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ON A SET OF POLARIZED KAHLER METRICS
ON ALGEBRAIC MANIFOLDS

GANG TIAN

0. Introduction and statement of main theorems

A projective algebraic manifold M is a complex manifold in certain
projective space cp” , N > dim. M = n. The hyperplane line bundle
of CPY restricts to an ample line bundle L on M . This bundle L is
a polarization on M . For the Kihler metric g on M, we can asso-
ciate a positive, d-closed (1, 1)-form w g In any local coordinate system
(24, ,z,) of M,the metric g is expressed by a tensor (gij)lsi,jsn ,
and w, is defined to be ﬁg Z:.” j=18542; AdZ;. We call this w, the
Kahler form associated to the metric g. By a polarized Kihler metric
with respect to L, we mean a Kdhler metric with its associated Kahler
form representing the Chern class C (L) of L in H* (M, Z). We de-
note by Ka(M) the set of all polarized Kahler metrics on M with respect
to L. Given a Kidhler metric g in Ka(M), one can find a hermitian
metric A on L with its Ricci curvature form equal to w, (cf. [7], or
Lemma 1.1 in §1). For each positive integer m > 0, the hermitian metric
h induces a hermitian metric A" on L™ . Choose an orthonormal basis
{Sg', -+, Sy } of the space H°(M, L™) of all holomorphic global sec-

tions of L™ . Here the inner product on H 0(M , L™) is the natural one
induced by the Kihler metric g and the hermitian metric A on L™,
ie, (Sy,Sp) = J,h" (S, Sg)dV,. Sucha basis Sy'(x), -, Sy (x)
induces a holomorphic embedding ¢, of M into cP"" vy assigning the
point x of M to [Sy(x), -, Sy (x)] in CP" . Let &g be the stan-
dard Fubini-Study metric on CP™", ie., w, = =153 log(S M jw,[?)
for a homogeneous coordinate system [w,, --- , wy ] of C PMn . The #-
multiple of g on CP™ restricts to a Kahler metric —,‘,-lqa:ng,_.s on M.
This metric is obviously in Ka(M), i.e., polarized by L, and it is called
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the Bergmann metric with respect to L. One of our main theorems here
is the following.

Theorem A. Let M be an algebraic manifold with a polarization L
and let g be a polarized Kdhler metric in Ka(M). Define the Bergmann
metric g, = Lo g o as above. Then

|, |Dg,,— Del I, [ D%, - D¢

IR (g,) - R}

1
-o(7)
where D is the covariant derivative with respect to the metric g, R(g,) and
R(g) are the curvature tensors of g, and g, respectively, and O(1/\/m)
means a constant bounded by C//m with C depending only on the metric
g, the norm || - || is taken with respect to the metric g .

In particular, the theorem implies that the g, converge to g in the
C2-topology on the space S?M of all symmetric covariant 2-tensors. It is
likely that the g, actually converge to g in the C*°-topology on S°M.
When M is naturally polarized by its canonical line bundle, the theorem
solves a problem of S. T. Yau [15]; the problem asks whether or not the
Kaéhler-Einstein metric on M can be the limit of a sequence of Bergmann
metrics induced by pluricanonical line bundles KA'; . This problem of Yau
is one of the motivations in proving the above theorem. As we have no-
ticed, the Bergmann metric 1 ¢"g.. depends on the choice of the basis

{Sg', -+, Sy } of H°(M, L™), so it depends on the metric g. But the

set of Bergmann metrics P, = {#(ofngfskr € Aut(CPN'")} is indepen-
dent of the metric g. A corollary of Theorem A is the following density
theorem.

Theorem B. Let M be an algebraic manifold with a polarization L.
Then the union \J;._, P, = P is dense in Ka(M) in the C*-topology
induced by the one on S*M , where Ka(M) and P, are defined as above.

One can regard the Kédhler metric in P as the metric defined by polyno-
mials on M . Hence, both Theorems A and B are analogues of the famous
Stone’s approximation theorem on the space of continuous functions in
the case of Kéhler geometry. In particular, Theorem A and Theorem B
imply that any function y can be approximated by the logarithm of poly-
nomials whenever w4983y > 0 for an L-polarized Kihler form w. Such
a function is sometimes said to be almost pluriharmonic. These theorems
also throw light on making use of the variational method in finding ex-
tremal Kahler metrics [2], such as Kéhler-Einstein metrics. For instance,
one can first study whether or not there is a Kahler metric g, in P, which

max {|g,, -

b
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reaches the minimum of the functional of an L’-norm of scalar curvature
[2] on P, . Then one considers the convergence of those g, as m goes

to infinity. Note that the group PGL(N, +1) = Aut(C PN”') acts naturally
on the set P, ; the latter is dominated by the affine space CcMn . If this

action is proper for the functional of an L*-norm of scalar curvature, then
it admits a minimum on P, . The properness of the group action might
be related to the stability of A in the Chow variety as defined in [9]. It is
another motivation of proving these theorems for studying the connection
between the existence of Kéihler-Einstein metrics on A and Mumford’s
stability.

The proof is based on Hormander’s L*-estimate of the d-operator [6];
it is local in nature. Therefore, we can generalize Theorem A to complete
Kéahler manifolds with some conditions on Ricci curvature (see §4, Theo-
rem 4.1). As applications of the generalization of Theorem A in case of
quasiprojective manifolds, we can prove the following.

Theorem C. Let X be a quasiprojective manifold, and let g be a com-
plete Kdhler metric on X with its Ricci curvature bounded from above by
—Ag for some A > 0. Define the Ricci form Ric(g) as

V-1

RlC(g) = 7Ri7dzi/\d7j,

where {Rﬁ}lgi, j<n IS the Ricci tensor of g in local coordinates (z,, --- ,
z,). Suppose that X is a smooth projective compactification of X . Then
the positive (1, 1)-form —Ric(g) can be naturally extended across the in-
finity of X in X, and

(1) 0< [y(—Ric(g))" < C, where n =dim, X,

(2) 0< fy(—Ric(g) A 0" ') < C, where w is a Kéhler form on X,
C depends only on A and X, and (—Ric(g))" is the n-exterior product
of —Ric(g), similar to &"™".

In the case that X is a quasiprojective surface, we can say more about
the extension of Ric(g) in the above theorem. This is stated in Theorem
5.1 1in §5.

