist an open set U
containing it. Clearly, i;41 = ¢4 + 1 and ig = 9. Without loss of
generality we can suppose i; = [ mod 2k.

For any i € Z/2kZ, we set:

cy/1— 2f0 \/02—@/
[k(C) /_C y S5

If pp has coordinates (xg, —c) on Uy then the coordinates of p; on Uy
are

(zo + Io(c),c) -
It follows that the coordinates of p; on Uy are

<— [zo + To(c)] + %,c)

and the coordinates of py on U; are (remark that the orientation of ~y
changed)

<— [zo + Io(c)] + % — Ii(e), —c> )

We can continue the same way, in order to obtain the coordinates of the
points p; on U;_1 and U;. In particular, we see that the coordinates of
paor. on Uy are

2%—1 n
(azo + Z Ii(e) — o +T,—c> .

=0
It implies that v is closed if and only if py = poi if and only if

2%—1 5 2
3) Z/_ C\/l— fz -V 4k

02 y2 y—?—T

We consider now the metric ¢ of constant curvature 1 given by g? =
y?dx? + 2dxdy and 1Y the g -spacelike geodesic starting horizontally
from pg. We denote by p{ the points of tangency of 4 with K. Doing
the same computation as above we see that the coordinates of pgk on

Uy are
¢ . /2 _ .2 4
<x0+2k/ udy——k—i-ﬂ—c).
c

e Y2/ — g2
Computing the integral above, we find that its value is % and therefore
the coordinates of pgk are in fact

(330 + 7, _C)
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(reproving that all the spacelike geodesics of de Sitter space are closed).

—n/c2—q2
In order to finish the proof, we just replace 4—5 by 2k [ CENVEY dyin

— A

(3). q.e.d.
Lemma 5.9. If h: R — R is a function such that the function
C
h
H:c— cidy
—e Y22 — 2

1s constant, then h is odd and H = 0.

Proof. We first remark that H(c) only depends on the even part of
h. Thus we will assume that h is even and prove that it has to vanish.
We define a function I on RT by

I(a) = /Oa ﬂdt.

CL2 _ t2
We have
@2 o h(s)
I(a) = ds dt
(a) /0 \/a2—t2/o s2V/t2 — s2

/ 2h(s) / t s
o S s V(a2 —12)(12 — s2)
“2h(s) T dx “ h(s)
= = —d
/0 52 ds/o 1+ a2 7T/0 sz

with x = \/%.
Moreover if H is constant, we see by direct computation that I is also
constant. It follows from I’ = 0 that h = 0. q.e.d.

For i € {0,...,k — 1} we define the function k; by

ki(y) = V1 =y fauly) — 1.

These functions clearly satisfy points 1 and 2 of the statement. It follows

from Lemma 5.9 and Proposition 5.8 that the geodesics of (C, g) are all

closed if and only if the function ¢ — Ziez/%z k; is odd and 7 = 0.
q.e.d.

Corollary 5.10. There exist smooth Mdbius strips all of whose space-
like geodesics are closed with non constant curvature and whose orien-
tation cover admits a parabolic atlas. Moreover, if the orientation cover
of a non constant curvature Mobius strip all of whose spacelike geodesics
are closed admits a parabolic atlas then it is not analytic and it is C°-
conformal to a k-cover of de Sitter with k > 1.

Proof. Let (C,g) be a parabolic spacelike Zoll cylinder and A be a
parabolic atlas of (C,g). If (C,g) is analytic (or if & = 1) then the
functions k; given by Theorem 5.6 have to be equal and therefore odd.
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It follows that (C,g) cannot be the lift of a metric on the Mdbius strip
unless the x; vanish.

Let  be a smooth function on R with support on [1,2] and values in
[—1,1]. We define now three functions kg, k1 and kg by ko(t) = k(t),
k1(t) = —k(—t) and k3(t) = —k(t) + K(—t). These functions clearly
satisfy points 1, 2 and 3 of the statement of Theorem 5.6. Therefore
they induce a spacelike Zoll metric g on the cylinder (the parameters of
the parabolic atlas being k = 3 and 7 = 0).

