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DEFORMATION OF COMPLEX STRUCTURES ON
MANIFOLDS WITH BOUNDARY. I:
THE STABLE CASE

RICHARD S. HAMILTON

This is the first of a series of papers generalizing the theory of deformation
of complex structures (which can be found for example in Morrow and Kodaira
[7D) to the case of manifolds with boundary. It is necessary to impose some
mild restrictions on the number of negative eigenvalues of the Levi form on the
boundary in order to guarantee the finite dimensionality of certain cohomology
groups (as in Kohn and Folland [1]); aside from this the results will be com-
pletely general. In this paper we consider only the stable case H'(X ; 7 X) = 0,
where J X is the holomorphic tangent bundle, so that all deformations are trivial.
In the second paper we discuss in very general terms families of linear non-
coercive boundary value problems and develop the required estimates and
operators to make the theorems in this paper work. In the third paper we will
discuss the extension of complex structures across the boundary. The fourth
paper will deal with the general case H'(X ; 7 X) # 0 and the construction of
a universal family.

In this paper we prove the following result. Let Y be a complex manifold
and X a compact subset whose boundary 9X is smooth. We suppose that the
Levi form on dX never has exactly one negative eigenvalue ; that is, either all
are strictly positive or else at least two are strictly negative. This implies that

dmH(X; 9X) < oo .

Theorem. Suppose H'(X ; 7 X) = 0. Then for any complex structure p
on X sufficiently close to the given structure we can find amap f: X — Y close
to the identity so that f is analytic from X with the new structure p to Y with
the given structure. Thus any small deformation of the complex structure on
X can be induced by a small motion of X in Y.

To be precise, an almost complex structure x on X is represented by a vector
valued one-form 5§ which is a section of the bundle L(J X, J X). In the above
theorem y and f are C~ (smooth) functions on X, up to and including 3X. A
complex structure on X means an integrable almost complex structure, one
with ou — 4y, ¢l = 0. The conclusion holds for ail x sufficiently close to 0;
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2 RICHARD S. HAMILTON

that is, for all x in a neighborhood |j #||¢+x, < ¢ in the topology of C=(X). Thus
it is only necessary that some finite number of derivatives be small. That f is
analytic on X with the structure ;. means that f satisfies the Cauchy-Riemann
equation 9f !0 6f = p. Hence proving the theorem amounts to solving a non-
linear over-determined subelliptic boundary value problem. This is done using
a generalization of the Nash-Moser inverse function theorem [2]. The work
involved is to prove estimates on how the solution of the ¢,-Neumann problem
depends on the complex structure p.

We mention two applications. The first is when Y is a Stein manifold and
0X is strictly pseudo-convex. In this case H'(X ; 7 X) = O automatically and
the theorem applies. This case was considered previously in [3]. The second is
when Y = C™ and X is the region 1 < |z| < 2 between two balls. If n > 3
then the Levi form has n — 1 > 2 strictly negative eigenvalues on the inner
boundary and all strictly positive on the outer boundary. Moreover H'(X ; 7 X)
= 0, so again the theorem applies. Hence any small deformation of the com-
plex structure cannot grow an isolated singularity inside. The situation is quite
different in C?; see Rossi [8].

We wish especially to thank Masatake Kuranishi for his invaluable assistance
in the preparation of this series of papers. His article [6], dealing with the
parallel case of deformation of complex structures on the boundary, has provided
a model for our case. We have borrowed several important ideas from that
paper ; in particular, the treatment of nonzero cohomology groups using spectral
theory, and the use of approximate splittings of cohomology sequences in con-
nection with the Nash-Moser inverse function theorem. We also wish to thank
J.J. Kohn, who suggested that the results in [3] for strictly pseudoconvex
domains extend to the case of sufficiently many negative eigenvalues of the
Levi form.

1. Deformation of complex structures

1.1. Complex structures on vector spaces. We begin with some linear
algebra. Let E be a real vector space of finite dimension. Write CE = CQz E

for the complexification of E. There is a natural real-linear inclusion E s cE
given by v — 1 ® v. There is also a natural conjugation CE — CE given by
¢ ® v = ¢ ® v. The image j(E) C CE is the subspace RE of real vectors, those
which are self-conjugate.

If E also has the structure of a complex vector space, there is a natural
multiplication m : CE — E given by m(c ® v) = cv. The kernel is a complex-
linear subspace which we call &, for reasons which will become clear. There
is a natural exact sequence

0—>F—>CE-2sE—>0.
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Since the composition E L5 cE-Z5 Eis the identity, & is complementary
to RE.

Conversely, suppose E is a real vector space, and we are given a complex
linear subspace & of CE complementary to RE. Then there exists a unique
complex structure on E such that & is the kernel of the multiplication m: CE
— E. To show the uniqueness, observe that if & = ker m then the map

E—L>cE_T>CE)E

is a complex linear isomorphism, since 1 ® iv — i ® v € & = ker m for any
v € E. To show the existence for a given &, we give E the complex structure
which makes the real-linear isomorphism zj a complex-linear isomorphism.
This means that for each v ¢ E we define iv to be the unique element with
1®iv — i ®v e £. Then these elements span both & and ker m, so & = kerm
for this complex structure.

The space S(E) of complex structures on E can therefore be identified with
an open subset of a Grassmannian manifold. It is convenient to have natural
local coordinates on S(E) in a neighborhood if a reference point & € S(E). For
this it is necessary to choose a complex-linear complementary subspace.
Fortunately there is a natural way to do this. Namely, if & € S(E) then the
conjugate of £ is a complex linear subspace & of CE complementary to &, and
we have a direct sum decomposition

CE=6@¢ .

Note that there is a natural complex-linear isomorphism of & to E given by

&——>CE->E.

Other authors sometimes write E’ and E” instead of & and &. Suppose then
that & e S(E) is a reference structure. There is a local one-to-one correspondence
between complex structures &, near & and small complex-linear maps

p:&—¢& givenby &, ={v—pw:vesl}.
If = and 7 are the projections of CE onto & and &, then p is determined by

the commutative diagram

&

/S

—7
&

since 7: &, — & is an isomorphism when &, is close to &. The diagram com-
mutes since for v — v e,
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pr( — po) = pv = —z(v + pv) .

Thus we have constructed natural local coordinates on the Grassmannian
manifold S(E) with values in the vector space L(Z, &).

1.2. Almost complex structures on manifolds. All the preceeding gener-
alizes immediately to manifolds. If X is a manifold with tangent bundle TX
we can form the complexified tangent bundle CTX = C ®; TX, and a com-
plex structure on each fibre defines a subbundle X = Kerm: CTX —TX
and a direct sum decomposition CTX = J X ® 7 X where J X is the conju-
gate of 7 X. An almost complex structure on X is defined as a smooth com-
plex-linear subbundle 7 X of CTX complementary to the real subbundle RTX.
By the previous argument an almost complex structure on X can be identified
with a smooth section of the fibre bundle S(TX) obtained by applying the
functor S to each fibre. If 7X e S(TX) is a reference structure, we can choose
local coordinates on S(7X) with values in the vector bundle L(7 X, 7 X).
Hence an almost complex structure p close to the reference structure cor-
responds to a small smooth section y of the vector bundle L(J X, 7 X).

