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FOLIATIONS AND THE TOPOLOGY OF
3-MANIFOLDS

DAVID GABAI

1. Introduction

Given a compact connected oriented 3-manifold M with boundary dM,
when does there exist a codimension-1 transversely oriented foliation % which
is transverse to M and has no Reeb components? If such an ¥ exists, then dM
necessarily is a (possibly empty) union of tori and M is either $? X S' (and §
is the product foliation) or irreducible. The first condition follows by Euler
characteristic reasons while the latter follows from the work of Rosenberg [24]
extending the work of Reeb [23] and Novikov [21]. Our main result says that
such conditions are sufficient when H,(M, M) + 0.

If such a foliation % exists on M, then it follows from the work of Thurston
[32] that any compact leaf L is a Thurston norm minimizing surface for the
class [L] € H,(M, dM). Our main result says that for a 3-manifold M satisfy-
ing the above necessary conditions any norm minimizing surface can be
realized as a compact leaf of a foliation without Reeb components.

Theorem 5.5. Let M be a compact connected irreducible oriented 3-manifold
whose boundary M is a ( possibly empty) union of tori. Let S be any norm
minimizing surface representing a nontrivial class z € H,(M,0M). Then there
exists foliations %, and ¥, of M such that:

(1) for i = 0, 1, %, h 3M and F,|9M has no Reeb components,

(2) every leaf of %, and %, nontrivially intersects a closed transverse curve,

(3) S is a compact leaf of both %, and %,

(4) 9, is of finite depth,

(5) 9, is C™ except possibly along toral components of S.

We now state some corollaries of the theorem.

Corollary 6.2. Let L be an oriented nonsplit link in S>. Then S is a surface of
minimal genus for L if and only if there exists a C* transversely oriented foliation
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% of S* — N(L) such that

(1) F M AN(L) and % and ¥|dN(L) have no Reeb components,

(2) S is a compact leaf.

The = direction follows from Theorem 5.5 and Thurston [32] proved the
converse. Simple methods for explicitly constructing foliations for certain
classes of knots and links, thereby computing their genera, can be found in [5],
[6] and [7].

Corollary 6.5. A nontrivial link L in S* is nonsplit if and only if L is the set of
cores of Reeb components of some foliation % of S°.

The = direction follows from Theorem 5.5. Novikov [21] proved the con-
verse in 1965. We therefore answer the so-called “Reeb placement problem” of
Laudenbach and Roussarie [16] who asked which links could be realized as
cores of Reeb components of foliations of S>. The holonomy of our foliations
along the toral leaves is in general C°. The C* problem is open although it can
be solved for the alternating knots, fibred knots, many other knots, and certain
“sums” of such knots using the constructions [6]-[8]

Corollary 6.7. Let R, be a Seifert surface for the oriented link L, C S* for
i = 1,2, and R be any Murasugi sum (or generalized plumbing) of R, and R,
with L = 0R. Then R is a minimal genus surface for the oriented link L if and
only if each R, is a minimal genus surface for the oriented link L,.

This generalizes the classical result due to Seifert in the 1930’s that the
connected sum of minimal genus surfaces is a surface of minimal genus.

Corollary 6.9. Let M be a compact connected irreducible oriented 3-manifold
whose boundary OM is a ( possibly empty) union of incompressible tori, and
H,(M,0M) is not generated by tori and annuli. Then there exists a C*
transversely oriented foliation % on M such that & \ 9M, %|dM has no Reeb
components, and no leaf of ¥ is compact.

In particular we have

Corollary 6.11. Let M be either a compact connected oriented 3-manifold
whose interior has a complete hyperbolic metric and H,(M,dM) # 0, or M =
S3 — N(L) where L is a nonsplit nontrivial link in S3. Then there exists a C®
transversely oriented foliation % of M such that § has no compact leaves,
%t aM, and %|9M has no Reeb components.

The conditions that dM be a union of incompressible tori and M be
irreducible are necessary by Novikov’s work. The question of whether a
manifold possesses a C* codimension-1 foliation without compact leaves has
been precisely answered by the work of Thurston [31], Levitt [18], Wood [34],
and Milnor [19] for circle bundles over surfaces and for most Seifert fibred
spaces by [4]; see also [5]. The 2-dimensional homology of these spaces (except
for trivial cases) is generated by tori and annuli. It would be interesting to
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finish the ‘in between’ case to completely answer this question for all 3-mani-
folds with H,(M,dM) # 0.

Applying a criterion of Sullivan [30] we obtain

Corollary 6.12. Suppose M is a compact connected oriented irreducible
3-manifold with boundary OM such that x(0M) =0 and H,(M,dM) is not
generated by tori and annuli. Then there exist a Riemannian metric and foliation
% on M such that & \ M, and every leaf is minimal (i.e., mean curvature 0).

Corollary 6.13. Let M be a compact oriented 3-manifold. Let p: M — M be
an n-fold covering map and let z € Hy(M) = H'(M,39M) or z € H,(M, M)
= H'(M). Then n(x(z)) = x( p*(z)) where x(z) denotes the Thurston norm of
z.

The truth of Corollary 6.13 was conjectured by Thurston in [32].

Corollary 6.18. Let M be a compact oriented 3-maxnifold. Then on H,(M) or
H,(M,dM), x, = x = 3g where x, denotes the nonﬁ on homology based on
singular surfaces, and g denotes the Gromov norm.

The equality of the singular and Thurston norms was also conjectured by
Thurston in [32]. Recall that the immersed genus of a knot K in S* is the
smallest g such that K bounds a punctured immersed surface S of genus g,
which is nonsingular along the boundary, i.e., f: S —» S* and f /(K) = 93S. A
special case of Corollary 6.18 is

Corollary 6.22. If K is a knot in S°, then the immersed genus of K equals the
embedded genus of K.

More generally we have

Corollary 6.23. Let M be a compact oriented 3-manifold, S a compact
oriented surface with connected boundary, and f: S - M a map such that f|3S is
an embedding and f ~'( f(0S)) = 0S. Then there exists an embedded surface T in
M such that 3T = 3S and genus T < genus S.

In words, Corollary 6.18 says that given an immersed surface in M there
exists an embedded surface of not larger “topological complexity” which
represents the same homology class. Corollary 6.23 is exactly Dehn’s lemma
for higher genus surfaces. Papakyriakopoulos [22] asked about the truth of the
higher genus Dehn’s lemma in his 1957 paper giving the first correct proof of
Dehn’s lemma.

The paper is organized as follows. Basic definitions and notation are
introduced in §2. In §3 we define the general sutured manifold operations and
show that a sutured manifold satisfying certain hypotheses can be split in a
nice way to yield a new one. In §4 we show that one can only ‘nontrivially’
decompose a sutured manifold a finite number of times. In §5 we show how a
sutured manifold hierarchy yields a prescription to construct a foliation on a



448 DAVID GABAI

manifold, completing the proof of Theorem 5.5. In §6 we state and prove some
corollaries of the theorem. To prove Corollary 6.18 we need

Theorem 7.1. Let M be a closed oriented 3-manifold. Let ¥ be a finite depth
transversely oriented foliation without Reeb components. Let f: S > M be a map
of a closed oriented surface S # S? such that the image of every homotopically
nontrivial simple closed curve in S is homotopically nontrivial. Thenf ~g: S - M
where g is an immersion and g(S) M F except for a finite number of circle and
saddle tangencies.

The proof of Theorem 7.1 is the content of §7. Roussarie [25] and Thurston
[31] independently proved this result around 1971 for the case f was an
embedding. When finite depth is replaced by C*, this result also follows from
the work of Sullivan [30], Sacks-Uhlenbeck [26], Schoen-Yau [27] and Hass [12]
using minimal surface tgchniques. The proof here is elementary and topologi-
cal. iy

2. Preliminaries

If M is an oriented manifold, and S is an oriented codimension-1 submani-
fold, then they determine a well-defined field of unit normal vectors to S.
Conversely a normal direction determines an orientation for S. Define the +
side (or —side) to be the side where the normal points out (in). If X is a set (or
space), define | X | to be the number of elements (or components) of X. If Fis a
codimension-1 foliation, then a transverse curve is a smooth curve which
intersects the leaves of & transversely. The symbol (h means transverse to. For
ideas and definitions concerning 3-manifolds see Jaco [15] or Hempel [14]. For
ideas and definitions concerning foliations see Lawson [17].

Notation 2.1. If R is a properly embedded compact oriented surface in a
compact oriented manifold, then [R] denotes the homology class which R
represents. If S is a submanifold of M, then N(S) denotes a product neighbor-
hood of S in M. If R and S are oriented submanifolds of M, and dim R +
dim § = dim M, then (,) denotes their algebraic intersection number. E
denotes the interior of E.

Definition 2.2. Let S be a compact oriented surface S = UL S, S,
connected. Then define the norm of S to be

x(8)= 2 Ix(S)HI.
Ix(5)<0

In [32] Thurston defines a pseudonorm on H,(M,dM) and H,(M). We
review the definition of the Thurston norm presenting it in a slightly more
general context.
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Definition 2.3. Let M be a compact oriented 3-manifold. Let K be a
codimension-0 submanifold of dM. Let z € H,(M, K). Define the norm of z to
be

x(z) = Min{x(S)|(S,dS) is a properly embedded surface in (M, K),
and [S] =z € H)(M, K)}.

Definition 2.4. Let S be a properly embedded oriented surface in the
compact oriented 3-manifold M. Then S is norm minimizing in Hy(M, K) if
9S C K, S is incompressible, and x(S) = x([S]) for [S] € Hy)( M, K).

Theorem 2.5 (Thurston [32]). Let M be a compact oriented 3-manifold. Let
% be a codimension-1 transversely oriented foliation without Reeb components of
M such that ¥ is transverse to dM. If R is a compact leaf, then R is norm
minimizing (as an element of H,(M, 0M)).

Definition 2.6. A sutured manifold (M, yv) is a compact oriented 3-mani-
fold M together with a set y C dM of pairwise disjoint annuli A(y) and tori
T(y). Furthermore, the interior of each component of A(y) contains a suture,
i.e., a homologically nontrivial oriented simple closed curve. We denote the set
of sutures by s(y).

Finally every component of R(y) = dM — vy is oriented. Define R (y) (or
R_ (v)) to be those components of M — y whose normal vectors point out of
(into) M. The orientations on R(y) must be coherent with respect to s(y), i.e.,
if 8 is a component of dR(y) and is given the boundary orientation, then 8
must represent the same homology class in H,(y) as some suture.

Example 2.7 (Figure 2.1).

M=D? x §!

Fi1G. 2.1

We state a basic result, part (1) of which is classical, parts (2)-(5) are
basically due to Novikov [21], [13]. Part (3) is Rosenberg’s [24] significant
improvement of Novikov’s result 7,(M) = 0.

Theorem 2.8. Let M be a compact oriented 3-manifold. Let ¥ be a trans-
versely oriented codimension-1 foliation of M such that ¥ has no Reeb compo-
nents, and 5 (h M. Then:

(1) M is a ( possibly empty) union of tori,
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@) |m(M)|= oo,

(3) M is either irreducible or S* X S" with the product foliation,

(4) for every leaf L in % the map = (L) — m,(M) is injective,

(5) no transverse closed curve is homotopically trivial.

Definition 2.9. Let M be a compact oriented 3-manifold, and ¥ a codimen-
sion-1 foliation. We say a leaf L is depth 0 if L is compact. Having defined the
depth j (< k) leaves we say L is a depth k + 1 leaf if L — L is a union of
depth j (< k) leaves and contains some depth k leaf. & is depth k if k =
max{depth L|L € %}. In general the depth of a leaf or a foliation may not be
defined.

For a good discussion of depth see Cantwell-Conlon [2]. Be aware that they
call depth k, totally proper at level k. Note that if ¥ is transversely oriented,
and M is compact, then ¥ is depth 0 if and only if M fibres over S'.

Definition 2.10. A sutured manifold (M, v) is taut if M is irreducible and
R(7y) is norm minimizing in H,(M, v).

Definition 2.11. A transversely oriented codimension-1 foliation & on
(M, v) is taut if % is transverse to y, tangent to R(y) with the normal direction
pointing inward (outward) along R_(y) (R, (¥)), 9|y has no Reeb compo-
nents, and each leaf intersects a transverse curve or properly embedded arc.

Theorem 2.12. Let M be oriented. If (M, Y) has a taut foliation %, then
either (M, v) is taut or M = S? X S' or S? X I, and F is the product foliation.

Proof. This is basically Theorem 2.5 restated in the language of sutured
manifolds. Thurston’s proof extends to this more general setting. We actually
only need the hypothesis that § has no Reeb components (instead of ¥ being
taut). q.e.d.

A goal of this paper is to prove the converse of Theorem 2.12 when
H)(M,y) #0.

3. Sutured Manifold Decomposition

Definition 3.1. Let (M, y) be a sutured manifold, and S a properly
embedded surface in M such that for every component A of S Ny one of
(1)-(3) holds:

(1) A is a properly embedded nonseparating arc in y.

(2) A is a simple closed curve in an annular component A of y in the same
homology class as A N s(y).

