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SINGULAR ANGULAR MOMENTUM MAPPINGS

MARK J. GOTAY & LEN BOS

Abstract

We algebraically reduce the system consisting of a nonrelativistic particle
moving in R” with vanishing angular momentum _#. After analyzing
the conical structure of the constraint set #-1(0), we use algebraic
geometric techniques to explicitly construct the reduced Poisson algebra of
rotationally invariant observables. This procedure enables us to completely
identify the effects of the singularity in #~!(0) on the system. We then
group-theoretically reduce the system and compare our results with those
obtained algebraically.

0. Introduction

In celestial mechanics, rotational invariance allows one to eliminate four
variables from Lagrange’s equations. This procedure, Jacobi’s celebrated
“elimination of the node,” has been generalized by Marsden and Weinstein [8]
to the case when an arbitrary symmetry group acts on the phase space of a
Hamiltonian system. The idea is as follows.

Consider a constraint of the form #= constant, where ,# is a momentum
mapping for the group action. Then one may reduce the number of degrees of
freedom of the system by dividing out the symmetries of the constraint set.
Subject to certain technical assumptions, Marsden and Weinstein showed that
the resulting “reduced phase space” of invariant states is in fact a symplectic
manifold.

However, in many interesting situations the Marsden-Weinstein reduction
procedure is not applicable and one must use instead the algebraic reduction
technique of Sniatycki and Weinstein [12]. This yields a “reduced Poisson
algebra” of invariant observables which contains all essential components of
the reduced canonical formalism.

Received August 14, 1985.



182 MARK J. GOTAY & LEN BOS

Here, following Jacobi, we reduce the system consisting of a nonrelativistic
particle moving in R” with fixed angular momentum ¢ = /, where ,#: R*" -
so(n)* is the momentum map for the cotangent action of SO(n) on the phase
space R2". When / # 0 the constraint set £ ~}(/) is smooth and the reduced
canonical formalism is given by the symplectic structure on the Marsden-
Weinstein reduced phase space. This case, which is classical and well under-
stood, is discussed in [1]. In this paper we consider the critical case of zero
angular momentum. Then £ is “singular” in the sense that # ~1(0) fails to be
a manifold, and reduction must now proceed on the algebraic level.

Certain adapted coordinates were used in [4] to compute the reduced
Poisson algebra when n = 2. For n > 2 the situation is somewhat more
complicated and requires substantially different techniques (although the re-
sults are similar) and it is this case which is essentially our subject here.

We begin in §1 by analyzing the structure of the constraint set _# ~}(0) and
then carry out the algebraic reduction procedure of Sniatycki and Weinstein in
§§2-4. Next in §5, we construct the orbit space £ ~1(0)/SO(n) which surpris-
ingly turns out to be a symplectic ¥-manifold as well as a singular symplectic
manifold. Finally, we compare the group-theoretic and algebraic reductions of
this system in §6. A number of tangential results and proofs are relegated to
the Appendixes.

This paper is the third in a series (cf. [4] and [5]) devoted to studying the
algebraic reduction procedure, both in itself and vis-a-vis its group-theoretic
counterpart. This work indicates that these two reductions are often very
closely related, so that one may ask under what conditions they will be
equivalent for singular momentum mappings (in the nonsingular case equiva-
lence is immediate [12]). It is likely that many of the techniques of this paper
can be generalized to other group actions and should therefore prove useful in
establishing such equivalence.

1. The structure of the constraint set

The phase space for the particle is T*R"” = R2" with coordinates (x, p). The
standard symplectic form on R2" is

n
(1.1) w= Y, dp, Adx,
k=1
and the associated Poisson bracket on C*(R?") is

(12) (f.g) = él T
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where

[f,8lu.i= (3f/3u)(dg/dv) — (3f/0v)(3g/du).

The cotangent action of the rotation group on the phase space is (4, (x,p))
— (Ax, Ap). Upon identifying so(n)* with R""~1/2  the Ad*-equivariant
angular momentum map for this action may be written
(1.3) F(x,p) =xAp.

We first claim that #:R2" — R""~D/2 has rank n — 1 everywhere on

Z "10) except at 0. As

DZ(x,p) -(u,v)=uAp+xAvV

we may partition the Jacobian of # into two n(n — 1)/2 X n blocks [A4| B],
where A is the matrix of the map a(u) = u A p and B that of b(v)=x A v.
Now suppose (x, p) €. ~1(0) so that x = sq and p = ¢q for some unit vector q
and scalars s, ¢ not both zero. Then 4 = tC and B = —sC for some matrix C.
Since clearly kerC = (q) has dimension one, it follows that rk[4|B]=
1k[tC|-sC] = n — 1. Thus #~}(0) € R?" is an (n + 1)-dimensional manifold
everywhere except possibly at the origin, where, according to general principles
[2], we expect it to have a conical singularity.