If z!, ..., z" are complex coordinates on X, the bundles J X and J X are
spanned by the 9/9z and 9/3Z* respectively. An almost complex structure close
to it is represented by a tensor p = pj dz* ® 9/0z%, and J X, is spanned by
0/07° + p5(0/0z7).

1.3. The integrability condition. Let ¢ be an almost complex structure
corresponding to the subbundle 7 X,. We say that y is integrable if 77X, is
integrable. This means that for any two vector fields v and w with values in
J X, the Lie bracket [v, w] again has values in 7 X,. Note that the Lie bracket
is defined for complex valued vector fields, which are just sections of CTX. In
general there will be an obstruction J(x) which is a smooth section of the bundle
A(T X,, T X,) of alternating 2-forms on 7 X, with values in 7 X, such that
if v and w are smooth sections of .7 X, then

[v,w] = J((v,w) mod 77X, .

Note that although the Lie bracket is an operator of degree 1, the error
J(1)(v, w) is an operator of degree 0, i.e., a pointwise multiplication. We can
regard J as a partial differential operator of degree 1 as follows. S(X) is a fibre
bundle over X, and 47 X,, 7 X,) is a vector bundle over S(X) whose fibre
at p(x) is AT X (1), T X ,y). If p is a section of S(X), then J(y) is a section
of A(TX,, 7 X, lying over p.

We can compute J(x) explicitly in terms of a ccomplex reference structure
z!, - - -, z*. It is more convenient to compute an equivalent tensor Q(z) which
is a section of A7 X, 7 X) defined by

I, w) = 1,0 (av, 2w) ,
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where 7: 7X, —» 7 X and n,: 7 X — 7 X, are isomorphisms induced by the
projections

TX®IX—->TX, JITXDIX,-ITX,.

Suppose zv = p = p*(0/dZ*) and zw = q = q*(3/9z*). Then

A 0 0 ) ( 0 ; 0 )
v = I 2"”" ’ w=gqg\— + R AR
p(az-* Tt TN\ ™ Hrgp
and Q(x)(p, q) is determined by
owp, 9 =v,w] modJX,.

Now clearly

0 d 0 d il
v,w] = p*q’|—— ey e o+ pl ] = p°q’ o s
[0, w] pq[GZ“ ta 0z% = 0T 0z’ Praol) 0z’
where
o O _ Opn 50 s 0Ma
Q(., P P ta T

Thus Q(z) is a nonlinear partial differential operator of degree 1. If /?(7 X, 7 X)
denotes p-linear alternating forms on .7 X with values in 7 X, then p is a sec-
tion of AT X, T X) = L(TX, .7 X) and Q(p) is a section of 4T X, T X), so

Q:MNIX,TX) > MNTX,TX),

and g is integrable if and only if Q(x) = 0.

If the almost complex structure y is induced by a complex coordinate system
z!, -+, z", then clearly p is integrable since [d/dz*,d/0z°] = 0. The classical
theorem of Newlander and Nirenberg asserts the converse ; if p is an integrable
almost complex structure then y is induced locally by a complex coordinate
system. Thus an integrable almost complex manifold is a complex manifold, at
least in the interior ; this argument breaks down at the boundary.

1.4. The §, complex. Let X be a complex manifold. A vector valued p-
form is a section ¢ € C*(X ; A*(7 X, 7 X)) = A*(X) given locally by

- )
= ¢4 dZA ®—— ’
$=9a 0z*

where 4 = (a,, - - -, @,) is a multi-index, and dz* = dz* A\ --- A dz*?, and
the summation ranges over all strictly increasing indices 4. We define £ to
be +1 if 4 is a permutation of B of sign 41, and define ¢4 to be 0 otherwise.
The complex
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b} ]
e XY = P(X) —s APTX) —> -
is defined locally by the formula
0p% = eff 0y /07Z°

with summation over 8 and all strictly increasing B. It is easy to check that
this definition is invariant under a complex-analytic change of coordinates, and
that 50 = 0.

There is also a Lie bracket operation on the A?(X) which agrees with the
ordinary Lie bracket on 2°(X) = C=(X; 7 X) and acts as a combination Lie
bracket and wedge product on higher order forms. If

p=gmdr'® -1, y=vhdr®-2_,
0z° 0z*
we define
RN 00° _ 0
[ , — AB( «a VB a{_,ﬁf},ﬂ) dzC .
oyl =e\eig - — Ve ®

We can then verify the following rules (see Morrow and Kodaira [7, p. 152]).
Let p = deg o, ¢ = deg+, r = degz. Then

[\!’a SD] = _(—' 1)pq[¢’ 1[’] ’
(=D [o, [y, 211 + (—D? [y, [z, 0]] + (— Dz, [p,¥]] =0 .
The first is the antisymmetry relation, the second is the formula for the deriva-

tive of a product, and the third is Jacobi’s identity. Using these formulas we
can write the integrability condition as

O(p) = op — $u pl .

Suppose now that x is a complex structure, so that Q(x) = 0. Then writing
2(X) =C~(X; A7(TX,, 7 X,) we will have a complex g,; which is just ¢ in
the structure g

d o,
cee > (X)) 2D (X)) S (X)) —> -

There is another complex associated to g for any almost complex structure
close to the reference structure. Namely, we define

. _
e 22(X) s 2P(X) s PTX) —> -
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by the formula

dup = 0p — 1, 9] .
It is an easy consequence of the relations for the Lie bracket that
0,0, + [Q(w), 0]l =0,

where Q(p) = dp — %lp, ¢ is the integrability condition. Thus 5,5, = 0 if and
only if Q(¢) = 0. We can also write the integrability condition as Q(y) = 3,
There is a simple relation between g, and d;,;. Recall that we have isomorphisms

7. I7X,>CIX=9X®IX—->TX,
7, T X->CIX=9X,®5X,>5X, .
These induce an isomorphism
A (2, 7,): A(TX,TX) > A(TX,,TX,) .
Write ¢, = C~(X ; A?(z, x,)) for the induced isomorphism
c,: APX) — X)) .

Then the relation between Q(y) and J(y) is expressed by J(i) = ¢,0(p).
Theorem 1. There is a commutative diagram c,0, = 0;,C,

0,
(X)) — 24(X)

Cu | Cu

G Y
2(X) =5 2(X)
for every complex structure p.
1.5. Local coordinates.
Proof. Let 7!, --.,z" be complex coordinates in the reference structure,
and w', - - -, w* complex coordinates in the new structure x. Then

Cowe _ aws
0z* 07"

1t follows that

@I‘_’i{__@?l + r_az‘i} = _
oz Low | 1 ow o7

When g is small, ow*/dz" will be invertible so we must have
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azr , azﬁ _ O
o T o '

Now

0 07" 0 0z7 0
ow’ owr 9z8 1 owr oz’

so by the previous relation

3 =azﬁ{a _wa}
ow ow \ 9z* Po )’

which is the fundamental relation in 7X,,.
Next observe that by definition
_ a4 _ o o o _ ow 0
T = , T = .
ow* ow* 9z’ " oz 0z" ow?