The organization of this paper is as follows. In §1, we construct L’-
holomorphic global peak sections of L™ with the L*-norm almost con-
centrated at one point, i.e., the peak point. The tool used for this is
Hormander’s L’-estimate for d-operator [6]. In §2, we calculate the Tay-
lor expansion of the peak section constructed in §1 at the peak point. In
§3, we use those peak sections of L™ constructed in §1 to prove Theo-
rem A. Theorem B easily follows from Theorem A. In §4, we consider the
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generalization of Theorem A to noncompact, complete Kéhler manifolds.
Then in §5 we will use the generalization of Theorem A to prove Theorem
C. We end the section with an improvement of Theorem C in the case of
complex surfaces (Theorem 5.1). In §6, we discuss briefly the application
of Theorem A or B to evaluating the holomorphic invariant introduced in
[11].

This paper is a part of the author’s thesis at Harvard University. The
author would like to express his gratitude to his advisor Professor S. T. Yau
for help and encouragement during the course of this work. The author
also thanks the Alfred P. Sloan Foundation and Harvard University for
their generous financial support.

1. Construction of peak global sections of some line bundles

Let M be an n-dimensional algebraic manifold with a polarization
L, and let g be a polarized Kihler metric with respect to L. In local
coordinates (z,, -+, z,), g isrepresented by a positive hermitian matrix
(gaﬁ) and the associated Kéhler form

W, = 5= \/_ E gaﬂdz /\dz
a, f=1
w, isin C\(L).

Lemma 1.1 (See [7] for the proof). There exists a hermitian metric h
on L such that the curvature form Ric(h) of h is just w, .

In the local holomorphic frame e, of the line bundle L, the hermitian
metric h is represented by a positive function a(z), z € M, i.e., for a
local section s = fe, of L, ||S||fl =a|f IZ, where f is a local holomorphic
function. Then the curvature Ric(h) = @Bgloga.

Proposition 1.1. Suppose that (M, g) is a complete Kihler manifold
of complex dimension n, L is a line bundle on M with the hermitian
metric h, and vy is a function on M, which can be approximated by a
decreasing sequence of smooth functions {¥;}, ;..o If

(1.1) <a§w,+%(Ric(h)+Ric(g)),vw> > Cll}
4

for any tangent vector v of type (1,0) at any point of M and for each
I, where C > 0 is a constant independent of |, and ( , ), is the inner
product induced by g, then for any C* L-valued (0, 1)-form w on M
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with Ow = 0 and [, ||w||2e"”dVg finite, there exists a C™ L-valued
function w on M such that du =w and

2 -~y 1 2 —y
(12 [witeav, < [ jule av,,

where dV, is the volume form of g and the norms ||| induced by h and
g for instance, in the local coordinates (z,,--- , z,) and the local frame

e, as above, g = (gaﬁ) , w=w,dZ,_, and ||w||2 = a(z)g"ﬂﬁawﬂ.

This proposition can be proved easily by modifying the proof of [6,
Theorem 4.4.1, p. 92] with the use of the Bochner-Kodaira Laplacian
formula (see e.g. [7]).

Now let M and L be given as at the beginning of this section, and we
construct peak sections of L™ for m large. Fix a point X, in M . Choose
a local normal coordinate (z,, -, z,) at x;, such that x, = (0, --- , 0)
and the hermitian matrix ( gaE) satisfies

ga? (XO) = Ja,ﬂ ’ dgaﬁ (x0) = 0’

0°g =
2l =0 f =1.2. ...
(1-3) 02,02, (xp) =0 fory,d,=1,2,-,n,
83g—
_;ﬂ = —4 )
azy6256z,1(x°) 0 fori,y,6=1,2,---,n,
64g—
—-—(Iﬂ_ = = DY
az}’azaaziazu (XO) 0 ford,u,7,0=1,2, s N

Next we choose a local holomorphic frame e, of L at x, such that
the local representation function a of the hermitian metric # has the
properties

(14)  a(x)=1, da(x)=0, 6(6—;)(x0)=0,

1

8’a da
g (6ziazj) (%) =0, g (6ziazjazk) (%) =0,

where i, j,k=1,2,--- ,n.
Suppose that this local coordinate (z,, --- , z,) is defined on the open
neighborhood U of x, in M. Define a function p on U, p(z) =

\/|2||2 +--+ |zn|2 for z € U, where |-| is the euclidean norm.

Lemma 1.2. For an n-tuple of integers (p,,--- ,p,) € Z: and an
integer p' > p = p, + - +Dp,, there exists an my >0 such that, for m >
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my,, there is a holomorphic global section S in H 0(M , L™, satisfying

2 1
1|2 dV, = 0 <__) ,

2
(1.5) /M 1|2 v, =1, 7

/M\{p(z)s'ﬁ}-mﬂ}

and locally at x,,
- (1.6)

=i v0s)) e 120

where || - ||,» is the norm on L™ given by h™, and O(I/mzp') denotes a

quantity dominated by C/ m? I with the constant C depending only on p’
and the geometry of M, moreover
2 m

a d Ve

-2 1 pn
(1.7) Ao p) = \zf ez

//)(Z)Slogm/\/m

where dV, = det(g;)(vV—=1/(2n))" dz, AdZ | A---Adz, AdZ, is the volume
form.

Proof. We apply Proposition 1.1. Take a cut-off function 5 from a
positive half real line Ri to Ri such that n(¢) =1 for t < 3, n()=0
for t>1, 0< —n'(t) <4, and |1"(?)| < 8. Define the weight function

2 2
mp~(z) mp~(z)
(logm)” ((logm)2> '

w(z)= (n+2p')f1

Then
90y (z2)

" mp2 (2) m* 2

[} 2 =
- (n+2p){{r] Togm? (logm)4ap ABp

2 2
mp (z) m =2 mp~(z)
1 ogm)? Gogm)’ 0” l tog (<1ogm>2)

' mp2 (z) m
(logm)* (log m)’

2
mp”(2) = 2
+n(logm)26310gp (z))}.