(3) A is a homotopically nontrivial curve in a toral component 7 of y, and if
0 is another component of TN S, then A and § represent the same homology
class in H,(T).
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Then S defines a sutured manifold decomposition
(M, 7) =(M,7)
where M’ = M — N(S) and
Y =(yN M) UN(S, NR_(y)) UN(S_NR,(v)),
R, (v)=((Ry ()N M)US,) -7,
R_(y)=((R-(v) N M) US) -7,
where S’, (S”_) is that component of IN(S) N M’ whose normal vector points
out of (into) M’ (see Figure 3.1 for an example).
Definition 3.2. If (M, y) AS'*(M ’,¥’) is a sutured manifold decomposition,

define
S, =S, NR,.(Y), S_=S_NR_(Y).

Remark 3.3. In words the sutured manifold (M’, y’) is constructed by
splitting M along S, creating R, (') by adding S’, to what was left of R, ()
and creating R_ (y’) by adding S’ , to what was left of R_(y). Finally one
creates the annuli of y” by “thickening” R, (y") N R_(Y’).

Definition 3.4. A sutured manifold is decomposable if there is a sequence of
decompositions

S, s,
(M,y) ~»> (M, y,) ~» - ~»(M,,v,) =(SXI1,3SXI)

where R, (v,) =S X L.
Example.

FiG. 3.1

Our goal now is to show that decompositions exist under certain conditions.

Lemma 3.5. Let (M,v) AS")(M ’,¥") be a sutured manifold decomposition. If
(M',y’) is taut, then either (M, v) is taut or M = D?* X S' and S is a disc with
9S C R(y) = oM.



452 DAVID GABAI

Proof. If (M,v) is not taut and either R(y) is compressible or M is
reducible, then either R’(y) is compressible or M’ is reducible. Otherwise there
exists an embedded incompressible surface T C M such that 9T = s(y), [T] =
[R, (V)] € Hy(M, v), but x(T') < x(R, (7)); hence there exists an embedded
incompressible 77 C M’ (obtained by doing surgery with T and R, (y) and
compressing) such that 97" = s(y’), [T'] = [R, (Y)] € Hy(M’,y’) and x(T")
< x(R, (Y).

Lemma 3.6. Let T and R be properly embedded compact incompressible
oriented surfaces in an oriented 3-manifold M with boundary dM. Suppose W is a
union of disjoint annuli and tori in M, 0T U 0R C W, [T] =[R] € H,(M, W)
and x(R) > x(T). Then there exists an oriented properly embedded surface S in
M such that 39S C W and

(D [S]=[R] € H(M, W),

(2) x(S) < x(R),

BYRNS=0.

Proof. Step 1. First perturb T so that R M T. Since R and T restrict to the
same homology class on each component of W, we can attach annuli to
oppositely oriented parallel components of 97, isotope the resulting surface T,
and perform compressions where necessary to conclude x(T) < x(T), [T;] =
[T], 0T, N 9R = &, and T, is incompressible. Let T, be an incompressible
surface so that x(T;) < x(T}), [I,] =[T}], 9, N dR = &, and |T, N R| is
minimal over all surfaces satisfying the above conditions.

Step 2. No component of R — T, is a disc. Otherwise we can perform the
appropriate compression to T, to get T} so that x(T3) < x(T3), [T,] = [T3], and
|T, N R|<|T, N R|.

It follows from Step 2 and the incompressibility of R and 7, that no
component of 7, — R is a disc.

Step 3. Definep: M — T, U R —» Z by

o(1) = (M R)—(\.T,),
where x € M — (T, U R) is fixed, A is some oriented path from x to ¢

transverse to T, U R, and (, ) denotes algebraic intersection number. ¢ is well
defined, for if § is any other path from x to T, then

0=(A+8",RU(-L,))=(Ax8",R)— (A+8",T})
= (A R)= (A1) — ({8, R)— (8, 1)),

where T, denotes T, oppositely oriented. By choosing x appropriately we can
assume that ¢ = 0. If T, N R # &, then max ¢ = 2. Let J be any connected
region where ¢ takes on a maximal value. Then J has the property that the
normal to 7, N J points out of J, and the normal to R N J points into J.
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If x(JNR)>x(JNTy),let ' =(R—JNR)U(JN T,). Let S be the
surface S” perturbed slightly so that S N R = @, [S] = [R], and x(S) < x(R).
Whence we are done.

Fi1G.3.2

If x(JNR)<x(JNT),let T, =(T, —J N T,) U(J N R). Then T, can
be isotoped slightly so that |T; N R|<|T, N R|, x(T3) < x(T»), [T3] = [T],
and no componentof , U R — (T; N R)isadisc. If o, : M —T,UR > Zis
defined analogously to ¢, then either max ¢, < max ¢ or max ¢, = max ¢,
and the number of regions where ¢, is maximal is less than the number of
regions where ¢ is maximal. The proof follows by induction.

Lemma 3.7. Let (M, y) be a sutured manifold such that R, (y) and R_(y)
are norm minimizing in H,(M,y) and v is incompressible. Let N be the
3-manifold obtained by doubling M along R(y). Then R (v), R_(v) are norm
minimizing surfaces in Hy(N,dN).

Remark. N should be viewed as the union of the two sutured manifolds
(M), v,) and (M,, v,) where M = M, = M, and R(y) = R(v,) = -R(1,). By
R, (y) C N we mean the inclusion of R, (¥,) into N.

Proof. We will prove that R = R, (y;) U R_(Y,) is a norm minimizing
surface in N. The result will then follow from the elementary fact that if P is a
norm minimizing surface, and Q is a union of components of P, then Q is a
norm minimizing surface.
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If R is not norm minimizing, then there exists a properly embedded oriented
surface T such that [T] = [R] € Hy(N,0N) and x(T) < x(R). Since R, (),
R_(y) and 9N are incompressible, we can apply Lemma 3.6 to conclude that
there exists an oriented properly embedded surface S C N such that [S] = [R],
x(S)<x(R),andSNR=d.

Define p: N— RU S — Z as in Lemma 3.6, ie., fix x E N — R U §, and
define @(¢) = (R, y)— (S, y) where y is a path from x to ¢ transverse to
R U S. For simplicity pick a basepoint so that ¢ is nonnegative. ¢ defines a
chain d = 3 (W)W such that 3d =S U (—R) U e where e C 9N, and the
sum is taken over all components Wof N — (R U S).

Suppose that ¥ was a region of N — R U S such that (V) was maximal.
Then since R separates N, ¥ C M, or ¥V C M,. Furthermore, (3V'N R) C
R_(y) or R_(Y). So we can assume VC M, and WNRC R, (v). Now
9V = A U B U C where 4 is a union of components of R, (y), B is a union of
components of S, and C C dN.

Since R, is norm minimizing in M,, so is A; hence x(A) < x(B). Thus if
(W) <1 for all components W of N — (R U §), we conclude x(S) = x(R)
contradicting the hypothesis.

If (V') > 1, let A X I be a product neighborhood of 4 such that A =4 X 1,
AX[1/21]CV, AX[0,12lN V=02, and x& A X1 Let D=A4 X0
(Figure 3.3) be oriented so that [D] = [A] =[B] € H,(N,dN). Finally let
S, =(S—B)UD.

v=k—1 p=k $=k—1___ V1=k~—1 ey p=k—1
——

FiG. 3.3

We have x(S,) <x(S), [S,]=I[S], SSNR=2 and a new map ¢,: N —
R U S, - Z defined analogously to ¢ satisfying Maximum(g) =
Maximum(g,) with equality holding only if the number of regions where the
maximum is achieved is fewer under ¢, than under ¢. The result now follows
by induction.

Lemma 3.8. Let (M, v) be a sutured manifold. If 9M is not empty and not a
union of 2-spheres, then there exists a class z € H,(M,dM) such that 0 # 9z €
H\(0M) and the following hold.

(1) For each nonplanar component V of R(y) and each component \ of oV,
(z,A\)=0.
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(2) For each planar component V of R(Yy) there exist at most two components
A, and N, of OV such that {z, A;)# 0,i = 1,2.

Proof. For simplicity assume that no component of 0M is a 2-sphere.

It follows from Poincaré duality and the long exact homology sequence that
rank H,(M,dM) = jrank H,(dM) =|dM |+ $x(dM) = k and is generated
by z,, -,z Zg4 15" -, 2, Where 9z,,- - -,0z, are linearly independent in H,(9M).

Let §,,- - -,6j be a maximal set of sutures in s(y) such that no component of
OM — U3§,; is planar. Since j <k — 1, it follows that by taking a linear
combination of the z,’s, i <k, there exists a z € H,(M,dM) such that for
0<i<j(z§)=0and0+# 0z € H,(3M). '

Let S be a properly embedded oriented surface representing z in H,(M, dM)
such that SN U/_ 8§, = @. Let ¥V be a component of R(y), J be the

i=1"i

component of 9M — U/_, 8, which contains ¥, J be the surface obtained by
capping off the components of dJ with discs, and W be the set of oriented
curves S N J. If a is a component of 8V, then (z, a)= (W, a) where the latter
algebraic intersection number is computed in J. Hence if a is homotopically
trivial in J, then 0 = (W, @)= (z, a). If a is not homotopically trivial in J,
then J — « is an annulus containing V. Hence V is planar, and there can be at
most one other curve in 3% homotopically nontrivial in J.

Lemma 3.9. Let V be a compact oriented surface with boundary dV.

1) If0# A € H(V, V), and {\, a)= 0 for every component a of OV, then
A = k[p] where u is a simple closed curve and k € L.

(ii) If V is planar, and {\, a)7 O for at most two components o of 3V, then
A = k[p] where p is a simple arc.

Proof. (i) Assume that A is represented by a set § of pairwise disjoint
oriented simple closed curves with fewest number of components. If the closure
of some component of ¥ — § did not intersect exactly two components of &,
then § is not a smallest set (Figure 3.4). It is now evident that A = k[pn] where p
is one component of A.

,, - @

Fi16.3.4
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(ii) Assume that X is represented by a set § of properly embedded pairwise
disjoint oriented arcs 8 so that if « is a component of 9V, then (a,8)=
+|a N &|. Thus A = k[p] where p is a component of 8 and k =|a N §].
q.e.d.

The proof of the following stronger lemma follows along the same lines as
Lemma 3.9.

Lemma 3.10. If V is a compact oriented surface, and 8 is a set of properly
embedded oriented curves such that 8] € H\(V, oV) satisfies (i) or (ii) of Lemma
3.9, then there exists a sequence of sets of pairwise disjoint properly embedded
oriented curves Ao, Ay, - -,A, such that Ny = 8, X, is a set of k parallel oriented
properly embedded simple closed curves or arcs (depending on whether (i) or (ii)
held), and dW = X\, U (-\;) for some compact subsurface (i.e., inherits
orientation from V') W,.

Lemma 3.11. Let (M, v) be a taut sutured manifold. Let N be the manifold
with boundary obtained by doubling M along R(vy), and let z € Hy(N,dN). Then
there exists an integer n = 0 and a properly embedded oriented surface T such
that the following hold.

(D) [T]=n[R] + z.

(2) T is norm minimizing.

(3) If S is a surface obtained by doing cut and paste surgery to T and either
R, (y) or R_(Y), then S is norm minimizing, and each component of S Ny
satisfies one of the three conditions of Definition 3.1 where (M, v) is viewed as
being embedded in N.

@) If V is a component of R(Y), then no nontrivial subset of VN T is
homologically trivial in H/(V, 0V'). Furthermore, the following hold.

(a) If V is a component of R(y) such that (z,8)= 0 for every component § of
oV, then T N V is a set of k (= 0) parallel oriented simple closed homologically
nontrivial curves.

(b) If V is a planar component of R(y) such that (z,8)+ 0 for exactly two
components &, and 8, of oV, then T N V is a set of |{z, 8,)| parallel oriented
properly embedded arcs.

Proof. By [31, Theorem 2] there exists an integer m = 0 such that for all
k=0

x[(m + k)[R(Y)] + 2] = kx[R(y)] + x[mR(y) + 2].
This statement can be deduced from the facts that the norm is linear on rays
and is convex, i.e.,

x(k(2) = kx(2),  x(z,) + x(2) > x(z, + 2),

and takes on integer values on integer lattice points. Thurston more generally
proves that the norm is the supremum of a finite number of linear forms.
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Let T, be a norm minimizing surface representing m[R(y)] + z. If 4 is any
component of dN, then we can assume that 7, N 4 is a union of parallel
oriented simple closed curves, since oppositely oriented components of 7, N 4
can be capped off by annuli. Furthermore, m can be chosen to be sufficiently
large so that if a is a component of dR(y) N A, then either (a, T, )=|a N T, |
#0oraN T, = J,and [T, N A] = k[a] € H,(A) for some k > 0. Since M is
irreducible and 7, and R(y) are incompressible, we can isotope 7, so that the
surface T, obtained by cutting and pasting r (> 0) copies of R(y) and T,
contains no surfaces of positive Euler characteristic. Hence

x(T) =|x(5) 1= rx(R(y)) + x(T) |= rx(R(y)) + x(T,)
= rx[R(y)] + x[m[R()] + z] = x(T3).