Suppose ¢ = c,p. Write

0
az ’
IfAd=(a, - ,a,)and B = (B, -, B,), we put

o= ¢3d7* ® 1}r=\}f§dW3®—é‘av—ﬁ.

azA az"(al) azﬂ(azz)
— —1)r e —.
awr = 2 TV G T
Then locally c, is expressed by
9z* ow?
8 — OW e
Ve G o

By definition
3[#]‘!’5 = & 0Y5/ow
which in turn is a sum of three terms. The first of these is

°owB az¢ owr “ow owB oazc \ a7’ 977

using the formula for d/ow’. Next note that

3w _ az’{ a — a }awﬂ

oW oz ow \ az° " 9z7 ) oz

azo[ a {awﬂ ﬂawﬁ} L+ o aw"] _ 7 owt op
7

T aw Loz Loz T Mo 0z° oz’ owr 977 oz
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since the term in braces is zero. Therefore the second term is

B 0z’ 9z* owf oy .

“ow owB 077 oz

For the third term observe that

0 074 _ 4 L,s0Z% 07

aw ow? T awS owowe

Hence the third term is

25p B 25p 7R 3
Wepnch gzs ai;— i’;w gt = s L o0 02" W
w wiaw’ rad

a

— — 0 s
8wfaw°e WS 9z° P4

because ¢ is antisymmetric in y and ¢, while 3°z*/0wow’ is symmetric, and
the summation convention applies. Also we observe that

e? 0z’ az* — ot 0z”

ow ows  C awt
Hence we have
5 04 027 a__,Wi_{@% 2 9%, O }
durkh = e G U ag T F o T 0 P
x _ 0z% ow? 5 a
0[#]*1’% = Ev‘c“——‘{ — [ el}p .

Therefore ;19 = c,{op — [y, ¢l} if ¥ = c,p. This proves the theorem.

1.6. Induced complex structures. Suppose now that Y is a complex
manifold and X is a compact subset with smooth boundary 6X. If f: X - Y
is close to the identity we define the induced structure

p = P(f) =0of'e0f ,
or equivalently 6f = 9f o u. Here df : TX — TY has complexification Cdf: CTX

— CTY, and under the direct sum decompositions CTX = 7 X ® 7 X and
CTY = 7Y @ JY the map is represented by a matrix

-3 3)

where 9f: X - JY and of: X - JY. Thus p=0df'o0f: TX > T X
is a complex structure. In local coordinates
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afa _ afa .

0z* 0z Fa -

If we write &# (X, Y) for the manifold of maps of X into Y, then M is a non-
linear partial differential operator of degree 1:

M: FX,Y) - 21'(X) .

We wish to compute the derivative DM(f)g. Here ge T, # (X, Y) is an in-
finitesimal variation in the map f, which can be regarded as a section of the
pull-back bundle f*7Y. Suppose DM(f)g = v. Then a variation of g in f
must accompany a variation of v in p. Applying this in local coordinates to the
equation

of* __ af
N
we must have
aga . aga . afa .
PR = I P

Define y € 2°(X) by the equation

g =20foy,
which in local coordinates is
«__ Of 4
8 Py X -

If f is near the identity, then df*/dz’ is invertible so g determines y. We have

afa axﬁ + aqu 0 — afa axﬂ . aZfa 0 . afa

X Myt Xt Vi -

0z° 07° 07°0z° daz° a7z 07707° 07
However )
of« _ of .
0z* 07" He s

so differentiating with respect to z’

aZfa _ aZfa - afa aﬂ;
07°0z° ~ 0z0z° ' 8z 97

If we interchange 7 and 6 in some terms, we have
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of { oy’

ay’ opl of*
3z’ xmﬂ"' #ﬁx’}= f”g'

ozf o oz’ 0z°

Since df*/0z’ is invertible for f near the identity, we have

But this is just the local expression for
ox=0r—[wyl=v.
Hence the derivative of M is given by
DM(f)g = 0,0 '0g) .

The manifold of maps # (X, Y) is modeled on the vector space 1°(X) near
the identity. To accomplish this we choose a spray ¢: X — Y and define
the local coordinate chart

S: 2°X) - ZX,Y)
by composition
Slp) =agop=1.
In local coordinates
f4(@?) = o*(2%, ¢'(2%)) ,

where the ¢*(z%, v") are functions of variables z!, - --,z* on X and 2, - - -, "
defining the tangent directions, i.e., v = dz’. We can make ¢(z,0) = z,
(@0%/9v7)(z, 0) = 67 and (9¢*/377)(z, 0) = O by a suitable choice of ¢. The map
S has a derivative

DS(p)y = g
given in local coordinates by

do” Ty
T (z, )Y .

g = 9% (2, o)y +
oV’

The composition P = MS is a nonlinear partial differential operator of degree 1:
P:2°(X) - 2'(X) .

Its derivative is given by the Chain Rule
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DP(p)y = DM(HDS(p)y = v .

Recall that
g = or x°, f* = a*(@, ¢ (z%)) ,
0z’
ofe 0a° il dg" do* bl
= z, Z, ) —— Z, 0)—— .
0z’ a7’ @ ¢) + ovr @ ¢) 0z’ + v’ @ ¢) 07’

Therefore v and y are related by the equation

do*

¥ =

0z° ov' 0z° avr 0z°

o0 do° 90" dgf , 30" O

If ¢ is close to zero, these equations can be solved either way. Let us write
X= a0
‘Then “a” is an operator
a: (UC2°(X)) x 2°(X) - 2°(X) ,

which is nonlinear of degree 1 in ¢ and linear of degree O in . Moreover for
small ¢ the linear map a, is invertible, and the solution
¥ =a;y
defines an operator
at:(UcS2°X) X 2°(X) - 2°(X) ,

which is also nonlinear of degree 1 in ¢ and linear of degree 0 in y. We now
have the formula

DP(p)y = 6,a,\ if p = P(p) .

1.7. The nonlinear complex. The operators P and Q define a nonlinear
complex

U C 22X -2 200) -2 2(%)

where P(p) = MS(p) and Q(y) = d,,u. Since the complex structure on Y is
integrable and P(p) is its pull-back under the map f = S(¢p), it follows that
¢ = P(p) is always integrable so Q(z) = 0. Thus QP(p) = 0 for all . We wish
to assert that this nonlinear complex is exact.

Theorem 2. If yu e 2'(X) is sufficiently small and Q(y) = O, then there exists
a ¢ € 2°(X) with P(p) = p.
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Corollary. There exists an f = S(p) € F(X,Y) with M(f) = p. Thus every
integrable almost complex structure pon X close enough to the given structure
can be obtained by a small wiggle f of X in Y.