Let 0 : C — C be the map sending U; on U3 for any i € Z/67Z
and that reads (z,y) — (—xz, —y) in coordinates. This map is clearly a
smooth involution with no fixed points. Moreover, despite appearances
(because the orientations of the frame (0, 0,) are opposite on U; and
Uits), it does not preserve the orientation. Hence C'/o is a smooth
Mobius strip. By a direct computation, we see that the metric g is
invariant by o and therefore defines a Lorentzian metric on the Mdobius
strip all of whose spacelike geodesics are closed. Further we can choose
K such that the curvature of ¢ is non constant. q.e.d.

Theorem 5.11. There exists a spacelike Zoll cylinder, admitting a
parabolic atlas with parameter k > 1, that is not C?-conformal to de
Sitter and whose conformal boundary is not C?.

Proof. Let (C,g) be a time-oriented spacelike Zoll admitting a para-
bolic atlas and let F; and JF3 be its lightlike foliations. We denote by
L1 and Ly their spaces of leaves. As (C,g) is globally hyperbolic, we
know that the L£; are diffeomorphic to circles. The time orientation and
the orientation of (C,g) define an orientation on the £;.

We define the first reflexion map P (for Ping) from £; to Ly that
associates to a lightlike geodesic n € L1 the lightlike geodesic 7 € Lo
such that n and 7 intersects on the future conformal boundary of (C, g).
It follows from the fact that the boundary contains no lightlike parts,
see Corollary 4.5, that P is well defined and continuous. Actually, we
do not need to have a conformal embedding in the flat cylinder to define
the map P, P(n) is the unique geodesic such that n N P(n) = () and any
7 € L sufficiently closed to 1 and on one side intersects P (7).

Clearly, any smooth parametrized transversal cutting at most once
each leaf of F; defines smooth local coordinates on £;. It follows from the
definition of P in terms of reflexion on the future conformal boundary
that P is smooth where the boundary is spacelike and smooth. More-
over, if it is smooth but lightlike at a point then the graph of P has a
horizontal or vertical tangent at this point therefore this property can be
read off of P. It follows from the other definition, that the regularity of
P is a conformal invariant of (C,g). In particular, if (C, g) is conformal
to a finite cover of de Sitter space then P has to be smooth. Corollary
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4.5 implies that P is smooth except maybe at points of £ correspond-
ing to lightlike orbits of K. Let us look at P at a neighborhood of such
a leaf.

Let g € £y that is a lightlike orbit of K. For example 7y is the
curve contained in Uy whose equation is y = 0. The curve y — (0,y) is
transversal to /7 and cuts each element of /7 at most once, therefore it
defines local coordinates on £; around 7. Possibly changing the time
orientation, we can assume that the leaf P(rp) is the geodesic {y = 0}
contained in U;. We define as above coordinates on Ly around P(1y).

Lemma 5.12. Let kg and k1 be the functions given by Theorem 5.6.

For i = 0 or 1, let h; be the primitive vanishing at 0 of s H;(zs)

and let 6; = limg_s o hi(s). Denoting by P the expression of P in the
coordinates defined above, we have for y > 0

F! <g + 01 — ho(y)> ify>0
= y

Ply) = 5
G! <—y — 0o+ ho(y)> ify <0

where F is the map defined for z < 0 by F(z) = =01 + h1(z) — % and G
the map defined for z > 0 by G(z) = g + % — ho(2).

Proof. On U; the metric reads y?dx? 4 2dzdy + f;(y)dy? therefore any
lightlike geodesic of U; different from {y = 0} is transverse to d,. The

vector fields defined by %Qj(y)ﬁx + 0y and —Hﬁiié%(y)am + 0y for y >0

2 Krg
2; (y) d — + (éﬂ (v)

and by HWT@QE + 0y an Oy + 0y for y < 0 are lightlike

and smooth. Therefore any lightlike geodesic of {y > 0} is the graph
of a function y — [ ﬂi/%j(s)ds = hi(y) +cst or y > [ —Hﬁlsiié“(s)ds =
% — hyij2)(y) + cst and any lightlike geodesic of {y < 0} is the graph of

Krij2)(s) 2+k1i/21(8)
ri/2] g€ g

a function y — [ —5-—=ds = h;j91(y) + cst or y = [ —

S

% — h[i/2] (y) + cst.
Let 1 be a lightlike geodesic of F; (the foliation that has {y = 0} as
a leaf) intersecting Hy . It cuts {z = 0} at a point (0,41). The image of
(0,y1) by the transition function ®g; is (y—zl, v1), therefore N Hy is the

graph of a map hg + ¢1. As (2/y1,y1) € n, we have ¢; = y% —ho(y1). Tt

follows that n M H, is the graph of the map hy + ¢;. This implies that
7 is asymptotic to the vertical line {x = §; + ¢1} when y goes to —oo.
We now define the map F. Let z be a negative number and 7 be the
geodesic of Fj that contains the point (0, z) of H; . Its intersection with
H is the graph of the function y % — hi(y) + hi(z) — 2 therefore it

is asymptotic to the vertical line {z = —& + hi(2) — 2} when y goes
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to —co. We set therefore F(z) = —d01 + hi(z) — 2. By definition the
function F is strictly increasing and therefore invertible.

ux n

o) i (2/v.)