+2Re [7] 3p’(2) Aglogpz(z)}

Either " mp?(z)/(logm)’> < 0 or n'mp*(z)/(logm)* < O only if 1 <
mp*(z)/(logm)? < 1, i.e., (logm)?/(2m) < p*(z) < (logm)*/m . For m
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sufficiently large, 65p2(z) >0 for p2 (2) < (log m)2 /m. We will always
use C to denote a constant independent of m . Hence

_ -mC (n + 2p') 2 ]
ooy > w or p(z) >0,
which implies that there is a decreasing sequence {y;} with lim,_ __ y,
= y, and for any unit vector v of type (1, 0) at any point of M we
have

(00y, +% (Ric (hm) + Ric(g)) , U Aﬁ>

o >m (1—5("—“—)) ol

(log m)?

g

Put w = (1/4)8(n(mp*(z)/(logm)*) 22" --- z2el") , and by applying Propo-
sition 1.1 we obtain an L-valued section u, solving du = w, and

2 2
||y m w|ym
19) [ ! ol gy
m 1S Iy e £
(log m)?
where the norms || |,» are induced by A" and g. For m large,

C(n+2p)/(logm)’ < §, so
2 -
/ lulZ e av,

2 2
/ mp ij 2 2 m
< z). p (2)=
8m/ logm2 870" (2), 0% (2); ((logm)>
’zl . zp" WdV
2
(1.10) s—i—z ) z‘z‘l"---zﬁ" a"e”V av,.
(log m) 2 logmm sz(Z)S 4 Iomgm 4

From the definition it follows that y(z) =0 for pz(z) > (log m)2 /m, and
by (1.4) and Taylor expansion we have

a(z)=1+ 0a (x,) z,Z +0(|z|3)
- 5.3, \0)“ij
(1.11) 92,9z,

=1- |z|2+0(|z|3) > <1 —%mz) for |z| small,
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where we have used the fact that g,.;(xo) = —(82 /azﬁz j) 10g(a(z))|z=x0 =
6,.1. . Hence, by (1.10) and (1.11) and the nonpositivity of ¥ we obtain,
for m large enough,

2
[ Il @7,
¢ py -, n 2 1 2 "
B (1ogm)2 2&'2%".&5/,2(2)34;10'";'")2 v Zi: ) |z dVg

«_C (toem?\"" ([ _(ogm)’\”
" (logm)* \m m

1
=0 ()

Thus (1-(log m)z/m)m =e
m large;

Put S(z) = n(mp*(z)/(logm)*)z% - - z%ey — u(z). By (1.10) and the
definition of v, we have u(z) = O(|z|"”) at x,, so at x,

§(z) = z’l’I ---zﬁ" +0 (|z|2p'> .

Now using the same argument as in (1.12) yields
: mp*(2)\[
S z
”S = / p (22
h M (logm)

2
+2Re / n m_gz_g Azye u)  dV, |+ ||u||,21m
M (logm) o

2 1
p, m
‘zf....z a dVg+0<—4,,f+,,>~

n

(1.12)

mlog(1—(log m)? /m) <e—(logm)2/2 = m—Cloem)/2 ¢

2
pl .« .. p"
|Zl zn

m
adVg

/p2<z><(logm>2/m

Define S(z) = S(z)/||S|| h, . Then S is the holomorphic section needed.

Those sections constructed by Lemma 1.2 are called peak sections of
the line bundle L™

2. Taylor expansions of the peak sections

In this section, we will evaluate /1 5,) to obtain the Taylor expan-
sions of the peak sections constructed m the last section.
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Lemma 2.1. Let (p,, -+, p,) bean n-tuple of integers, and p = p, +
~++p,. Then

-1 " 2 2\ M
(F) Lm0 2 (210)
p(z)<logm//m

~dz  ANdZ, N---Ndz, NdZ,

_a"p!---p,m!
p+n+m)

1
o (mzp,) for m large.

Proof. This follows from a straightforward computation and the fact
that [1 — (logm)?/m]™ = O(1/m¥).

Denote by {Rﬁk;}l <ij.k.<n the bisectional curvature tensor of the
Kéhler metric g in local coordinates (z,,--- , z,). Then

Ric;(2) =Y Rzz(2),  r(8)(2) =Y Rigg(2),
k=1 k=1

where r(g) denotes the scalar curvature of g.
Lemma 2.2. Let u be a positive function on R'. Then

(_V“) / 2 2 (5 (2)
2 ] Jp2)<0gmyim

dz, ANdZ,A---Ndz,NdZ, =0

for (p]5 ,P,,)7é(qla ,qn)'
Proof. Using polar coordinates, the above integral is equal to

/ <ﬁ)"‘ <7_)p (Z)q' (7_)" do
st \|z] 2| |z| |z]
log m//m
/ t2n—l+p+q# (tZ) dr,
0

where ¢ = ¢, +---+¢q,, and do is the standard measure on S*~! . But

(z,/12])" -+ (z,/|1z)"" and (Z,/|z))" ---(Z"/|z])* are the eigenfunctions
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of the Laplacian on $*"~' and are induced by harmonic functions on
C"; moreover, they are orthogonal to each other when (p,, -, p,) #
(¢y, -, q,) . Hence the lemma follows.

Lemma 2.3. We have the following expressions:

%2,0,+.0 = tn s n T 21 [Ritri (%) = 7 (8) (xg) + 1"+ m + 6.+ 10]

1
+0(m"+4) ’

172 _ m! + 1
(1,0,--.0 ™ (m + n + 1)! 2(m+n+2)

1
+0<m”+3> ’

- ! 1
'1(02’0"" 0= (mr-nt- n)! [1 WICELEY) (-r(g) (XO)'+n2+n)J

1
+0<mn+2>

Proof. By (1.3),

(—r(g) (x,) + n’+3n+ 2)]

-

(2.1) det( ﬁ) = 1-Ric(g); 2,7, +b(z, z)+0(}z|4) ,

where b(z,Z) is a homogeneous polynomial in z, and Z;, and
degb(z,Z) = 3. Since —9dloga = 2t /[V-1=3, 58,54z, NdZ,,
using (1.3) and (1.4), we have the Taylor expansion

2 1 1 _ _ 1 4
a(z)=1-lzI'"+7 3 Ry(%) 2757 +5
(2.2) 4 i t 2

+d(z,f)+0(|z|6),

where d(z, Z) is a homogeneous polynomial of degree 5 in z, and z;.
Set

-2
Aoo ... =/ |z,|"a” det )( )
@00 piz)<tog myv/m 1' (

dz NdZ N---Ndz, NdZ,
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_ (V__l)n/ |z |4
2n ) Jpy<iogmpvm !

