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CONVERGENCE OF THE ALLEN-CAHN EQUATION
TO BRAKKE’S MOTION BY MEAN CURVATURE

TOM ILMANEN

Abstract

The equation 8u°/dt = Au® — (1/€°)f(u°) was introduced by Allen and
Cahn to model the evolution of phase boundaries driven by isotropic
surface tension. Here f = F' and F is a potential with two equal
wells. We prove that the measures du; = ((¢/2)|Du’? + (1/&)F (u)) dx
converge to Brakke’s motion of varifolds by mean curvature. In conse-
quence, the limiting interface is a closed set of finite #" ~!_measure for
each ¢ > 0 and of finite /#"-measure in spacetime. In particular the
limiting interface is a “thin” subset of the level-set flow (which can fatten
up) and satisfies the maximum principle when tested against smooth, dis-
joint surfaces moving by mean curvature. The main tools are Huisken’s
monotonicity formula, Evans-Spruck’s lower density bound and equipar-
tition of energy. In addition, drawing on Brakke’s regularity theory, there
is almost-everywhere regularity for generic (i.e., nonfattening) initial con-
dition.

Introduction
The equation
a & (4 1 &
(*) Eu —Au—e—zf(u)

was introduced by Allen and Cahn in 1979 to model the motion of phase
boundaries by surface tension [2]. Here f is the derivative of a potential
F with two wells of equal depth at ¥ = £1. The equation is the gradient
flow of

Me[u]=/%|Du|2+%F(u)dx,

sped up by the factor 1/¢.

The effect of —(1/:-:)2 f is to force u° to approximate a characteris-
tic function, with a transition layer of width approximately ¢ and slope
approximately C/e. Heuristically, the interface should move by mean
curvature in the limit.
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The energy density is

dy; = <%|Du8|2 + %F(us)> dx.
Since uf is the quantity whose integral decreases, it must represent surface
measure in the limit. Accordingly, we try to pass to limits in the sense of
Brakke’s varifolds moving by mean curvature. We succeed by combining
Brakke’s convergence method [5, Chapter 4], an e-version of Huisken’s
monotonicity formula [23], and the lower density bound of Evans and
Spruck [18, 6.2].

The key step is to prove that the quantities (&/ 2)|Du"’|2 dx and
(1/e)F(u®)dx become equal in the limit. This is to be expected from
the asymptotic form u® ~ ¢°(r), where ¢° is the one-dimensional stand-
ing wave for (x) and r is the signed distance to the front. This result is
a kind of “equipartition of energy” for the parabolic problem.

Evans, Soner, and Souganidis [15] have proved that #° converges locally
uniformly to +1 except possibly on the corresponding level-set flow. (For
an explanation of the motion of level-sets by mean curvature, see Evans
and Spruck [16] or Chen, Giga, and Goto [13].) Bronsard and Kohn [7]
proved that

ui(-, 1) > +1 ZL"-ae. foreacht>0,
W, ) —+1 " ae.

Thus our results are particularly of interest in the case that the correspond-
ing level-set flow fattens up. In particular, we show that for each ¢ > 0,

u%(-, 1) > £1 locally uniformly
except on a closed set of # "~1_measure zero, and
ui(-, ) » =1 locally uniformly

except on a closed set of #"-measure zero. This closed set is the support
of the limiting measure, and lies within the corresponding level-set flow.
See Corollary 9.2. It is a “set-theoretic subsolution” of motion by mean
curvature as defined in [25], with the distance function property of Soner
[34].

Furthermore, our existence theory is also suitable for the regularity the-
ory of Brakke [5] as exploited in Ilmanen [26].

Broader context, including penalized harmonic map problem. This pa-
per addresses questions raised by Bronsard and Kohn [7] and by De Giorgi
in his white paper [14]. Particularly interesting is the relation between the
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e-W'? quantity (e|Du’)?/2+ F(u°)/e)dx and the limiting BV quantity
|Du|dx where the limit u is the characteristic function of an open set E
of finite perimeter.

The paper extends the result of Modica [28] for the elliptic minimization
problem to the parabolic (and stationary elliptic) problem. See also Modica
and Mortola for the connection with I'-convergence [29], and Frolich-
Struwe [21] for further discussion.

Equation (x) specializes a more general problem where u is vector-
valued and F takes its minimum on a submanifold N of R*. If 4°
takes values near one component of N, then the energy [ (1/2)|Du|2 +
(1/82)F (v)dx is asymptotically finite and in the limit we solve the har-
monic map flow problem with target N . This was initially proven in Chen
[11] for target S” . Using the monotonicity formula and regularity theory
of Struwe [36], the approximation scheme was applied to general targets
in Chen-Struwe [12].

If u° bridges from one component of N to another, then we must
normalize the energy by a factor ¢. Each component of N corresponds
to a phase of matter. In the limit, phase boundaries should develop that
move by mean curvature. In this way it should be possible to model the
motion of multiple phases.

In particular, ordinary (two-phase) motion by mean curvature can be
seen as harmonic map flow into $° = {-1, +1} with infinite, but normal-
ized energy.

The Allen-Cahn equation has been studied by Barles, Soner and Sougani-
dis [4], Bronsard and Kohn [6], [7], Carr and Pego [8], [9], X. Chen [10],
Fife [20], Fusco [22], Rubinstein, Sternberg, and Keller [32], and many
others. In particular, de Mottoni and Schatzman established agreement
with smooth motion [30], [31], and Evans, Soner, and Souganidis proved
compatibility with the level-set flow [15]. Our result implies these earlier
results.

Organization. Our first step (§2) is to establish an e-version of Brakke’s
inequality

d -
-d—t/qbdutS/—H2¢+H-S-D¢dut.

(In this formula, S represents orthogonal projection onto the tangent
plane of the surface.) However, the resulting e-version of the formula
contains a discrepancy involving the difference

2 e
dE = (8|D“| - F—(aﬁ—)) dx

2
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In §3 we derive an e-version of Huisken’s monotonicity formula, which
also contains an éf discrepancy. We prove in §4 that éf < 0, thus es-
tablishing the monotonicity formula. This is equivalent to the condition
|Dr’| < 1, where r° is the ¢-approximation to the signed distance to the
front.

Next (§5) we prove that the measures ,uff converge subsequentially to
alimit x4, for all >0 at once.

In §6, we establish a version of Brakke’s Clearing-Out Lemma [5, 6.3].
This immediately yields local estimates on #Z "_l(spt u,) . Using the den-
sity argument of Evans and Spruck [18, 6.2], in §7 we get a lower bound
on the (n— 1)-dimensional density of u, for # = spt 4, and
ae. t>0.

Combining the density lower bound with the (negative) ¢, term in the
monotonicity formula, we show & = 0 in the limit (§8) by a “squeezing”
argument. This is what we need to pass to limits in the sense of varifolds
(89) and establish Brakke’s inequality for {u,},. As a consequence,
sptu, is (n — 1)-rectifiable for a.e. 1> 0.

In §10, we estimate #" ||, sptu, x {t} locally.

In §11, we relate the limit measures {#4,} > to the characteristic func-
tion obtained in Bronsard and Kohn [7] by BV -compactness.

The Allen-Cahn limit yields effectively the same structure that arose as
the limit of elliptic regularization in the author’s paper [26]. In §12 we
briefly indicate how the results of [26] can be applied in the case of the
Allen-Cahn equation to show that any initial surface can be perturbed to
one whose evolution is smooth #"-a.e. in space-time.

It seems that approximation by the Allen-Cahn equation yields essen-
tially the full range of Brakke motions (of boundaries), without selecting

Initial:  +1

Evolute:

FIGURE 1. THREE CRross FLows
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“physically stable” ones. For example, there are three flows for the infi-
nite cross shown in the diagram. The third is extremely unstable under
small perturbations, but all three arise as possible limits of the Allen-Cahn
equation with suitable initial data. See Figure 1.

1. Preliminaries

In §§1.1-1.4 we set forth the notation and setting of our convergence
theorem in as much generality as possible. In §§1.6-1.9 we will define
Brakke’s varifolds moving by mean curvature (needed in §§2 and 9).

1.1. Equation and measures. Let u° be the unique smooth solution of

1

a & _ & & n
) FY = Au 82f(u) on R” x [0, oo0),
u’(-, 0) = ug(-) onR" x {0},
where uf) is as described in §1.4. The potential F is to satisfy
f=F, F=1ig,
where
f(=1)=f(0)=f(1)=0,
1) f>0 on(-1,0), f<0 on(0,1),
f-n, fy>o, f<o,
g(-—l):g(l):O, g>0 on (_lal)
This hypothesis allows the application of X. Chen’s result [10] in Lemma

6.1. It can be weakened to a local condition near +1.
The model is

F=1(1-u")?, f=2m@’-1), g=1-i.
Measures. Define the Radon measures uf , t>0,by

@ au = (SDuc, 0P + LPGC, 0) dx.

1.2. Standing wave. Let ¢° be the one-dimensional standing wave for
(%), that is
1
a,,(r) - 3/a(N)=0,  reR,
g, >0, g¢'(xo0)=%1, ¢°(0)=0,
(see, e.g., [7]), where (), represents differentiation with respect to r. We
can obtain ¢° by solving the first-order equation

@ $=186), @) =21, ¢(0)=0.