This shows in particular that every component of negative Euler characteris-
tic of T, is incompressible. It follows from the previous paragraph that no
component of 7, is 3-compressible.

Let us assume that T, was obtained by doing surgery where r = 1. If Wis a
subsurface of R(y) such that W — N = A, U --- UX, U (=8)) U --- U(-5))
where §; is a component of T, N R(y) and A, N T, = &, then T, can be
isotoped slightly so that 7, N R(y) = (T; N R(y) — U$;) U (UA,). This can
be seen by performing the surgery in two steps. First do the surgery along the
curves T; N W, and homotope the resulting surface P slightly so that P N
R(y) = (T, N R(y) — U§;) U (UA)). Finally do surgery along the remaining
curves to get T;. It now follows from Lemma 3.10 that by surgering 7, and r
copies of R(y) we can obtain a surface Ty so that (4) holds.

Let T = T, — J where J is a maximal collection of components (necessarily
tori) of T; such that 0 = [J] € Hy(N, dN).

Lemma 3.12. Let (M, ) 'i* (M’,Y’") be a decomposition such that either J is
a disc and \J N s(y)|= 2 or J is an annulus with one component of dJ lying in

each of R, (y) and R_(y). Then (M, ) is taut if and only if (M’,y’) is taut.
Theorem 3.13. Let (M, v) be a taut sutured manifold such that H,(M, M)
s

s 0. Then there exists a decomposition (M, y) ~>(M,, v,) such that (M, v,) is
taut, S is connected, and 0 # [0S) € H\(0M) if OM 5+ @. Furthermore, for a
component V of R(y), S N V is a union of k (= 0) parallel oriented nonseparat-
ing simple closed curves, if V is nonplanar, or arcs if V is planar.

Proof. If M is closed let S be any norm minimizing surface. If dM # &, let
7 be a homology class obtained by applying Lemma 3.8 to (M, v), P a properly
embedded surface in M such that [P] =2, N the 3-manifold obtained by
doubling M along R(y), and P’ the oriented surface in N obtained by doubling
P along 0P — y. Let z =[P’] € Hy(N,0N), T be the properly embedded
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oriented surface obtained by applying Lemma 3.11 to z, 7" be the surface
obtained by doing surgery with T and R(y), S’ = T N M, and S a component
of S’ such that 0 # [0S] € H,(dM). Consider the decompositions

(M, y) i(Ml, 1), (M,y) f';(M/, y), (N,dN) I';(N', 8).

It suffices to show (M, v,) is taut.
There exists a set J of properly embedded pairwise disjoint annuli and discs
in N’ satisfying the hypotheses of Lemma 3.12 such that the decomposition

J
(N', 8"y~ (N",8") yields (M’,y") as a component of (N”,§”). By Lemma
3.12 (N”, 8"); hence (M’, y’) is taut. This is schematically pictured in Figure
3.5. —

F1G. 3.5
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To complete the proof apply Lemma 3.5 to the commutative diagram:

s
(M’ 'Y)' ————2 (M,’ 7’)

\S S*S'/ﬂ
(MI’YI)

4. Sutured manifold hierarchies
Definition 4.1. A sutured manifold hierarchy is a sequence of decomposi-
tions

Sl Sn
(My, Yo) ~> (M, y,) ~ -+ ~(M,,Y,)

where (M,,,v,) = (RXI,0R X I)and R, (y,) =R X 1.

Theorem 4.2. Every connected taut sutured manifold (M, v), where M is not
a rational homology sphere containing no essential tori, has a sutured manifold
hierarchy such that S; N OM,_, + @ if OIM,_, # D, and for every component V
of R(Y;), S;+1 N V is a union of k (= 0) parallel oriented nonseparating simple
closed curves or arcs.

Proof. If M is closed, then a decomposition (M, @) AS'*(MI, Y,) yields a
taut decomposition if and only if S is norm minimizing. Therefore either
H,(M) # 0 or M contains an essential torus.

We first define the notion of complexity of taut sutured manifolds and
induct on the complexity.

Definition 4.3. The complexity c¢(M, y) of the taut sutured manifold (M, v)
is given by the 4-tuple (c,, c,, c3, ¢4) (¢; may be denoted c,(M, y)) where ¢, is a
nonnegative integer, c, is a 6-tuple of nonnegative integers with the dictionary
ordering, and ¢, and c, are finite, possibly empty, sets of positive integers. The
values of ¢;, ¢, are ordered as follows. If 4 = {a,,---,a,} and B = {b,,---,b,,}
are two sets of positive integers witha, =a,> --->a,, b, =b,=---=b,,
then 4 < B if for some j, a, = b; for i <j and either a; <b; or n =j<m
holds. The set of complexities is given the dictionary ordering, i.e.,
(¢}, €35 €3, €4) < (c1, €5, €3, ¢4) if ¢; = ¢, i <j, and ¢; <cj

Proposition 4.4. Let «;, i € Z, be possible complexities of sutured manifolds
so that @) = a, = ---. Then there exists an n so that a, = a,,; for all j = 0.
q.ed.

We need the following theorem to allow us to define ¢, (M, y). It was
originally basically proven by Haken. This version is due to Jaco [15].
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Theorem 4.5. Let M = M,, be a Haken 3-manifold. Then there exists a
smallest integer m, called the height of M, so that any sequence My, M,,- - -, M,
satisfies k < m where M, | = M, — ]\7(.5}) for some nonboundary parallel, prop-
erly embedded, incompressible, boundary incompressible surface S; # D>.

Definition 4.6. Let (M, v) be a taut sutured manifold not containing the
component (D? X §',0D? X S'). Let D = {D,,---,D,} be a set of property
embedded discs in M so that the following holds.

(1) D, M s(y).

(2) M — UN(D,) is a union of d-incompressible 3-manifolds M,,---, M,
and 3-balls B,,- - -, B,. Furthermore, if V' is a component of dM;, then V' N
(U N(D;)) has at most one component, and if V' = 0B;, then V' N (UN(D,))
has exactly three or zero components, unless V intersects a unique N(D,), and
|V N N(D)|= 2.

Order M,,- - -,M,, and fix r so that j < r if and only if M; is homeomorphic
to P X I for some closed surface P. Let

D={D,,--,b,} = {D,€ D|N(D;) N dM, # @& for some < k}.

D consists of those discs which split off the “handlebody part” of M from the
“nonhandlebody part” of M. We say that D is a set of complexity discs.

Definition4.7. n? = {a,, a,," - -,a,} where a, is the number of components
of D, N s(y).

DN it D, N s(y)>2,
nf= {bl} U {bz} U---U {b,,} whereb,.= {ng S(Y)l i bD; S(Y)

if D, N s(y) = 2.

D is a set of minimal complexity discs if D minimizes (n%, n£) where E ranges
over all sets of complexity discs, and the 2-tuple is given the dictionary
ordering.

Definition 4.8. Let D be a set of minimal complexity discs

k
Ci(M,y)= 3 length M,
i=r+1
k n
G(M,y)= (UBM,- N UN(Di))‘,
r+1 i=1
{M,.|i<r, M,n U N(D) =2} ,
i=1
n
{1\4,.|i<r, M,n U N(D)|= 1} ,
i=1
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{vcoaMmj>r,vns(y)= @}
(Ml <r|{v comiv sy = 2)|=2),

I{Mf'|f<”|{VC31‘4,<IVHS(1()51é z}|= 1}) )

G(M,y)=np,  CM,v)=n.

Remarks 4.9. (1) C,(M, v) and the first 3 components of C,(M, y) depend
only on the topology of M.

(2) The last 3 components of C,(M, v), C3(M, v) and C,(M, y) measure the
complexity of the sutures in M.

(3) In words if C,(M, v) = (a,, a,, a,, a4, as, ag) then a, (a,) is the num-
ber of components of dM;, i =r + 1, which nontrivially intersect U N(D,)
(s(Y)), a, (as) is the number of product components of U M, such that both
boundary components nontrivially intersect U N(D;) (s(y)), etc.

4) If (M,y) is taut, connected and Haken, and C(M, y) =
0,(0,0,0,0,0,0), @, &), then (M,y)=(P X I1,0P X I) where R_(y)=
PX1, and P is a compact surface. Define C(D?X §' 0D? X S') =
(0,(0,0,0,0,0,0), 7, @). The complexity measures how far a structured mani-
fold is from being a product. Discs intersecting s(y) twice correspond to where
the sutured manifold is locally a product, hence do not count in the definition
of n?.

Definition 4.10. Let (M, y) be a taut sutured manifold, and let S be a
maximal set of pairwise disjoint properly embedded annuli and discs in M such
that the following hold.

(1) If A € S is an annulus, then one component of d4 is contained in R, (y)
and the other component is contained in R_ ().

(2) If A, A, € S are annuli, then 4, and 4, are not parallel in M (i.e.,
bound (annulus) X I), and for * = +, —,i = 1,2, 4, N R,(y) are not parallel
in the same component of R, (y).

(3)If D € Sisadisc, then|D N s(y)|= 2.

(4)If D, D, € S are discs, then D, and D, are not parallel in M.

Let (M, ¥) be the sutured manifold obtained from (M, y) by decomposing
along S and throwing away product sutured manifold components. Then
(M, ¥) is called the reduced sutured manifold of (M, v).
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(M, ¥) is well defined and is the sutured manifold obtained by excising all
the “product parts” of (M, y). (M, ¥) is taut by Lemma 3.12.

Definition 4.11. Define the reduced complexity C(M, y) of the taut sutured
manifold (M, y) by C(M, v) = C(M, ¥).

The notions of reduced complexity and reduced sutured manifold will not be
used in this paper; however, they are essential in other contexts where one
needs to measure how far certain 3-manifolds with trivial suturing are from
being a product.

We are now ready for the proof of Theorem 4.2.

Step 1. Decompose (M, y) along discs intersecting s(y) twice to get, by
Lemma 3.12, a taut sutured manifold (M,, v,) with C(M,, v,) < C(M, y), so
that if D = {D,,---,D,} is a set of minimal complexity discs in (M, v,), then
|D; 0 s(v) = 4.

Proof. Since 0M is compact, and decomposing raises x(dM) by 2, we can
only do a finite number of such decompositions.

s
Step 2. Let S be a surface so that the decomposition (M, y,) ~(M,, v,)
yields a taut decomposition. Then there exists a commutative diagram

s
(MpY1)"‘“"*“">(M2,Y2) > (Ms, v;)

-
-
-
-
-
-
-
-
= 1

such that F is a union of disjoint discs {F;} where | F; N s(v,)|= 2, [S] =[S,]
€ H,(M,, 0M,) and the following four conditions hold.

Condition 1. S, is transverse to U D, and intersects U D, only in arcs.
Furthermore, each component of S, N A(y,) intersects each component of
(UD,) N (A(y,)) at most once.

Condition 2. No component E of R(y,) — S, is a disc satisfying that
E N 8, is connected and nontrivial.

Condition 3. There exist tubular neighborhoods N(D,) = D, X I of D, so
that the following hold.

(a) If W is a component of M, — UN(Di), and T is a component of
S, N W, then either

(i) S, = T is boundary parallel in W, or

(ii) T is not boundary parallel in W, or

(iii) 7 is parallel to P C oW — UN(Di), i.e., there exists an embedding
o (TXIL, TN (UN(D)) XI)- (W,W N (UN(D,))) such that ¢(T X 0) =
Tand (T X 1) = P.
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(b) N(D,) Ny, = (D, N y,) X I, N(D;) N 88, = (D, N 3S,) X I, and N(D,)
N S, can be described as follows:

There exists numbers 0 = a; <a, < --- <a,=1sothat S, N D, X a;is a
set of properly embedded pairwise disjoint arcs A;,---,A; and each compo-
nent of S, N (D; X [a), &;,]) is either of the form A; X [, &;,,] or is a
saddle as in Figure 4.1.

Al g

///{/{/‘//1,/ {1

SN D;xdj g

SﬂDixd

Fi1G. 4.1
Condition 4. No component A of D, X a; N S, occurs as in Figure 4.2
where _smmm_ denotes a component of a; X D; X A(y,), the arrows denote the
normal orientation to A, = denotes 3(D; N a;) N R . (v,), and the shaded area
isadisc Ein D, X a;.

F1G6. 4.2

Proof. The proof is by induction on |S N (UD;)|. Isotope S so that
Condition 1 holds (for S = S,). If Condition 2 failed (for S = Sz) then

S can be replaced by S, as in Figure 4.3 because (M|, v,) ~ (Mz, Y,). The
important point is that given S with normal vector oriented as in Figure 4.3 we
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are forced to have A C R, (y,) and B C R_(y,). If the reverse were true, the
s

decomposition (M, v,) ~>(M,, v,) would yield a nontaut sutured manifold.

F1G. 4.3
Assuming that Conditions 1 and 2 hold for S, then isotope S as follows to
satisfy Condition 3.

First find a small tubular neighborhood N(D;) ~ D; X I so that N(D,) N v,
=(D;Nvy,) X1 Let W be a component of M — UN(D,.), and T a compo-
nentof S N W.