2 1 - =
X [l—]zl +7 > Rz (%) 2,2,2,Z
ikl

1 4 - 6
+ 51z +d(z, 2+ 0(lz] )]

. (1 ~ Ric(8); (%) z,Z,+b(2,2) + O (|z|4))
dzyNdZ N---Ndz, NdZ,

~ (%) Lo
2w ) Jizigiogmyym '
—1
. [(1 - |z|2)m+m (1 - |z|2)m
1 o 1 4 4 _
13 Z Rﬁki(xo)zizjzkz1+§|z| +d(z,72)
ij.k,1
+ l—llzl2 m_20(m|z|6+m2|z|8>
2

. (1 ~Ric(g)5 (%) zZ,+b(2,2)+ 0 (|z|“))

dz ANdZ N---ANdz, NdZ,
= (‘/2____l>n/ |Z||4
T |z|<log m//m
. [(1 - iz|2)m (1 ~ Ric(g)7 (x,) 2,7, + b (z, 7))
+m(1 —|z|2>m_l

N —

— - I 4 -
Z Ri7k7(x0) z,.zjzkz,+§|z| +d(z,z))
ikl

1 2\" 4 6 2,8
+<1—§|z|) O(Iz/*+mlzl +m |-|)}

~dz, NdZ, /\~-dz" NdZ,.
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By applying either Lemma 2.1 or Lemma 2.2 to the integral of each term,
obtain

(2’0,..., 27[

) 41 _ 152 m
/IZISlog'n/\/'ﬁ ['Zl' ( | )
_ZRlc(g (xo) |2,/ 1z (1 =1217)"

I o= (E)

-1
+m|zl|4 (1 - |z|2)m

1 n 4
(2 Raa () |2
i=1
2 2 1. 4
+ZRi7j7(x0)|zi| lzj’ +§|z|

i<j

1
‘dz,NdZ,--dz, NdZ +0( M)

_ 2m! 1+ 1
T (m+n+2) 2(m+n+3)

: (le (x,) = (8) (x0) + n’ +5n+ 6))

1
+0 (mn+4>

Similarly, one can compute A(l 0, and ’1(0
We end this section by summanzmg the above 1nto the following.
Proposition 2.1. We have for a point x, in M, a local coordinate
(25, z,) with the properties stated in (1.3), and a local frame e, of
L with properties stated in (1.4). Let u= (u,, -+ , u,) be a unit vector in
C". Then for m large enough, there are holomorphic peak global sections
S, S, and S, of L™ such that at x,,
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! 1
(2.3) S(z) = (mnt!”) [1+ )<r(g)(x0)—n2—n)

2(m+n+1
+0 (#)] : [1 + 0(|z|8)] :

(2.4)
! 1
5,(2) = (m+’:!+ ! [1+2(m+n+2) (r(® () = n* ~3n - 2)
+0 (iz)] [Z/‘ z +0(|z|9)] :
(2.5)
2)! 1
S.(2)= (m +2:;'+ ) [1+4(m+n+3) (r(g) (x0) = Rzz (%)

—n® - 5n —6) +0 (#)]

- [(éuiz,.)zwodm)} ,

where R zz(%0) = > I ,Rﬁk;,uiﬁj,ukﬁ,. Moreover, those sections of
L™ satisfy two equations in (1.5) for p' = 4.
Proof. Without loss of generality, we may assume that 4 = (1,0, --- ,

0) . Then the proposition follows from Lemmas 1.2 and 2.3 for proper p’.

3. The proof of Theorem A

We adopt the notation of the last section. The m-multiple of the polar-
ization L induces an embedding ¢,: M — CcP"™ , where N, +1=
dim. HO(M ,L™). Such an embedding is not canonical and is up to
Aut(C PMn ). We define ¢, by choosing an orthonormal basis {Sm TR
Sy } of H’ (M, L™, ie., ¢,(x)= [Sy'(x), - (x)] in CP™ for
any point x of M. Although this ¢, is not umquely defined and is up
to U(N, + 1), we observe that the pull-back metric g, = L¢, g is
uniquely defined. This observation is important and will often be used in
the following proof of Theorem A. Let w,, be the associated Kahler form
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of g . Then

w, = T‘/__”llaglog (lS(',"|2 +ot 'SI'V" |2>

60 = rie(h) + yooos [s7]] o 53
=wg+w“-_;amog(1|sg||hm sz ,,m)-

We should clarify the meaning of 89 log(|S,’ P+t ISy |2) , since
S" (0<ic< N,,) is no longer a function and its euclidean norm is

m’eaningless. Here in the local frame ;' of L™, S" = fe/" for a
holomorphic function f” as a form, and 99 log(|Sy'|* +--- + ISZ'm|2) =
20 log(| fo'"l2 ++ |y I*) is independent of the choice of the local frame
e, of L". )

The proof of Theorem A is local in nature. It suffices to estimate the
differences of g, and g, and their derivatives, in a pointwise manner.

Fix a point x, at M. Choose the local coordinate (z,,---, z,) at X,
and a local frame e, of L at X, such that (1.3) and (1.4) are satisfied.
For each s = (s, ,u,) € C", |uf* = 1, define y, = ¥/ 4,2, and

Yu =09/0 Vs where Y ﬂ is a local holomorphic vector field of M at Xx,.
It is well known that the sectional curvature tensor is dominated by the
holomorphic sectional curvature. Thus in order to prove Theorem A, it is
sufficient to prove that

max {s,, (¥, %,) - 5 (%, ¥,)| () .
23,8 (¥, ) = EYw ﬂ)l

(3.2) D} 8, (Y, ¥,) - Dy & (¥, v)| (%
lRuﬁuTt (gm) - /wm ‘ (XO)}
=0 (1/vym),

where O(1//m) denotes a quantity dominated by C//m with C in-
dependent of x;, and u, and the covariant derivative D is taken with
respect to the metric g.
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By (1.3) and the definition of g, , one can easily see that (3.2) is equiv-
alent to

max

L& log<}ﬁ)m|2+~~+‘f;',,

may,o7,

2
: 83log<|j5m|2+~-+‘f,(,';

P ) (%) »

" 9%,9,

2
: 8%log (|J§)m|2+~~+‘f,{,';

(3.3) — ) (%) >

m 8yi8;7”

Ly 2oa (157 o+ | )

— - —R,z,z(8) (%)
m ayzayi nppp 0

1
=0|——]),
()
where the {f"} are local representations of {S;'} in the frame e;' of
L™ . It suffices to prove (3.3). First we investigate the orthogonal dis-
crepancy among the sections in the chosen basis {S;"} and those sections
constructed in either Lemma 1.2 or Proposition 2.1.

Lemma 3.1. Let S be a holomorphic global section constructed in either
Lemma 1.1 or Proposition 2.1. Then it is known that

_ [p+n+m)l 1 p, P, 2p’ m
s St (10 () (2o () )

at x,, where p' > p. Let T be another section of L™ with |T||,» =1,

which contains no term z'---z" in its Taylor expansion at x,. Then

(3.4) (5, T), =0(5)

where ( , ), is the inner product on the linear space HO(M , L™ induced

by the metric h™ . Furthermore, if T contains no term z{'---zI with
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‘11+"'+qn=1’» then
(3.5) (S, Thym = 0(1/m3/2).