(1)
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o
_

FIGURE 2. STANDING WAVE

To see that (2) implies (1), differentiate and substitute (2) and f = 88,
To ensure that the boundary conditions of (2) are attainable, use the fact
that F has two equal wells. See Figure 2.

Note that for any ¢ with g(+oco) = £1, we have

M’lq) = /oo 2+1F(4)dr

( q))2 +Glg), dr
[.(

2
Vg, - gq)) dr+G(1) - G(~1),

¢
29
l
02
|
o2

where
G=g, GE=D+G(1)=0

Thus ¢° solving (2) is in fact an absolute minimizer subject to its own
boundary conditions. Note that ¢°(r) = ql(r/s) . Define

(3) a=M[g"] = (G(1) - G(-1).
For the model case F = (1 — u2)2/2, we have
¢° =tanh(r/e), G=u-u’/3, a=4/3.

1.3. Initial surface. Since Brakke motions are so general we expect
the motion can sustain very rough initial conditions. The most general
initial condition is an integral current that is the boundary of a set of
finite perimeter, with bounded density ratios. In concrete terms we can
start the evolution from any (singular) surface that can be approximated
by smooth surfaces. Specifically, let E; C R” be an open set, M,=0E,,
and assume

(i) Density bounds.

" (MyN By(x))

<D forxeR", R>0.

wn-l
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(ii) Approximability. (E,, M,) can be approximated strongly by

.. . . k k . k

smooth pairs in the sense that there exist pairs {(E;, M)} k> with E
open, Mé‘ a smooth hypersurface, and

Xgk = XE, weakly-*x in BV,

loc’
n—1 k n—1
A& |My - & |M, asRadon measures.

These conditions allow a variety of singularities in M. For example, it
permits the cross of Figure 1.

1.4. Initial data uf) . We next show how to make E; into suitable
initial conditions for (x). Let Xg, R" — {0, 1} be the characteristic
function of E;. In order to use the Allen-Cahn equation (*), we must
approximate ZXEO — 1 by smooth functions uy: R — [—1, +1] such that

Mg approximates # n=1 | M, . To this end we set ug ~ q°(r,) , where r, is
the signed distance to M,,. Specifically we require

(i) elDuf|*/2 < F(u)/e (initial control of Du),

(i) py— o# -l | M, as Radon measures,

(i) uy— 2%z — 1 in BV,
(iv) (B, (x))/w,_,r""' <CD for x €R", r >0 (density bounds),
v) llugllc2 < C(e).

The technical condition (i) is essential in the argument of §4 and what
follows, but probably can be weakened or removed by showing it quickly
becomes nearly true. (M. Soner has recently done this [35].)

Proof that this is possible. Let us check that such ug can be constructed
for E,. Our construction is standard, see, €.g., Modica [28, 2(2)]. First
approximate E; by Eg as in §1.3(ii). We may assume Mé‘ is compact
by modifying Eg off a large ball. Define

rk(x)—{ dist(x, My), x€Ey,
—dist(x, My), x¢Er.

Note that |Drk| <1 ae. and r* is smooth near Mé‘ . Let 7 bea

smoothing of r* that agrees with r* near M* , and which satisfies |D7k| <
1. Set . B

ug" (x) = ¢ (F (x)).
Since Eg is compact we can assume that both (iv) and (v) hold for uf)’k
when ¢ is small enough.
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Condition (i) follows from §1.2(2) and |D7k| < 1. Let us consider
conditions (ii) and (ii). Fix ¢ € Cf(R”). For small enough ¢ (depending
on k) we have

(@) = [ o00) (S0P + 1P ) ) ax

= [ "o (52 + tra) drawm o)

0

z/ka¢(y,0)d/7’"—l(y), o as in §1.2(3).
0
Here we use coordinates x = (¥, r) near Mé‘ , where y € Mé‘ is the
closest point to x and r = r(x). Therefore
(") pp~a®" ' M, % as Radon measures.
Ev1dently we also have, by considering the shape of ¢° for small £,
(iii") u0 ~ 2xE0 — 1 weakly-+ in BV

Thus (ii) and (iii) hold with E, replaced by E{)‘ . By taking a “diagonal”
subsequence we see that (i)-(v) are met.

1.5. Crude bounds for u’. For periodic solutions, the maximum prin-
ciple implies

lW'|<1, D[, |D’’|<Ce,T), =x€R', 0<t<T,
Ui (Bp(x)) < C(e, T)R", xe€R",0<t<T, R>0.

These estimates are independent of the periodicity and hence hold by
uniqueness for any smooth solution u° of (x).

1.6. Varifold notation. For detailed information about varifolds the
reader is referred to [1], [3], [33]. A general k-varifold is a Radon measure
on R x G, (R"), where G,(R") is the Grassman manifold of unoriented
k-planes in R". We write V,(R") for the set of all general k-varifolds.

When S isa k-plane, we also use S to denote the orthogonal projection
R" — S. We write 4 : B for the inner product 2. A4,B B of matrices,
and 4.V for the application of a matrix to a vector. In this notation we
write the first variation formula (see [33])

SV(X) = / DX(x):SdV(x,S)

(1) /Z (D, X(x), e)dV(x, S)

(AN

=/—X(x)-ﬁ(X)dIIVII(X) if V] < [[V].
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Here V is a general varifold, 6V is the first variation, ||V|| is the mass
measure, X € C,(R",R"), {e,, - , e} is an orthonormal basis of S,
and H = I-TV is the mean curvature vector if it exists. The quantity
DX : S is also written div, X .

1.7. Rectifiable Radon measures. We call a Radon measure u k-
rectifiable, and write u € #, , if either of the following equivalent condi-
tions is met:

() u=& k |X|6, where X is a locally k-rectifiable, #*-measurable
set,and 6 € L (#*|X, (0, ).

(b) The measure-theoretic tangent plane T, u exists u-a.e., where we
define T, u by

T u= lﬁg M, ; (in the sense of Radon measures)

provided the limit exists and is a positive multiple of # k restricted to
some k-plane. Here u, ,(4) = 27%u(x +24), for ACR".

In this circumstance there is a corresponding rectifiable k-varifold V =
v, defined by

/v/(x, S)dV(x, S) = f w(x, Tu)du(x) for y € C°(R" x G,R", R).

Note that 4 = ||[V||. The set of all rectifiable k-varifolds is denoted
RVk(R”) , and is by definition in one-to-one correspondence with ./ .
We write ﬁ=ﬁ”=ﬁy.

1.8. Brakke’s right-hand side. If {M,},, is moving smoothly by mean
curvature, we have the following identity for any test function ¢ = ¢(x):

i/ pdx"! =/ —¢H* +D$-Hdx"".
dt Mt A{t

We call the first term the shrinkage term and the second one the transport
term. Motivated by this, we define % (u, ¢) for any Radon measure u
as follows.

Singular case. % (u, ¢) = —oo if either of the following holds:
(i) ul{¢ >0} ¢ 4.

(ii) |opl {6 <O} € u,{¢ >0}.

(iii) [¢H dp=oo.

Nonsingular case. Otherwise,

B, ) E/—¢H2+D¢-Txu-ﬁd,u.
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1.9. Brakke motions. A family {u,},, of Radon measures is called a
Brakke motion provided -

(B) D,u, (o) <ZB(u,,d)

forall ¢ € CCZ(R" ,R") and all ¢ >0. Here 1,(¢) = [¢du, and D, f(1)
is the upper derivate

Hm(f(s) - f(1))/(s - 1).

The inequality (rather than equality) is required for technical reasons
in §9. It is a true feature of the flow, as illustrated in [26, §6].

Brakke introduced inequality (B) in his monumental 1978 book [5]. Our
definition is slightly stronger than Brakke’s since we only look at properties
of the mass measure u, = V|| .

2. Brakke’s inequality

We wish to derive an e-version of Brakke’s inequality §1.9(b). Let
¢ € C2(R", R") and derive

'g_t./¢dyf =/¢% (%|Dul2+ %F(u)) dx
=/¢(sDu-D%u+%f(u)—aa—tu> dx
(1) = /8¢ (—Au+ 8—12f(u)) %u - £D¢-Du§t-udx

= /—a¢ (—Au + glzf(u))2

+¢&D¢ - Du (—Au + éf(u)) dx.

In comparison with (B) this suggests that
2 1 2
H'du,~¢ <—Au + —zf(u)> dx,
€
ﬁdut ~ eDu (—Au + %f(u)) dx.
€

Recalling d,uf = ((‘<:/2)|Du|2 +(1/€)F(u)) dx , we obtain two approximate
expressions for H :
—Au+f(u)/£2 N £|Du|(—Au+f(u)/82)

H= |Du| " (€/2)|Du)* + (1/e)F(u)
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If only we had (e:/2)|Du|2 ~ (1/e)F(u), these expressions would agree
(heuristically).

We next try to interpret uf as a varifold. Integrating by parts, we will
make the transport term of (1) look like the first variation — [S: DY (x)
dV(x, S) of the varifold V', where Y = D¢. Let 6 denote the identity
matrix of R".