If T is boundary parallel in W, and none of 3(a) holds, then isotope T to lie
close to 9W. By pushing ‘saddles’ into U N(D,) (Figure 4.4) the resulting
surface 7" satisfies (iii).

Fi1G.4.4
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Now consider a component T of S N N(D;). Since N(D,) is a 3-ball and S is
incompressible, T is a properly embedded disc. By first isotoping T to lie near
9(N(D,)) it is evident that T can be isotoped to look like a union of saddles
near D X 1 and D X 0 and to look like A X I elsewhere, where A is a set of
properly embedded arcs. Finally one perturbs T so that multipronged saddles
appear as two pronged saddles at discrete levels.

If one of the bad cases of Condition 4 occurred, then E would correspond to
a properly embedded disc F” in M,, which intersected s(y,) twice. By letting S,
be the surface in M, obtained by performing a boundary compression along E
to S we get the commutative diagram:

s F
(M, 7,) (M, v,) ~ (M3, v;)
S,

Observe that | S, N (UD,)|<|S N (UD,)|and
[S]=1[81] € Hy(M,,3M,).

By induction there exists a commutative diagram
s F N
(M, 1) ~ (My, 1) (M, v;) ~ (M;, ;)
S
S,

where [S] = [S,] € Hy(M,, 0M,), S, satisfies Conditions 1-4 and each compo-
nent of F” intersects s(y;) in two points. The result follows by letting
F=F U F". ¢

Step 3. We show C(M,,v,) < C(M,,v,) where (M,,v,)~(M,,7,),
(M,, v,) is taut, S, satisfies Conditions 1-4 of Step 2, some component of S, is
not boundary parallel, and (M, v,) satisfies Step 1. For simplicity denote S,
by S, and assume that it is connected.

Case 1. S is closed.

Proof. 1If S is not boundary parallel in M — UN(D,), then C(M,,v,) <
C,(M,,v,). If S is boundary parallel in M, — UN(D,), then C,(M,,v,) =
C(M,, 1) and Cy(M,, v,) < G(M,, 1))

Case2. S+ @,SN(UD,)=@.

Proof. S is contained in some component W of M, — (U N(D,)).

(a) W # B>.

(i) If S is boundary parallel, then C,(M,, v,) = Ci(M,, v,), but C(M,, v,)
> G(My, 1)
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(ii) If S is not boundary parallel, and W # P X I, then C\(M,,v,) <
C,(M,, v,). This follows from the general fact that if W is a compact irreduci-
ble 3-manifold with incompressible boundary, and S is an incompressible
surface, then S is either boundary parallel or one can obtain, by performing
boundary compressions, a boundary incompressible surface S’. Therefore

height W — N(S) = height W — N(S’) < height W.
(iii) If S is not boundary parallel, and W = P X I, then
C(M,,1,) <G(M,, 1),  Ci(My, ;) = Ci(My, 7).

(b) If W = B3, then S is a disc E parallel to some D,. By Step 1 we conclude
|S Ns(y)|=4. Let E=D — D; where D was our original set of minimal
complexity discs. Then some subset F of E gives a set of complexity discs for
(M,, v,). We now conclude Cy(M,,v,) < C(M,,v,) or G(M,, v,) =
G(M,, v,) and Cy(M,, v;) < C(M,, v;). In both cases Ci(M,, ;) <
C‘i(Ml’ Y])’ i= 1,2

Case3. SN (UD)+ @.

Proof. (a) If some component of S N (M, — U N( D,)) was not boundary
parallel in a nonproduct component of M, — UN(D,.), then C(M,,v,) >
Ci(M3, 1,).

(b) If (a) does not hold, then C(M,,v,) = C(M,,v,), i =1,2. We now
show C3A(M2,A72) < Cs(A:II’ Yl)'A N

Let D, € D, and N(D,) = D, X [0, 1] be the standard neighborhood of D,
described in Condition 4. Let E = U, o D, X a; where a; is as in Condition
3(b). Let F=E N M,. One can now find a set of complexity discs G for
(M,, v,) such that G C F. The key point is that if F’ is a component of
D, X a; N M,, then

|F' 0 s(v,) I<ID; 0 s(vy)]

To see this when D, N S is connected with D,N M, = E, U E,, note

(D E, N s(v)| +1E, N s(v)|=1D; N s(yy)| +2,

(2) | E; N s(v,)|= 2 if and only if one of the seven cases listed in Condition 4
holds.

It now follows that Cy(M,, v,) < G3(M,, v,)-

Cased. SN(UD)=@andSN(UD)+# 2.

Proof. Since S is connected, S must lie in the “handlebody” part of M,.
We certainly have C(M,, v,) = Cy(M,, v,) for i < 3. We prove that either
Ca(My, 1,) < C(M,, 1y) or Gi(M,, 1) < G(M,, 1)
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Let N(D;) = D, X I denote a standard neighborhood described by Condi-
tion 3. Let F = {D, X a; N M,}, and let B be a ball component of M, —
(U N(D;)). Since each component of S N B is “boundary parallel” in B —
(U N(D,)), every component of B — (N(S) U N(F)) intersects N(F) in 2 or 3
components. If V=D, X[a;a;.], and S N V contains a saddle, then V —
(N(S) U N(F)) is a union ofp + 2balls B, B,,- - -,B,,, with|B; N N(F)I—
fori<2and|B; N N(F)|= 2 fori> 2. It follows that some subset G of Fis a
set of complexity discs.

The proof of Case 4 is easily deduced from the following facts (compare
Case 3) about G:

()G C D.

(2 If F,---,F;=N(D;)NG, then for I=12,---, j, |F,Ns(y,)|<
1D, 0 s(y)l-

Step 4.

Lemma 4.12. Let (N, §) 'f"(N ', 8") be a sutured manifold decomposition so
that (N, 8) and (N',8’) are taut. Let (N",8") be obtained from (N', 8") by
decomposing along a set of discs D each intersecting s(8) twice so that no
nontrivial compressing disc in N”' intersects s(8"') twice. Then the following hold:

(1) C(N”,8"”) < C(N, 9).

(2) If no nontrivial compressing disc in N intersects s(8) twice, and some
component of S is not boundary parallel, then C(N”, §"") < C(N, §).

Proof. We have the commutative diagram

(N, 98) > (N, 8")~_
§ Dy E D, \‘\‘D
\V/ s v R\
(N, 8,) >(N2’8 )-->(N" ")

where D, (D,) is a maximal set of pairwise disjoint nonparallel discs each
intersecting s(8) (s(8,)) twice, and S’ is the surface obtained by modifying the
surface T= N, N S in N, to satisfy Conditions 1-4 of Step 2. From the
modifications one observes that there exists a set D; of discs in N’ each
intersecting s(8") twice so that the diagram commutes. It follows from Lemma
3.12 and Step 3 that C(N, &)= C(N,,8,) = C(N,,d,) = C(N”,8"”) with
C(N,, 8,) = C(N,, 8,) only if each component of S was boundary parallel. To
prove (2) observe that (N, §) = (N, 8,).

Step 5. Proof of Theorem 4.2. Let S be the surface obtained by applying
Theorem 3.13 to (M,, v,), and let S, be the surface obtamed by applying Step

2 to S. Perform the decompositions (M, v,) ~* (M2, Y2) ~‘>(M3, v;), where D
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is a maximal set of nonparallel discs each intersecting s(y,) twice. By Lemma
3.12, (M;, v;) is taut, and by Lemma 4.12, C(M;, v;) < C(M,, v,).

It follows by induction that M has a sutured manifold hierarchy satisfying
the conclusions of Theorem 4.2 with one exception. Some decomposing surface
S; may be a disc such that | S; N s(y,_,)|= 2, and S, separates a component of
9R(¥,_,)- Since this can be rectified by applying Lemma 5.4, the result follows.

5. The construction

Theorem 5.1. Suppose M is connected, and (M, y) has a sutured manifold
hierarchy

s, s,
(M,v) = (M, v) (M, v,) ~ -+ ~(M,,7,)

so that no component of R(Y;) is a compressing torus. Then there exist trans-
versely oriented foliations %, and %, of M such that the following hold.

(1) 9, and ¥, are tangent to R(Y).

(2) 9, and ¥, are transverse to vy.

(3) If H(M,y) # @, then every leaf of ¥, and ¥, nontrivially intersects a
transverse closed curve or a transverse arc with endpoints in R(y). However, if
@ # dM = R (v) or R_(7), then this holds only for interior leaves.

(4) There are no 2-dimensional Reeb components on %,|y,i =0, 1.

(5) 9, is C™ except possibly along toral components of R(y) or S, if O M = &.

(6) 9, is of finite depth.

Remarks 5.2. (1) If some component of R(y;) was a compressible torus,
then the construction described below would yield a foliation with Reeb
components.

(2) If each S, is a disc, then by the construction of [6], %, could be made to
be of depth at most 1.

Corollary 5.3. Let (M,Y) be a sutured manifold such that M # B® or
§2 X S' and Hy(M, ) # O, then the following are equivalent.

(a) (M, v) has a sutured manifold decomposition so that no component of R(Y;)
is a compressible torus.

(b) (M, v) has a taut foliation %.

(c) (M, v) is taut.
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Proof. (a) = (b) by Theorem 5.1, (b) = (c) by Theorem 2.12, and (c) = (a)
by Theorem 4.2.

s
Lemma 54. Let (M, y) ~>(M’', y’) be a decomposition operation. Then there
exists a commutative diagram of sutured manifold decompositions

({4, Y) > (M, y')

\ A
\\\ S, S,,+1//
N S s, /
(M, 7)== (M,,y,) =~—> -~ —>(M,,v,)

so that if V is a component of R(Y,_,), then either S; NV is a set of parallel
nonseparating oriented simple closed curves or arcs or 3V + @ and S; N\ Vis a
set of oriented properly embedded arcs such that | N S;|=| (A, S;)| for each
component X of IV. If S is a disc with | S N s(y)|= 2, then the former holds for
alli.

Proof.

Case 1. S is an annulus such that 9S = §, U 6, where 8, and §, lie in
different components of R(y,_;).

Proof. 1If §; is homologically trivial in H,(R,dR), then there exists a
connected subsurface W, C R so that aW, = A, U (-9,), where A; C 3y, and -§;
denotes §; oppositely oriented. If §; is homologically nontrivial, let W, = @.
Let S; = W, U W, U S, pushed slightly to be properly embedded in M — d7.
If A\, UX, 5 &, then A, U A, should be isotoped to lie parallel to some
sutures. In any case one can find S,,---,S; so that the conclusions of the
lemma are satisfied. These Sj, Jj = 2, are annuli and discs.

Case 2. S is a disc satisfying | S N s(y)|= 2.

Proof. Proceed analogously as in Case 1.

General case.

Proof. Let V be a component of R(y,_,), and let § = V' N S. Then as in
Lemma 3.10 there is a sequence of property embedded simple pairwise disjoint
arcs and closed curves 6 = §;, 8,,--,6,, where &, U (-6,_,) U X, = oW,
A, C 9y, and W is a codimension-0 subsurface of ¥ such that no proper subset
T of W, satisfies 0T C (-6;,_,) U v, and further that the set §, satisfies the
conclusions of the lemma with respect to V.

Let T, = S, and having constructed T,_, let 7" be T,_;, U W, pushed into M
so as to be properly embedded in M and 07; N ¥ = §,. Obtain T, by doing cut
and paste surgery to eliminate double curves. Finally isotope 7; as in Figure 5.1
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F1G. 5.1
to eliminate trivial intersections with y. There is now a commutative diagram
Ty
(M, ) (M, Y")
i Tl St+l
\ S, !
(M]’Yl) >(M2’Y2)'~>"' ~>(M1’Yt)

so that each S; is either an annulus with 8S; lying in distinct components of
R(y;_,) or S, is a disc intersecting s(y;_,) exactly twice. One now applies Cases
1 and 2 to these decompositions. By continuing in this manner with 7,,-- -, T},
and repeating this procedure for each component of R(y) we complete the
proof.

Proof of 5.1 (Outline). (1) Apply Lemma 5.4 to each term of the original
decomposition of (M, y) to get a new decomposition. Assume that each
decomposing surface is connected.

(2) Use the new decomposition as a prescription to construct foliations %,
and ¥, satisfying Conditions 1, 2, and 4. These foliations will satisfy Condition
3 if there does not exist a subset T of US; which is a union of tori and
O = [T] € Hy(M, dM). ¥, will satisfy Condition 5 if no S; (i > 1 if oM = @,
i=1if 9M # @) is a torus. %, will satisfy Condition 6 if for every component
V of R(y,_,) with S;N 3V # @ then V' N S, is a union of parallel oriented
nonseparating simple curves. One observes from the construction that these
foliations have no Reeb components. '

(3) Apply Theorem 2.12 to conclude R, (y) and R_(y) are norm minimiz-
ing.

(4) Apply Theorems 3.13 and 4.2 to (M, v) if Hy(M, v) # 0, or to (M,, v,) if
H,(M, yv) = 0 to construct a new sutured manifold decomposition of (M, y) so
that no decomposing surface S; is a torus unless that M = @&, H,(M) is
generated by tori and i = 1, and further that if V' is a component of R(y;_,),
then V' N §; consists of k (= 0) parallel oriented nonseparating simple curves.