This is the main result of this paper.

1.8. The Nash-Moser theorem. We shall prove Theorem 2 using a ver-
sion of the Nash-Moser inverse function theorem which is proved in § 2. We
state the theorem briefly here. A grading on a Fréchet space E is an increasing,

sequence of norms | ||, (n =0,1,2,+--) which define the topology. Two
gradings are said to be equivalent if for some r

I IR<Cl Bers I RSCH TRsr

A graded Fréchet space is defined as a Fréchet space with an equivalence class
of gradings. We also assume the existence of smoothing operators. If X is a
compact manifold with boundary and B is a vector bundle over X, then

C=(X; B) is a graded Fréchet space with smoothing operators. We say that
a map

P:UCE—-VCF

is tame if every x, e U has a neighborhood on which for some number r we
have estimates

1P [ln < CUlx|lsr + 1)«

We say P is smooth if all its derivatives exist, and we call P a smooth tame
map if P and all its derivatives are tame. Every nonlinear differential operator

P:UCC=(X;B)—VCCX;C)

is a smooth tame map. Also the composition of two smooth tame maps is a
smooth tame map.

The Nash-Moser inverse function theorem says the following. Suppose 0 ¢ U
and

P.UCE—-VCF
is a smooth tame map with P(0) = O whose derivative
DP:(UCE)XE—F

is invertible everywhere in U, and suppose also that the family of inverses VP
defined by the relation

VP(f)h = g < DP(f)g = h

is a smooth tame map
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VP:(UCE)XF—E.

Then for possibly smaller neighborhoods U’ and V" of the origin, P: U’ — V'
is invertible and the inverse P~': ¥/ — U’ is also a smooth tame map.

We shall use a generalization which is the Nash-Moser theorem for nonlinear
exact sequences. Suppose E, F and G are graded Fréchet spaces (with smooth-
ing operators as always) and U, V and W are neighborhoods of the origin, and
we have a nonlinear complex

vceE Lsvcr Lwea,

where P and Q are smooth tame maps with QP(f) = 0 for all f e U. We wish
to find a condition under which the complex is exact, i.e., Im P = Ker Q.
We assume that for each fe U

Im DP(f) = Ker DQ(Pf) ,

so that the linearized complex is exact everywhere in U. We assume moreover
that we can find a smooth tame splitting.
Theorem 3. Suppose there exist smooth tame maps

VP.(UCE)XF—E, VOQ: (UCE)YxG-—F,

such that VP(f)h and VQ(f)k are linear in h and k, and split the linearized
complex in the sense that

DP(HVP(Hh + VQ(DQPHh = h .

Then the nonlinear complex is exact at 0, i.e., we can find a possibly smaller
neighborhood V' of the origin such that if y e V' and Q(y) = O theny = P(x)
for some x € U. Moreover we can find a smooth tame map

S:VVCF->UCE
such that if y e V' then

PSy =y whenever Qy = 0 .

In order to apply the Nash-Moser theorem it is necessary to construct the
smooth tame splitting maps. This is done in § 5, where we prove their existence
under very general conditions. Suppose that P and Q are nonlinear partial dif-
ferential operators of degree 1 on a compact manifold with boundary. If we
choose families of hermitian metrics (which may depend on f) we can form
the adjoint operator D*P(f)h dual to DP(f)g. There will also be a boundary
condition d*p(f)h such that



DEFORMATION OF COMPLEX STRUCTURES 15

(DP(f)g, h) + (g, D*P(Hh) = 0

for all g if d*p(f)h = 0. Suppose that for each fe U the derivatives DP(f)g
and DQ(Pf)h form an elliptic complex. The important fact to verify is that we
have a uniform persuasive (or subelliptic) estimate ; for all f € U and all & with
d*p(f)h = 0 on X we have

I |h[idS < f \D*P(HhPAV + I \DQ(PHAFAV +j |hPdV
D.q X X X

where “<” means “< a constant times”. This guarantees that
Ker DQ(Pf)/Im DP(f)

is finite dimensional. Suppose in addition that Im DP(0) = Ker DQ(0). Then
Im DP(f) = Ker DQ(Pf) for all f in a neighborhood of 0, and there exist
smooth tame splitting maps VP and VQ as required. Consequently the theorem
applies.

The philosophy behind this method is clear. In dealing with coercive pro-
blems it is sufficient that the derivative at the origin be coercive, for any problem
close enough to a coercive problem is again coercive. For noncoercive problems
it is necessary to assume that all the derivatives remain uniformly within some
tractable class of problems. From there on, invertibility or exactness at the
origin will imply the same in a neighborhood of the origin, and we can crank
out the tame estimates needed for the Nash-Moser theorem.

In applying this theorem to the present problem it is somewhat more aesthetic
to work with the ¢, complex than with the DP — DQ complex. They are es-
sentially the same since

DP(p)y = d,a,%+ ,  DQ(Pp)y = d,x ,

the only difference being the operator a,. But a, is invertible with a smooth
tame inverse a;'; in fact it acts pointwise on +r. Therefore, if K, and L, are
a smooth tame splitting for the d, complex so that

0K, + Lo, =1,

then a;'Kp, and Lp, are a smooth tame splitting for the DP — DQ complex,
so that

DP(p)a;'Kp, + Lp,DQ(Pp) =1 .

We proceed to verify the uniform persuasive estimate for the 3, complex ; this
is known classically as Morrey’s estimate.
1.9. The Levi form. Let Y be a complex manifold, and X a compact
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subset with smooth boundary 0X. The complex structure on X induces a
decomposition

CTX =9X®PITX

as before. At the boundary there is a more refined structure. We define the
distinguished tangent space

29X = X N CToX

and its conjugate
92X = 7X N CTiX .

Then 2X has complex codimension 1 in 7 X, and 2X ® ZX has complex
codimension 1 in CT3X. Now 2X is an integrable subbundle of CT9X in the
sense that the Lie bracket of two vector fields in 2X lies again in 2X, and so
is 92X, but the direct sum 2X @ ZX is not in general. The obstruction to in-
tegrability is the Levi Form

A: 9X X 7X — CTaX|2X ® 9X

defined by the relation that if v is a vector field in 2X and W a vector field in
ZX then

A, w) = i[v, w] mod 29X ® ZX ,

where [v, w] is the Lie bracket. The space CToX/2X @ 2X is equipped with
a natural conjugation operation, and the Levi form is hermitian-symmetric

Aw, 7) = A(v, w) .

It therefore makes sense to speak of the “number of positive, zero and nega-
tive eigenvalues” of / as true invariants, even though the actual value of the
eigenvalues would depend on the choice of a basis in I X.

Suppose that L, ---,L,_,, L, form a basis locally for the vector fields in
JX with L,, ---,L,_, forming a basis for 2X. Then we can write

(L., er] = aijk - d?lik .