Define the stress tensor T, J by

€ 2 1
T = EIDuI 0 —eDu® Du + EF(u)J .
Observe that
D,T,; = eD,u(~Au + f(u)/e").

itij

Then
Transport term = /s (—Au + lzf(u)) Du-Ydx
;

=/D.T..dex =/—T: DY dx

ivij

= / (aDu ® Du — —;—|Du|25 - %F(u)é) : DY dx
? = / - <%|Du|2 + %F(u)) (6 —v®v): DY dx

+ / (——EI-F(u) + %|Du|2>u ®v: DY dx
=/—(5—u®u): DYduf+/u®u: DY d¢’,
where v = Du/|Du|, and we define the “discrepancy” Radon measure
3) 4 = (%IDuIZ - %F(u)) dx.
We are led to define the general varifold
@ VW= [vix, DuxM)dux),  we IR %G, R, R).
This makes sense since by analyticity the set {x: Du(x, t) = 0} is either

all of R” or has Lebesgue measure zero; we exclude the first case. Thus
we obtain

Transport term = —/S: DY(x)dV/(x, S) - / v®v: DY d&

=—5V;8(Y)—/V®VZDYdff, Y = D¢,
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and therefore the e-Brakke formula

d : 1 2
5) E/t/bdu, = /—8¢ (—Au+ 8_2f(“)> dx
~-S:D’¢dV’ —vev: D'¢de .

Note that the second term on the right corresponds to the transport term
of (B) and is weakly continuous with respect to varifold convergence. The
last term is the discrepancy between the transport term of (B) and the
transport term of (2). (It cannot be absorbed in the second term without
creating negative tangent planes.) Thus a major goal will be to show that
&° — 0 in the limit. Then the second term (which is a varifold) will match
the transport term of (2) (which can be estimated via the equation). This
will yield a first variation estimate on the limit varifold.

The vanishing of ¢ is heuristically reasonable since we expect u° ~ ¢°(r)
where r is the signed distance to the front, and thus

£ 2 €, &2 2 1 €
(6) §|D“| ~§(q,) | Dr| —EF(u)

by §§1.1, 1.2(2), and the fact that |[Dr| =1 a.e.

3. Huisken’s monotonicity

Our next task is to derive the e-version of Huisken’s monotonicity for-
mula [24].
3.1. Smooth derivation. Let {M,},, be compact manifolds smoothly

moving by mean curvature, let u, = # -l |M,, and let v = v(x) be a
unit normal field on M, . For any smooth function ¢(x, ) we have

d _ 2 -~ 0
=/—¢H2+2D¢-ﬁ+S:D2¢+§;¢dut by §1.6(1)

2 2
=/—¢<H+D¢;V> +(D¢¢;”) +8: D%+ - pdu,.

Now fix a “blowup point” (y, s) € R"x(0, co) and replace ¢ by Huisken’s
monotonicity kernel

1 —lx~yI*/4(s—1)

= e t<s, xeR".
(4n(s — 1))=Y/

p=p,(x,1)
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Thus

_(x-»
T 2(s-1)

2 [(x—y)®(x-y) ¢
D”‘( as—of 20

o [n-1 1 |x—y|2
3’ =\ -0 T as-07)”
(x=y)-v

-0 7

Miraculously enough, we have

Dp P,

Dp-v=-

Dp-v)’ | ¢ 2, O
(1) ’ +S.Dp+6tp_0,

d _ (x-y)-v)?
@i | o tui= [ v (H+ 2s-1) ) ek

3.2. Apply to &-equation. For ¢ € Ccz(R" s R+) we get

%/Wiﬂf = /—8 (—Au+ ;lff(u)>2 dx

+¢eD¢ - Du (—Au + ;lif(u)) dx

SO

+o-dul by §2(1)
1 2
= /—eqb (—Au + 8—2f(u)> dx

+2eD¢ - Du (-—Au + %f(u)) dx
€

429

) P, J = identity matrix,

0 e
—vev:D'¢dE +(—vev): D’bdu; + 5-¢du,

= /—sqS (—Au + %f(u) - Du(;ﬁDqS)z dx

2
+e(£u'¢l)—¢)a'x—u@n/:D2 dé&;

€ 6 3
+(0-vQ®-v): D2¢du, + E¢d“t-

by §2(2)
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The second term on the right-hand side of the above equation is equal to

2
[ 2 s+ e,

SO we obtain

%/d)duf: /—sq& (—Au+8i2f(u)— Du(;qub)zdx

2
@) +((”'_£¢)__(5—V®u):D2¢+%¢) du;
2
+ (—u@u: D2¢+Q%¢i) df,s

for ¢ € C2(R", R*). We now wish to insert ¢ = p, , into this formula.
We set ¢ = np, where 7 is a smooth cutoff function with

0 off By,

1 on Bg.

Using the crude bounds of §1.5 and the exponential decay of p, |Dp|,

|D2 p|, we can pass to limits as R — oo to establish that p may be inserted
into (2). We calculate

2
Inl, |Dn|, [D*n| < 1, ,,={

—v@v:Dp+w-Dp)/p=p/2s—1).

Together with (1) we obtain from (2):
3.3. Monotonicity formula, e-version. For ycR", 0<t<s,

2
d g 1 Du°Dpy’s
a;/py,sd‘ut = /—Epy’s (—Au+8—2f(u)—T dx

+ [ e

In the next section we will show the negativity of éf .
For later use we record the following lemma, whose proof we leave to
the reader. Define

1 —lx—yl*/2r)
_—le R
(V2rr)"
which is related to py’s(x , 1) by

p,(x) =

P =2s-1).
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3.4. Lemma. Let u be a measure satisfying §1.4(iv), namely
u(By(x))/w,_R"'<CD, R>0, xeR".

Then the following hold :
(i) [p,du<CD (same C).
(ii) Forany r, R>0, xeR",

2 2
/ p; dx < 2"l
R"\By(x)

(iii) For any 6 > 0 there is y, = y,(d) > O such that for all r > 0 and
all x, x, with |x —x,| < y,r, we have

/p;ld,ug(l+(5)/p;du+5D.

(iv) For any 6 > 0 there is y, = y4(6) > 0 such that for any r, R >0
with 1 <R/r < 1+y; and any x € R", we have

/pﬁdﬂg(1+a)/p;du+ap.

(v) Forany r, R >0 with R/r<1 we have fpf du<(r/R)"! [r.du.
(vi) For any 6 >0 there is a(d) >0 such that for all r >0, x €R",

a(d)r ,Lt(B )
du< L +0D.
/Px a)n_la(é)”_lr”'l

4. Negativity of &
Formula 3.3 motivates us to prove that éf < 0. As discussed following
§2(5), we expect u° =~ ¢°(r), and
e [€ £,2 1 € ~
¢, = (ElDul sF(u )) dx =0,

since |Dr| = 1. Duly motivated, we define r°(x, t) by
u'(x,t)=q"(r"(x, 1)).
Then, as in the argument following §2(5),
(/2IDU _ e
(1/e)F (u)
Thus it is equivalent to show |Dr"1|2 < 1. By the initial hypothesis §1.4(i),

this holds at ¢t = 0. We will now use the maximum principle to show it
for ¢t > 0. This argument was used by Modica for the stationary case.



432 TOM ILMANEN

From (x) and ¢, = (1/¢)g, ¢, = (1/e)f = (l/sz)ggq, we obtain,
writing r = r%,

2 2
Uy =Au' - f(W)/e", g, =qAr+q,|Dr| —q,,

SO
1 2
r,=Ar+ qu(|Dr| -1)

and

2
\Dr|} = AIDr* —2|D*r* + —i—Dr -Dg,(IDr]* ~ 1) + ~g,Dr- D|Dr|*.

At a maximum of |Dr’3|2 that is equal to 1, each term on the right is
negative or zero.

Assuming first that the function #° is periodic, this implies |Dr(-, t)|2
< 1 by the maximum principle. To extend to the nonperiodic case, ap-
proximate u°(-, 0) by a periodic function uz(-, 0) of large period, and
solve (x). Using the crude bounds in §1.5, we pass to limits as the period
goes to infinity. Thus we obtain the estimate |Dr’;|2 < 1 for some solution
of () with the same initial condition u(-, 0). By uniqueness of u°, we
obtain [Dr’|> <1 for u°, and therefore have proven

4.1. Negativity of £. For u° solving (*) subject to the initial condi-
tions of §1.4, we get [Drf|* <1 on R" x [0, o) or equivalently

d{st forallt >0
and therefore, by §3.3,
d e
3i | 90 <0

for 0<t<s, yeR".

5. Passing measures to limits

As a result of §§3.3, 4.1, and 1.4(iv), we immediately have
5.1. Density bounds. There is c(¢) | 0 with

@) /py,sdﬂfSCD foryeR", s>c(e), 0<t<s.

(i) u(Bg(x)) < CDR"™" for (x,1) e R" x [0, 00), R >c(e).
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5.2. Growth bound. For ¢ € C2(R", R") we have

/,, —&d (—Au + sizf(u)>2 +eD¢ - Du <—Au + glzf(u)> dx

ot (s L D¢-Du\? 2| Dy’
S/Rn 8¢( Au+82f(u)+7> +8|DU| 4¢ dx
2
< W' {p>0}), where C,(9) = sup ‘o2l < sup|DPy)
{¢>0} 2¢

< C,(¢)D byS§5.1.

Then using §2(1) we obtain

5.3. Semidecreasing property. For ¢ ¢ Cf (R", R, the function
1; ($) — Co(#)Dt is nonincreasing.

5.4. Passing to limits in uf . The following argument originates in
Brakke [5, §4]. The version which we give is identical to [26, §7].