Henceforth it is convenient to regard R?” = C" with coordinate z = x + ip.
Then the SO(n)-action on C” is (4,z) = Az and £ becomes

(1.4) F(z)=(i/2)(z A 7).
Theorem 1.1. ¢ ~}(0) is a (complex) cone over RP""1 i.e.,
F7H0) = Cc(RP").
Proof. First note that #(Az) = |A|2#(z). Now consider the fibration:
C->¢C"
(1.5) e

CP" 1
The constraint z A Z = 0, when written in terms of affine coordinates v; = z,/z,
on CP"~!, becomes a set of reality conditions

v,—U;=0, i=1,---,n—-1.
In other words,

ne(£71(0) - (0)) € RP™1 5 C P71,

where ¢ is the natural inclusion. Furthermore, if [y] € RP""!, thenz =y + 0i
belongs to £ ~1(0), so 7 actually maps # ~1(0) — {0} onto RP""1. q.ed.



184 MARK J. GOTAY & LEN BOS

Before proceeding with our study of _#}(0) we need some topological
results. View S!, "1, and $2?"! as the unit spheres in C, R”, and C”,
respectively. Let S* X, §"~! be the double antipodal identification of S* X
S"~1given by
(1'6) ()‘,y) - (—A,—Y),
and define pr¢:S' X, §"7' > RP"! by pre([A,y]) = [yl, where [-] de-
notes ~ equivalence classes. Then it is straightforward to check that the
Sl-action
(1.7) (n,[X,y]) = [nA,y]
on S' X, S”~! makes

§' > §1 x5, §"
2

(1.8) Prc
RPp" !
into a principal circle bundle.
Now consider the Hopf fibration
Sl N SZn—l
(1.9) e
CcpP" 1

associated to (1.5).

Theorem 1.2. The fibration (1.8) is just the restriction of (1.9) to RP""! in
cprt,

Proof. Consider the injection S: S! Xg, 8" "' - §2"1 given by
(1.10) [A.y] = Ay + 0i).

A short calculation shows that the diagram

Sl XZ Sn—l § S2n—1
2

R

RP"!—— Cp!

commutes and, moreover, that § is equivariant with respect to the S'-actions
on S' X, §"!and §?*"'. Thus § is a principal bundle map and it follows
from [13, §10] that (1.8) is equivalent to the pullback of (1.9) to RP"~! via ..
q.ed.



SINGULAR ANGULAR MOMENTUM MAPPINGS 185

From Theorems 1.1 and 1.2 we have that
f_l(O) N S2n—1 ~ Sl XZZ Sn—l’

i.e., spherical sections of ,# ~1(0) are twisted n-handles and are thus connected.
Furthermore, since m(S' X, §""')=Z and m(RP' X RP" =2 o Z,
for n > 2, we see that

St Xy, 8" 1= RP' X RP"L.

The bundle (1.8) is therefore nontrivial if n > 2. The exception is when n = 2,
in which case §* X, §' = T2

Remark. _#!(0) may also be viewed as a real cone over RP! X RP""1;
this is intimately related to the algebraic geometry of Segre embeddings. As
these results are not relevant to our later work, they are presented in the
Geometric Appendix.

2. The representation theorem

We now begin the algebraic reduction procedure. Reverting for the time
being to real coordinates, let ¥ be the ideal in C®(R2") generated by the
n(n — 1)/2 components #,; = x;p;, — x;p; of #. The first step is to compute
the quotient C®(R?")/ which, if _# ~}(0) were a manifold, would simply be
C*( £ "}(0)). Instead we have the next best thing:

Representation Theorem. C®(R2")/Y =~ W>( £ Y(0)), the smooth func-
tions on £ ~Y(0) in the sense of Whitney.

Here, a function on _# ~}(0) is “smooth in the sense of Whitney” if it is the
restriction of a smooth function on R2”,

Proof. Tt suffices to show that fe § iff f|_#71(0) = 0. The obverse is
immediate. For the converse, suppose f | £ ~}(0) = 0. We will prove that there
exists an open set 11 about each m € R2" such that f |1l € | U. The theorem
then follows by patching these local results together with a partition of unity.

There are three cases to consider:

(i) m & £710),

(i) m € £710), m # 0,

(iii) m = 0.

Case (i). Choose U such that 11 N #~(0) = @. Let #> denote L #7. Since
Fr+0on U, g=(f|U)/.f? issmooth on U. Then

flu=gfr=3 (85,7, €.
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Case (ii). Choose U such that 0 & 1. Since # has rank n — 1 at m, we
may use n— 1 of the ¢, say #, -+, f, 1, as coordinates on u. By
Hadamard’s Lemma, f|(11 N# ~(0)) = 0 implies that f|U = X""!a, ¢, for
some smooth functions a;.

Case (iii). By a theorem of Malgrange-Martinet [9, §3.5], we need only
show that the Taylor series Tyf € Y4, where <, is the ideal generated by
{Tof;; =F;;} in the ring of formal power series at the origin. We first define
some notation and state several algebraic facts.