Suppose that we also choose L, so thati(L, — L,) € ToX. Since [L,, L,] ¢ CToX
for 1,j <n, we must have a}, = a@% and i[L,, L,] = a,i(L, — L,), mod 92X
® 2X for I,j < n. Therefore the hermitian-symmetric matrix {a?;: [,j < n}
represents the Levi form A in the basis L,, - -+, L,_,, L,.

Let z!, - - -, z* be local coordinates. We introduce the notation that a = b

means that a = b at the origin. By a proper choice of coordinates we can make
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ToX = {x* = 0},
where z* = x™ 4 iy". Then we can choose

ad
L=t oz*

b

so that v¥ = §¥; thus L, = 3/dz'. In this case i(L, — L,) = 3/dy" € ToX. Let
o be a smooth real valued function with p = 0 on 9X and dp/dz" = 1. Since
L, is parallel to X for [-< n, we have

Lp=v-% -0 onox.

az*
Then if also j < n we have
w 0°p 0V o 0
L _ — — .
0z*az’ 07/
Thus
. = . 0 ., 0
1 Ll = ilvt e v i
=i(vfaz7’} 0 _wav;' a)
0zF 97" oz™ oz
0 . kon ( d d )
= VU1 —
s o T e ) T
2 82p B 0
02977 oy™

Therefore in local coordinates with ToX = {x* = O} if p is a real function with
e = 0 on X and dp/dz" = 1 then the Levi form at O is given by the matrix

d’p .
FrTs GLi<n.

1.10. Adjoint operators. We now choose a hermitian metric 2 = {, > on
X.LetL,---,L,_,,L, be a basis for 77X as before, sothatL,,...,L,_, are
a basis for 2X = X N CToX. Let o', - - -, 0" be the dual basis of forms.
Then the local representatives of & are the matrices h;, = <L;, L;> and h'/ =
{w', ®’) which are inverse to each other. If 4 is a multi-index 4 = (a,, - - -, a,),
we write

=" NN\ - N\ o%.
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For two multi-indices 4 and B, we let ¢f = +1 if B is a permutation of A
with sign + 1, and otherwise ¢ = 0. In particular ¢ = 1 ifa = b, and & = 0
if a ## b. Then

eg = 2 (= 1) ety ety o0 €2, s
where the sum ranges over all permutations z, and (— 1)~ is the sign of z. By
analogy let
h4B — Z (__l)nhalx(bl)hau(bz) o a0
If we choose coordinates with h%® = ¢ at the origin, then 742 = ¢4 at the
origin.

Any vector valued g-form ¢ e 2%(X), which is a section of the bundle
AY(T X, T X), can be written locally as

sD = ¢£164®Ll .

Here and later we adopt the convention that summation is only over strictly
increasing multi-indices. There is an induced Hermitian metric on the bundle
AT X, 7 X) given by

<<Ps ‘!’> = SDfa‘T’f;hzthA .

(Note that 4 is a conjugate index so it comes second in hZ4.) If dV is the
volume element arising from the hermitian metric, then

dV = deth = hy o N\ @Y,

and there is an inner product on 29(X) given by

(o) = [[_obthnoav .
The operator ¢, is given in local coordinates as
0,0 = e (Lepl — peLagl) + -+,
where the dots denote terms of degree zero. This leads us to define
L; =L, — L,
which we observe is a vector field in 7X,. Then
004 = Ltk + + - .

Next we wish to calculate the adjoint 6. We let the hermitian metric 4, depend
smoothly on p. Then we have



DEFORMATION OF COMPLEX STRUCTURES 19

@) = [[ D ittt av,
= ([, «fLeot-pehzeav, + -
= [ Zegt-ctomicthnze av, + -,

since e’hP4 = B hih?°. Now we can move L to the other side provided the
boundary integral vanishes. Let p be any real function with p = 0 on X but
nonzero gradient; say L,p # 0. Then the direction of the vector Lp is in-
dependent of the choice of p, and the boundary integral vanishes if and only if

Ltp-gp-eiphitVihi;hi® = 0
on dX. We introduce the dual operators
L? = h*Ly

where L is the conjugate of Lz. We also let v? = LZp. Then the boundary
integral vanishes for all ¢ if and only if

eap¥rpvt = 0 on oX .

Write v, = v2L,. Then v, is a vector field in JX. Also if we let n*yj =
ezprve, then n* is the contraction map on v, :

nf: AT X,TX) > A(ITX,TX),
n::"]f(vp ) vq) = \P(V,,, 2T vq) .
Suppose n*y» = 0 on 8X. Then moving L! to the other side in the previous
integral we have
@), = [ [ ob-hoLiThAZE AV, + -
= (@, XV hu »
where
Ofvh = edpLihh + - - - .

If we are careful we can arrange things so that the boundary condition
n¥y = 0 is independent of . For this condition does not depend upon the
actual choice of the vector v, but only upon its direction. Therefore we must
make the direction of v, independent of . Recall that

v¢ = Ll = h%*Ltp .

u
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When 4 = 0 we have Lo = 0 for ¢ <n, since L,, - - -, L,_, are parallel to
the boundary. Moreover we can choose L, to be orthogonal to L,, - -+, L,_;
in the metric & = h, for 4 = 0. Then h"*? = O ford < n, sov* = Oford <n,
andy = L,. Let L*p = L#p-o°; thus L*p is a covector field in 7 *X. We now
choose the hermitian metric 4, to vary smoothly with y in such a way that the
direction of the covector L#p is always dual to the direction of L,. Thus we
want

@, L5, = 0 &> Lip) =0

for all v e 7X. Since the direction of L, is that orthogonal to 2X in the
metric h,, this is the same as requiring

{fv:Ls(w) =0} | ,{w:w | ,2X}.

It is clear that this requirement can be fulfilled even globally, with A, depend-
ing smoothly upon . In this case we have

@=L =0 ford <n.

This implies that the operators L? are all parallel to the boundary for d < n.
The boundary condition n*y, = 0 is independent of x. Since

n*1!/‘(1)1, MY vq) = \!f(ya Vyy =+ 7-’q) s

we see that n* defines a complex

* %
D> AT X, TX) ——> AN(TX, TX) ——> NP~ N(TX, TX) —> -
which is exact, i.e., Im n* = Ker n*. Write
N1 =Kern* C AUTX,TX) .

Then 4" is a vector subbundle and n*+yy = 0 & + € A9 Also n*: A(T X, T X)
— A"! is a surjective bundle morphism. We can consider n*y- as having its
values in /11 C AT X, T X). In local coordinates v = 0 for d < n.
Therefore n*y = 0 & ¢, = 0 whenever n ¢ 4.

1.11. The uniform Morrey estimate. This estimate was first proved for
the 6 complex by Morrey in the pseudoconvex case and by Hormander in the
general case. We show that the estimate holds for the complex ¢, uniformly
in g. This involves no new techniques, only a casual glance at the eﬂect of u.
We follow more or less the argument of Kohn and Folland [1]. In particular
we adopt their convention that

“f(x) < g(x)” means “IC vx f(x) < Cg(x)” .
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Let || || and| | denote the L, norm on X and 8X respectively. We say X
satisfies condition Z(g) if the Levi form /A never has g negative eigenvalues;
i.e., at every point / either has at least n — g strictly positive or else at least
g + 1 strictly negative eigenvalues.