Choose a countable dense set B, C [0, oo) . By the weak compactness of
Radon measures, the density bound of §5.1, and a diagonal argument, we
may select a subsequence {¢;},,, and measures {4}, ,_, such that ny -
u, for t € B, . Now let {¢,;},,, be a countable dense set in CCZ(R" ,R).
By the semidecreasing property 5.3, there is a cocountable set B, C [0, o)
such that for € B, and all i > 1, u(¢,) is continuous at ¢ as a function
of s€B,.

For any fixed ¢ € B,, we can find a further subsequence { uf”' } j>1 and
a limit u, such that ,uf‘f — u,. Then by Property 5.3, {ﬂs(¢i)}seslu{z}
is continuous at ¢, for each i. Since {4}, is dense, it follows that
Y4, is uniquely determined by {,us}sE B, - Therefore the full subsequence
converges: u‘ — Y4, - In this way we define u, for each 7 € B,.

On the countable set [0, c0)\B,, we perform a further diagonal argu-
ment, and thus obtain

5.5. Convergence of measures. There is a subsequence {¢;},.,, such that
uf“ — u forall t>0 as Radon measures on R".

5.6. Monotonicity. (See §§3.3, 4.1.) For each (y,s) € R" x (0, c0),
the quantity [ Py s du,, 0 <t<s, is nonincreasing.

6. Clearing out
To proceed further, we will prove a clearing-out lemma like that of
Brakke [5, 6.3] or Evans and Spruck [18, 6.1], but using the monotonicity
formula.
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6.1. Clearing-Out Lemma. (i) There is n > 0 dependingon n, F such
that [p, ;du,<n implies (v,s) ¢ Uysosptu, x {t'}.

(i) If (v, s) ¢ Upsosptu, x {t}, then there is a neighborhood U of
(v,s) in R" x[0, o) “such that u* — u uniformly on U to either +1 or
-1.

From the Clearing-Out Lemma come several standard consequences
about the support of 4, .

6.2. Corollary (Clarity of Support). sptu = U,sosptu, x {t'} where
du=dp,d t.

Proof. sptu C U,5osptu, x {t} is immediate. For the converse, let
(y,s) ¢ sptu. Then (y,s) € U, U open, with UNsptuy = 0. Thus
Ip, s du,—0ast1s,and (y,s) ¢ U;qspty, x {t} by Lemma 6.1(i).

Remark. We see that u = limu® is locally constant off sptu .

6.3. Corollary (Measure of Support). Let U C R" be open. Then,
writing (spt ), for sptun (R" x {t}), we have

(i) #"((sptp), N U) < C(D)lim,,, u (U) for t>0,

(ii) #"'((sptu), N B,) < C(D)DR"™" for t >0,

(iii) (sptu), = M,.

We defer the proof to the end of the section.

Remark. C is independent of D if we use Brakke’s compactly sup-
ported Clearing-Out Lemma. This will only be possible after §9.

6.4. Empty Spot Lemma. There are B, 1,, 7,, C > 0 such that for
all yeR", R>0,and 0<e< B,R, if [u°(-, )] > 1/2 on By(y) then

(M) | >1-¢/R

on BR/z(J’) x [t+ ros2|log(sR)| , L+ rle],

(ii) 4 (B ,(»)) < CeR"’p

Jor set+ 1082, log(eR)|, t + thz].

To prove Lemma 6.4, we will apply the following lemma of X. Chen
who establishes the result by means of a well-chosen subsolution.

6.5. Propagation of interface (adapted from [10, Theorem 3]). Let f
satisfy the conditions in §1.1. Let h° solve (x). Let {N}, ., be a
smooth solution of the mean curvature flow with bounded curvature, and
let d(x, t) be the signed distance to N, . Suppose there are ¢, C, C, >0
such that

|h®(x, 0)| > cld(x,0)|, |Dh'(x,0)|<C,



CONVERGENCE OF THE.ALLEN-CAHN EQUATION 435

whenever |h°(x, 0)] < C | » Where we assume h®(-, 0) takes the same sign
as d(-, 0).

Then there exist t,,, &,, M, > 0 such thatforall 0 <& <e,, 1'082[ log €|
<t<T, wehave

Ki(x,t)>1—¢ ford(x,t)> Me|loge|,
W(x,t)<—-1+¢ ford(x,t)< —M,e|loge|.

Proof of Lemma 6.4 from §6.5. 1. Let us first prove (i). Since (i) is
invariant under scale changes, we may as well assume R =1, ¢t = 0.
Accordingly, let #° be a solution of () with [u°(-,0)] > 1/2 on B,;

u’(-,0) > 1/2 without loss of generality. Let {Nz}ogzgr be a sphere
shrinking by mean curvature with radius

r)=V2AT -1, 0<i<T,

where T is chosen so that r(0) =5/6.
2. Let h(-,0) bea C 2 radial function (independent of ¢) such that

1/2 onB,,.,
0= "

-1 onR"\B,,
h(-,0)>0 onB5/6, h(-,0)<0 onR"\BS/G,
|h(x, 0)| > |d(x, Ny)| when |a(x, 0)] < 1/2,
|Dh(-,0)| <7 onR".

Then A(-, 0) satisfies the hypotheses of §6.5. Let A° be the solution of
(*) with initial data A(-, 0), where 0 <& <e¢,. By §6.5, we have

2
h>1-¢ for ¢ |loge| <t <T, x€ Br(t)—Mzsllogel'
Now choose 7, >0, 0< g, < 7, such that

r(t,)=2/3, r(t)— Mye|loge|>1/2 for0<t<7t, 0<e<p,.

Then for 0 < ¢ < B, we have
2
hF>1-¢ on B, , x [tye"|logel, 75].

3. Now let #° satisfy the hypotheses of Lemma 6.4 with R=1, t=0.
Then u°(-, 0) > A(-, 0) and it follows from the comparison principle that
u'>1-¢ on B, x [7,¢’|logel, 7,1, as desired for (ii).
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4. To prove (ii), we estimate from (i) with general R,

BB = [ 510w+ pFafdx < [ 2Ff)dx by siep 4

R/2 Bgps

<f, He(-5) ax wo

R/2
1 £\?2 n—2
< /Bm L(lgllerg) dx=Cer™.

Proof of Lemma 6.1. The basic idea is to use Huisken’s monotonicity
formula to control the mass of ,uf locally, to convert this to pointwise
control of u° via (¢/2) |Du|* < (1/&)F , and then to use X. Chen’s work
to drive #° to +1 locally uniformly.

1. Let yeR", s >t>0. Let # > 0 be an arbitrary number to be
selected later, and assume [ Py s du, < n. Observe that by Lemma 3.4(iii),
(iv), (v), [ Py,sd H, varies continuously with (y, s), so there is a small
neighborhood U of (y, s) such that [p, . du <27 for (y',5') e U.
By the density estimate 5.1(i) and the exponential decay of p, there will be
some iy = io(n, D, {u;'};5,) such that for all i > i, and each (y',s') €
U, we have fpy,’s, d,uf" < 35. We may assume that U € R" x (¢, c0).
By the &-monotonicity formula 3.3 and §4.1, we have for (y',s') e U,

g £ _ g €
/py' d‘us'—ef/z = /py',S' d‘us’—sf/z S /py’,s' du,' <31,

provided that ¢, is small enough that sf /2 < infU(s’ —1) > 0. Then we
obtain writing ¢ for ¢,,

/ EpufP + lF(us) dx
B, )x{s'~¢*/2} 2 €
-1

(1) . & 3 &

< xel;:(fy ,)py:(x) Py dig_ 2,

-1

< ( 27[8)n el/23;7 =Cne"',

where C = (n).
2. Now let us pretend that

(2) W', s =&’ /2) < 1/2.

In the notation of the proof of the negativity of ¢ in §4.1, we have

u'=q"(r')=q'(*Je).
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<@ (3)=c.

(-, s’ —&’/2)| < Ce+1-¢ onB,(y).

Then (2) implies that

re(y/ , S, _ 82/2)
€

Also, |Drf| <1 by §4.1. Thus

That is,
(.5 —e*/2)<g' (C+1)=c<1 onB,).
Then
F')>c>0 onB,(y)x{s' —¢&°/2},

and therefore
(3) / E\Du) + lF(zf)arx >we (L) = "',
B 2 € "

where ¢ = c(n, ql).