Let
(2.1) G =X, and gy, = py
fork =1,---,n, and set
_ |9 0 2xn i _ In 0 i 2xn
1 9n ‘hn]ER ! [in izn]EN '

For any such i, define the row sum p(i) of i to be
n n t
p(i)= [Z ks E i2k]
k=1 k=1
and the column sum x (i) of i to be

x (i) = [iyg + igp,e ooy dg, + iy,)-

Consider the polynomial ring R[g] = R[g,;, - -, 45,]- Any P € R[g] may be
written in the form

P(q) = Zaiqi,

where each ¢, € R and ¢' = ¢} --- g%.

n*

If § is the ideal in R[q] generated by the polynomials ¢, we have

V(9)={q:P(q)=0 VPe$)}=,70).
Now, I(V(9))= {P € R[q]: P(q) =0 Vg € V(9)}. In the Algebraic Ap-
pendix we establish that
(2.2) IV($)=9

Moreover, we have the explicit representation

(23) IV(9)={P=Yayq': Y a,=0 forallreR? k €R"
i p(i)=r
x(i)=k'
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With these results we are ready to prove case (iii). Write
(2.4) Tof=Yaq = [fo St
where

S L (T aq
n+rn=1\p(i)=r

is the homogeneous part of the /th Taylor polynomial of f at 0. We may
further decompose this as

(2.5) Si= X (Z a,-q").

n+rn=I p(i)=r
ki+ ootk =l x(i)=Kk

We claim that S§ € § for all /. Indeed, define g:R"*2 > R by
(2.6) glup, o i) = f(u, 0, u,,50),

where u = (u;,---,u,). Since u,,u and wu, u are linearly dependent,
U, uAu, u=0, that is, (u,,u,u,, ) € £ 0). But as f| #710) =0,
g =0o0nR""2 and so Tyg = 0. Now if Tyf is given by (2.4), then, according
to (2.6), Tyg consists of sums of terms of the form

(Zai

p(i)=r
x(i) =K

r r k ..
(un1+lur|2+2ul1 . u, )

each of which must vanish. Thus for any fixed r and k we must have

Y a,=0.

p(i)=r
x()=k'

By (2.3) and (2.5), then, S} € I(V($9)) for all /. From (2.2), Sj € © for all .
In summary, we have shown that

(o]
Tof = Z E f,ﬁf,,
=0 1<i<j<gn

with 19 #;; homogeneous of degree /. Since each ¢ is homogeneous of
degree 2, we may assume that each '!j is homogeneous of degree / — 2. Thus

- £ (L1)4

l<i<j<n \I=0



188 MARK J. GOTAY & LEN BOS

where, for each (i, j), X%, fi’j is a formal power series. By the Borel extension
lemma [6, p. 98] these series are Taylor series. Thus, finally, Tof € J,.

3. Resolution of the singularity

Returning to complex notation, we have established that C*(C")/J =
W*( £ ~1(0)). However, this representation of the quotient is not very con-
venient. Before proceeding with the reduction we obtain a more manageable
representation by resolving the singularity in the constraint set.

A. The universal line bundle. View CP"! as the set of all complex lines /
through the origin in C”". Let

C-T
lm
C Pn~l
be the universal line bundle over C P"~!. We may identify T as the subset of
CP""! X C" given by
F={(l,LzyeCP"'xC":zel}.
By composing the inclusion with the projection on the second factor we obtain
the projection ¢ : I' = C”. Then [7, p. 28]
() ¢7'(0) = CP"
(i) :T — ¢71(0) = C" is a diffeomorphism.
T is called the blow-up of C" at 0; dimgp I' = 2n.

Theorem 3.1. The complex line bundle T is associated to the Hopf fibration
1.9).

Proof. Consider $?"~! X o C, where the S'-action is given by

(m,(z,w)) = (nz,7w).
Define a map S2""! X a € - T by
[z,w] = ([z],wz),
where we view [z] as a line in C” and wz as a point on [z]. A straightforward
check shows that this is a bundle isomorphism. gq.e.d.

Now let 1 be homogeneous coordinates on CP”"~1, Then T is defined in
CP""! X C" by the equations
(3.1) Inz=0.

For later purposes, it is convenient to work this out in coordinates
(vy,+*,0,_1,2) on CP""1 X C", where the v;=1,/l,, i=1,---,n— 1, are
affine coordinates on C P"~!, Then (3.1) becomes

(32 z=vz, j=1,--,n-1, vz, =~ v;z

2, =0, i,j#n.
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Note that, using the first of these relationships, the second reduces to an
identity. In view of (3.2) we may use (v, z) := (vy, -+, U,_;, 2,) as coordinates
on I'. The induced projection ¢ :I' —» C” is now
(3.3) (v, z) = (2v,2).