Uniform Morrey estimate. Suppose X satisfies condition Z(q). Then for
all ¢ € 2%X) and all p in a neighborhood of zero

lol S 110,01l + l1Fell + llpll  when n*o =0

with a constant independent of ¢ and p.

Proof. 1t is sufficient to prove the estimate for forms with support in a
single coordinate chart, since we can patch together with a partition of unity.
Indeed if J; 62 = 1, then we will have

lof = Z lowl S Z 18,001 + 9500l + llolf
S ol + I9Fel® + llel’ -

We choose as before a basis L, ---,L,_,,L, for X with L,,---,L,_, a
basis for 2X. Moreover we suppose for simplicity that the L, are orthonormal
in the metric A, for 4 = 0, and that the matrix for the Levi form with respect
tothebasisL,, - - -, L,_,, L, is diagonal at the origin of the coordinate system.
From the previous section we have the formulas

.04 = eLtgh + -+, Ofph = eBpLiWh + -+,
where the dots denote terms of degree zero. Therefore
[[_ererLegh-Lagh-mizt av, < 1,018 + gl -
We have the identity
eCePhit = hl°hl{h; hP° — elpePphi®} .
(In order to verify it, imagine a new coordinate system with A/ = ¢}.) Since

hicLr = L and h%L#% = L%, we can rewrite the previous integral as a difference
of two integrals

[[ Ziwb-igp-mipige av, — ([ etacte-Ligh-Ligh- it av, .
X X

The first of these may be appropriately called || L,p|?. For we have in that
case the relation

1Ll S T I L6l < I Lol

with a sum over all f,1,C. We return to this integral later. Meanwhile we
consider the other. We claim we can always move the operator L% from ¢} onto
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L] goc without introducing any boundary integrals when n*p = 0. If e < n then
L, is parallel to the boundary, and we can do it. When e = n we have neC
s0 oL = 0 on 9X by the boundary condition n*p = 0. If f <n then L] is
parallel to the boundary so L/p} = 0 on 6X, which would kill any boundary
integral. If f = n then ne D and ¢} = 0 on 90X, which would do the same.
Thus we never get any boundary integrals. In integrating by parts we will
produce some lower order terms from L¢ falling on the metric ; however these
are all clearly bounded < ||L,o||-|l¢|. The new integral is

j j gl L LIl - Ghht hTF dV,
X

Using the commutator we write
LeL; = LIL: + [Le, L]] .

This produces two integrals. The first is
” ¢Cpe2p- LILSGh - ohht,hEE aV, .
X

Now we claim we can transfer Lf back from Legof; onto &} without introducing
any boundary integrals. For if f < n then L/ is parallel to the boundary, and
if f=mn then feD and &} = O on the boundary. Again we will have some
integrals of lower order of the form

J.J seEefFL,,goo Phe v av, .

We claim that in these integrals we can always move L¢, to the other side. For
if e <n then L¢ is parallel to the boundary, and if e = n then ne C and
¢ = 0 on the boundary. Therefore the lower order integrals are < ||L,p|-|¢||
+ |l@|f*. Then, since

o¥phy = epLlipl + -

we can bound the main integral

j j e Ligh - Lighht, i AV, < |15t + llolf -

We then still have the integral from the commutator. We can write
(LS, L]] = a;fLf — afeLs .

The integrals involving Lg will all be bounded < ||L,¢||-| ¢l For the integrals
with L&, when g < n we can move this operator to the other side as before
and bound the term < ||L,p||-||¢|| + ||¢|?. We are left with
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¢ .D I — FE
fo ecpepah Lol - phhi ALE AV, .

Now if e = n then n ¢ C and ¢} = 0 on the boundary, and we can move L"
to the other side and bound the term as above ; similarly if f = n then ne D
and ¢} = 0 on the boundary. Hence we only need to consider those terms
a, with e, f < n. Now when p = 0, A" = &, and L* = L,. Therefore for 4y = 0
the matrix a?/ is just the matrix of the Levi form A, as we showed in the sec-
tion on the Levi form. Moveover at the origin this matrix is diagonal. When
we move the operator L7 to the other side we produce a boundary integral

C .D I =7 FE
2 f eeerrdinlio, - 06 @hhi;HIE dS,
e, f<nJax

where p, is the distance to the boundary in the metric 4,, and dS,, is the induced
volume on the boundary. In particular at » = 0 we have L"p = 1. To sum-
marize the situation so far, we have shown

[[ Zagt-Lih-hemince av,
X

+ 3 |, ceetsaiLio, chobhihi” ds,

e, f<n

S 0.0l + ¥l + I Lol el + llelP .

Now for any ¢ > 0 we can bound
7 7 1
ILll-llelt < e[ Lapl + — il -

Moreover if we choose the neighborhood of the origin on X and the neigh-
borhood U of O for x4 to be sufficiently small, then the errors introduced by
replacing A%/ and a%}L7p, by their values at the origin for 4 = 0 will be bounded
S e||Lo|? + ¢|oft. For p = 0 and at the origin we have h/ = & while a%,L2p,
becomes a diagonal matrix of eigenvalues 2¢. Thus

> [[ meb-stav + 3 {5 x|, stevas
e,l,C X (D4

1,¢ eeC

- - . 1
S 10,01 + 11350l + el Lol + elof + ?Ilsollz .

Now with any term I_,f,gof; we can argue as follows (with no summation) ; if
e<n
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J.f Lﬂ§00 dV = _If L #900 §DédV

__”[Llﬂ%¢MV+£[h%

= j 2pepp dV

with errors < e||Lo|? + elol* + ||@|?/e. We apply this argument only for
those eigenvalues 2¢ < 0. For the others we use

Ligtdv

J:[ L,,goo LegbdV >0 .

Also we must hold out ¢||L,p|P to cancel the term on the right. This however
will produce an error bounded by ¢|e[* in the result. Therefore we have

s{zr-xnrf| setas

neg

. . 1
S o,0lF + ligkell + elol + -e—llsoll2 .

Here we let 3, (resp. };,,,) denote the sum only over negative (resp. posi-
tive) eigenvalues. Now

e; 3};28 Z - r.

neg
eEC egC

Thus

S neg
eeC [1-39)

. 1
S0l + lIo¥el + elef + :Ilsoll2 .

Now suppose 9X satisfies condition Z(g). If there are n — g strictly positive
eigenvalues, then every multi-index C must contain some e with 2¢ > 0. On

the other hand if there are g + 1 strictly negative eigenvalues, then every
multi-index C of length g must omit some e with 1° < 0. In either case

HEEESSE

neg
eec e¢C

Therefore the term on the left is > 5|¢[* for some » > 0. Then taking the

neighborhood so small that we can cancel the ¢|¢|* term we have for all ¢ with
n*p = 0 on 0X the estimate
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lof < 19,01F + I95IF + llel?

uniformly for all x in a neighborhood of zero. This proves the uniform Morrey
estimate.