3. It follows from (1) and (3) that if |u°(y’, s’ — 82/2)| < 1/2, then
ce" ! < Cm:"_l . Wenow fix n =#n(n, ql) so small that this is impossible.
Therefore, we have proven that there is U > (y, s) and i, independent
of ¢, such that for i > i, and (y',s") € U, we have

Wiy, s —ej2) > 1)2.
By decreasing ¢;, we can see that there is a smaller neighborhood V' of
(v, s) such that |u%|>1/2 on V.
4. Now fix a point 5, < s and a radius R > 0 such that Bg(y) x {s,} C

V and (y,s) € BR/2(y) X (85, 8y + rRz). From Lemma 6.4(iii) it follows
that

g €; 2 &, 2
u>1 —R% onBR/zx |:S0+1'08i logif ,so+rlR] ,
_ €.
,uff(BR/z(y)) < C¢R" ' fors' € [s0+108i2 logﬁ’ , s0+rlR2] ,

provided 0 < ¢; < B,R. Passing to limits, we obtain
ty(Bgj(y)) =0 for s’ near s
u’ — +1 uniformly near (y, s),

which provides Lemma 6.1(i).
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5. To prove Lemma 6.1(ii), let (y,s) ¢ U,5ospty, x {t}. Then
fpy,sd/tt — 0 as s — t, so by the above,
uly', s') = lim u%(y',s') = +1 near (y,s).
I1—00

Proof of Corollary 6.3. (i) It suffices to prove the result for every com-
pact set K C U. Write X, = (spt”)l. Let (x,t) € X,nK. Let 6 >0,
a > 0 be arbitrary. Then by the Clearing-Out Lemma 6.1, for each r > 0

n< [y dp,_o2p ;-
Choose a = a(d) according to Lemma 3.4(vi), and obtain
N < (B w,_r" " 40D,
Choosing 6 = (D) so that 6D = n/2, we get
2,ut azrz/z(B)
(1) ’7 - n—1 n 1
W, 1
where o = (D). Now for a fixed r > 0, consider the covering of X,NK
by the collection
# ={B,(x):x€X,}.
By the Besicovitch covering theorem, there are countable subcollections

B, @B(n) such that each %, is disjoint and
B(n)
X, C U Bx)
i=1 B (x,)€EZ

Now we calculate

2" (X, nK)<Z > o,
(x)EQ

> M ppp(B(x)) by (1)
’7B(x )€,
2 .
< Z *n_—lﬂt_azrz/z({xz dist(x, K) <r})
2B(n
(n) e 2 (U)

- a(D) n 1
for r small enough. By sending r 1 0, we obtain
#" ' (X,nK) < ¢(D) lim (V).
s

which is (i). Now (ii) follows from (i) and 5.1(ii).
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For (iii), consider any closed ball B(y) disjoint from M,. As ¢, | 0
we have |u%(x, 0)] — 1 uniformly for x € Bg(y) . It follows from Lemma
6.4(ii) that u (Bg,(v)) =0 for s € [0, 7,R’]. In particular, (y,0) ¢ X
= Upospty, x {t}; ie, ¥y ¢ X,. Thus X, C M,. Now M, C X,
because M, = sptu, by §1.4(ii). Hence X, = M), proving (iii).

7. Density lower bound

We now apply the technique of Evans and Spruck [18, Lemma 6.2] to
prove two lower density estimates. The Hausdorff measure n —2 +¢ is a
slight improvement on their work.

7.1. Density lower bound. Let {u,},., satisfy the Clearing-Out Lemma
6.1. Define -

A {(x, t) € sptu: %/p;d,ut < n} ,

2'=Z"nR" x {1}),
where 1 is as in Lemma 6.1. Then for § >0, #">*(Z)) = 0 for a.e.
t ZT%;: second density lemma involves the forward heat kernel.

7.2. Forward density lower bound. Let {u,} />0 satisfy the Clearing-Out
Lemma. Define

Z7 = {(x, D espru: Tm [ o, (v, 0 ) <},
Z =Z" nR"x{1}).

t

Then for ¢ > 0, 7/”'2”(2;) =0 forae t>0.
We will prove the second density Lemma 7.2 and leave the first, whose
proof is simpler, to the reader.
Proof of the bound 7.2.1. We have
z7=J z",
>0

n,<n

where
ZmhT = {(x, 1) € sptu: /py’s(x, tHdu(y) <n, forallse(r, t+1]} .

It suffices to prove #"~**(Z2>") = 0 for each fixed 7, <7, 7> 0.



440 TOM ILMANEN

B
o', ) )

t=s-5 (x 1)

FIGURE 3. CONTROLLING FUTURE DENSITY

Let 6 > 0 be a constant to be chosen momentarily. Let y = y(J) be
the constant y, in Lemma 3.4(iii). Let (x, )€ Z™", se[t, t+1], and
define r by r*/2=s—t. Then for x € B,,(x), we have

/ Py sV, 8)du(y) = / P (V) du,(v)
< +5)/p;(y)d,us(y)+(5D by Lemma 3.4(iii)

= (1+9) [ 5, ,(x. Ddu) +D
<(1+0)n,+6D since (x,1)€Z™ ", se (1, 1+1].

We now choose 6 = 6(D, n—n,) so that (1 +0)n, +6D < n. Then
I Py sir s 8)duy(y) < n for x' € B,,(x). Note that y = y(D, n—1,) .
See Figure 3.

Then by the Clearing-Out Lemma, we have (x',7) ¢ U,usqspta,
and in particular (x', ) ¢ Z"™°, where /' =s+7r’/2=1+r>. We have
shown that the relation

I{' -t <21, lx/—x|§yr, where ¥ =1 — ¢
forces either (x,1) ¢ Z™" or (x',¢) ¢ Z™". In consequence, for
(x,t) € Z™" we have proven that P, (x,t)NZ"™" = (x, ), where
P, (x, t) is the truncated double solid paraboloid defined by
lx' - x|2

/
272“_”2 yz ’

as shown in the figure.
2. We further subdivide Z™" into sets of the form

Z'=z7™"%h = Z"z,rn(Bl(x) [ty =1, t,+1]), xeR", t>0.
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7 \
FIGURE 4. PICTURE OF Z'

Then Z™'" is a countable union of such sets Z’, so it suffices to prove
X" H(Z)) = 0 for ae. t > 0, where Z, = Z' N (R" x {t}). Because
P, (x,t) is taller than Z' for (x, ) € Z', theset Z' meets each vertical
line {x} x R in at most one point. See Figure 4.

Fix 6, > 0 and cover the projection mg.(Z') C B,(x) CR" x {0} by a
collection of balls {B,i (%)} ;> » where x; € an(Z') , 1;<9,,and

[ o]
> w,r! <227 (B,(x,)) -
i=1
Let (x;, ;) be the point in Z " corresponding to X; . By step 1, the cylin-

ders B, (x;) x [t;, - ’;’2 /y2 1+ ’;'2 / yz] collectively cover Z'. We calculate
with approximate Hausdorff measure

t°+1%n—2+e 7V dt < fott n—2+sa,
p 9, ( t) - . Z wn—2+eri t

0—T 0~ T .. 2.2 2.2
{i: telt,=ri|y* 1417 [7°1}

0 t+r; /y
n—2+e
Z/ n 2+eri dt
o =y

oo

i=1

< C(ﬂ - '72: )512gn(31(x0)) .

Let J, | 0 and obtain by the monotone convergence theorem

2w

n— 2+e n+€

T n—24e,
#"(Z)dt =0.

=t

Taking countable unions, we find
/ ZNZ)de =0
0

yielding the result.
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8. Vanishing of ¢ (equipartition of energy)

Define d&° = d&;dt, du’ = dy;dt and recall & < 0, [&°] < u°.
Assume (via a further subsequence) that &% — &, u’ — u = du,dt as
Radon measures on R” x[0, co) . We now are in a position to prove & = 0.
Recall formula 3.3 and §4.1:

€ s ) 1 e
M %/Py,s(x, £ du;(x) < - %dm(x) <0.

Heuristically, if & < 0, then (¢/2)|Du’|* < (1/¢)F(u), that is, the inter-

face is spread too much (relative to ¢°) and has a greater than (n — 1)-

dimensional character. Then the (n — 1)-dimensional monotonicity inte-

gral decreases rapidly toward zero as it focuses. This is expressed by the

above formula. On the other hand, we have the density lower bound 7.2.

These two will contradict one another, yielding the following theorem.
8.1. Vanishing of ¢. Let u’, {1}, beasin§§l, 5. Then & =0.
Note that we cannot control the measures limei 10 éf for every ¢.

Proof of 8.1. Integrating (1) and passing to limits, we find that for any
(v,s5) €R"x (0, o0) and any ¢ >0,

py’s('x 2 t)
//R"xlo,s—a] mdlél(x, 0= /R,. Py, s(x5 0)duy(x)
< CD by Lemma 3.4(i).

Fix R, T >0 and integrate against du ds to obtain

T+1 py,s(x’ t)
/0 /BRw) //"X[O,s—a] 20 —p eI, Ddpy)ds

T+1
S/ / CDduy)ds
0 Bg(0)

< CDXT + 1DR™™" by §5.1(iii)

< 0.

See Figure 5.
Then since |¢| and du ds are Radon measures and the integrand is
continuous and bounded on its domain, by Fubini’s theorem we obtain
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s

T+1 D7
)/

s |/

t

FIGURE 5. REGION OF INTEGRATION

T+1 1 /-
—_— x,t)d dsd|E|(x, t
.//11"x[o,T+1]/t+a 2(s — 1) I 0) Py, s> Ddp(y) dsdiE|(x. 1

<CcD¥ T+ 1R,

Passing ¢ | 0 we obtain the same inequality with o = 0, by the monotone
convergence theorem. It follows that

141
1
2 / x,t)d ds<C(x,t) <
@ o 26D Jp 0Py DAROD) (X, 1) <00

for |é|-a.e. (x,t) e R" x[0, T7].
2. Now for any x € BR/z(O), s>t>0, we have

x,1)d =/ x,0)d +/ V-
[ py e dn0) [ o 00+ [ Y
<[ .5 0duw)

BR(0)
a1 3R
+2° e 325-0D by 3.5(ii).

Thus for |é|-a.e. (x, 1) € Bg,(0) x [0, T,

t+1
[ 2(S1— t) /l;" py’s(x’ t) dlus(y) ds

t+1 1 2'1_1 _
SC(x,t)+/t 3G =1 e
< 00.