(5) Apply the construction of (2) to the decomposition of (4) to yield the
desired foliations.
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The construction ( Proof of (2)). Let

T, T T
(M, y) ~ (M, v,)~ - ~(M,v,)

be the decomposition yielded by Step 1.

By definition (M,, v,) = (S X 1,3S X I) with R, (y,) = 3§ X 1. Let G} =
%[ be the product foliation.

Induction hypothesis. (i) Foliations %, and ¥, have been constructed on
(M,, v,) satisfying the results of Theorem 5.1 except possibly parts (3), (5) and
(6).

(ii) @Oi and ?ﬂi satisfy (3) if 9M; # R, (y;) or R_(y;) for each j=i. In
particular if Ufz i+1 I; contains no tori and M, # R, (v;) or R_(,), then (3)
holds.

(iii) ¥, is C* except possibly along toral components of Ufz i+1 L U R(y,)-
Furthermore, if § is a curve on a nontoral component of R(y;), and f:[0, a) —
[0, b) is a representative of the germ of the holonomy map around & for the
foliation %/, then

arff . _[1, i=1,
a0 = {0, i>1.

(iv) 9, is of finite depth if ¥ N S;_, is a union of parallel oriented simple
curves for each component V of R(y;) with S, _; N 9V #+ &.

(v) 94 and ¥, have no Reeb components.

To construct %, ™' there are three cases to consider. Checking that the
induction hypothesis hold for each case is routine.

Casel. T, N T(y,_,) = 2.

Proof. (M;_,,7;_,) is obtained by gluing 7;" to T, . Let ;™' and %' be
the respective foliations induced by %, and ¥, on (M,_,, v,_,).

Case 2. 0T, is contained in a component V of R(¥,).

Proof. By hypothesis 7, N V is a union of K parallel oriented homologi-
cally nontrivial curves. For simplicity we will assume that 97 is connected and
contained in R_ (v,_;). See Figure 5.2(a) for a view of that part of dM; which
contains T;" NT;".

Let Q be the manifold obtained by gluing 7, C R, (y,) to T, C R_(y,)
(Figure 5.2(b)). Let %; be the foliation obtained by extending %, to Q. Q is
homeomorphic to M;_, and should be thought of as being embedded in M,_,
so that M;,_, — Q C N(V).

To construct 3, ' extend the foliation 3 to M,_, by spiraling the leaves in
towards ¥V to get (M,_,,v,—;) (Figure 5.2(c)). It follows that depth ?ﬂ{"‘ =
depth %, + 1. This operation of spiraling is analogous to the procedure of
extending a 1-dimensional foliation defined on a subset of an annulus to the
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annulus (Figure 5.3). More formally let A be the annular component of y; such
that 37, C A. Let f: I — I be the holonomy map of %; | 4. Let § be the simple
closed curve T; N ¥, and let A be a simple closed curve in ¥ whose geometric
intersection number with § is 1. Let A X I be a tubular neighborhood of A in V.

F1G.5.3 FiG.5.4

Construct a foliation on V' X I = V X [-o00, 00] as follows.

(A) Give (V — (A X (0, 1))) X [-00, o] the product foliation.

(B) Give V X [-00, o] the induced foliation ¥' by identifying (A, 0, t) to
(A, 1,[¢] + f(t — [¢])) where [ ] denotes the greatest integer function.

(C)LetF*=F"'|(V— 8 X (0,1)) X [~00, ©].

(D) Let ¥ 3 be the induced foliation on ¥ X [-o0, 0o] obtained by identifying
(8,0,¢) with (8,1,7+ 1) on the 2 foliated manifold (V — & X (0, 1)) X
[~ o0, 0]

Let u be the circle (8,0,0) C ¥ X [-o0, o). The leaf L of F* which contains
¢ is homeomorphic to the infinite ladder (Figure 5.4). Its ends spiral (limit)
towards ¥ X =oo. Let L be p together with those points of L lying on
the + side of u. Let Z C ¥ X [-00, o0] be the set of points in L plus those
points (x, t) whose normal ray (x,(¢,-oc]) intersects L nontrivially. Z is
topologically ¥ X I and geometrically diffeomorphic to M,_, — Q where ¥ X 0
is the unique compact leaf of ¥3|Z, and V X I is the union of a twice
punctured surface contained in L and an annulus transverse to §°|Z. The

holonomy along the transverse annulus equals f. By gluing Z into M,_, — 0
we get the desired foliation %, .
Construction of ¥/~'. Glue 7" to 7, , and extend ¥, to F' on the

resulting manifold Q. Let £ be the holonomy of the transverse annulus.

(1) If the holonomy map f along the transverse annulus is the identity then
by repeating the above construction in an appropriate way one extends %' to
%! as desired. If fis not the identity, the above construction yields only a C°
foliation.
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(2) If V is a torus, we apply the previous construction and must be satisfied
with 4/~ having C° holonomy maps along V..

(3) If ¥ #+ @, then by pushing the holonomy to the boundary as follows we
can assume that (1) holds. Construct a codimension-1 foliation on (S! X I) X I
so that the leaves are transverse to the S' X I X ¢ factors and the holonomy is
f~ . Construct the manifold Q” by gluing (S! X I) X 0 to a collar neighbor-
hood of a component of dV. Finally attach a band (1 X I) X I with the
product foliation to Q’ so that 7 X I X 0 glues to ¥, 0 X I X I glues to the
transverse annulus, and 1 X I X I gluesto (S' X I) X I.

(4) If V is a surface of genus > 1, and f  id, then we need the following
theorem whose genesis is due to the work of Mather and Thurston.

Theorem ( Mather-Sergeraert-Thurston [28]). If f: I — I is a C* diffeomor-
phism satisfying

af. «_[1, n=1,
(o) = {O, n>1,
for a € {0, 1}, then there exists C* diffeomorphisms c¢;, b;: I - 1,i=1,---,n,
satisfying the above conditions so that
fole,bleley, by]o - oe,, d,] =1d.

Now let Q, be obtained by attaching thick bands B, and C, to 9Q.
(Compare Figures 5.2(b) and 5.5). Extend ' and %2 defined on Q, by
foliating these bands so that the holonomy along B, (or C)) is b, (or ¢;). One
now observes that the holonomy along the new transverse annulus is
fe\biey by =fo[c,, b,]. By repeating this procedure n times one gets a
foliation ¥"*' on Q", whose holonomy along the transverse annulus is trivial.
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We have now reduced to (1).

Case3. 97, N y,_, # @, and 97, is connected (Figures 5.6 and 5.7).

(A) 9T;* is a union of arcs contained in 9y, and properly embedded arcs in
R, (v,) (Figure 5.6(a)). A similar situation holds for 07, . Perform the diffeo-
morphism on M, (Figure 5.6(b)) obtained by “extending” pieces of y, which
contain 97" U 97, . Finally glue 7" to 7;” (Figure 5.6(c)) to create the
manifold Q. This gluing is analogous to the operation of stacking chairs on top
of each other. As before Q is homeomorphic to M,_, and should be thought of
as lying in M,_; — N(R(Y,—,)). For j = 0,1, define ¥/ = /' extended to Q.
?57 ~!is constructed by extending %}’ to M,_, (Figure 5.6(d)).

(B) Let ¥V be a component of R(y,_,) such that T, N V 5+ @. Then P =
N(V) N Q appears as in Figure 5.7(a), that is, P is homeomorphic to V' X I
and VX 1=JU (u; XI)U---U(p, X I)whereJ is tangent to F/, p,, X 0,
m = 1,---,n, is properly embedded in both ¥ X 1 and the leaf L of ¥/ which
contains J, p,, X 1 C 0L is properly embedded in ¥ X 1, and %}’| B, X I has
the product foliation (Figure 5.8).
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(©) Let 9, =Q U, ,J XTI (Figure 5.7(b)) where J' = J —
N(U; _ (B, X 0). Q, looks like (M;_,,y;,_,) with ditches 8, X [ X I, m =
1,2, - -,n, drilled out, where B8,, X 0 X 0 is identified with R, X 0and B, XI
X 0 C L. By giving (B,, X I) X I the product foliation and gluing it into Q,
(Figure 5.7(c)) we get the desired foliations %, ' and %,~'. To construct %;
near V perform the appropriate smooth gluing.

(D) How to construct ;' near V.

View J' X TasJ' X [1,0] and B,, X I X I as B,, X I X [0, o0]. Glue B, X 0
X [0, o] into Q, by identifying 8, X 0 X [0, 1] with u,,, X [0, 1], and B,, X 0 X
[1, o] with a,, X [1, 0], where a,, = p,, X 1 CJ’, and the identification map
is the identity on [1, o0]. Glue B, X 1 X [0, co] into Q, by identifying S8, X 1
X [0, o] with a;,, X [1, 0], where a;, = (N(p,, X 0) N J’) — a,,, and the iden-
tification map f on the second factor is f(x) = x + 1.

It is easy to check that when depth %, is defined, and the p,’s are parallel,
then depth %/~' = depth %/ + 1. In general when the p,’s are not parallel,
there is no way to glue in 8 X I X I so that %' has finite depth even when
depth % is finite.

(E) Extend the foliation to the rest of N(R(y;_,)) as in parts (B), (C) and
(D).

General Case. Glue T, to 7, , and extend 3 to 3/, j = 0,1, on Q. Apply
Cases 2 and 3 where appropriate to extend these foliations to M,_,.

Theorem 5.5. Let M be a compact connected irreducible oriented 3-manifold
whose boundary OM is a (possibly empty) union of tori. Let S be a norm
minimizing surface representing a nontrivial class z € Hy(M,dM). Then there
exist transversely oriented foliations %, and %, of M such that:

(1) fori = 0,1, %, M dM and %,|dM has no Reeb components,

(2) every leaf of %, and ¥, nontrivially intersects a transverse closed curve,

(3) 9, is of finite depth,

(4) F, is C™ except possibly along toral components of S,

(5) S is a compact leaf of both %, and %,.
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Proof. Consider the decomposition (M, 3M) AS”(M 1> Y1)- Since S is norm
minimizing, (M,,y,;) is taut and H,(M,,y,) # 0. Apply Theorem 4.2 to
(M, v,) to extend the above decomposition to a sutured manifold decomposi-
tion. Apply Theorem 5.1 to this decomposition to yield the foliations %, ¥, on
(M,, v,). Identify S* to S™, and extend ¥ and ¥, to M to get the desired
foliations.

6. Consequences

Definition 6.1. A surface of minimal genus for an oriented link L in S is
an oriented embedded surface S in S> containing no closed components, whose
oriented boundary is L and x(.S) = x(7T) for any other surface T satisfying the
above conditions.

This definition generalizes the notion of a minimal genus surface for a knot
in S? to surfaces spanning oriented links in S°>.

Recall that L is a nonsplit link in S* if there exists no embedded S* C §°
such that SN L = @ but each component of S — S$? intersects L non-
trivially. Equivalently m,(S* — L) = 0.

Corollary 6.2. Let L be an oriented nonsplit link in S>. Then S is a surface of
minimal genus for L if and only if there exists a C* transversely oriented foliation
% of §* — N(L) such that:

(1) F N AN(L) and F|dN(L) has no Reeb components,

(2) 9 has no Reeb components,

(3) S is a compact leaf.

Proof. = : Apply Theorem 5.5. to S> — N(L).

< : Apply Thurston’s Theorem 2.5.

Remark 6.3. Explicit constructions of foliations in the complement of
alternating and arborescent (i.e., algebraic in the sense of Conway [3] and
Bonahon-Siebenmann [1]) can be found in [6] and [7]. For knots (links) of less
than 11 (10) crossings see [6].

Definition 6.4. A core of a Reeb component ¥ = D? X S' is a smooth
simple closed curve 8 in ¥ isotopic to ¢ X S! for some t € D2,

Corollary 6.5. A nontrivial link L in S* is nonsplit if and only if L is the set of
cores of Reeb components of some foliation % of S>.

Proof. = : Apply Theorems 4.2 and 5.1 to the sutured manifold (S> —
N(L), v) where R, (y) = d(N(L)) to construct a foliation F of S* — N(L)
containing no Reeb components such that 3( N(L)) is a compact leaf. Extend &
to S* by gluing in Reeb components.

<« : This was proven by Novikov [21] in 1965.
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Remarks 6.6. (1) Corollary 6.5 answers the so-called “Reeb placement
problem” of Laudenbach and Roussarie [16] which asked what links in S? are
cores of Reeb components.

(2) Corollary 6.5 is a special case of the following general result. A link L in
a 3-manifold M has an irreducible 3-incompressible complement if and only if
L is the set of cores of Reeb components of some foliation % on M. The proof
is as in Corollary 6.5.

(3) The holonomy along the toral leaves of the foliations constructed in
Corollary 6.5 may be C°. It follows from [6], [7] and [8] that for fibred knots,
knots of fewer than 10 crossings, the arborescent knots, connected sums of the
above knots and more generally knots which are boundaries of Murasugi sums
of certain spanning surfaces for many classes of links are cores of Reeb
components of C* foliations. It is an open and very interesting problem to
determine exactly which links in a 3-manifold are cores of Reeb components of
C* foliations.