B. Blow-ups. We define the blow-up, X, of £ }(0)in I to be

X=¢(F7(0) - {0}),

where the bar denotes Zariski closure (over R). It follows from (3.5) below that
X is an (n + 1)-manifold. Note from (ii) above that

y:X—97(0) > #7(0) - {0}
is a diffeomorphism, where ¢ = ¢|X. We view X C I' as the nonsingular
model for £ ~}(0) c C".
However, even though T is algebraic in CP"~! X C", X is not algebraic in
either T or CP"~! X C". Indeed, consider
H=Fog:T > R"""D/2

Clearly X c " ~}(0) but X ~1(0) contains in addition all of the “exceptional
divisor” ¢~(0). In charts, ¢ is given by

i2220,~l7-—l7iv-, i9'¢n’
(3.0 2 (02 - (i/2)121*(v,5, = 5,5;), i,
(i/)12*(v; = 5,),  j=n#i.
The problem is the factor |z|%. From the definition of X, however, we see that,
locally, X is algebraic: it is determined in T' by the equations
(3.5) v, =0, i=1,---,n—1.

Note that, in the determination of X, the first equations of (3.4) are redundant.

These observations allow us to explicitly identify X in I'. Since the defining
equations (3.5) for X are reality conditions, it follows that X is just the
restriction of T to RP""! in CP"!. The diagram

cr r—~ .cpm!

.

¥ m
£7Y0) X >R P71

summarizes our results, where the horizontal arrows on the left are all blow-up
projections, those on the right are bundle projections, and the vertical arrows
are inclusions.
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The question remains, however, as to which complex line bundle over
R P"~! the blow-up X corresponds. Recall that the set of (isomorphism classes
of) all possible complex line bundles over a manifold M is parametrized by
H*(M,Z). On CP" !, T is characterized by its Chern class ¢(I') = -1 in
H*(CP"1,Z)= Z. Since X = /*T we have that ¢(X) = /*(-1), where /* is
the induced map on second cohomology. Now H2(RP"~1,Z) = Z, for n > 2,
so that there are only two line bundles on R P"~ !, Thus, X is trivial iff /* is
trivial on second cohomology. But in the Topological Appendix we show that
/* is surjective. X is therefore the nontrivial complex line bundle over R P"~ 1,
When n = 2, on the other hand, X is necessarily trivial.

Using the results of §1 and §3.A, we are now ready to construct X. Since

() T is associated to S2"~1,

(ii) X is the pullback of T to RP""1, and

(iii) S* Xz, §”7! is the pullback of S>"~' to RP" ",
we expect that X is associated to S* X z, S"~1, In other words, the diagram

g2n-1 associate
pullback l pullback
S'xy, §"t—mm- ===
2 associate

should commute. Using [13, §10] we see that this is indeed the case.
Thus from general principles we have that

X=(8"%g4 8" ) xaC,
where the S!-action is given by

(n, ([N, ¥1,w)) = ([A,y],7w)
(cf. (1.7)).
Theorem3.2. X =S""!X, C.
Here the Z ,-action is (i, (y,w)) = (py, pw) with p = +1.
Proof. The map [[A,y],w] = [y, Aw] defines the required isomorphism
(S§' X5, §"HXaC > 8" x, C. qed
The blow-up fibration is thus

C -5 1x, €

l

RP" 1
where the projection is [y, w] = [yl; compare (1.8).
C. The Representation Theorem revisited. As noted earlier, the represen-
tation C®(C")/Y = W=( £ "1(0)) is not suitable for our purposes. We use the
blow-up X of _# "}(0) to represent C*(C")/¥ by its more tractable isomorph
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Y*W( £ 1(0)) € C*(X). A precise characterization of this kind of subalge-
bra may be found in [3], but this is not actually needed here.

4. The reduced Poisson algebra

We are finally ready to reduce the Poisson algebra (C*(C"),{-, - }). Rewrit-
ten in terms of z and Zz, the bracket (1.2) becomes

(4.1) {f.8}= 2ik)i:1 [/, 8]z

We must first identify the SO(n)-invariant elements of C*(C")/J. Ab-
stractly, these are the classes [f] such that {f, #;}|.#7'(0)=0 for all
1 < i, j < n. Equivalently,

(4.2) (f. £ ev=0.

Let F = f oy € ¢*W*=( £ ~}(0)); we will write out these equations explicitly in
terms of Fon X.

Before doing so we change coordinates on I'. Since X € T is defined in the
(v, z) chart by (3.5), it is convenient to set

u=(v+7v)/2, w=(v-V)/2

The X c T is given by w = 0, and we may therefore use (u, z) as coordinates
on X. Then (3.3) yields

(4.3) V(u,z) = (zu,z).

From (4.3) we have

0F/0u; = Z(af/azi“l’) + E(af/afin}/), i=1,---,n—1,
n—1
9z = (3f/0z, o 8f/dz, o,
(4.4) dF/dz El u,(3f/3z;0 ) + 3f/0z, 0 ¢
n—1
0F/3z = Y. u,(3f/0z,0¢) + 3f/0Z,° Y.
i=1

Also, substituting (1.4) into (4.1) we obtain

(45)  {f. 2,) = {23179z, + 2,3f/9z, — (£,3f/0z, + 2,3f/0z,) }.
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Combining (4.5) and (4.4), the invariance conditions (4.2) become

uF/9u; — u;dF/9u; = 0, i,j<n,
n—1
(4.6)  u,(zdF/dz + z0F/3z) — 0F/du, — u; Y, u,dF/du, =0,
k=1
i<n, j=n.