Proof. We prove only (3.5), since the proof for (3.4) is almost the same.
By (1.5) and Schwartz inequality we obtain

S, T)ym=|—=— fra det(gz)dzndZ=0(— ],
( )h < 2n |z|§logm/\/ﬁf:g fT (gaﬂ) m?

where dz AdZ = dz, AdZ, A---Ndz, NdZ,, S(z) = fy(2)e]', and
T(z)= fT(z)eZ' in a neighborhood of x,. From (1.6) it follows that

f's(z)_.—\’([""n""")![zll’l...zﬁn_l_o( 1 )]

" mlp!---p, D

for |z| < logm//m . By taking p’ large enough, we only need to prove

I = / zfl...zi’M?Tadet(gaF) dzANdZ
|z|<logm/m
1
=0 ( m(n+p+3)/2) :

Substituting (2.2) and (2.1) in the integrand on the left-hand side of
(3.6), we obtain

(3.6)

- 1
I=/ Zpi...zp". z 1_22+_ R~-'Z~Z 2.z
|2]<log m/ /7 1 n fT( ) I I 4i,jz’£,1 ijkl<i |_] k |1

+%|zl4+0(|z|5)} : (1 —%Ric(g)ijzi7j+0(|z|3)) dz AdZ
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P, p, &
Zzlo..zn f (Z)
/IZISlogm/\/ﬁ : " d

| [(1 Z<>) (1-1)"

i,J

m, 4 m = . = m -
+ (7|z| +7 Z R (%) z,.zjzkz,) (1 - IZIZ) - 1] dzNdzZ
ikl

+ Zpl...zp”._ z 0 mzs-l- Z3 ade/\df.
/lzlsmmwl - Trz) (0(mlzl +12%))

By Lemma 2.2 and the assumption that the Taylor expansion of f,(z) at

X, has no term z‘l" cee zZ" with ¢, +---+¢, = p, one easily sees that the

first integral above is zero. Thus by Schwartz inequality we have

1/2
2/ 2,10 6
(m* 121 +|z|)adeg] 1T ||

I|<cC / |an...zin
|21 <log m//m

1
=0 (m(p+n+3)/2> .

Without loss of generality, we may assume that 4 = (1,0,...,0).
Then Y, =2 Since the metric g,, is independent of the choice of

the orthonormal basis {S;', ..., Sy } of H %M, L™), by an orthogonal
transformation we may further assume that

£ 0)=0 fori>1,

(3.7) %LZ"(O)=O fori>j+1, j=1,2,...,n,
. j

2 rm

af’Z (0)=0 fori>n+2.

0z

Lemma 3.2. Under the above assumption on the orthonormal basis
{85, .-, Sym} . we have the following estimates:
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'ﬁ’m (x")l ol ;!m)! [1 T 3 (m +1n+ ) (7(®) () ~n" =n)
o T

2L ) = 0 (m™).

azf;)m (xo) _o (m(,,_l)/z) ’ az’_f(;m (xo) =0 (mn/z) )

az* 0z;
of" 1!
9 (x| - 2
.. 1 2 1
(ll) .[l+m_—n_H)-(r(g)(x0)—n —3n—2)+0<?>],
’f" (n=1)/2 PN n/2
oz (0 =0(m"), () =0(m")
o f" n— .
(iii) Bzf (x0)=0<m( 1)/2) fori=1,2,3,...,n;
. |8if + 1 2(m+n+2)! 1
() 82% (%o) w m’; : [1 + 4(m+n+3) (r(8) (x,)
1
—R,i;1 (%) — n’—5n - 6) +0 (?ﬂ .

Proof. The proof of (i) is almost the same as that of (ii), so we omit it.
Let us first prove (iii) and (iv). Use Lemma 1.1 to construct holomorphic
sections T),..., T, of L™ satisfying (1.5) and (1.6) for (p,,...,p,) =
(1,0,...,0),(,1,...,0), ..., (0,...,0, 1), respectively. There are
constants ﬂ,.j (1<i<n, 0<j<N,) such that

N, X
(3.8) Z Bij =1,
Jj=0
NI"
(3.9) T, = ﬂij,Sj, i=1,2,...,n
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By 3.7, ﬂij = 0 for j < i. Applying Lemma 3.1 to T}, Sj, and
E o1 Bi;S; » we conclude from (3.7) that for large p’ in Lemma 1.1,

ij=j?
(3.10)
B;=0(1/m) fori=1,2,---,n; i<j<n+l,

\/"Bin+1|2+"'+‘ﬂmm|2 =0(1/m3/2) fori=1,2,---,n

Take derivatives on both sides of (3.9), and use the fact that
(62 Ir /azf)(xo) = 0 (if we take p’ large in the construction of T,, by
Lemma 3.1), where T, = fT‘eZ' at x,. One then obtains

N, m

m

(3.11) 0= Z/}

s i=1,2,---,n.
=1 Y azl

.

It follows from (3.8) and (3.10) that |B,| =1+ 0(1/m2). Inductively,
one solves (3.11) for (8°f"/82})(x,), i=1,2,--- ,n,and (8°f"/0z)
(xg) = (9% f11/921)(%,) - O(1/m™"?) .

By using Proposition 2.1 to construct S 2 and proceeding as above, we

have

2 m 2
g0 ()] mned

2m+n+2) 1
= mm’: [+4(m+n+3)(r(g)(x°)

2 1
—R7;7(xp) —n"=5n— 6) +0 (—2)] .
m

Hence (iii) and (iv) follow.

By similar arguments, one can prove that (0 fl /82 )(xy) = O(m
To finish the proof of (ii), it remains to evaluate (0 fl /9z,)(x,) . For this
purpose, we simply take the section Su constructed in Proposition 2.1 for

n/2)

u=(1,0,---,0), and express it in terms of {Sf"} as follows:
Nm m 2
m
Suzz;ﬂjsj ’ ZE ﬂj| =L
Jj= Jj=

One sees immediately that f;, = 0 and B, = O(;;) for j > 2 by
Lemma 3.1, so we obtain the evaluation of (8f,"/0z,)(x,) required in
the statement of (ii).
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Now we are ready to prove the estimate (3.3). We split the proof into

the following four lemmas, and note that we may assume y, = z, .
Lemma 3.3. With the above notation and assumptions, we have

2
1621°g(|f°m|2+"'+|f1'v’,'"| ) 1
1 ) o)
m 0z,0z, m

Proof. By (3.7) and Lemma 3.2 (i), (ii), we have

2
| 6zlog(|fom|2+'--+|f,'v”m| )
— = (

m 0z,0z, 0
_ |6fl"'/azl|2 X
mlfbm|2 ( 0)
2 2
= Lmen+) L+ e (r(g) ) 7 _23n _ 2) +0(1/2m2)
" U+ sty (r(g)(xo)—n —”)"'0(1/"1)

=140 (i) .
m
Lemma 3.4. With the above notation and assumptions, we have

2
R ARG LAY 1
m 5775 (xo) =0 (g) :
270z,

Proof. By (3.7) and a direct computation, we obtain

) 3> log <|f0”'|2 bt ‘fIf,"r)

m - (%o

m 02,07,

(2571022 (377157
= 2 XO
m|f"]

) 2004710z, "Re ((0.5"/02,) £17)

m| s

Then the lemma follows from Lemma 3.2 (i), (ii).