Corollary 6.7. Let S; be a Seifert surface for the oriented link L, C S* for
i = 1,2, and S be any Murasugi sum or generalized plumbing (see [20] or [8] for
a definition) of S, and S, with L = 0S. Then S is a minimal genus surface for the
oriented link L if and only if each S; is a minimal genus surface for the oriented
link L,.

Proof. 1f S, is a surface of minimal genus for the oriented nonsplit link L,
then by Corollary 6.2 there exists a transversely oriented foliation ¥, of
S3 — N(L,.) without Reeb components such that S, is a compact leaf. If S is a
Murasugi sum of S, and S,, and L = 98, then it follows from [8] that there
exists a transversely oriented foliation ¥ of S — N(L) such that  has no Reeb
components, and S is a compact leaf. It follows by Thurston’s Theorem 2.5
that S is a surface of minimal genus. Conversely in [9] we show how to
construct a foliation ¥, on M — N(L,) with S, a compact leaf and no Reeb
components when given a foliation F without Reeb components on M — N(L)
with S as a compact leaf. q.e.d.

The process of “plumbing” and “deplumbing” foliations in fact preserves
the best qualities of foliations, e.g., all leaves compact, the foliation is depth 1,
the foliation is smooth, or all leaves intersect transverse closed curves. See [8]
and [9].

Remark 6.8. This corollary generalizes the classical fact due to Seifert in
the 1930’s that the connected sum of minimal genus surfaces is minimal genus.
An elementary (nonfoliations) proof of the = part of Corollary 6.7 can be
found in [8].

Corollary 6.9. Let M be a compact irreducible connected oriented 3-manifold
such that its boundary M is a ( possibly empty) union of tori, and Hy(M, dM) is
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not generated by tori and annuli (i.e., x(z) # 0 for some z € Hy(M,dM)). Then
there exists a C* transversely oriented foliation ¥ of M such that 5 0 dM, F| oM
has no 2-dimensional Reeb components, and no leaf of % is compact.

Proof. Step 1. There exists a transversely oriented foliation %, of M such
that %, |0M has no Reeb components, and %, has a finite number of compact
connected leaves T,- - -, T, such that x(7;) < 0 for each i.

Step 2. Foliation %, can be perturbed slightly in a small neighborhood of
the compact leaves to eliminate them.

Proof of Step 1.

(1) Definition. Let

s, s,
(M’aM)m(Ml"Yl) R M(Mn’ .Yn)

be a sequence of sutured manifold decompositions. Define E, = 0M. Define E;
to be the union of those components of y; which are contained in E;_, after
gluing S to S;” . In other words E, consists of those components of E;_, —
N(S;) which are annuli and tori.

(2) Let

s, S,
(M9aM) M(Ml’Yl) Ao M(Mm’ym)

be a sutured manifold hierarchy. Let %, be the foliation constructed by
applying Theorem 5.1 to the decomposition. If Lemma 5.4 was not invoked in
this construction, then %, has a finite number of compact leaves, and each
compact leaf corresponds to a unique component of some S;. Conversely a
component T of S; gives rise to a compact leaf if and only if 97 C E,_,.

(3) Induction hypothesis. A decomposition

S S,
(M’aM) W(MI"YI) G M(Mn’yn)

has been constructed such that (M,,y,) is taut, Lemma 5.4 need not be
applied to any term of the sequence, every annular component T of S,
1 <i<n, satisfies 9T Z E,_,, 0 # [T] € H,(M,_,,dM,_,) for each compo-
nent T of S;, and if A is a properly embedded homologically nontrivial (in
H,(M,,dM,)) annulus such that 94 C E,, then 94 is contained in toral
components of y,,.

(4) Induction step.
Case 1. (M,,v,) = (M,dM). By hypothesis there exists a norm minimiz-
ing connected surface 7 in M such that x(7') < 0. Let 4,,- - -, 4, be a maximal

collection of pairwise disjoint homologically nontrivial annuli disjoint from T
no two of which are parallel, and for each 4, there exists a component ¥ of 0M
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such that ¥ N 4, & and V' N T # . The finiteness of r follows from the
fact due to Haken [14] that a 3-manifold can have only a finite number of
disjoint nonparallel incompressible surfaces. By taking the right number of
parallel copies of T and each of the 4,’s and orienting the A4,’s appropriately
and attaching annuli to oppositely oriented components of 37 and 9(\U 4,) one
constructs a surface S, satisfying the induction hypothesis. S, is norm minimiz-
ing because [S,] = k[T]+ [a] where x[a] = 0. Hence x(S,) = x(k[T]) =
IX(S)I-

Case2. v,# 0M,.

Lemma 6.10. For each component V of E, there exists some nontrivial simple
closed curve 8 C V such that any homologically nontrivial annulus A with
04 C E, satisfies {{A N V], 8)=0.

Proof. If not the existence of annuli 4, and 4, such that ({4, N V],
[4, N V])## 0 and 9(A4, U 4,) C E, together with the irreducibility of M,
would imply that M, could be obtained by taking a regular neighborhood of
A, U VU W and gluing on a solid torus to one boundary component. W
(possibly empty) is a component of E, distinct from V satisfying W N 4, # <.
We conclude v, D E, = dM,, contradicting the hypothesis. q.e.d.

If there exists a nontrivial compressing disc D such that D N s(y,) = 2, then
let S,., = D. (If D separated a component of R(y,), then replace this term by
the sequence obtained by invoking Lemma 5.4.) If no such D exists continue as
follows. Let V,,---,V, be the toral components of E,. For each V; choose a
simple closed curve A; such that |A; N §;|= 1. One now applies the method of
Lemma 3.8 to find a homology class z € H,(M,, 9M,) satisfying the results of
Lemma 3.8 and further satisfying (z, A;)= 0 for all i. Applying the proof of

Theorem 3.13 to this class z one finds a surface S, , such that the decomposi-
Sn+

tion (M,,v,) 'WI(M,,H, Yn+1) satisfies the results of Theorem 3.13 and
{(S,+1> A;)= 0 for all i. This decomposition extends our sequence to a new one
satisfying the induction hypothesis.

The sequence must eventually terminate by Lemma 4.12. Applying Theorem
5.1 to this sutured manifold decomposition yields the desired foliation.

Proof of Step 2. Let L be a compact leaf. By construction there exists a
simple closed curve or properly embedded arc a in L such that a foliated
neighborhood of the “—side” of L is diffeomorphic to a neighborhood of
L X 0 where L X [-1,0] is foliated as follows. Give L X [-1,0] the product
foliation. Let f:[-1,0] - [-1,0] be the appropriate (depending on %) C*
diffeomorphism such that f(z) > ¢ for ¢t & {0,-1} and

af ~_ [1, ifn=1,
a0 = {0, ifn>1.
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The desired foliation is the induced foliation on
L X [-1,0] = (a X I) X [-1,0]

(x’O’t)~(x’l’f(t)) ’
where a X I is a product neighborhood of & in L. Similarly %, spirals in
towards L along a simple closed curve or arc 8 on the “ +side” of L. Let A and
4 be simple closed curves in L such that |A N a|=1,|6 N B|= 1, and let W be
a simple closed curve or arc such that 0 = [W] € H(L,dL), W N A = &, and
|{W, a)| +|{W, B)|= 0if Wis a closed curve. Notice that such a W cannot be
found on a torus or annulus.

It follows that F,|(W X I) X I has the product foliation for some suffi-
ciently small neighborhood of W where (W X I) X 0 C L. By excising W X I
X I and regluing in a smooth fashion so as not to cancel the holonomy of %, in
a neighborhood of 8, one can construct a C* transversely oriented foliation %,
with one fewer compact leaf. By performing this modification on each compact
leaf one achieves the desired foliation.

Corollary 6.11. Let M either be a compact 3-manifold with boundary dM,
whose interior has a complete hyperbolic metric and H,(M,3M) # 0 or S* —
N(L) where L is a nonsplit nontrivial link in S°. Then there exists a C®
transversely oriented foliation % of M such that § has no compact leaves,
% OM, and F|OM has no Reeb components.

Proof. 1f M is hyperbolic it follows from Thurston [33] that it is atoroidal,
acylindrical, and irreducible, hence M satisfies the hypothesis of Corollary 6.9.

IfM=S83— N(L) where L is nonsplit and nontrivial, then M is irreducible

and either x(z) # 0 for some z € H,(M,dM) or L = OO , whence M =

T? X I In the latter case one constructs the foliation directly. In the former
case M satisfies the hypothesis of Corollary 6.9. q.e.d.

See the remarks following the statement of Corollary 6.11 in the introduc-
tion.

Corollary 6.12. Suppose M is a compact irreducible 3-manifold, 0M is a
( possibly empty) union of tori, and Hy(M,dM) is not generated by tori and
annuli. Then there exists a Riemannian metric and foliation § on M such that
% th M, and every leaf is minimal, i.e., has mean curvature zero.

Proof. Sullivan [30] has shown that the leaves of a transversely oriented C*
foliation are all minimal for some Riemannian metric on M if and only if every
leaf intersects a closed transverse curve. The corollary follows from Corollary
6.9.

Corollary 6.13. Let M be compact and orientable. Let p: M — M be an
n-fold covering map, and let z € H,(M) = H'(M,dM) or z € Hy(M,3dM) =
H'\(M). Then n(x(z)) = x( p*(2)).

X € a,
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Proof. Casel. M is closed, orientable and irreducible.

Proof. Let S be a norm minimizing surface representing z € H,(M) =
H'(M). By Theorem 5.5 there exists a transversely oriented foliation & without
Reeb components such that S is a compact leaf. Then p*(%) has no Reeb
components and p~'(S) is a compact leaf. Hence p~!(S) is norm minimizing,
Since x(p~!(S)) = nx(S), the result follows.

Case 2. M is compact, oriented and irreducible, and dM is incompressible.

Lemma 6.14. Let M be compact, oriented and irreducible with incompressible
OM. Let S be a closed surface. Then S is norm minimizing in M, representing a
class in H,(M) if and only if S is norm minimizing in D(M).

Proof. = :Let9: D(M) — D(M) be the doubling involution, and let R be
an incompressible surface such that [R] = [S] € H,(D(M)). View D(M) =
M, U M, with S C M,. Let R, = R N M, and R = R, U J(-R,). Then R is an
immersed surface with only double curves of self-intersection. Hence there
exists an embedded surface T such that [T] = [R] =[S] € H,(M) and x(S)
< x(T) < x(R).

< : Immediate.

Lemma 6.15. Let M be a compact oriented irreducible 3-manifold with
boundary OM incompressible. Then S is a norm minimizing surface in M
representing a class in Hy(M,0M) if and only if D(S) is a norm minimizing
surface in D(M).

Proof. = : Let T be an incompressible surface such that [T] = [D(S)] €
H,(D(M)). Isotope T so that no component of TN M, or T N M, is a disc.
Since [T N M,] = [S] € Hy)(M,,dM,) and [T N M,] = [TS] € Hy(M,, IM,),
and S and 9'S are norm minimizing, we conclude x(D(S)) < x(T).

< : Immediate.

Proof of Case 2. Consider the induced map D(M) ?D(M ). It follows from
Lemma 6.14 (Lemma 6.15) that p~'(S) is norm minimizing in M representing
a class of Hy(M) (HyM,dM)) if and only if (Dp)~'S (Dp) '(D(S))) is
norm minimizing in DM. The result now follows from Case 1.

Case 3. General case. M is a compact oriented 3-manifold.

One can obtain a 3-manifold N which is compact oriented irreducible and
0-incompressible by splitting M along a set J of disjoint properly embedded
spheres and discs, capping off the resulting spherical boundary components
with 3-balls and throwing away the fake 3-spheres. Let ¢: N = N be the
induced covering map.

Any norm minimizing surface T for a class in H,(N, 9N ) (or Hy(N)) when
regarded in M is norm minimizing. Hence by Case 2 the surface ¢~ '(T') when
regarded in M is norm minimizing. Since any z € Hy(M,3dM) (or Hy(M))
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satisfies z = [T] + a where x(a) = 0 and T is a norm minimizing surface lying
in N, we conclude p*(z) = p*([T')) + p*(a«) where x(p*[T]) = nx(z) and
x( p*(a)) = 0. The result now follows from the fact that x(8) = x(8 + A) if
x(A)=0.

Remark. Corollary 6.12 was conjectured by Thurston in [32].

Definition 6.16. Let M be a compact oriented 3-manifold. Let z €
H,(M, M) (or Hy(M)). Define

x,(z) = inf{%x(T)|f: T->Mandf,[T]=n
where f is a proper map of a compact oriented surface} .

x, is the singular norm of Hy(M, dM) (or H,(M)).
Definition 6.17. Let M be a compact manifold. Let z € H(M;R) or
H,(M, dM; R). Then the Gromov norm g(z) of z is defined by

g(z) = inf{ > la; |[ Ea,-o,] = z where Y, a,0, is a singular chain}.

Corollary 6.18. Let M be a compact oriented 3-manifold. Then on H,(M) or
Hy(M; M),

— — 1
X, =X =28,

where x denotes the Thurston norm, x, is the norm based on singular surfaces,
and g denotes the Gromov norm.