By taking R, T sufficiently large, the above holds for |£|-a.e. (x, ) €
R" x [0, o).
3. Fix (x, t) satisfying (3). We aim to prove that

3)

R2
s—tDds

Kl

lslgl . p, (x,)du(y)=0.
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t+ef
t+éb

FIGURE 6. CONTROLLING f(Z + e? )
Define f =log(s —t) and
W)= [ p, . 0dn0),

so (3) becomes

0 g
(4) / h(t +eP)dp < 0.

—00
This shows & is frequently small, and we will next use monotonicity to
control 4 in the other places.

4. Let y € (0, 1] be any number. By (4), there will be a sequence
B; — —oo such that

(5) By>By> s |Bi—Biyl<v, ht+e)<y.
Now let B € (-0, B,]1 and suppose B € [B;, B;,_,) (see Figure 6). Then
We+e") = [ b, 6, 0dt o)
= /px,t+2e"(y’ t+eﬂ)dfut+e”(y)

= /px,z+2eﬂ(y’ t+eﬂi)d'ut+e”" )

by monotonicity, since f; < f
= [ Pk du,y
where R’ /2= 2¢? — ¢#. On the other hand, by (5)
r2ht+e®) = [, lx. 0dum0)

= / Prdityyen
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2,n _ B,
where r°/2 =" . Note that

1<R/r=\2%—1<1+Cy.

5. Now let J € (0, 1] and set y = min(J, y,(6)/C) where y,(d) is as
in Lemma 3.4(iv). Then applying the inequalities of step 4 for this choice
of y, we find that for all g < B,(y(9)),

me+eh) < [ ol < +0) [ #du,,p+ 6D

<2y+éD.
This is true for all g < B,(7). As 6 | 0 we obtain
(6) lif?h(s) =0 for|¢|-ae. (x,1).
N

6. On the other hand, by Theorem 7.2,
(7) fil—r?h(s) >n>0  d#" T |sptp,)dt-ae. (x,1).
s

The fact that u,(B,(x)) < CDr"™! forall (x,t) € R"x[0, 00), r >0
shows that

(8) dié| < dp = dp,dt < d(#" " |sptu,)dt.

Combining (6), (7), and (8) gives

0>Tlimh(s)>n  |¢|-ae.
slt

from which we conclude £ =0.

9. Passing varifolds to limits

9.1. Brakke’s inequality for the limit. Let {u,},., be a limit for the
Allen-Cahn equation as in §§1.1 and 5.4. Then {u,};O satisfies Brakke’s
inequality -

D, [ ¢du, < [ -1’ + Dy (T,u)* - Hd,

foreach t >0 and ¢ € C Cz (R", R"Y), where the right-hand side is under-
stood to be B (u,, ¢).

Remarks. (i) Using results 5.1 and 7.1 it is now easy to see that (spt u),
is (n — 1)-rectifiable for a.e. ¢ > 0. In fact, Brakke’s work shows the
following more precise result. By the second half of the proof of [5, 6.12]
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together with Lemma 6.1, it is possible to show that whenever _ﬁ: u,(®) >
—oo then

6" \(u, ) zen A" |(sptu)ae.,
and passing to limits ¢; 1 ¢ via the Allard compactness theorem [1], (spt u),
is (n — 1)-rectifiable whenever D, u,(¢) > —oo.

(ii) The proof of Brakke’s Inequality 9.1 also establishes 7', ,u,-FI (x)=0
for u,|{¢ > O}-a.e. x (perpendicularity of mean curvature) whenever
D, [¢du,>—c.

9.2. Corollary (Inclusion). Let {T,},,, be the level-set flow of Evans
and Spruck and Chen, Giga, and Goto, with I, =M, M, asin§l.3.
Then (sptu), €T, for each t >0, and u’ — +1 locally uniformly in the
complement of sptu.

Proof. By [27, 10.7] any Brakke motion remains within the correspond-
ing level-set flow. The second statement repeats Lemma 6.1(ii).

This implies, in particular, the result of Evans, Soner and Souganidis
[15] that u% — +1 locally uniformly in the complement of T,.

9.3. Lower Semicontinuity and Rectifiability Lemma. Let {u'(-)}t>0 be

a sequence of smooth functions on R" with Z"({|Du'| = 0}) = 0 for each
i>1. Let {¢};,, be a sequence converging to zero. Define u', &, V'
as in §§1, 2, namely

; .Diz i
d =(£r' ] +F(8‘f)) dx,

. i2 i
o - (£ 4

Ve Vk(R”), I Vi|| = ui, (Vi)(x) supported at (Dui(x))J' for each x €
R". Let ¢ € CA(R", R") and define

2
Bi(u,, $) = /—8,~¢ (——Aui + ;%f(ui))

+¢,Dé- Du’ (—Aui + iz f(ui)) dx.
g;

Assume
(i) u' — u as Radon measures on R",

(i) 1&'I({¢ >0}) -0,
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(iii) &<0, i>1,

(iv) B%', ¢)>-C, for i>1,
v) #Z" (sptun{¢>0}) < .
Then the following hold

(vi) ul{¢ >0} isreal (n— 1)-rectifiable.
(vii) There is V € RV, _,(R" such that V'|{¢ > 0} = V and |V| =

1l{¢>0}.
(viii) Forall Y € C}({¢ >0}, R"),

oV(Y) = lim /—eY-Dui (—Aui + izf(ui)) dx.
i—o00 8:’

(ix) B(u,¢)>Tm,_ B, ).

9.4. Standard estimates. For ¢ € Cf (R",R"), u a Radon measure,
C,(¢) = sup |D2¢| , we have the following:
. ~ 1
() [ Do (Ty" Hdu< [ 301 du+ C,@u((s> 0D,
when these are defined.

(i) / SH dp < —2B (b, u) +2C,($)u({ > 0}),

when these are defined. Let u: R" — R be smooth, ¢ >0, then
/ ¢Dé - Du (—Au +2 f(u)) dx
€
1 1 2
(iii) < / =ep| -Au+ —f(u)) dx
2 &2

+2C,(¢) / -;—[Du|2dx.
{¢>0}

/sqS (—Au + s‘l—zf(u))2 dx

(iv)
<-2%'(u, 9)+4C,(#) [ SiDuldx.
{#>0}
Proof. (i) follows from Cauchy’s inequality, with C,(¢) = sup iD2¢| >
sup |D<¢S|2 /& . (ii) follows from (i). (iii) and (iv) are proven entirely anal-
ogously for u«.



448 TOM ILMANEN

Proof of Lemma 9.3. 1. By the compactness theorem for Radon mea-
sures, there is a subsequence {V'"/} i>1 and a limit V € Vk(R”) such that

V,.j — V as varifolds.

2. Now let {V"f}j21 be any such subsequence. Fix U € {¢ > 0}.
Write v’ = Du'/|Du'|, #"-a.e. Then for Y € C.(U,R"), by §2(2) we
obtain
(1

6Vi(Y)=/DY:SdVi(x,S)

= /DY: (0 —Vi®ui)dui

= /—gi .Du' (-Aui + izf(ui)) dx + / ' eov': DYdCi.
&
Passing to limits and using |¢i|({¢ > 0}) — 0, we find
SV(Y) = /DY(x): Sdv(x, S)

J—oo

@ i i 1 i
=lim - [ &Y -Du' | -Au’ + —f(u’) | dx
J &

Y

and

67| <|¥1 Fm [ zpu dx
1—00 U

—Au' + -15 )
€;

02
<y im [ &12v

2
i1 i
hm | 2% +ai¢(—Au +Ef(u)) dx

< |¥| Em 2C(¢, U)u'({¢ > 0}) +2C, +4C,($)u' ({4 > 0))
by §9.4(iv), Lemma 9.3(iv)

=|Y|(C(¢, U)u({¢ > 0}) + 2C,).
3. Thus 5
V(Y <C($, U, u, CHIY|,

which shows |67 [{¢ > 0}| is a Radon measure on {¢ > 0}. In conse-
quence, by Allard’s Rectifiability Theorem [1, 5.5(2)] and hypothesis (v),
we have V|{¢ >0} € RV,_,({¢ > 0}. Since ||V’|| = u, (vi) is established.

4. In fact, by rectifiability the varifold ¥V = V|{¢ > 0} is uniquely
determined by u, independent of the subsequence, and so v [{¢ >0} —
V' as varifolds. This establishes (vii). Now (viii) follows from (2).
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5. We will now prove (ix). We adapt Brakke’s upper semicontinuity
proof [5, 4.28]. First we do the [ ¢H’du term. Let y € C>({¢ > 0}, R")

with !//1/ 2 e C'. Due to the rectifiability of u, we can approximate by
smooth functions (see, e.g., [27, 7.4]) to get

1/2 .
(/ szdy) =sup{/y/1/2H-Ydu: YeCZ(R", R, Y]z, < 1}.
Now, using E 0 (twice) yields
12y, & 1/2 . 12
/y/ Y-Hdu=-0V(y Y)=—ill'1£106Vi(t// Y)
. 1/2 i i1
=£m g,y 'Y -Du (—Au +8—f(u )> dx
® i
+lim [ v ev': Dy'?Y)dE' by (1)

1—00

P22 1/2
< lim (/silDu'| Y] dx)

i—o00

2
. (/ gy (—Aui+ izf(ui)> dx)
¢
, A\
< tim ([ ¥ au')
5 1/2
- lim (/81"/’ (—Aui + lzf(ui)) dx)
i—o00 8i
) 1/2
. ;1 i
= Y1l 2, lim (/ &,y (-Au’+ ;f(u )) dx) ,

1/2

which shows

2
/sz dpu< lim [ g (—Aui + gizf(ui)) dx.

i—o00

Passing ¥ to ¢ by the monotone convergence theorem, we obtain

i—00

2
2 . i, 1 i
(3) /qSH dp< lim [ g¢ (Au +;i3-f(u)) dx
< C(¢, u,C,) by§9.4(iv), Lemma 9.3(iv).
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FIGURE 7. SEVEN EPSILON PROOF

6. Next we do the transport term. We will first show that, for w €
Cl({¢>0},R"),

(4) lim [ ¢Dy-Du' (—Aui+ iz f(ui)) dx = / Dy-S*-Hdu,
&

1—00

where S = S(x) denotes 7, x. Note that Dr,//(x)-Sl (x) is a u-integrable
vector field. Since u is rectifiable, it is possible to choose a vector field
Y € C!({¢ > O}R") such that

5) / Y (x) - Dy (x) - S* ()P du(x) < 8°.