(0,?(1})5 T

Figure 3. The map P for y > 0.

We have 77 = P(n) if and only if n N H; and 77 N H; are asymptotic
to the same vertical line. Indeed, if 7 is asymptotic to {z = a} and 7 to
{x = b}, then for b < a the curves have to intersect and so 7 # P(n). If
a > b and 7 = P(n) then the leaf of 77 asymptotic to {z = “TH’} has to
cut 7. But as b < “TH’ they have to cut twice which is impossible since
the foliations F; and F» are transverse. It follows that 7 = P(n) if and
only if F(z) = 01 + y—21 — ho(y1) i.e. that P(y) = F~1(0; + y—21 — ho(y1))
for any y > 0.

Let us see now what happens for a geodesic 7 that intersects H; . We
denote by (0,y2) the intersection of n with {x = 0}. Note that yo < 0.

2 2

The curve n N Hy is the graph of y — = — ho(y) + ho(y2) — oo s
2

asymptotic to {x = —dp + ho(y2) — 4.} when y goes to —oo. Hence

P(n) N Hy is the graph of y — ho(y) — 200 + ho(y2) — y2—2 and P(n) cuts

y =0 at the point (—200 + ho(y2) — y%,O).

We now define the map F'. Let z be a positive number and 7 be the
geodesic of F, that contains the point (0, 2) of H; . Its intersection with
H{ contains the point (2/z, z) therefore it is the graph of the function
y + ho(y) — ho(z) + 2. Thus it cuts the set {y = 0} of Uy at the point
(h1(2) + 2,0). We define G by G(z) = —ho(z) + 2. Similarly to the
previous case, we have 7 = P(n) if and only if G(z) = —2d0+ho(y2) — y%

ie. P(y) = G71(—280 + ho(ye) — y%) for any y < 0. q.e.d.

We now choose some spacelike Zoll cylinder (C, g) admitting a para-
bolic atlas such that g, #; coincide with y — y? on a neighborhood of
0 but 09 # 01 (using Lemma 5.12’s notations). Clearly, such a surface
exits, but only for £ > 3. Near 0 we thus have hy(s) = hi(s) = s and
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P (1) Py
/()—0.1\\
5 0P
T
(0)7;) N ‘,’
v
Figure 4. The map P for y < 0.
therefore for small z and large y > 0
2 2
F(z)=-9 - - G(z) =— —
(2) e (2)=- -2
- y+01—/(y+01)>+38 _ —y+Vy*+8
Fy) = WHOSES gy = VEVEEE

where we used that F'~! and G~! tend to 0 when y — +o0. Hence, for
small v,

| —

2 2 2 ,
- ;—1—251—3/— §+251—y +8)ify>0

2 2 ?
§+260—y+\/[§+250—y] +8 ) ify <.

Consequently P is C! but not C2. It means that the metric is not
C?-conformal to a finite cover of de Sitter space and that its conformal
boundary is not C?. q.e.d.

6. Elliptic case

Now we look at spacelike Zoll surfaces admitting a periodic Killing
field. We will call them elliptic spacelike Zoll surfaces. This case is
much simpler than the former one and very similar to the Riemannian
one treated in [3]. Moreover, in this case we don’t need to make any
extra assumptions on the metric. Our result in this case is the following:

Theorem 6.1. If (C,g) is an elliptic cylinder all of whose spacelike
geodesics are closed then there exist a smooth function f: R — R such
that f(y)(y>+1)—1 < 0 for ally € R and numbersl > 0 and 7 > 0 such
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that (C,1g) is isometric to the quotient of R? endowed with the metric
(y? + 1)dx? + 2dzdy + f(y)dy? by the translation (x,y) — (z + 7,y).