2. The Nash-Moser theorem for nonlinear exact sequences

2.1. Near-projections. We assume the reader is familiar with [2]. A Nash-
Moser interation algorithm is based on a near-projection. Let E be a graded
Fréchet space which we always assume to admit smoothing operators, and let
U be an open set in E. A projection is a smooth tame map

P:UCE—-UCE with PoP=P.
The fixed point set & (P) is defined as
FP)={xeU: Px) = x} .
For simplicity suppose U is convex. Define a smooth tame map
A:(UCEYXEXE—E,

AX)@, w) = J'to D*P(x + fIP(x) — x)(w, w)dt .

Note that A(x)(v, w) is bilinear in v and w. By Taylor’s formula with integral
remainder we have

P(P(x)) = P(x) + DP(x)(P(x) — x) + A(x)(P(x) — x, P(x) — x) .
If P is a projection, then P(P(x)) = P(x) and
DP(x)(P(x) — x) + Ax)(P(x) — x,P(x) — x) =0.

This motivates the following definition: Let G: U C E — E. We say that G
is a near-projection if there exists a smooth tame map A: (UCE) X EX E
— E with A(x)(v, w) bilinear in v and w such that

DG(x)(G(x) — x) + AX)(G(x) — x,G(x) —x) =0.

Thus every projection is a near-projection. Note that 4 represents a quadratic
error.

Given a near projection G with fixed point set
FG) ={xelU: Gx) = x}

we would like to find a true projection P with the same fixed point set. The
classical way to do this would be by iteration
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P=GoGoGo---

However for Féchet spaces this may not converge due to the “loss of deriva-
tives”. Therefore we modify the iteration by inserting smoothing operators.
We set up the following algorithm. Choose starting values x, € U C E and real

t, > 3.
Algorithm: ¢,,, = 67,
xn+1 = [I - S(tn)]xn + S(tn)G(xn) .
Thus x,,, is a weighted average between x, and G(x,) which tends rapidly

towards the G(x,) side as n — oo. Note that if x, ¢ #(G), then x,, = x, for all
nso x, = limx, = x,.

n—o

Of course in general the x, may not all be defined, and even if they are
they may not converge. However if they are all defined and do converge we say

P(x)) = x, = limx,, .

Nn— 0

This defines a map P on some set including Z(G).

Theorem. We can find an open set V containing ¥ (G) such that P is
defined on all of V, P maps V into itself, and P is a projection with the same
fixed point set as G, i.e., #(P) = % (G). Moreover P is a smooth tame map
P.VCE->VCE.

It suffices to prove the theorem in a neighborhood of each point in F(G);
therefore we may assume U is convex. We can rewrite the algorithm as

Xpor = X + dx, , dx, = St)Z, , 2, = G(x,) — x, .

Here z, represents the error, and 4x, the correction. We can derive a recur-
sion relation for z,. Define a map

. UCE)YX(UCE)XEXE—SE,
O(x, y)(v, w) = j DG((1 — Dx + 1y)(v, w) dt .

Then by Taylor’s formula we have
GO =G + DGy — x) + O(x, )0 — x,y — x) .
Moreover @(x, y)(v, w) is a smooth tame map and is bilinear in » and w. Also
G(xp ) = G(x,) + DG(x,)dx, + O(x,, x,, )(dx,, dx,) .
Then
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Zpy = G(xn-n) — Xns1
= G(xn) — Xy — Axn + DG(xn)zn - DG(xn)[I - S(tn)]zn
+ (X0, Xuy )(dXy, Axy) .

Then, since
DG(xn)(G(xn) - xn) + A(xn)(G(xn) — Xp» G(xn) - xn) =0 >
we have

Zop = U — DG )N — S(t)]z,
— AX) 20> 20) + Py X0 1 )(S(0)20, S(t2)25) -

Thus z,,, is a sum of three terms; the first should go to zero rapidly since:
I — S(t,) does; the second and third are quadratic in z, and should also go
to zero rapidly.

2.2. Low norm estimates. The following estimates will hold uniformly in
t, for all £, > 3. We shall use the following simple fact.

Lemma. Ift,> 3, then Y5 1;' < 1.

Proof. We have t, > 3-¢»" Now 3/2*=(1 4+ 1/2»>1 + n/2, so
;1 < 30+ < (/3)7/3. Then

- Le/1y_1 1 o
5 ?%(F)S?.l—(l/ﬁ)_3—ﬁ_gl'

Pick a base point x, in the fixed point set #(G). Then G(x,) = x,. Since
G, DG, A, @ are smooth tame maps, we can find ¢ > 0 and numbers k, s such
that for all x in the set

= {x:||x — x|l < 26}
we have the following estimates for all I > k:

I1G®i-s < CIxll + 1),
DG li-s < CU2ll: + XM 1V]k-s) 5
4G, W -s < CUIV I IWle-s + 0]e-s Wl
+ Xl vlle-s IWlle-s) 5

and if also ||y — x, || < 26, then

|2Cx, )W, Wli—s < CU 2 IWle-e + 1Vlle- W],
A 1 xlllvlle-s 1Wllk—s + 1Y 1V l=s [ W]le-s) -

For simplicity we always take s > 2. We can deduce the following estimate.
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Lemma. [G(x) — GO)li-s < Cllx — ¥|-
Proof. We have

G — GG) = j DG(x + (1 — DY) — y) dt .

We apply the estimate for DG and integrate. Observe that if x,y € N, then
tx+ (1 —dyeNfor0 <t < 1.
We will also have estimates on the smoothing operators ; if [ < m, then

IS@x| < Cem=t**ix]l,
I — S@OIx[l < Ct=™ 2 {|x]f,

From now on we assume that x, ¢ N and ¢, > 3. C will denote various con-
stants independent of x, and 7,. We suppose that some members x, x;, « - -, X,
of the sequence can be defined and lie in N. As soon as some x, falls outside
of N we terminate the algorithm.

Lemma. Foralll >k

X, — x3lly < CBF | xg — X5, -

Proof. When n = 0 this is trivial. We proceed by induction. Suppose we
can find a constant A4, so that whenever x, is defined we have

[X: — Xplls < Anli || X0 — X3I; -
Suppose x, € N so that x,,, is defined. Then

%240 — Xplle < %0 — Xl + [[4xnle 5
[4xalle = 1Szl < CE | Zalli-s 5
1Zalli-s = 1G(xn) — Xalli_s
<NGGR) — G llies + 11X — Xpllics »
1G(x,) — Gxp)li-s < Clixp — X5 ]l; -

Thus

[Xne1 — Xolls < CARES || Xg — Xl -
Then

”xn+1 - xb”t S An+1tg¢s+1”xo - xb”l s

provided CA,t% < A4,,,1%,,.
Now t,,, = £/* and we took s > 2, so 12t;% = t;°* < t;*. Thus we need

An+1 2 CAnt;l .
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But ¢, — 0, so we can satisfy this with a sequence 4, — 0, uniformly for all
t, > 3. Since 4, — 0 we have 4, < C. This proves the Lemma.