(xo) -
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Lemma 3.5. With the notation and the assumptions as in Lemma 3.3
and 3.4, we have

2
1 34108<|fom|2+'“+’f[v';‘ ) |
— — X)) =0|—=].
m 6zf621 ( 0) (vm)

Proof. By (3.7) and a complicated, but straightforward, computation,
we obtain

R A R LA,

4 82?521 (o)
8% log ()fo"‘b2 . ]f,(,"m|2> o™z
- 277, () - o (x)

8% log (lfo’"\2 4ot \f,","mr)
"2 9z,0z|, (%)
Talrmof (202) o) - () (531021

m|f5"*
. (63flrn/az13) (afl'"/azl) %
m| i)’

(571050 GTFT52) (07105 T+ 8 (P05 osos

) m| " o

Then this lemma follows from Lemmas 3.3 and 3.4, and (i), (ii) of Lemma
3.2

Lemma 3.6. With the notation and assumptions as in the above lemmas,
we have

_ o*log <|ﬂ)m|2+...+\f1:/',:‘2) SR (x) _0<L>
-1 ITIT o \m)’

m 8z.07?
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Proof. By a straightforward computation and (3.7), we obtain

] R )

1 62?87%
R ( (0°#7/027) (84,792,) &y (W))
v
ooz, o "0z |
m| "
(e appsmen
" 15 157"

By Lemma 3.2(i), (ii), the first two terms on the right-hand side are both
of order O(1/m*). By Lemma 3.2(iii), we have PO |6fim/6zf|2 =
O(m"™ "), and therefore

2 m 212 4
o L[l mea] 2japmez) +o(h)

|2 4
" 15| 155" m
(by Lemma 3.2 again)

- %2(m+n+2)(m+n+l)
- [1 + m‘,z—+3—) (r(&) (xg) - ~Rypys (%) = n* = 5n = 6)
+0(5)]
: [1 + Hrﬂl'n—ll_) (r(®) (x) - n* = n) +0(#)]_l

_2(m+n+l)2<l+ (r(g)(xo)—-nz—-3n—2)

~o(5))

1
2(m+n+2)
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. 1+——1— (r(g)(x ) —nz—n) +0(-1—))_2
2(m+n+1) 0 m?
1
1o (—>
2

=-R77(x) +0 (%) :

The estimate (3.3) follows from Lemmas 3.3-3.6. Hence Theorem A is
proved. Obviously, Theorem B follows from Theorem A.

Remark. It is likely that one can estimate the difference between g,
and g up to higher derivatives, but one should have a neater method. For
Riemann surfaces we can show that g, converges to g in C3-topology
by computations analogous to the above ones.

4. Generalizations to noncompact manifolds

It is easy to see that the previous proof for Theorem A is local in nature.
This makes us believe that some generalizations of it should be possible
for noncompact Kéhler manifolds. Let X be a complete Kédhler manifold
with Kéahler metric g and let L be a line bundle on X with a hermitian
metric ~ and Ricci curvature Ric(h) greater than emax{w,, —Ric(g)}
for some ¢ > 0. Denote by I-I((;)(X , L™) the space of all Lz-integrable
holomorphic global sections of the line bundle L™ . This space is a Hilbert
space with a natural inner product induced by the hermitian metric 4™ .
Choose an orthonormal basis {S;"},,, of H(OZ)(X ,L™).

Lemma 4.1.  For each local frame e, of L at any point x in X, write
S = f"e. Then =2, |f"° is a smooth function near x .

Proof. Each fi'" is holomorphic near x. Then by the Cauchy integral
formula (cf. [5]), it suffices to prove that 3"°, | f|* is locally uniformly
bounded at x. First we observe that for a holomorphic section S in
Hg)(X , L™) with ||S|| pm = 1, there is a neighborhood U of x and a con-

stant C which is independent of S, such that S = fi eZ" , | f |2 is bounded
by C in U. Now for any N > 0, take an orthogonal transformation o

from U(N+1) such thatif ¢ = (0;,)c, <y 2nd T; = Efl:o 0,;S] , then
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T,(x)=0 for i > 1. Since ¢ is orthogonal,

S )= o
= I

e llhm =
Thus the lemma is proved.
By this lemma, one can define a positive, d-closed, (1, 1)-current @,
on X in the following way: At any point x in X, define

lle ’"||

x) < C + oo.

__&
- m

T t0g [T
(4.1) @, (x) = 303 log glf'"| (x)
where S "e;" in a neighborhood of x ({S'} is the basis as in

= fie
Lemma 4 1.) Formally, we can write
V=1 - 2l ml?
W, = maa log ; 'St l .

Since Ric(4) > emax{w_, —Ric(g)} for some ¢ > 0, it follows from
g

the standard L’-estimate of the 9-operator (Proposition 1.1) that for any
compact set K C X, w,, will be regular (1, 1)-form in K for m large
enough. By the same arguments as in the proof of Theorem A, one can
prove the following.

Theoremd4.1. Set X, L, g, and h as above. Then for any compact set
K of X, there are constants m, and C, depending only on the geometry
of K in M, such that for m > m,, w,, is regular in K and so induces a
Kdhler metric g, on K, and

(4.2) max {||g,, — Ric(h)|| , ||[Dg,, — DRic(h)||} < Cx/Vm,

m

where the covariant derivative D is taken with respect to g, and | -|| is
a norm on tensors induced by g. In the case that (X, g) is a complete
Kdhler-Einstein manifold with Ric(g) = -w,, and L = K, is the canon-
ical line bundle, we have in the compact set K

max {|1g, ~ £l . [D&,ll . |08, - IR (s,,) - R(2)] }
(4.3) S Cy/Vm  form>mg,

where R(g,,) and R(g) are curvature tensors of g, and g, respectively.
Furthermore, if the metric g has bounded curvature tensor, and the injec-
tivity radius at each point is bounded from below by a uniform constant
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¢ >0, then C, in (4.2) or (4.3) can be taken independent of the compact
set K.