Moreover such a metric has all its spacelike geodesics closed if and
only if there exist p,q in Z*, and an odd function k bounded below by
—2’;—; such that

L (s + 47)
y?+1 ’

In particular elliptic Mébius strips all of whose spacelike geodesics are
closed have constant curvature.

fly) =

Sketch of proof. It can be proven simply by following the scheme of
proof of Section 5. The adaptation is straightforward. In particular, the
metric has closed spacelike geodesics if and only if there exists integers
p and ¢ such that for any ¢ > 0

o Ve + 11— fy)(y° + Dy = pr
(4R |

but the cylinder is spacelike Zoll if and only if p = 1. Using the fact
that

/C 2+1
dy =7
— (T+y?)\ /2 —y?

we find that the metric has closed spacelike geodesics if and only if

) /_\/02—1—1\/1— )2+ 1) — 2”q)dy:0 el

(I +y2)/c? —y?

Adapting Lemma 5.9, we see that y — /1— f(y)(y2+1) — 27rq

is odd For metrics ¢ lifted from the Mobius strip this implies that

V1—fy) 2 +1)— 21% vanishes and ¢ has constant curvature. q.e.d.

7. The hyperbolic case

We are interested now in spacelike Zoll surfaces with a Killing field
that vanishes somewhere. Again we start by describing a family of
Lorentzian atlases.

Definition 7.1. Let (S5,g) be a Lorentzian surface and let A =
{(Ui, ¢i);i € Z/4KZ} be an atlas of it. We denote by ®;; = ¢; 0 b; * the
transition functions of A.

We will say that A is a hyperbolic atlas with parameter 7 of (S, g) if:

1) for all i € Z/4kZ, the image of ¢; is R?;
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2) the transition functions are the following:

Do 241 : P —
(x,y) +— (—3: + log < > >
if 4 75 0 (I)QZ'_2722‘+1 . P — P_
+1
(x,y) — (—x + log (Z—1> )
(I)4k—2,1 : P_ — P
(x,y) +— (—x + log (Z—Jrl> >
if 4 75 0 (I)QZ'_LQZ' : P+ — P+
(x,y) +— (—3: + log (%) )
P10 P = P
+
(x,y) +— (—3: + log <Z—1> >

where P, = {(z,y) € R%y > 1}, Py = (2,9) € R%, -1 <y < 1}
and P_ = {(z,y) € R,y < —1} and 7 € R;
3) forall i € {1,...4k},

= qSi_l*g = (y2 —1) dz? + 2dzdy + fi(y)dyz,

where f; is a smooth function satisfying 1 — (y* — 1) fi(y) > 0 for
all y € R.

Figure 5. The gluing picture when k£ = 1.

Remark 7.2. 1) The function ®; ; are odd involutions.
2) If (S,g) admits a hyperbolic atlas then S is diffeomorphic to a
cylinder with 2k points removed.
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Figure 6. The manifold, the open set Uy and the Killing
field (k =1).

3) De Sitter space (with 2 points removed) clearly admits such an
atlas with the parameters k =1, 7=0and f1=---= f; = 0.

4) Note that a hyperbolic atlas induces an analytic structure on C.
The Killing field K is according to the conditions analytic as well.
In opposition the metric ¢ need not be analytic, but the g-length
of K is again an analytic function on C.

5) The transition maps being isometries, the restriction of fo; and
foir1 coincide on Py, fo;—o and fo;41 coincide on P_ and fo; 1
and fo; coincide on P,. It follows that it is sufficient to know
the f9; in order to know all the f;. Further if A is analytic then

fo=fi="= fa.

Proposition 7.3. If (S,g) is a Lorentzian surface admitting a hy-
perbolic atlas then it can be isometrically embedded into a Lorentzian
cylinder.

Proof. Since we fill the holes one by one, we need to consider the case
k =1 only. In this case S is diffeomorphic to a cylinder with 2 points
removed. Let us see how to fill one hole.

Let F : R? = R be a smooth function invariant by the flow of ud, —
v0, defined by F(u,v) = fo(uv — 1) if u > 0 and F(u,v) = fo(uv — 1)
if u < 0. Let h be the Lorentzian metric on R? given by h = v?du® +
2(1 + uv F)dudv + u*F dv?.

Let Vo = {(u,v) € R?; u > 0}, V4 = {(u,v) € R?; v > 0 and 2—uv >
0}, Vo = {(u,v) € R?; u < 0} and V3 = {(u,v) € R?; v < 0 and 2—uv >
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0}. Let g, 11, 12 and 13 the diffeomorphisms defined by

Yo Vy — R?