This is a system of n(n — 1)/2 linear homogeneous partial differential
equations on the (n + 1)-manifold X. Denote the correspondiing distribution
by ®; we claim that dimg © = n — 1. Indeed, consider the matrix of © with
respect to {9,,3;,9,, --,9, ). It is readily verified that the kernel of this
matrix is spanned by the vectors

(1 +m?20, zuy,- - ~,zu,,_1)' and (0,1 + [u|?, Zuy,- ~~,2un_1)'.

Hence the dimension of the kernel is two and the rank of the matrix is,
therefore, n + 1 — 2 = n — 1. Since dimg X = n + 1, this system of equations
has at most two functionally independent first integrals. In fact, there are
exactly two: z(1 + ju|?)!/2 and Z(1 + ju|?)'/2.

Let & € ¢*W>( £ 1(0)) denote the subspace of rotationally invariant ob-
servables. It corresponds under  to those functions in W*®(_# ~1(0)) which are
constant along the orbits of SO(n) on £ ~1(0). We have proven:

Theorem 4.1. Let F € y*W*®( £ 1(0)). Then F € J iff

(4.7) F=F(z(1 +m?)"” 2(1 + u2)"?).

This characterization of § can be substantially simplified. Our main result
is

Theorem4.2. Let F€ C*(X). Then F € § iff
(4.8) F=F(z2(1 + uf?), |z12(1 + p|?), 22(1 + [u|?)).

Proof. Fix F(u,z) € §. We first claim that F is even in z. Now F €
Y*W (£ ~1(0)) so that there exists an f € C®(C") such that F = f o . Since
F is rotationally invariant
(4.9) f(4z) = f(z)
for all A € SO(n) and z € # ~(0). In particular, for each z we may choose 4
in such a way that 4z = —z. Then (4.9) reduces to f(-z) = f(z), i.e., f| £ }(0)
must be even. Since ¢ maps X onto £ ~(0), this and (4.3) imply that

F(u,-z) = F(u, z)
as was to be shown. But then [9, p. 144] and (4.7) yield (4.8).
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For the converse, first observe that

(1 + ?) = 4*(z - 2),
(4.10) (1 + |*) = ¥*(z - 2),

221 + u|?) = y*(z - 2).
Then it is obvious that any F € C*(X) of the form (4.8) smoothly factors
through . The result now follows from Theorem 4.1. q.e.d.

Thus the requirement that F € y*W>( ¢ ~}(0)) in Theorem 4.1 is superfluous.
Theorem 4.2 enables us to directly identify & as a subspace of C*( X) without
having to pass through the intermediary *W®( £ ~1(0)). This, ultimately, is
why we resolved the singularity in the constraint set.

It remains to compute the reduced Poisson bracket on . Since £ is
equivariant, the Poisson bracket {-,- } on C*®(C”") descends to a bracket
[-,-1on & c C®(C™) /S given abstractly by

(s (el =[{f 8}]

On X this translates into
(4.11) [F.G1={f.g}°¥,
where f, g € C®(C") are such that F = f oy and G = g o . Taking (4.8) into
account, we calculate

(3f/9z,)o v =u,/(1 + m|?)dF/3z, i=1,---,n—1,

(3f/0z,) o4 = 1/(1 + ju|*)3F/dz

along with the corresponding complex conjugate equations. Substituting these
into (4.1), (4.11) yields

[F,G] =2i/(1 + n|*)[F,G];.,.

It is immediate that [ - ,- ] is nondegenerate.
We may further simplify matters by again changing coordinates (u, z) =
(u, vy = z(1 + Ju]*)*/2). Then we have

(4.12) §={FeC>(X):F=F(y% v 7%}
and the bracket becomes
(4.13) [F,G] = 2i[F,G]y.,.

The pair (&,[ -, 1) is the reduced Poisson algebra of SO(n)-invariant
observables for our particle with zero angular momentum. From this structure
one may recover the entire reduced canonical formalism, albeit on the alge-
braic level (i.e., invariant observables) rather than that of manifolds (i.e.,
invariant states).
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5. The structure of the orbit space ¢ ~1(0) /SO(n)

To ascertain the geometric significance of the reduced Poisson algebra it is
useful to also perform a group-theoretic reduction of the system. Here we
compute the “Poisson algebras” of the orbit space £ ~1(0)/SO(n), and in the
next section we compare them to (&, [ - ,- ).

We first observe that the nontrivial orbits of SO(n) on £ ~}(0) are all
diffeomorphic to $"~1.

Theorem 5.1. _¢-1(0)/SO(n) = C/Z,.

Proof. Fix q € S""! and consider the map Q:C — C” given by

(5.1) Q(A) = Aq.
Clearly, Q(A) € #71(0) N S37~1. We claim that as A varies with |A| fixed,
Q(A) hits every orbit in #~'(0) N S37~". Indeed, every element of ,#-1(0) N
S,%{i"l may be written in the form ny for some complex € S' and some real
y € Sj*. Then, since SO(n) acts transitively on $"~', we have

ny = alyl(y/lyl) = nlyl4q = A(Q(nly|))

for some A € SO(n). Furthermore, Q(A) and Q(§) both lie on the same orbit,
i.e., Aq = £A4q for some 4 € SO(n), iff £ = +A. It follows that Q induces an
isomorphism ¢ ~1(0)/SO(n) = C/Z,, where the latter denotes the identifica-
tion A ~ -A. gq.ed.