Remark. As a corollary of Theorem 4.1, one can prove that for any
strictly pluriharmonic function ¢ on the unit ball B (0) of C", the func-
tion ¢ can be approximated up to its third derivatives in the ball B, /2(0)

by functions of the form A log(Ef; N fl.lz) , where the {f;} are holomorphic
functions on B, (0).

5. The proof of Theorem C

In this section, we will use Theorem 4.1 to prove Theorem C. We start
with the following lemma.

LemmaS.1. Let X be a quasiprojective manifold with a complete Kdihler
metric g, where Ric(g) < —/Iwg for some A > 0. Let X be asmooth

compactification of X. Then for each m, the space H(Oz)(X , K)'{”) is of
finite dimension, and any holomorphic section S in H(Oz)(X , Kf\,") can be
extended to be a meromorphic section of (Ky)'" on X with poles along D
and the order less than m .

Proof. 1t suffices to prove the second statement. Fix a Kdhler metric g
on X in_duced by the Kihler forp_l w given in the statement of Theorem
C.Put h = (det(?aF))_l ; then A is a hermitian metric on Ky. Let A
be the hermitian metric on K, induced by g on X, and put e’ =h/h.
Then by K|, = K, we have

- 2
(5.1) Lﬁﬂ%wmlwd%=fhwmmﬂ;<+m.

Put D = X — X; then D is a divisor in X. Let Sing(D) be the
singular points of D, and codiny(Sing(D)) > 2. By Hartog’s theorem
(cf. [5]), we only need to extend .S across the regular part of D, ie.,
across D — Sing(D). Take any point x in D — Sing(D). Then there is
a neighborhood U, of x in X such that U, NX ~ A" x A"’l , where
A={zeC'l|z] <1}, and A* = A\ {0}. Thus there is a complete
hyperbolic metric g, on U, NX . This metric g, is actually the product
metric of those Poincaré metrics on A or A*. Moreover, if z, is the local
defining function of DNU,, then for a smaller neighborhood V, of x in
U,,

X

(5.2) h|z,|’ (~log|z,|)* < Ch, inV,nX,
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where C is a positive constant, and /4, is the hermitian metric on K| U.nx
induced by g, .

On the other hand, by our assumption on Ric(g) and Yau’s generalized
Schwartz lemma [14], the volume form of g uniformly dominates that of
g, on U NX,ie,

(5.3) eh=H>C@A)h, onUnX,

where C(4) is a positive constant depending only on 4 and ».

Now by (5.1), {(5.2), and (5.3), one easily sees that S can be extended
to be a meromorphic section of K3 possibly with poles along D and the
order less than m .

Let D be as above and write D = ZLlDi, D; smooth (i =1,2,

-+, 1). Let T, be the defining section of D;. Then by Lemma 5.1,
there are integers p;", 0 < p:" < m — 1, such that for each S in

H(Oz)(X R Kf\,") , Tf’ L T,p ’m S can be extended to be a holomorphic section
of K3 + Ei:x p!'D;. Define

— V-
wm = -2—
where N, +1 = d_imC (2)(X K ). Then @, is a positive, d-closed,
(1, 1)-current on X, extending w, on X . Moreover,

]
— -1 1 -1
/me’\w" = (K%’ + ZPJ"D,-) o]’
j=0

< (Kg+D)-[0]"™" < 400,

S HT’"

where [w] is the cohomological class represented by w.
It follows from Theorem 4.1 that

/ (~Ric(g)) A" < (Kz + D) - [0]"™" < +o0,
X

so that part (2) of Theorem C is proved.
Note that we also proved that @, converges weakly to a positive, d-
closed, (1, 1)-current @ extending — Ric(g) = Ric(K ).
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Choose a hermitian metric 4; for the linebundle [D,] (i=1,2,---,1)
to obtain

m

= — Ric( g)+Z Ric (h,)

+ W‘/'—;aﬁlogl [Z <|S||hmH||T||2”' )} )

=0
Define @,, e by

! m
— . Di 4.
@, ,= —Ric(g)+) -7 Ric (h;)

i=1

V- 2
+2—8610g e+2 ||S||hmH||T|| 7)1
j=0 i=1 :
By Theorem 4.1, one can choose a sequence {¢,}, lim, _ _ ¢, = 0,

such that on each compact set K of X, @, , converges uniformly to
—Ric(g) . On the other hand, by a straightforward computation, @,, , is

bounded from below by Min{0, — Ric(g) + Zf.zl (p]" /m) Ric(h,)} . Since
0<p" <m-1, by Fatou’s lemma we obtain

0< / (-Ric(g))" <'lim [ o) .,
X m-—oo X *“m

) m n
- p;
- (€ 0+ % 0)
i=

= (C1 (K%) + IZ:p,.Cl (D,.))n <00,

where p; = Tiﬁm_,oop;" /m, 0<p, <1. Hence Theorem C is proved.

Before we end this section, we give an improved version of Theorem
C in the case n = 2 for later use. For example, by using this improved
version of Theorem C and some tricks for solving complex Monge-Ampere
equations, one can prove that the volume of a complete Kihler-Einstein
metric on a quasiprojective surface is always a rational number. In fact,
one should be able to prove that the volume is an integer.

Theorem 5.1. Let X be a quasiprojective surface with a complete Kdihler
metric g and — Ric(g) > £w, and let X be a compactification of X .
Then the positive, d-closed, (1, 1)-current —Ric(g) can be extended to
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a positive, d-closed, (1, 1)-current @, on X such that it represents a
cohomological class Cl(K7)+Ef.=1piCl(Di) in H"'(X, O)nH*(X, 2Z),
where p; <1 and X — X = U$=1 D;, D, irreducible. Moreover

(1) 0< fy(Ric(8)) < (C,(Kg) + Loy ,Ci(D)).

(2) For any irreducible effective curve E in X,

i
(Cl(KY) + Zpic1(D,'))[E] >0
i=1
and > 0 if E is not contained in ULID,., where [E] denotes the coho-
mology class of E in H*(X, Z). In particular, C,(Kx) + Z£=11’1C1 (D;)
is numerically effective.
Remark. According to the terminology of algebraic geometry, such a
divisor K% + D is numerically positive.
Proof. For each m > 0, choose an orthonormal basis {S;"}OS i<N, of

H(OZ)(X , Ky). Define p;" = max,_; n_ {order of the pole of S7" along

D}, i =1,2,---,1, where we regard the zero of S;" as the pole
with negative order. Lemma 5.1 can be applied here to conclude that
m

p; <m-—1for i=1,2,---,]. Let T, be the defining section of

the divisor D,. Then the holomorphic section {([T'_, 77 ")S™}, .
i i=1"1i Jj J0Zj<N,,

of K/'?" + Eﬁ=1 p{" D, has no divisor as common zero along D. Define a
positive, d-closed, (1, 1)-current @, on X as before by

Nm
(5.4) w, = %3510g (:’Ijl: 'TEZPf"| . FZO |SJ’”I2) .