(u,v) — (log(u),uv —1)

Vi = A{(zy); y <1}

(u,v) <10g<2_vuv>,uv—1>
ba: Ve — R?

(u,v) +—  (log(—u) + 7,uv — 1)
e Vs = {(z,y);y <1}

(u,v) <log<2:iw>—7',uv—l>

We let the reader check that 1} g; = hly, and that ;4 o 1/)2-_1 =®; 1.
Hence the first hole is filled, the second one can be filled the same way.
q.e.d.

The following proposition gives sufficient conditions to ensure that a
spacelike Zoll cylinder admits a hyperbolic atlas. The conditions 2 and
3 are necessary in the sense that they are satisfied by metrics admitting
a hyperbolic atlas. There exists spacelike Zoll metrics admitting a hy-
perbolic atlas that do not satisfy condition 1, see Theorem 7.5, but this
condition is satisfied on a neighborhood of de Sitter space.

Proposition 7.4. Let (C, g) be a spacelike Zoll cylinder with a Killing
field K that is timelike somewhere (and therefore vanishing somewhere)
and {po, ..., pax—1} be the set of zeros of K. Letn be a lightlike geodesic
transverse to K.

Then there exists | > 0 such that (C' ~{po,...,pak—1},1-g) admits a
hyperbolic atlas if

1) the curvature of g is positive at any point where K is timelike or
lightlike,

2) K and « are analytic,

3) there exists t1 # to such that aon(ty) = aon(ts) =0 and (ao
n)'(t1) = —(aron)(t2).

Proof. Let {(U;,;),1 € Z/AKZ} be the atlas of C' \ {po,...,pok—1}
given by Proposition 3.4. In any of these charts g reads h;(y)dx?+2dxdy.
Condition 3 of the statement above can be translated into h{(ag) =
—h{(bo), with ag and by as defined in Proposition 3.4. It follows from
the compatibility conditions between the h; that for any i € Z/4kZ, we
have h/(a;) = h'(ap) and h'(b;) = h'(by) and therefore h'(a;) = —h'(b;)
Let y; be a critical point of h;, we know that h;(y;) < 0 and it follows
from our assumption on the curvature that h(y;) > 0. Therefore the
function h; has a unique minimum. Multiplying ¢ and K by positive
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constants, if necessary, we may assume that the minimum of hg is —1
and |1y (a0)] = |1 (bo)]| = 2.

The space of non constant orbits of K is an analytic non Hausdorff
1-dimensional manifold that we denote £. The points where £ is not
separated correspond to the separatrix of the saddle points of K. The
cardinality of this set is therefore 8k. An atlas of £ can be easily ob-
tained from the atlas {(U;,;)}. To each U; corresponds a maximal
connected Hausdorfl submanifold V; of £. We endow £ with an ana-
lytic vector field 05 whose restriction to V{ is complete. This induces a
coordinate s on each line D; = {(x,y) € U;,z = 0} such that «|p,(s)
is analytic. It follows from the gluing picture of £, that, up to an ap-
propriate translation, the functions «|p,(s) all coincide. In particular it
means that all the functions h; have the same minimum and, using the
fact that all h; diverge to infinity at both ends, that s goes from —oo to
400 on each V;, i.e. that 0s is complete.

Let \; be the function such that h;(y) = e*®) (y — a;)(y — b;). Notice

that A;j(a;) = A\i(b;) = In <|az—zbz‘> The map «|p, is a Morse function
admitting a unique critical point. Therefore there exists a coordinate
t on D; (depending on i) such that a|p,(t) = t* — 1 and y(—1) = a;
and y(1) = b;. Differentiating the equality e*®®) (y(t) — a;)(y(t) —
bi) = t2 — 1 we obtain y/(—1)e*(%)(a; — b;) = —2 i.e. y/(—1) = 1 and
similarly 4/(1) = 1. The metric g reads as (> —1)dz? +20;(t)dtdx in the
coordinates (x,t). Let t — c(t) be a solution of ¢/(t)(t? — 1) = 1 — B;(t).
It follows from y/(+1) = 1 that ;(£1) = 1. Consequently ¢, and
therefore ¢, is smooth.