Aside. Since every z € ¢°1(0) may be expressed as z = AAq for some
A € C, 4 € SO(n), and fixed q € S"~1, we may explicitly realize the projec-
tion p:#~1(0) » C/Z, as follows:

p(A4q) = [A].
Now consider R P! ¢ C/Z,. Then

pI(RPY) = {AAq:A € §} = £-}(0) n§2"!
and we therefore obtain the orbit fibration:
S*=1 o g-1(0) N §2-1
b4

RP!

This gives additional insight into the structure of _# ~1(0); compare (1.8) and
(G.2).

Thus the orbit space £ ~1(0)/SO(n) is actually a V-manifold [14]. Coinci-
dentally, it is possible to view C /Z, as a genuine C*-manifold, diffeomorphic
to C, by endowing it with the unique C*® structure which makes the projection
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C — C/Z, differentiable. We may therefore proceed in either of two ways,
depending upon which manifold structure we take on _¢ ~1(0)/SO(n).
Now use Q to pull the symplectic form (1.1), which on C” is

w=(1/2i) Y dz; A dz,,

k=1
back to C. Since |q| = 1 we obtain
Q*w = (1/2i)d\ A dX

which is just the standard symplectic structure on C. Since Q*w is invariant
under the reflection A - =\, we may obviously regard ¢ ~1(0)/SO(n) as a
symplectic V-manifold [14]. If, however, we take the C® structure on C/Z,,
then Q*w projects to a singular symplectic form on C/Z,. We may then
regard £ ~1(0)/SO(n) as a singular symplectic manifold.

The corresponding “Poisson algebras” of £ ~1(0)/SO(n) can be described
as follows. In either of the above cases every smooth function f on C/Z , may
be uniquely represented by an even function f € C®(C). According to [9, p.
144], such a function must be quadratic in A, X. Thus, if we regard C/Z, as a
V-manifold, then the algebra B of smooth functions on ¢ ~}(0)/SO(n) has the
explicit representation

(5.2) B={feC=(C):f=f(N, 1A%, W)}.

On the other hand, if we regard C/Z , as a C*®-manifold, then such an f must
also smoothly factor through the projection C — C/Z, so that f = f(A?,A?)
only. Thus, denoting C*( £ ~}(0)/SO(n)) by €, we have

(5.3) C={fecC=(C):f=f(NN)}.

In either case, the Poisson bracket of two smooth functions f, g on C/Z, is
represented by

(5.4) 2i( f, glxa-

There are consequently two “Poisson algebras” (%, 2i[-,-]x,) and
(G,2i[-,- I5.») associated to & -1(0)/SO(n). The first is the usual nondegener-
ate Poisson V-algebra defined by a symplectic V-structure. The second, al-
though nondegenerate, is singular in the sense that € is not closed under the
bracket (5.4). The fact that neither of these Poisson algebras is the Poisson
algebra of a symplectic manifold is a reflection of the presence of the
singularity in ¢ ~1(0).
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6. Comparison of algebraic and group-theoretic reductions

Despite the fact that the group-theoretic reduction of §5 is singular, it yields
results which are surprisingly similar to those obtained algebraically in §4. We
now show that, when we regard ¢ ~1(0)/SO(n) as a symplectic V-manifold,
the Poisson V-algebra (%B,2i[-,- ]x,) of £ '(0)/SO(n) is isomorphic to
(%, - ,+ 1). Furthermore, when we regard ¢ ~1(0)/SO(n) as a singular sym-
plectic manifold we find that (€,2i[-,- ]x,) and ($,[ - ,- 1), although not
isomorphic, are closely related.

Theorem 6.1. (F,[-,- 1) = (B,2i[-, Ix.»)-

Proof. Fix q € S""! as before, and use Q to lift elements of B to
SO(n)-invariant functions on C”. From (5.1) and (5.2) we obtain

(6.1) B={feC*(C"):f=f(z-2,2-2,Z-7)}.

Now, according to (4.12), the reduced Poisson algebra (&,[ - ,- 1) consists of
functions F € C*(X) of the form

F=F(v*, v/, 7%).

Since each such F must smoothly factor through v, it follows from (4.10) that
Fe iff F=foy for some fe C°(C") of the form (6.1). Thus B = &.
Clearly, from (4.3) and (5.4),

[F,G] ~ 2i[f, glxa
and the result follows. q.e.d.