Then (see Figure 7)

/Dv/-Sl-ﬁdu=/(Dy/-Sl—Y)-ﬁdu (A)
—SV(Y)+ 6V (Y) (B)
—oVi(Y) —/siY-Dui (—Aui + —lff(ui)) dx (©)

g

+ / e(Y — (Dy -v')')-Du' <-Au" + 8—12 f(u")) dx (D)
+ / e(Dy -v')v' - Dy)-Du' (—Aui + ;15 f(u")) dx (E)

+ /SiDl// .Du' (—Aui + —el—gf(ui)) dx, (F)
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where v' = Du'/|Du'| #"-a.e. By (3) and (5),
1/2
w<o([ Haw) scw.os.

By continuity of first variation and (vii), lim, ,__ B = 0. By (iii) and (1),

spty

limC=lim [ v@v: DYdE =0.

Next
9 i i 1/2
D1 < ([ eDu'F1Y =, v/ )
2 1/2
. ( sup (l>/ &, (—Aui+ —lif(ui)) dx)
{y>0} ¢ spty &;
1 i 12 1/2
< (2/|Y—D!//-S |dV) C(spty, ¢)
-C(¢, ({6 >0}), C)'* by (iii), §9.4(iv).
Thus

lim [D| < C(¢, w)d.
I—00
Evidently E =0 and thus
/Dw.sl-ﬁduﬂ:

. . . 1 .
= lim [ &Dy - Du' (—Au' + ;?-f(u')) dx £2C(y, ¢)d.
1

Let J | O to obtain the desired result (4).
7. Now we will pass (4) to limits to obtain the analogous result for ¢.
Let [|[¢ -y < 5% . The error on the left-hand side of (4) is bounded by

2 ‘ % . ) 2 2
h_m_(/ %yf’igiwu’fdx) (/s,.(¢— v) (-Au‘+8l2f(u’)) dx)

< (2u({¢ > 0}) sup |D*(¢ — w))'*C(4., 1. C)'"* by (3)
S C(¢s ,u’ C4)5‘
The error on the right-hand side is bounded by a similar quantity. Thus

we have proven (4) with y replaced by ¢. This gives (ix), and completes
the proof of Lemma 9.3.
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9.5. Density Lemma. Let { ui} ;> be a sequence of real (n — 1)-rectifi-
able Radon measures. Let ¢ € CC2 (R", R"). Suppose

(i) #'|{p >0} = ul{¢ > 0} as Radon measures on {¢ > 0},

(i) -C, < [—¢H* +D¢-Hdu for i>1,

(i) O '(4', x) > n u'-ae.
Then

(iv) ul{¢ > 0} isreal (n— 1)-rectifiable,

(v) 0" () 21 pae.

Proof. By §9.4(i), (ii) we obtain local first variation bounds on the var-
ifolds V' associated with ui. Then Allard’s lemma [1, 5.4] on pass-
ing density to limits yields a subsequence and a varifold V' such that
Vil{¢>0} =V in V,_({$>0}), [[Vll=ul{¢ >0}, [6V] is Radon
on {¢>0},and 8" '(u, ) > n ul{¢ > 0}-a.e.

Thus by [1, 5.5], V isreal (n — 1)-rectifiable.

The proof of 9.1 is now nearly identical to [26, 7.1], which was derived
in turn from [5, Chapter 4].

Proof of Brakke's inequality 9.1. Let t, > 0, ¢ € Cf(R", R"), and
assume without loss of generality

(1) —00 <D0§5t0,ut(¢).
Then there is a sequence J , 1 0 and ¢, — ¢, such that
Dy~ 3, < (k, () = 1, (#)/1, — to.
We may assume that ¢, > ¢ for all q. (The other case is similar.)

By the convergence ,uf" — u,, there is a sequence r, — oo such that

€ €
_ M) - (4) _ 1 /‘41%
D,-24,< _tq—lo . Tt (p)dt.

Because |£°| — 0 on R" x[0, co), we can increase r, if need be to ensure

2
2) // diE) < 521, ~1,).
{¢>0}x[t,,1,] &l q( e 0)
2. Now by Property 5.3, there is D, = D(¢) such that

d . .
d—t,uf‘(qﬁ)le fori>1, t>0.

If
d e"
Z = {te [tO’ tq]: Eﬂtq(QS) ZD0—36q} s
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then we have

1 1
D, -2 < / D,—36)dt + /Dw,
0™ “Tq 5—%lwmw(° 2 t,—tgJz !

from which we obtain

1Z| > —=L—(1, — 1)) > 55—t~ (t, — 1)
D, —Dy+35,"7 =2(D -Dy)e

for g large. Thus by (2)
. 8’
IZ|inf & ({6 > 0}) < 6;(t, — to)

and therefore there exists S, € Z S ¢, t,] such that
d 8rq &, &,
3 Do=30,< | ()< B uluut 5. ),

and also that

(4) &

({¢ > 0}) < 2(D; — Dy)9, .

3. We now pass a subsequence of {uj;" } fq>1 t0a limit x. By applying
the semimonotone property 5.3 and the growth bound (1), it is possible to
prove (see [26, 7.1]) that

(5) #l{é >0} = p, [{¢ >0},

so that B (u, ) =B (u, » ¢).
4. On the other hand, by the support lemma 6.3(ii),

2" (spt u, N{$>0}) < oo.

Together with (3), (4), (5) we have verified the hypotheses of Lemma 9.3

for the sequences {u"(-,s,)},», and {#;:" }g>1 on {¢ > 0}. Therefore
from (1), (3), (4), (5), as g — oo, we obtain

Eg{)ﬂ[(‘b) = DO S ‘%(luto > ¢) .

Hence we have proven Brakke’s Inequality 9.1.

10. Space-time measure

Let {4,},, be a Brakke motion. Define

du=dpdt, dv=Hdpdt, v<u.
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We will estimate #"|sptu. The estimate is a mild generalization of re-
sults in [26, §12] to the current situation.
10.1. Long-Term Clearing-Out Lemma [26, 12.5]. There is n, =

n,(n, D) > 0 and a > O such that for all x € R", B > a, t > Br*,
if

n+1

w(B,(x) x [t = Br’, 1]) < m,Br"*",
v(B,(x) x [t— Br’, ) < nr""' /B
then (x,t) ¢ sptu.

This proposition implies that if the surface reaches the center of a
sphere, then it has had a certain amount either of mass on average or
of mass which has been lost in the crossing.

Proof. Fix f>a >0, n,>0, r>0, x e R", t > fr’. By the
hypothesis,

t
[, BN s < mypr™™.

Thus there is ¢, € [t — fr*, t — fr*/2] with u, (B,(x)) < 257"~ Fix
¢ € Ccl(B,(x), R") with ¢ =1 on Br/z(x), |Dg| < 3/r. Then for all '
set—pri/2, 1,

w®) <u, @+ [ By, 9as

t
<oy / 2 / \D||H|dp, ds’
t—pr° J B (x)

403 t X , 3 t , 3
<o 42 / Hdy, ds ( / us,(Br(x))ds)
r \Jr-pr* /B (x) 1—pr?

n—1 1/2
<2, '+ % (ner) (nzﬂr"“)l/2 by hypothesis

= 5172r""l .

Now take a = 1/4, so B > 1/4; define s by 2(t —s) = (r/2)*, so
set- ,Br2/2, t]. By Lemma 3.4(vi) there is 6(y) with lim, ,6(y) =0
such that

[ ey 9du0) = [ 57 d,

1 4(B,)) 5Cn
= ,n—1 - /zn—l +5(‘)’)D < n—-l2
y wn—](r/z) y

+d(y)D.
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Choose y; then 7, small enough so that

/px,,(y, s)du(y)<n.

Thus (x, t) ¢ sptu by the Clearing-Out Lemma.

10.4. Corollary. ©"'(u+v, (x, 1)) > cny(n, D) on sptu.

Proof. By Lemma 10.1, for § >a and r >0,

(+v)(B,(x) x [t = Br, 1)) > nymin(gr™", 71" 7).

Now take r < 1/a and B=1/r>a. q.e.d.

10.5. Corollary. (i) #"|sptu is locally finite.

(ii) u% converges locally uniformly on R" x [0, co)\sptu to +1.