Using the solution ¢(t) we define new coordinates (u,t) on U; by
(u,t) — (c(t)+u,t). The metric in the coordinates (u,t) has the desired
form. As in Proposition 5.3, we see that the transition functions are
isometries preserving the second coordinate and sending the Killing field
to its opposite. Consequently they have the desired expression up to a
horizontal translation of length 7;. However in this case, it is not obvious
which translations can be assumed to be trivial.

In order to conclude we remark that the restrictions of the function
a to arc length parametrized geodesics intersecting {po, . . ., pax_1} does
not depend on the choice of these horizontal translations. Furthermore,
it is proven in [1] that these functions completely determine the metric
on a neighborhood of the zero. Thus it follows from Proposition 7.3
that Zi:o T4j+x = 0 for any j. Now it is not difficult to modify the
atlas in order to obtain a hyperbolic atlas. q.e.d.

Theorem 7.5. Let (C, g) be a Lorentzian cylinder and po, . .. ,pag—1 €
C such that (C ~ {po,...,p2k—-1},9) admits a hyperbolic atlas A =
{(U;,¢:);1 € ZJAKZ}. If the parameter T of A is 0 and if there ex-
1st 2k smooth functions ko, ... kop_1 on R such that
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1) for allt € R and all j € Z/2KZ, k;(t) > —1;

2) all the functions k;j have the same infinite Taylor expansion at —1
and at 1 and satisfy r;(£1) = 0;

3) for alli € {0,...,2k — 1} the function fo; such that

92 = 67 g = (y* — 1)da® + 2dady + faiy)dy?,

satisfies
1-— (1 + /ﬁli)z
fai = I ST
ye—1
4) the restriction of the function 3 _; k; to [—1,1] and the restrictions
of the functions 3, kaj and 3, kaj+1 to | — oo, —1] U [1, 400 are
odd.
then the cylinder (C,g) is spacelike Zoll.
Moreover, we have a reciprocal in the analytic case i.e. if (C,g) is
analytic and spacelike Zoll then the parameter T is equal to 0 and kg =
-+ = Kop are odd functions.

Proof. Let A be a hyperbolic atlas of

(C N {p07 s 7p2k—1}7g)'

We denote with K the associated Killing field and by g; the expression
of g in the coordinates (Uj, ¢;). We recall that there exist functions f;
such that the g;’s read as (y? — 1)dz? + 2dxdy + fi(y)dy>.

We first remark that on each U; the foliation perpendicular to K does
not depend on the functions f; and so do the ®; ;’s. Moreover, in the
proof of Proposition 7.3 we saw that the transitions functions used to
fill the holes are also independent of these functions. It means that the
(unparameterized) spacelike geodesics orthogonal to K do not depend
on the choice of the functions f; but only on 7. In order to see when
such a geodesic is close and simple we can assume that all the f; are
0. The cylinder is then the quotient of the universal cover of de Sitter
by the product of an elliptic element and the time 7 of an hyperbolic
flow. Consequently, the spacelike geodesics orthogonal to K are closed
and simple if and only if 7 = 0. We assume now 7 = 0 and we study
spacelike geodesics not perpendicular to K.

Lemma 7.6. Let ; : t — (x(t),y(t)) be a unit spacelike geodesic of
(R2%, g;) that is not perpendicular to O,. Then there exists ¢ > 1 such
that ~; is contained between the lines y = ¢ and y = —c. Further ~;
is either tangent exactly once to each of these lines or it is asymptotic
to the lines y = £1. Moreover, in the first case the geodesic segment
between the points of tangency satisfies:

0r _VI1T= (P DAl — vV~

oy (v = DV =42
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Furthermore, these two situations are exchanged by a transition map
DPoj2j+1-

Proof. Let v; : t+ (x(t),y(t)) be a unit spacelike geodesic of (R?, g;)
that is not perpendicular to 9.
Writing the first integrals of the geodesic flow, we have

{(y2 -’ +y =avet -1
2

©) (% — 1) + 20y + fi()y = 1,

with ¢ > 1 and ¢; = £1.
This system of equations can be solved if and only if ¢ — %> > 0
proving that —c < y < ¢. Solving it we find:

/ ave? —1(1— (¥ - Dfi) + /(1 = y2fi(y)(® — y?)
(y* = 1)(1— v fi(y))

r_ \/ c? —y?
S R EE WA

where € = 1. It implies that
ox —earVe2 —1/1— (y2 — 1) fi(y) — \/c® —

dy (2 — 1)/ —y?