Thus, when we regard £ 1(0)/SO(n) as a symplectic V-manifold, the
algebraic and group-theoretic reductions coincide. On the other hand, when we
- regard £ 1(0)/SO(n) as a singular symplectic manifold, (5.3) and Theorem
6.1 imply that € is strictly a subspace of &, so that (€,2i[-,- ]5,) can be
identified with a singular subalgebra of (&, [ - ,- ]). However, it is remarkable
that (¥, [ - ,- 1) is in fact the closure of (€, 2i[-,- ]5 ) in the following sense:

Theorem 6.2. J = C:= € + [C, €5, + [C,[C, Clx lxa+ -

Proof. We first claim that the above infinite series truncates with the result
that

(6.2) €=C+[6,Cxa.
To this end, let f, g € €; then a computation reveals that

(63) [fa g]X,A= 4|AI2[fv g]xz’)\z € I)\|2@
Using this, we have

[£.[8 klxalzn = [£, APk] 5



SINGULAR ANGULAR MOMENTUM MAPPINGS 197

for some k € €. Then another computation yields

[£.[8 hlaalan = 2k(R2(3f/0R2) — N2(3f/0N%)) + 4IN*[ £, k]se e

which, as each term is in €, is also in €. The claim follows by iterating this
result.

Next, we establish that € = € + |A|2€. The inclusion € c € + |A|?€ fol-
lows immediately from (6.2) and (6.3). For the reverse inclusion we need only
show that |A|2€ C [G, €]x,» and thus by (6.3) that € C [€, €]5 .. But for
fe @, let k(AN N%) = [f(A%,A%)d\? € @. Then

[7\2, h];\z’)\z = ah/a}\z =f

and we are done.

We now show that § = € + |A|>€ thereby completing the proof of the
theorem. For this we use Theorem 6.1 to identify & with 8; then only the
inclusion B € € + |A|2€ is nontrivial. Reverting to real notation, set A = a +
ib and let F € B. Then by (5.2) F = F(a? — b?, ab, a® + b?), i.e., there exists
an f € C*(R?) such that F(a, b) = f(a? — b?, ab,a® + b?). Let P(a,b,c) =
c? — (a* + 4b%). Applying the Mather Division Theorem [6, p. 95] with
distinguished variable ¢ to f yields

f(a,b,c) =g(a,b) + ch(a,b) + P(a,b,c)k(a,b)
for some g, h, k € C*(R?). Thus
F(a,b) = f(a%* - b2,ab,a® + b?)
= g(a? — b%, ab) +(a* + b*)h(a* — b*,ab) + 0,

which, upon going back to complex notation, proves that F € € + |A|2G.
q.ed.

Thus for a particle in R” with zero angular momentum, one may construct
the reduced canonical formalism in either of two ways: algebraically or
group-theoretically. The group-theoretic reduction yields two reduced Poisson
algebras, one regular and the other singular. The fact that the regular Poisson
algebra is isomorphic to that constructed algebraically indicates that the
V-manifold approach is both the correct and most natural one [J. Arms,
private communication]. Moreover, an examination of other examples shows
that in general it is not possible to consider the orbit space £ ~1(0)/G as a
smooth manifold with a singular symplectic structure. Thus the existence of the
second Poisson algebra is peculiar to this system. Regardless, this singular
algebra is effectively “repaired” by the algebraic reduction procedure which
closes it into the regular Poisson algebra ($,[ - ,- 1) of all SO(n)-invariant
observables for the particle.
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Algebraic appendix

We follow the conventions of §2.
Let  be the ideal in R[q] generated by the polynomials

}rij = q0i92; — 9192
and set

A=(P=Yaq': Y a,=0foralilrcR>andk € R"}.
i p(i)=r
x(i)=k'
Our goal is to prove
Theorem A.1. I(V($)) = U.
Proof. Consider P € I(V(9)). Let g:R"*? - R be given by

g(uy, s tyiz) = Pty 0, u,,50),
where u = (u,,-- -, u,). Since u, u and u, ;u are linearly dependent and P is
identically zero on V() we have that g is identically zero on R”*2. But if
P =1%,a,q then

g(ul’. T u’l+2) = Z a[(un+1, u”+2)p(i)UX(i)
i

and hence, for any fixed p(i) = r and x(i) = k,

Y a,=0.

p(i)=r
x(i)=k'

Thus I(V(9)) € %. We now proceed to show that A € § < I(V(D)).

Suppose that now P € %. Without loss of generality we may take P to be of
the form

P= Y agq.
p(i)=r
x(i)=Kk
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Let j besuch that p(j)=rand x(j)=k". AsP e ¥,
P= ) ai(qi - qj)-

p(i)=r
x()=K'

It therefore suffices to show that ¢' — g/ € © when p(i) = p(j) and x(i) =
x(J)- _ _

By the division of factors common to ¢‘ and ¢/, we need only consider pairs
i and j where :

ipg=0 ifj,>0 and j,=0 ifi, >0,

and then by symmetry we may assume that

* * |

j=l0 oo 0 Jimer w0 e 0]

But the column sums x (i) and x(j) are equal, hence

i [hl ceo iy, 0 e 00 0]
0 0 jl,m+1 le 0 of

_ 0 0 jl,m+1 M 0 0

J=1i, - iy, 0 e 00 0

with, as p(i) = p(j), iy + -+ iy, =Jime1 T 0 i
Then it is not difficult to see that, using terms of the form

[0 v 0 1 0 -+ 0 -1 0 - 0]
i(s.1) = O --- 0 _}r 0O --- 0 % 0O --- 0 ’
s t

we can write a telescoping series

i—(i—il)

+(i_i1)"(i_i1_i2)
+(i—i1_i2)_(i_i1_i2_i3)

+ ..