Proof. Statement (ii) repeats Lemma 6.1(ii). Let us prove (i). Since
v € u, sptu = spt(u + v). Then by Corollary 10.4 and Simon [33,
3.2(1},

(1) Z(spt(p +v)NU) < (u+v)(U)

cﬂz(” , D)’

for U CR" x [0, co) open.
Let us estimate v(Bg x [T,, T,]). Fix ¢ € C2(B,,) with 0< ¢ < 1,
¢=1 on By, |D’¢| < C/R*. Then by Lemma 9.3(ii),

T2
v(B x [T}, T,]) < /T f $H dp, dt
1, ,
< /T ~2B(u,, §) + 2sup|D*¢|u,({¢ > 0}) dt

c (%
S 2ur (Byg) + —2/ 1,(B,p)dt.
1 R Tl
Thus by (1),
2" (sptu N By x [Ty, T])
< —1 2 B C TZ B d TZ B i d
= om0, D) 1 W+ [ mBde+ [ B d

1 1

< 00.

11. Convergence in BV

We will relate the measures {,},, to the limit of the functions 4 in
BV, - This was first established by Bronsard and Kohn [7]. We begin by
reviewing their argument.
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R

Let us write V = VX *® and recall from §1.2

/

G=g, G(-1)+GH1)=0, a=G1)-G(-1).

Then by (x¥) and Cauchy-Schwartz,

// VG| dx dt = / g(u)| Vil dx dt
BeXIT,,T,] BpXI[T,,T;]
1/2
< (// EF(ue)dxdt)
. 5 1/2
. (//s (—Aue + —2f(u€)) +siDu£12a’xdt> i
€

Thus using &% — 0, we get

lim / / VG| dx dt
1200 J J B, x[T,, T,]

< u(Bg x[T,, Ty) 2(u+v)(Be x [T, T,)'2,

which was estimated in §10. By a similar argument, for ¢ > 0

lim IDG(u "(x, 1)) dx

i—o00

L 1/2 ) 1/2
< Tim ( / a—F(u‘f)dx) ( / & |Du| dx)
1—00 l

< 2u,(Bg) < .

These are uniform bounds in BV
tively.

Now u% — u = +1 locally uniformly on R” x [0, co)\ sptu, so G(u")
— G(u) = au/2 locally uniformly on R" x[0, oo)\ spt u. Since P sk lu=
0, Z"|sptu, x {t} =0 for each ¢, we have

11.1. BV convergence.

(i) G(u") = G(u) = au/2 weakly-+ in BV, (R" x [0, c0)).

(i) G®i(-, t)) = G(u(-, t)) = au(-, t)/2 weakly-+ in B loc(R" x {t})
for t>0.

(R" x[0, 0)), (R" x {t}), respec-

loc
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Then for any ¢ € C2(R", R*), we calculate
% / ¢|Du|dx = / #|DG(u)| dx

<lim [ ¢|Dg(u")|dx
€10

2
<lim [ ¢ (%wus"f + giFuf")) dx
i

Thus we obtain
11.2. Relation of u, to |Du(-, t)|. For the limit u, {u},, defined
above, we have u € BV, (R" x [0, )), u(-, t) € BV (R" x {t}) for all
t>0, and
(a/2)|Du(-, t)|dx <du, forallt>0,

where o = [' g(u)du.

The discrepancy is due to weak lower semicontinuity.

We might reasonably hope that the density of 4, is an integral multiple
of a p-ae. (forae. t>0), because Brakke proved integrality for the
original construction [5, §4]. One-dimensional examples are illuminating
here.

12. Remarks on regularity

In his 1978 book [5], Brakke was able to develop a remarkable almost-
everywhere regularity theory for k-varifolds {V,},, moving weakly by
mean curvature. We will discuss informally the application of Brakke’s
work, via results in [26], to the singular limit of (x). The result is the
“generic” regularity theorem 12.2.

In this section we restrict the initial data to be compact, since there
is not yet an avoidance principle for noncompact sets moving by mean
curvature.

Let us first briefly describe the result of [26]. Starting from the same
kind of initial surface as in §1.3 the argument in [26] has two steps.

A. Establish a structure (T, {4,},.,) (effectively (Du, {4}, ,) of
§11.2) moving by mean curvature in Brakke’s sense.

B. Under the Nonfattening Hypothesis (described below), modify
{#,};5¢ so that it satisfies the unit density hypothesis of Brakke’s regu-
larity theory.



458 TOM ILMANEN

Step A of [17] uses the approximation scheme of elliptic regularization.
The present paper, in effect, shows that the Allen-Cahn equation yields an
alternate existence scheme for step A. To be precise, we refer to §§9.1, 11.1,
11.2, Corollary 10.5, and by defining E = {(x, t): u(x, t) = 1}\sptu we
deduce the following.

12.1. Existence of enhanced pair. Given an initial surface M, = OE,
strongly approximated by smooth surfaces and with the density bounds of
§1.3, there exists an enhanced pair moving by mean curvature with initial
condition M, that is, a pair (E, {1}, satisfying the following:

(i) E CR" x [0, o) is an open set of locally finite perimeter, such that
(a) E,=EN (R" x {0}),
(b) E,=EN (R" x {t}) is of locally finite perimeter for each t > 0,
() Z"(0*EN(Bgxt, t+1])) < CR* 'z +1) (C'* continuity).
(ii) {1}, is a Brakke motion with u, = o#""'|M,.
(iil) p, > a?"! |0%E, as Radon measures for t > 0.

We may then apply step B of [26] to obtain the regularity theorem 12.2.
For the convenience of the reader we will briefly sketch the argument of
[26].

Brakke’s theory of regularity [5, 6.12] relies on the hypothesis of unit
density, that is, ek (4,,+) =1, pr-ae. forae. t>0,where u, = |V].
The measures {u,},, constructed above are not known to satisfy this
hypothesis. To get around this, we proceed as follows.

Given a (compact) initial surface I',, possibly singular, we fill a neigh-
borhood of I'y with disjoint surfaces {F(’;}ye(_ 5,5 homologous to I,.
Let each l"(’; evolve according to the level-set flow of Evans and Spruck
and Chen, Giga, and Goto to form families {1":'},>0 .

By [16, CGG] these families remain disjoint for positive time. There-
fore all but countably many of them satisfy the Nonfattening Hypothesis:

(1) Z"! (U T, x {t}) =0.

>0

Thus Corollary 9.2 implies that for these y, & "“(spt u)=0.

From this, the Constancy Theorem [33, 26.27] and (i), it follows that
E is uniquely determined by E,, independent of the choice of uf) and
subsequence {g;};,, -

According to the results in [26, 9.1], it is possible to modify {4} >0

so that p, = a#" ' |9"E, for each ¢t and {u,},,, still solves Brakke’s
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inequality (B). Hence by De Giorgi’s theorem on sets of finite perimeter,
U, has density o u-a.e. for £ > 0. Moreover, by [26, Chapter 12] Brakke’s
theory applies to show:

Any initial surface can be perturbed to one whose evolution is smooth
#"-almost everywhere in spacetime.

The steps of the preceding argument are carried out in [26]. We now
state the result precisely.

12.2. Generic-data almost-everywhere regularity theorem for Allen-
Cahn limit. Let #: R” — R be a Lipschitz function with compact level-
sets I7 = h™'(y). For each y € R, let {I"} ., be the corresponding
level-set flow.

Let I C R be the set of y such that {T" ly},>0 satisfies the initial surface
hypotheses §1.3(i), (ii). (We may assume that [ is full measure). For
yel, t>0let u/ =limpy]"" asin §§5.4 and 9.1, and let v’ =limu"%
asin §§11.1 and 11.2.

Define

E={u=1}\sptu, E,=En(R" x{1}).

Then E, E, are open sets of finite perimeter and u + 1 = 2y, and the
following statements are true:

A. Inclusion (originally proven by Evans, Soner, and Souganidis [15]).
For yeI, sptyu] CT7 for t>0.

B. Generic nonfattening. For all but countably many 7y, {Fty} (>0 Satisfies
().

C. Uniqueness. For y € I such that (1) holds, the sets E’, E! are
uniquely determined independent of all approximations.

D. Matching. For y € I such that (1) holds, define the reduced flow

L =a¥"'|0°E.

Then {ﬁf}t>0 satisfies Brakke’s inequality (B), and has density a for ‘;Zf-
a.e. x,andall t>0.

E. Almost-everywhere regularity. For y € I such that (1) holds, define
dii’ = dfi, dt . Then

spti’ =90"E" =0"E’ #"-ae.,

and spt7’ is a smooth n-manifold #"-a.e.

These results follow from Brakke’s work via [26, 10.7, 11.4, 12.9] (with
[26, 7.1] extended to real varifolds with a lower density bound) together
with Brakke’s Inequality 9.1 and §11.2. What is new is that they apply to
the singular limit of (x).
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13. Questions

1. Sharp density lower bound : Improve the constant # in Lemma 6.1
ton=ca.

2. Integral density: Following Brakke [5, 4] prove that the density of
4, is an integral multiple of o u,-a.e. (fora.e. 1> 0).

3. Unit density: Devise hypotheses that imply that the density of u is
ap,-a.e.

4. Strong convergence for H > 0: Following Evans and Spruck [19],
show that if H > 0 initially on M, , there is no cancellation in Du® —
Du.

5. Systems: Extend to systems #: R” — R” (multiple phase interfaces,
triple junctions).

6. Vanishing of &: Is there further significance of the equipartition of
energy for motion by mean curvature?
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