By 0 < fywm A w, where w is a positive Kihler form on X, we have a
uniform lower bound for all p"/m<1 (i=1,2,---,1),in fact,

(5.5) _/YCI (Kx) Ao < Ricp,f”m/YCl (D) A .

By taking a sequence of {m}, ., we may assume that p, = lim,, _, p;" /m
exists for each i. Since [7®@, Aw < (C,(K5)+ X (p]"/m)C,(D,)) @ is
bounded uniformly from above, @,, converges weakly to a positive, d-
closed, (1, 1)-current @y, which extends to — Ric(g) by Theorem 4.1.
As in the proof of Theorem C, one sees

2

!
56 0< [ ®Ric()'= [ @< (C, (Kz) +3p.C, (D,-)) :
i=1
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Note that @, represents the cohomological class C, (K7)+Zﬁ=l p;,C,(D;).

For each irreducible curve E, since {]'ﬁ:l(]‘,-"J i )S;'n}os J<N, has no com-
mon zero divisor along D for m large enough, the restriction of the
(1, 1)-current @,, to E as current is well defined and

1
(5.7) OS/Ewm ( Zf’;n— ) [E].

By taking the limit, one sees (C,(Ky)+ Ei’:l p;C,(D;))-[E]1>0. It is also
easy to see from (5.7) that (C,(Kx) +Ef.=1 p;C,(D,))-[E]1>0 if E is not
contained in D.

Remark. In the joint work [12] by S. T. Yau and the author, we prove
that the quasiprojective manifold X admits an “almost” complete Kihler-
Einstein metric with negative Ricci curvature if X = X—D with D normal
crossing and Ky + D positive in X and numerically positive in X . Note
that such a metnc which we constructed on X should be complete. This
makes us believe that all p; in Theorem 5.1 are actually equal to one.

6. A final remark

Let (M, g) be a compact Kahler manifold with positive first Chern
class and the metric g naturally polarized by the ample anticanonical line
bundle K;ll on M, ie., w, represents C,(M). There is an unsolved
problem of E. Calabi whether or not M admits a Kéhler-Einstein metric
with positive scalar curvature. In general, there are obstructions to the ex-
istence of such a Kihler-Einstein metric. They were found by Matsushima
[8], Futaki [4], Donaldson [3], and Uhlenbeck and Yau [13] . However,
in [11] a numerical criterion is given for the existence of Kihler-Einstein
metrics on M . Such a criterion is expressed in terms of a holomorphic
invariant a(M). We will recall the definition of this invariant later. This
a(M) is an analogue of the conformal invariant in the study of Yamabe’s
equation [1], [10].

Let G be a maximal compact group in the automorphism group Aut(M)
of M, and let the metric g be G-invariant. Define

V-1

P.(M,g)= {¢eC2 (M,Rl)'wg+—2—7z—65(o>0,

supp =0, ¢ is G-inva‘riant} .
M
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Then we define
(6.1)

a(M)=sup{a 3C,>0st.Vpe Py (M, g) ,/ e_‘deg SCa}.
M

Although the definition of a(M) depends on the choice of the metric g
and the maximal compact group G, the number «(M) does not. In [11],
the author proved that M admits a Kihler-Einstein metric with positive
scalar curvature whenever a(M) > gn/(n + 1), where n is the complex
dimension of M . So a natural question arises: How do we estimate a(M)
from below? Theorem B throws light on it.

Define

P, (M,g)={peC™M, Rl)s?{pq) =0, ¢ is G-invariant and

J a basis {Sm}0<i<N of HO(M, K,;”) such that

w, + £66¢ = \/—log(z 1S %)},

where N, + 1 =dim H(M, K,™) and m is large.

A direct corollary of Theorem B is that we can confine ourselves to
Uzo P (M, g) in the definition (4.1) of a(M), where m, is large. Pre-
cisely, we have

Proposition 6.1. The holomorphic invariant a(M) is equal to

(6.2) sup {a|EIC >0stVoinP, (M,g) withm>mg,

/ e“’“’dVg < C}.
M

This proposition turns the estimate of (M) into the evaluation of
some rational integrals. But it is still hard to deal with the estimate since
we must compute infinitely many integrals. So we propose the following
approach. One can define, for m large,

am(M)=sup{a 3IC>0st.VpCP, (M,g), /Me_""’dV;,SC]}.

Each «,, (M) is a holomorphic invariant of A, and obviously, a(M) <
inf, a, (M).
Question 1. Does «a, (M) = a(M) for m sufficiently large?
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The Kidhler metric g induces a hermitian norm ||-|| on K;/". Let S,
be the unit sphere in H O(M , KA_/") with respect to the induced hermitian
norm | -|,,. Then one can check that

(6.3) «, (M) =sup {a C > 0 s.t. for any global section S in

2 a/m
the sphere S, , /M (1/||S||m) dv,<Cy.

This interpretation indicates that the invariant «, (M) reflects to some
extent how bad the singularities of the divisors of M are cut by the global
sections of K, .

For fixed o > 0, the integral [, (1/ [|S||fn)“/ "d V, defines a function on
S,, - Note that this function may take the value infinity. The Fatou lemma
implies that this function, denoted by F, , is upper semicontinuous.

Question 2. Is F, continuous on S, ? Or, more weakly, can the
supreme of F, on §, be achieved on S, ?

In the case that M is a complex surface with positive first Chern class
and m small, we can affirm Question 2 by some direct, but complicated,
computations of rational integrals. The affirmation of these equations will
make the evaluation of a(M) much more tractable.

Added in proof. Lemmas 1.2 and 2.3 also yield the following result. Let
||| be a hermitian metric on an ample line bundle L on M such that its
curvature form w is a Kéhler form on M . Then for large m, Eﬁ'b ||Si||fn
is equal to [(m + n)!/m!](1 + 0(1/m)), where || -|,, is the induced her-

mitian metric on L™ by |- ||, and {S;}(c,<,, isan orthonormal basis of
HO(M , L™) with respect to the induced inner product by ||- ||, and w.
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