H—ip— =iy ) - — i — - —iy) =i—],
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where each of the bracketed terms has positive entries and each i, = i(s;, ;)
for some s, and ¢,. Defining /, =i — i, — --- —i,, the corresponding tele-
scoping series for powers of g yields

N-1
¢ -q¢' =Y (g% —q"),
k=0

where [, — I, ., =i, 1.

It is easy to verify that if /, — [, ; = i(Sx41,24.1), then g/ — g1 is a
polynomial multiple of ¢ .~ and hence a member of §. As & is clearly a
subset of I(V($)), the result follows. q.e.d.

The proof of the theorem actually establishes

Corollary A.2. I(V(9)) = 9.

Geometric appendix

Our analysis in §1 centered about the fact that #~1(0) is a complex cone
over RP"~! c CP"~! Butit is apparent from (1.3) that ¢ ~1(0) is also a real
cone over some subvariety of RP2"~!, Here we study the structure of the
constraint set from the real point of view.

Theorem G.1. _# ~(0) is a real cone over RP* X RP""1, i.e.,

FH0) = Co(RP! X RP"1).
Proof. Consider the real analog of (1.5), viz.
R - RZn
(G.l) 1 ™
RP2"L

View (x,p) as homogeneous coordinates on R P2"~! and label them collec-
tively by ¢;, as in (2.1). Also let A, i=1,2, and y,, k=1,---,n, be
homogeneous coordinates on R P! and R P"~!, respectively.

Now recall that the Segre embedding

S:RPLXRP" !> RpP2!
is defined by g,, = A,y,. Denote by £ the homogeneous ideal in R[q]
generated by the polynomials g;,q,, — g;/9,4- Then [11, Proposition 2.12] shows
that
S(RP! X RP" 1) = V($)

in R P2"~1, But from (1.3) and (2.1) it follows that

V($) = 7o(£71(0) - {0))

and the theorem is proven. q.e.d.
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Mimicking the analysis in §1, we now study the double covering
Z,-S8'X,, 8"
(G.2) lprn
RP'XRP"!

where prg ([N, y]) = (IN], [yl) and the Z ,-action is given by (1.7) for n = +1.
The real analog of (1.9) is the double covering
Zz - SZn—l
(G3) 1
RPZn—l

associated to (G.1).

Theorem G.2. The fibration (G.2) is the pullback to RP' X RP"! of the
fibration (G.3) by the Segre embedding S.

Proof. First note that the diagram

1 n—1 § 2n—-1
S' X4, S S
(G4) Prg TR
RP!XRP" ! R P21

commutes, where, in real notation (cf. (1.10)), § is given by [N, y] = (A,y, A, ¥).
Since S is equivariant with respect to the Z ,-actions in (G.2) and (G.3), the
desired result follows from [13, §10].

Remark. Diagram (G.4) shows that S doubly covers the Segre embedding
S.

Topological appendix

Let ;:RP""1 - CP""! be the natural inclusion [y] — [y + 0i]. We show
that the induced map ;*: H*(CP""1,Z) - H*(RP""!,Z) is surjective when
n>2.

Consider the short exact sequence

2
(T.1) 0-252-2,-0
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and the induced cohomology diagram:
H2(CPn—-1’zz) __':_, Hz(lRP"‘l,Zz)

(T2) ]
HY(CP"1,7) —— H2(RP" 1, Z)

First observe that both vertical arrows are surjections; this follows from the
long exact cohomology sequences associated to (T.1) and the facts that both
H3*CP"1,Z) and 9*: H?(RP" 1, Z,) > H}(RP""1,Z) are always trivial.
Furthermore, recall that both H%(CP"~},Z) and H*(R P""},Z,) are isomor-
phic to Z, for n > 2. These results imply that the bottom arrow in (T.2) is
surjective iff the top arrow is.

In fact, the top arrow is an isomorphism. To see this, factor

‘= cojn_lo o ojl’
where j, : R P"*k~1 - R P"*k js given by

jk(l[(yl" ) yn+k)]I) = [(yl" *t Vak-10 0, Yak+10"" " yn+k)]I
for1 < k < nand c:RP?"~! - CP""! is defined by

c(ll()’p’ o)D) =0 + sy s Yawer + )1

Since each j, is essentially an inclusion, we have from [10, §8.5.10(a)] that
JE¥:H>RP"kZ,)= H}RP"**"1,Z,). Moreover, [10, §8.5.10(b)] estab-
lishes that ¢*: H2(CP""1,Z,) = HXRP?"1,Z,). Thus ;*: H*(CP" L, Z,)
= HXRP"1,Z,).
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