Proof. x,= 3g. Gromov proved (see [33, §6]) that for hyperbolic k mani-
folds,

Volume M
Volume o

b

g([M,oM]) =

where ¢ is the volume of the largest hyperbolic k-simplex. For connected
surfaces S of negative Euler characteristic we conclude

s((s.as]) = 2K _p sy,
For S of nonnegative Euler characteristic g([.S, 3S]) = 2x(S) = 0. Therefore if
kz € H,(M) or H,(M,3M) is represented by the singular surface S, then
8(z) < 2x(S)/k; hence 3g(z) < x,(z) for z € H,(M, dM; Q). Since g, x, are
continuous functions, g < x, on H,(M;R) or Hy(M, 3M; R).

Conversely, if z € Hy(M,0M;R), and z = [Z a,0,], a; € Z, then by pasting
together singular simplices one obtains a proper map f: S — M such that
f«[S,05] = z; hence by Gromov, x,(z) <x(S)<Z|q;|. For any singular
cycle z = [Z a,0;] and any € > 0 there exists a cycle z’ = [5(2 m,),)] such that
z,z" are e close in H,(M,dM; R), and m;, n € Zsuch that 2 |m,/n|< 2 |a;| +e.
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The result x(z) < 38(z) for z € Hy(M, dM; R) (and similarly z € H,(M;R))
now follows from the continuity of x; and g.

To prove x; = x it suffices to show that for every compact oriented surface
S and every proper map f: S - M, x(f,[S]) < x(S).

Case 1. M is closed oriented and irreducible.

Proof. The idea of the proof is similiar to the idea of the proof given by
Thurston showing that compact leaves of taut foliations are norm minimizing.

Letf: S - M.

(A) it suffices to assume that if A is a homotopically nontrivial simple closed
curve in S, then f(A) is homotopically nontrivial in M.

(B) Find a norm minimizing surface T representing f,[S].

(C) Apply Theorem 5.5 to find a transversely oriented foliation ¥ of finite
depth having no Reeb components such that T is a compact leaf.

Definition 6.19. Let f: S > M be an immersion of a surface in the &%
foliated 3-manifold. f has center tangency at p € S if in some coordinate
system, where leaves of & restrict to subsets of horizontal planes, f maps a
neighborhood of p into R? so that f( p) is a strict local maximum. f has a saddle
tangency at p € S if in some coordinate system f maps a neighborhood of p
into R® as a saddle and f has a circle tangency along a simple closed curve v if
for each x € y there exist a local coordinate system and a neighborhood U of
X so that f(U) appears as a ridgetop (Figure 6.1), where the arc of tangency
lies in f(y). The rim of a volcano can be thought of as a circle tangency. In
general f(y) is only an immersed curve on some leaf.

—[ x 1)
| — o \ \....
e o \\2 /
E ay

F1G. 6.1

(D) f is homotopic to an immersion g: S — M which has only circle and
saddle tangencies.

Proof. The case when f is an embedding was proven independently by
Thurston [31] and Roussarie [25]. An elementary topological proof is given in
§7.

If F is smooth, and each leaf intersects a transverse closed curve (instead of
F being finite depth), then there exists a proof of Theorem 7.1 due to Sullivan
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[30], Sacks-Uhlenbeck [26], Schoen-Yau [27] and Hass [12] using minimal
surface techniques. The idea is to use [S,] to find a Riemannian metric v
making the leaves minimal, use [27] or [26] to show that f is homotopic to an
immersion such that g(S) is an immersed minimal surface in the v metric, and
use [12] to observe that g(S) is either contained in a leaf or transverse to F
except at saddle tangencies (basically because if g(S) met a leaf at a center,
then g(S) would not have mean curvature 0).

Definition 6.20. Let x be a saddle tangency. Let (;(x) resp. ﬁ(x)) denote

the unit normal to g(.S) (resp. %) at g(x). Then define

[ +1, ifn(x) = N(x),
o(x) = {—1, if n(x) = -N(x).

(E) Let E € H*(M) be the Euler class to the 2-plane bundle over M of
tangent planes to &. By [32]

2 o(x)

x saddle
tangency

Since T'is a leaf, | E((T'])|=|x(T)| . Since [T'] = g,[S], we conclude
x(8) =Ix(8) IZIx(T) = x( £,[S]).

Case 2. M is compact oriented and irreducible, and dM is incompressible.
Proof. (A) f,[S]represents a class in Hy(M).
Consider

|E(g*[S]) |= < # saddle tangences =|x(S)]| .

f
SS>M=M,->D(M)=M UM,.

By Case 1 there exists an embedded T in D(M) such that [T] = f,[S] and
x(T) < x(S). Since we can assume by Lemma 6.14 f(S)N M, = &, (A)
follows by Case 1.

(B) f,[S] represents a class in H,(M, 0M).

Consider D(f): D(S) » D(M). By Case 1 there exists an oriented em-
bedded T C D(M) such that (Df),[D(S)] =[T], x(T) < x(D(S)), and no
component of T — 0M is a disc. Since [T N M;] = f,[S] € Hy(M,, 9M,), the
results follows.

Case 3. M is compact and oriented.

Proof. Let J be a collection of disjoint discs and spheres such that the
manifold N obtained by splitting M along J and capping off spherical
boundary components, and throwing away fake S>’s is compact, irreducible
and 9 incompressible. Since we can assume f(S) M J it follows f~!(J) is a
union of disjoint simple closed curves; hence by pinching off these curves we
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can assume that f(S) NJ = &. By Case 2, f,[S] can be represented by an
embedded surface T with x(T') < x(S), [T] = f,[S] € Hy(N,dN) (or Hy(N)).
Since H,)(M, 0M) is generated by H,(N, dN) (or H,(N)) and components of J,
the result follows.

Remarks 6.21. (1) The equality of the singular and Thurston norms was
conjectured by Thurston in [32].

(2) Corollary 6.18 is a generalization of Dehn’s lemma and the loop and
sphere theorems to higher genus surfaces. How such theorems generalize was
asked by Papakyriakopoulos [22] in 1957. In particular he asked about the
relationship between the immersed genus and the genus of a knot.

Definition. The genus of a knot K in S° is the smallest g such that K
bounds a punctured embedded surface of genus g. The immersed genus of a
knot in S3 is the smallest g such that K bounds a punctured immersed surface
S of genus g which is nonsingular along the boundary, i.e. f: S - S* and
fY(K)=2s.

Corollary 6.22. If K is a knot in S, then the immersed genus equals the
embedded genus. More generally if K is nontrivial and f: T - $° — N(K) is a
proper map of an oriented surface no component of which is closed then
x(T) = (2g — 1)|n| where f,[T]=[n] € Hy(S® — N(K), dN(K)) = Z.
q.e.d.

More generally we have

Corollary 6.23. Let M be a compact oriented 3-manifold, S a compact
oriented connected surface with connected boundary, f: S - M a map such that
f|19S is an embedding and f~'(f(0S)) = 3S. Then there exists a compact
embedded oriented surface T in M such that 0T = 0S and genus T < genus S.

Proof. 1If genus S = 0, apply the classical Dehn’s lemma. Otherwise let P
be the manifold M — N(3S) and let Q be the manifold obtained by doubling P
along 9(N(3S)). There is a natural map g: S - Q where S is the double of S,
g|S = f and g(S) is invariant under the doubling involution. Apply Corollary
6.18 to obtain an embedded norm minimizing surface 7 in Q representing the
class g*[§ ] € H,(Q). By pairing off oppositely oriented annuli we can assume
that T N 3(N(3S)) is a simple closed curve. Our desired T is that component
of T N P which intersects 9( N(0S)) nontrivially. q.e.d.

This is exactly Dehn’s lemma for higher genus surfaces.

7. The homotopy theorem

Theorem 7.1. Let M # S? X S! be a closed oriented 3-manifold. Let % be a
finite depth, transversely oriented foliation without Reeb components of M. Let
fo: S = M be a map of a closed oriented surface S # S 2 such that the image of



488 DAVID GABAI

every homotopically nontrivial simple closed curve in S is homotopically nontriv-
ial. Then f, = g: S — M where g is an immersion, and g(S) M ¥ except for a
finite number of circle and saddle tangencies.

Proof. Suppose depth% = K, and for simplicity assume that the number of
leaves of depth < K is finite, if K > 0, since any depth K foliation can be
“approximated” by such a foliation. In fact the depth K foliations constructed
in §5 satisfy this condition.

(1) By [14] £, is homotopic to an immersion f,. By perturbing f, slightly we
can assume that f, is an immersion with transverse self-intersections, £,(S) M %
except for a finite number of center and saddle tangencies, and that these
points of tangency, triple points of £,(S), and points of double curves which
are tangent to % all lie on distinct depth K leaves.

(2) The general philosophy of the proof is to compress the centers until they
either cancel with saddles or force other types of simplifications.

Let p be a center. As in Roussarie [25] ther exists a neighborhood U of p in §
such that the induced foliation on U is one of the types exhibited in Figure 7.1
where fy(p) is a saddle tangency.

>

Type I1 Type I
F1G. 7.1

As indicated in Figure 7.1 a neighborhood of p is foliated by a family of
‘circles’ indexed by [0, 1] where the initial circle y, is just the constant map to
D, and the limiting circle is an embedded smooth curve with a corner at ¢ when
p is type I and is a smooth curve with two corners at ¢ when p is type II. These
facts follow from the Reeb stability theorem, Theorem 2.14 and the fact that a
limit of compact leaves is a compact leaf [23]. One should think of f, o y:
I X S' > M as a regular homotopy from ¥, to v,. Each v, is homotopically
trivial in some leaf L,. For i sufficiently small there exists an immersion
h;: D* > L, such that f, o y,= h,|dD? For all i € [0, 1] we can define maps
h;: D* > L;so that f, o y, = h,|3D? by flowing discs along rays normal to .

(3) The first obstruction to nicely squashing this center is that for some
i <1, f,0v, does not bound an immersed disc in L,. This is exemplified in
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Figure 7.2 where we see the image of a neighborhood of p. Figure 7.2(b) shows
the image of some of the y,’s on the leaves containing them. If this occurs, and
y; is the first circle such that f(v;) does not bound an immersed disc, we define
a homotopy f:[2,3] X S — M in 4 steps as follows.

()

F1G.7.2

(A) Define a homotopy f:[2,21/4] X § - M which is fixed outside of
S =0, j+e¢), ie, f(t,x)=f(t',x) for x €S — y(0, j + €), by “pushing
down” on the center to create a map which has two branched points and
elsewhere is an immersion (Figure 7.3(a)).

Up to smoothing of corners f,; /,(S) = f,(S — [0, j + €]) U h,;, (D?). The
process of creating the branched points is similar to the homotopy from Figure
7.4(a) to Figure 7.4(b).

(B) Define f:[21/4,21/2] X S - M to be a homotopy fixed outside of the
preimage of the double curves of f,; ,(S). This homotopy can be thought of as
the operation of putting ones finger on one of the branch points and pushing
(compare Figures 7.5(a) and 7.5(b)) it along a double curve until we get a very
short double curve whose endpoints are branch points. Note that the two
branch poinnts bound an immersed double curve y in M; however, the path
traversed by the finger may be quite different than the path described by 7.
This is because when one traverses through a triple point, one changes the old
double point locus. If B was an open set in M such that B N £, ,4(S) looks like
Figure 7.2, then B N f, ,,(S) would appear as in Figure 7.3(b). By a very short
double curve d we mean that there exists a neighborhood C of d such that
C N f, /1n(S) looks exactly like Figure 7.3(c). In particular there exists a simple
closed curve & on S lying close to d such that f,, ,,(8) = A is a simple closed
curve bounding a disc in M. Hence § bounds a disc D in S.

(C) Since ¥ has no Reeb components and M # S X S'. m(M) = 0. Define
a homotopy f:[21/2,23/4] X M fixed outside of D so that f,; (D) lies very
close to d. If Figure 7.3(b) denoted B N f,, ,»(S), then B N f,3,,(S) would
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appear as Figure 7.3(d) or 7.3(¢) depending on which side of A, f,,,»(D) lay
on.

Fi16.7.3
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(b)

FiG.7.4

(2)

Fi1G.7.5
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(D) Define f[23/4, D] X § > M to be the map which sucks in the disc
completely and eliminates the branch points (Figure 7.3(f)).

This homotopy f:[2,3] X § - M should be done in such a way that center
and saddle tangencies, triple points, and double curve tangencies lie on
different depth K leaves.

(4) One now considers a center P of f,(S) and the corresponding curves v;,
i €[0,1]. If for some i < 1, f; o v, does not bound an immersed disc, then one
performs a homotopy as in (3). After a finite number of such homotopies each
center will satisfy the property that the v,’s, i < 1, bound immersions. If not
then a contradiction can be arrived at as in (10).

(5) Let P be a type I center with saddle g. We say that p is type Ia if
o(p) = o(q) (o was defined in §6), and p is type Ib otherwise. Since each v,,
i <1, bounds an immersion and since tangencies of double curves cannot lie
on L,, we conclude that y, bounds in some leaf a pinched immersed disc
(Figure 7.6(a)). Typical examples of images of type I centers are given in
Figure 7.7. Notice that the image of a small neighborhood of p was removed in
the picture of the type Ib center.