The number ¢; determines the orientation of the geodesic and € changes
only when y = +c.
The fact that for any yo such that 1 < yg < ¢ the integrals

V2 —1/1—(y2 - 1) fily) \/62—y
1 (> =1/ —y?
/ —Ve2 —1y/1— (y2 = 1) fiy) \/02—y
Yo (y* =1/ —y?

diverge, implies that v is tangent at most once to each line y = +c.
If ~ intersect Py U P_, then the fact that for any yo €]1,¢[ and any
y1 €] — ¢, —1] the integrals

¢V —1/1-(y2 - 1) fi(y) \/62—y
—c (y> =/ —y?

/ —Ve2 —1y/1— (y2 = 1) fiy) \/62—y
Yo (Z/ —1)v —y?
Y2 — 11— (2 = 1) fily) — /c? —
—c (> =DVt —y?
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converge implies that ~ is tangent at least once to each line y = +ec.
Between these points we have

o _ VE—11- 2 - 1)fily) \/cz_y

dy (y2 — 1)\/7@/

If v C Py then @ has to be equal to
—\/02—1\/1— W2 = Dfily) = /A=y
(y? —1ve—y?

and the geodesic is asymptotic to the lines y = +1. q.e.d.

Proposition 7.7. Let v be a unit spacelike geodesic of (C,g) that is
not perpendicular to K. Let ig be an even element of 7/4kZ such that
v is tangent to K at some point of U;,. The geodesic vy is closed if and

only if

ZZEO’ \/1_ y _1 fl( ) )
7 Ve 2 dy =0,
g /— (y> =Dy —y? ’

where 0, = {2Z + # +ig € Z/4k:Z} and V2 —1=|g(v/, K)|.

Proof. Similar to the parabolic case, the integral above expresses the
shift between the geodesic v and the geodesic of ¢° starting with the
same initial speed at a point of tangency. The only difference is that
when - is cut along its points of tangency with K the segments obtained
are contained in a U; with ¢ € 0. q.e.d.

Let g be a metric admitting a hyperbolic atlas with 7 = 0. Replacing
V1= (y2 — 1) fai(y) — 1 by k; in (7), we see that the spacelike geodesics
having a point of tangency in Uy are all closed if and only if

/ v ZZEO’ Zd Ly - ZZEO”Y Zd
[—e,—1JUll,d (y2 —1)/c? (Y2 —1)\/c? — y?

We also see that spacelike geodesms havmg a point of tangency in Us
are all closed if and only if

/ Ve Zzécr R2Z+1d i v Zzeoq,
[—e—1ultd (¥ —1)y/c? —y? (y? —1)\/ —y?

This is the case, under the hypothesis of Theorem 7.5. The reciprocal is
given by applying the following lemma to the function ZZEU ki(y)/ (y%—

1).

Lemma 7.8. Let h: R — R be a smooth function. If the function

H:m—)/ Ve —1
0

y=0.

dyzO.

s
772 — ds
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is constant on |1,400] then it is equal to 0. If moreover h is analytic
then h = 0.

Proof. We define the function J(a) by:

[ cH (c) . . c ¢ h(s) < de
Ila) = 1 \/CL2—C2\/C2—1d _/1 \/CL2—C2/0 \/62—82d de.

Repeating the computation in the proof of Lemma 5.9 we find

(8) J(a) = W/Oa h(s)ds — 2 /01 h(s) arctan <(112__8i> ds.

On the other hand if H is constant and equal to 7 then J(a) does not
depend on a, in fact J(a) = 77/2. When a tends to 1 then (8) tends to
0 therefore 7 = 0. Proving the first part.

It follows that foc j%ds = 0 for any ¢ > 1. If h is analytic then

this equality is in fact true for all ¢ > 0 and it follows from Lemma 5.9
that h = 0. q.e.d.

Combining Lemma 7.6, Proposition 7.7 and Lemma 7.8 finishes the
proof of Theorem 7.5. q.e.d.

It is not clear, whereas Lemma 7.8 can be extended to the smooth
case. Indeed, it is possible to construct non zero C™ functions h such
that the corresponding function J vanishes, even though this does not
imply that H also vanishes. Adapting the construction of Corollary
5.10, we obtain:

Corollary 7.9. There exist smooth spacelike Zoll Mobius strips with
non constant curvature whose orientation covers admit hyperbolic at-
lases, but no analytic ones.