If f, was the last function defined, and p is type Ia, thenlet f:[n,n + 1] X S
— M be the homotopy which ‘cancels’ the center with the saddle. Notice that
fu+o(S) is approximately £,(S — [0, a]) U h (D) for0 <a < 1.

&

Fi16.7.7
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If p is a type Ib center, then define f[n, n + 1] X § — M as the composite of
the following 3 homotopies.

(A) Define f:[n, n + 1/3] X § = M to be the homotopy which compresses
the center so that it lies just above the saddle as in Figure 7.8(b), i.e.,
fur 1y AS) = [(S = (0,1 — e) U hy_(D).

(B) Define f[n+ 1/3,n+2/3] X S - M to be the map where the disc
h,_(D) is pushed slightly below the level of the saddle simultaneously
performing the homotopy of Figure 7.4 to create a branched immersion
(Figure 7.9(a)) with 2 branch points. Figure 7.9(b) gives a close-up view of one
of the branch points. The inverse of this homotopy can be thought of as the
map which coalesces the two branch points.

(C) We proceed as in parts 4(D) and 4(C) to define f:[n +2/3,n + 1] X S
— M as the homotopy which creates a very short double curve, sucks in a disc
homotoping the short double curve and its branch points away.

@ ®

F16.7.8

F1G.7.9
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(6) By doing the above procedure we may have created many new centers
and thus be forced back to (4). The methods of (10) will show that we can have
only a finite number of homotopies of types already described.

(7) Suppose p is type II center with saddle ¢, and v, bounds an immersed
disc in L, for i < 1. Then the limiting curve y, bounds either a doubly pinched
immersed disc (Figure 7.6(c), (d)) or a squeezed immersed disc (Figure 7.6(¢)).
If the former occurs, then p is of type Ila or type IIb, depending on whether or
not o( p) = o(q). If v, bounds a squeezed disc, then we conclude that o( p) #
0(q), and we say p is of type IIb,.

An example of a type Ila center is given in Figure 7.10 and a type IIb, in
Figure 7.11. Figure 7.12 shows f,(U) where U is a neighborhood of vy, when p
is type IIb. Figure 7.13 shows a close-up view of the saddle at f(q).

(8) If p is a center of type IIb,, then v, is a composite of two simple closed
homotopically trivial curves A, A,. Each A; must bound a disc D, in S. Assume
D = D, D D,. If f, has been the last function defined, then let f[m, m + 1] X
S— M be the homotopy fixed outside of D so that £, (D) lies near the

Fi1G.7.10

FiG. 7.11
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immersed disc which A; bounds in L,. A view of f, . (S) near ¢ will appear as
in Figure 7.14.

If p is a center of type IIb,, perform a homotopy f[m, m + 1] X § > M as a
composite of the following 3 homotopies.
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(A) Define f:[m, m + 1/3] X § - M to be the homotopy which compresses
the center so that it lies in a leaf just above g, ie., f,4,3(S) = f£,(S — v[0,
1 — €]) U h,_(D). Push the disc #,_/(D) normally to ¥ simultaneously per-
forming the homotopy of Figure 7.4 to create a branched immersion with two
branch points. If B is a neighborhood in M which intersects f,(.S) as in Figure
7.12 (recall that some surface has been excised), then B N f, ., 5(S) will
appear as in Figure 7.15. (Note the branch points x, and x,.) In that picture
we have excised a disc E for greater clarity. It may be helpful to think of the
inverse of the homotopy. First glue back the disc E and perform the homotopy
of Figure 7.4 to coalesce the branch points with the newly created double curve
passing through the disc E (Figure 7.16). Notice that £, 5(S) has a circle
tangency.

F1G.7.16
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(B) Define f[m + 1/3,m + 2/3] X § - M as in (7)(C) and (7)(D) to create
a short double curve and suck in a disc to eliminate the branch points.

(C) If after (B) the circle tangency is still there, perturb f,, ., ,; slightly to get
a type Ila center. If the circle tangency has been destroyed in (B), then it may
be necessary to perturb f, ., ; to make sure all the centers lies on different
leaves, etc.

(9) Suppose that after finitely many homotopies we are only left with type
Ila centers. Then by cancelling them with their saddles, to create circle
tangencies, we complete the homotopy. Let g: S — M be the resulting map.

(10) We now show that there can only be a finite number of homotopies of
types already described. We first give the proof in the case where depth % = 0.

(A) Let T be a leaf of ¥ satisfying T M £,(S) and T N (triple points of
£,(S)) = &. Then T has a tubular neighborhood ¥V = T X [-1, 1] such that
%] ¥V has the product foliation and V' N £,(S) = (f(S) N T) X [-1,1].

By checking what happens as we perform one of the previous homotopies we
conclude that for each n =2, f(S)N V= (f(S) N T) X [-1,1], and either
flln,n + 11 is fixed on V (ie, f(x) = fi(x) if (f(x) U f(x)) NV #* @) or
AN T;Def,,H(S) N Tand a,, , < a, where
a; =| Double points of £,(S) N T'|+|f(S) N T — Double points of f(S) N T].

Therefore if N is sufficiently large, then f|[n, n + 1] is fixed on ¥V for n = N.

(B)Let V"' =T X [-1/2,1/2). Let W =M — V'. Then W = T X [2, 3] with
the product foliation. Let n be a normal vector field to | W. Assume that
except for ‘sharp corners’ f(S) is composed of horizontal and vertical pieces,
i.e., for almost all x € S there exists a neighborhood U of x such that f,,(U) is
tangent to %, or f,(U) is contained in a union of normal curves through a
curve on some leaf. For example Figure 7.17(a) is Figure 7.2 viewed as a union
of horizontal and vertical pieces. Figure 7.17(b) shows precisely how to
construct 7.17(a).

Letw: V' - T X (2 + 1/2) = T’ be the normal projection onto 7". Let P be
the projection of all the vertical pieces of f,(S) N V. Then P is a graph on 7"
with complementary regions Y;,---,Y,. Let y; € Y; be an interior point and
y = Uy,. Let B, = (a,, b,), where a, =|f,'n"(y)|, and b, is the number of
‘centers’ of £,(S), i.e., b, is the number of local maximal plateus. Ordering such
2-tuples by the dictionary ordering we claim B8, ., < B, for all m > N. This
can be seen by considering what happens to horizontal regions during homo-
topies. Any homotopy involving the compression of a center such that some v,
does not bound an immersion or homotopies involving type Ib, IIb, or IIb,
centers must reduce the first component of 8. Any other homotopy involving
the cancellation of a center or saddle must reduce the second component of 8
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(b)

Fi1G. 7.17

while the first component is fixed. Figures 7.17 and 7.18 exemplify the case
when some y; does not bound an immersion. If B is a region in M such that
£(S) N B is given as in Figure 7.17(a), then Figure 7.18(b) shows both the
projection P’ of the vertical regions of £,(S) N B onto 7" and the number of
horizontal pieces which project into each component of 7% — P’. Figure 7.18(a)
shows f, ., ,4(S) N B and Figure 7.18(c) indicates the number of horizontal
pieces of f, ., ,4(S) N B which project into each component of 7" — P’. Notice
how vertical regions with opposite oriented normal vectors have cancelled each
other out. The other cases are similar. This completes the proof when depth %
=0.

~ (11) Suppose depth% = k > 0. For simplicity assume that the number of
depth / < k leaves are finite. Let T; be the union of the depth i leaves if i < k,
and let T} be a finite set of depth k leaves such that the quotient map

P : depth k leaves — T, — Space of (depth k leaves — T})
is a fibration over (0, 1) and that for all j > 2, T, N [(triple points of f(S)) U

(taGIjgencies of double curves of f(S) with ¥) U (points of tangency of 5(S)
NF) = 2.
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(A) Let V be a small neighborhood of T;, homeomorphic to T; X I such that
V N L(S) = (f(S) N T,) X I. Furthermore, if W = K X I is a component of
V and if KX i, i =0,1, is component of oW, then K X i, a surface with
corners, is a union of an annulus A4, transverse to % and a twice punctured
surface B; contained in some component of T, (Figure 7.19). Let B = B, U B,.

Equip W with the ‘canonical’ normal vector field to %, and let 4, U 4, be
tangent to normal curves. Let J; be the leaf of | W which contains B;. If W is
sufficiently small, then J; is half of an infinite cyclic covering space of K
(Figure 7.20).

b (©)
@ (b)

F16.7.18

Level

Level 2 £ oo e

L g

Level 3 /

=

Fi1G.7.20
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Let x € W — K. Then we say that x is at level j if the normal ray through x
not passing through K intersects Ly U L, j + 1 times. Let U= W — {x € W|
level x < i}. U, qualitatively looks like W except that a certain number of levels
have been peeled away.

(B) We show that there exist N,, N, sufficiently large such that any homo-
topy f:[n,n + 1] X § > M, n> N,, is fixed on Uy,. Let i be the first integer
so that f:[i — 1,i] X § - M is not fixed on W. Then one of the following
holds.

() c(£(S) N B) < c(f_,(S) N B), where

c(£(S) N B) =|£(S) N B — Double points of £,(S) N B|
+| Double points of £(S) N B .

(ii) f is fixed on B.

View each f:[j, j + 1] X § - M as a composite of three homotopies, one
that compresses a disc, one that does surgery along double curves (i.e., creates
a short double curve with branch point end points), and one that sucks in a
disc. Each time a compression of a disc involves B there exist a j € (i — 1, %)
and a maximal disc D in § such that f,(D) is an immersed disc lying in some
leaf of ¥ such that (D) N B #* &.1f f(3D) N B = &, then f(D) N 3B #* &
which implies that some component of dB is null homotopic, so that K is
compressible, and hence & has Reeb components by Novikov [21]. If £(dD) N
B # 2, then ¢(f,{S) N B) <c(f;—{S) N B). If the creation of a short
double curve involves B, then the number of double points of £,(S) N B is less
than the number of double points of f;_,(S) N B while the first component of
the complexity does not rise. Since M — N(B) is irreducible, the process of
sucking in a disc can be made to avoid B if (i) does not hold. We now conclude
that there exists an N such that if n > N, then every homotopy f[n,n + 1] X S
— M will be fixed on B.

It is easy to check that for each n there exists an 7, such that f(S) N U, is
vertical for 2 <t < n, t € Z. As in (10), define P to be the normal projection
of the vertical part of f,(S) N W into K. P is a graph with complimentary
regions Y,,---,Y,. Picky, € Y;and lety = Uy,. Forn > N, define B8, = (a,, b,)
where a, =|f,'n"'(»)|, and b, is the number of ‘centers’ of f(S) lying in W.
By applying the methods of (10) to W we conclude that if n > N, either
r,=randfln,n+ 1] X S > Misfixedon U, , or B,,, <B,.

The proof of (B) now follows.

(C) Suppose that there exist a neighborhood X of U/, T, and an N such
thatf[n,n + 1] X § > Mis fixed on X;if n = N.
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There is a finite union of compact incompressible surfaces K,---,K,
contained in 7;,, such that K, U ,---,UK, U X, D T,,, and 9K, C X,. Let V'
(Figure 7.21) be a small neighborhood of K = U K; homeomorphic to L X I
such that:

@) VO fu(S) = (fu(S) N L) X I,

(i) 9V =ByUB UAUE where AUEMY, E=0KXICX, B=B,
U B, are contained in depthmin(j + 2, k) leaves, and A = A X [0, 1] where A
is a possibly empty union of arcs and simple closed curves.

Fi1G. 7.21

Let L, be the leaves of ¥| ¥V which contain B;, i = 0, 1. As in (B), define the
levels of V' — K and the neighborhoods U of K. Note that E C X); hence any
homotopy f[n,n + 11 X § = M (n > N) is fixed on a neighborhood of E. By
mimicking the proof in (B) we conclude that there exist N,, N, such that
n > N, implies f[n,n + 1] X § — M is fixed on Uy,. Let X, ; = Uy U X,.

(D) The set of depth k leaves is a union of a finite number of components
H,,- - -,H, such that for each i the quotient map

p : H; - Space of leaves of ?fl H,

is a fibration over S', and H,N T, contains a leaf L, Hence H,=
(L; XI)/[(x,0) ~ (hy(x),1)] and H, — L, = L; X (0,1). By the compactness
of M there exist a, b € (0, 1) and a compact incompressible Q; C L, such that
L, X (0,1 — (Q,- X (a, b)) C X,_,. Hence any homotopy f:[n,n+ 11X S
— M for n sufficiently large must be carried in the interior of the product
Q X [a, b]. By applying the methods of (10) we conclude that for n sufficiently
large f(n,n + 1] X § - M is fixed on Q, X [a, b]. By applying this to each
Q; X [a, b] the proof of Theorem 7.1 is concluded.
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Remark. By generalizing the above procedure (see [25]) it is not difficult to
show that if every leaf intersects a closed transversal, then f ~ g: S — M such
that g is an immersion, and either g(S) is contained in a leaf or g(S) M &
except along a finite number of saddle tangencies.
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