Proof. Let A be a hyperbolic atlas with k =2 and 7 = 0. Leto : C' —
C' be the involution such that o(Us;) = Usi45 (and therefore o(Usit1) =
Usi—4) and ¢g;45000 ¢2_Z.1(a:, y) = —(z,y) = ¢gi000 ¢2_ii_5(a:, y). We let
the reader check that o is well defined. It has no fixed points and it is
not orientation preserving therefore C'/o is a M&bius strip. Let x be a
smooth function with support in [2,3] and values in [—1,1]. We define
four functions by setting kg = k, k1(t) = —k(t) +r(—t), ko(t) = —k(—t)
and k3 = 0. Let g be the spacelike Zoll metric provided by Theorem 7.5
with the functions x;. This metric is clearly invariant by ¢ and therefore
induces a metric all of whose spacelike geodesics are closed on C'/o.
q.e.d.

8. Blaschke’s examples

It is also possible to produce examples with no global Killing field.
We just adapt Blaschke construction from [4, p. 162] to the Lorentzian
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case. We give only one of the possible constructions and let the reader
imagine all the possible variations around it.

We start with de Sitter space seen as {(x, 7, z) € R?, —224+y>+22 =1}
endowed with the metric ¢° induced by —dz? + dy® + dz?. Let K be
the elliptic Killing field given by Kj(x,y,z) = (0,—z,y) and Ky be
the parabolic Killing field given by Ks(z,y,2) = (y,z + z,—y). Let
Vi ={(z,y,2) € R} —2? + y?> + 22 = 1 and ¢°(K1, K1) < 2}. We see
that (z,y,z) € V1 if and only if |z| < 1, therefore for any (x,y,z) € V}
we have ¢°(Ky, K3) = (z + 2)2 < 9. Hence, Vo = {(z,y,2) € R3; —2? +
y?+ 22 =1and 16 < ¢°(Ky, K3) < 25} and V; are disjoint.

Let k1 be an odd function with support in [—1,1] bounded below
by —1 and g' be the metric given by ¢! = (v + 1)du® + 2dudv +
1— (k1 (v)+1)?

v2+1
metric on the quotient of R? by the horizontal translation of length 27
(then p = ¢ = 1). It can be seen as a perturbation of the de Sitter metric
for which K is still a Killing field. The support of this deformation
being contained in V.

Let k2 be an odd function with support in [—5, —4] U [4,5] bounded
below by —1. Let g be the metric on the cylinder given by a parabolic
atlas such that k =1, 7 =0 and gg = v2du?® + 2dudv + H%E%dv?
According to Theorem 5.6, g? is spacelike Zoll. It can be seen as a
perturbation of the de Sitter metric for which K5 is still a Killing field,
the support of this deformation being contained in V5.

Let g be the metric on the cylinder that coincides with ¢! on V7,
with ¢? on V4 and with ¢° elsewhere. Let v be a spacelike geodesic of
g. It follows from Proposition 2.3 that v intersects Vj. If v does not
meet V5 then it is clearly closed, otherwise it has to cross it. Let v be
the ¢g' geodesic that contains y N V! and let ¢ty < t; < to < t3 be such
that v1([t1, t2]) C Vi, ym(Jto, t1]) N Vi = y(Jt2, t3)) N Vi = 0 and +(to)
and 7] (t3) are proportional to K;. The restrictions of v, to [to,t1] and
[ta,t3] are geodesic segments of g°. Let us see that these two segments
are in fact on the same g°-geodesic. We proved that g' is spacelike Zoll
by comparing its geodesics to the g one. The fact that for any ¢ > 0
we have (compare to (5) in section 6):

/c Ve 4+ 1k1(v)
—c (1 +’U2)\/ C2 —U2

says precisely that the ¢%-geodesic that starts tangentially to K, from
~1(to) arrives tangentially to K7 at the point ~(¢3), proving our claim.
This means that from the perspective of V5 the perturbation on V; has
no effect on the spacelike geodesics. In particular, in this case also ~
is closed and therefore g is spacelike Zoll. Moreover, for ¢ = 1,2, any
global Killing field K of g has to be proportional to K; on V;, therefore

dv?. According to Theorem 6.1, ¢' induces a spacelike Zoll

dv =20
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if K is non trivial it has both lightlike leaves and periodic leaves. But
such a behaviour contradicts Proposition 3.4, therefore K = 0.

(1]
2]
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