Corollary. ||z,]l_, < C&F || xXo — X, ]|;-

Proof. We saw [[zx]li-s < Cl|X, — Xp]ls-

Lemma. We can choose ¢ > 0, 5 > 0 sufficiently small so that if t, > 3 and

1% — Xplles2ss < 7 5 |G(x0) — Xollx—s < et5™*,
then x, is defined and belongs to N for all n, and we have estimates
1Gxz) — Xnllk-s < 1™, |4xall: < 6257 .

Proof. We proceed by induction on n. Suppose that x,, x,, - - -, x,, are all
defined and belong to N, and that

”G(xn) - xn”k-a < Et;ns .
This says || zalu—s < et7*. Then
4%l = [1SEDzZalle < CE2 2ol < Cet™ .

Thus || 4x, |, < 6t;' provided e > 0 is so small that Ce < 6. Now if 7 is suf-
ficiently small, we will have

% — xolle < 65

and then

NXnsr — Xolle < %0 — Xolle + ,‘Z=E)”Ax.1”k <2,

(using Y] #;'* < 3] t;* < 1). This shows that x,,, € N also and the algorithm
will continue.
Now recall the error recursion formula

Zps1 = I — DG ) — S(t,)]z,
- A(xn)(zn’ zn) + Q(xn, xn+1)(S(tn)zn, S(tn)zn) .
We can make the following estimates:
I — DGO — SI2alle-s < CHIUT — S())2zalle »

”A(xn)(zn’ zn)”k—s S C ”zn”k ”zn“k—s ’
Q(xm xn+1)(S(tn)zm S(tn)zn) ”lc-s S C ”S(tn)zn ”k ”S(tn)zn ”k—l ’

since ”xn ”k S o and ”xn”k+l S C.
The A term is handled in this way. Write
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Z, = U — S(t))z, — S(t)zn
Izalle < I — SEIzalle + [1SE)2n e -
Then we use || S(,)z, |l < Ct||z,]lk—s and |2, |lx—s < C. Thus
| 1 ACE) @ 20 lle-s < CIIU — SEzalle + CE 12 - -
For the @ term we have
[@(Xns X )S ()20, SE)Z0) ks < CE || Zalli-s -
Thus all in all
[Znsrlle-s < CIT — SEIzalle + CE IZalli-s -
Now
17— SEzalle < CLP (| Zallesss -
By the previous corollary we have

“Zn“k+24s S Cti’ “xo - xb”k+25s ’
I — Szl < Ct;%% || X0 — Xpllksass -

Using the induction hypothesis we obtain
[Zasille-s < Cptz™® + CEM < ety™™

provided ¢ is so small that Ce < 1/2 and 7 is so small that Cy < ¢/2. Then
Ingr = t2/2, 50

Hznﬂ”k—s < Et;ﬁs .

This verifies the induction step and proves the Lemma.
2.3. High norm estimates.
Lemma. Suppose as before that t, >-3 and

X0 — Xplleszss < 7 » 1G(x)) — Xollx-s < et5™ .
Then for every | > k we have estimates:

”xn“l S C(||xo”l+1ss +‘ 1) ’
dx. [ < C%(| X0 llisrss + 1) 5
“G(xn) - xn“l—s S Ct;7s(Hx0“L+183 + 1) .

Proof. We proceed by induction on n. Suppose that for 0 < j < n we have
estimates
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lz5lli-s < 4857 Xoll418s + D

with an increasing sequence of constants 1 < 4, < 4, < .-- < A4,. Then
we have

dx;ll = [1SG )zl < CE lzslli-s
1dx;l, < CAjtf5s(‘|xo||L+lss +1).

Since }; ;7 < 3 t;' < 1, we have

2 14x51 < CAR(1%ollessee + 1)
using the fact that the A, are increasing. Then

(%21l 4+ 1 %nsille < CAR([Xoll1416s + 1) -
Again we use the error recursion formula
Zpi1 = [I - DG(-xn)][I - S(tn)]zn
- A(xn)(zna zn) + Q(xm xn+1)(S(tn)Zn9 S(tn)zn) .

Now we claim that

Hzn+1”l—s S CAnt;ns(H-XOHHIBS + 1) .

To show this we must show that every term in the estimate for z,,, has this as
bound.
First

I — DG(x )T — S(t))z, |ls-s
< U — SEDIzally + l[xa L (1T — Sz lli—s -
We have
”[I - S(tn)]zn”L S Ct;ms Hzn”Hln
S CL [ x — Xplliyse

< Ct (| Xollys1ss + 1)

since || x,|l;, 155 i @ constant C. Also

Hxnul “I - S(tn)]zn”k—s S Ctj;”xnnl Hzn“k-s
S CAntr:us(Hinlles + 1) ’

since ||z, ||lz-s < Ct;** by the previous lemma.
Next
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I A 2> Z)lli-s < ClixallillZalli-s + Cllzallel|12Znlle-s -
Now
[xallel1Zalli-s < CARt™ (I Xollis10s + 1) -
For the second we use
l1zalle < NI — Szl + 11S()2Zalle -

The term ||[I — S(¢,)12, ], || 2. |lx—s is easier to bound than ||[I — S(,)]z,];
which we handled before. The term

”S(tn)znul ”zn ”k—s S Ct?zs “Zn ”L—s ”zn ”k—x
< CALL (%ol ies + 1)

using ||z, [li-s < Ant;7(| %ll1+16s + 1) which is the induction hypothesis, and
Zllk-s < CE1
Lastly we have

”¢(xm xn+1)(S(tn)zn’ S(tn)zn) ”l-—s
< ClISEDZA [l 1SE)znlli—s + CUXAll + X sa 1) [ SER)Z ks -

Then

1520l 115 zalle-s < CB Ml Zalli-s [l Zallic-s
< CAL([Xollusrss + 1) s

and [[S(t,)2, [k -s < €L [ 24 li—s 8O
Uxlle + 1 Xnall) 1820 lk-s < CARt™ (1 Xolli1ss + 1)
Thus all the terms have been bounded as we claim and
1Za il < CAL( Xoll1418 + 1)
Now ;1 = t;%*t;75. Thus
lZnsillics < Apsitz 31 Xoll1418s + 1) 5

provided 4,,, > CA,t;**. But as soon as Ct,;** < 1 we can take 4,,, = A4,
(recall the A4, were to be increasing). Hence the sequence A4, is bounded, and

“zn”l—s S Ct;h(”xO”lnas + 1) .

The other estimates follow from the first part of the argument. Let V¢ be the
set of all x, with
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%0 — Xollkross <7 5 [G(xo) — Xollx—s < et .

Define Pi(x,) = x,. Then Pj is a smooth tame map P2 : V) C E — E. For we
have seen that if x, e V9 then x, is defined for all n, and from the algorithm
it is clear that x,,, is a smooth tame function of x,. Moreover

T 45l < Cmlim + 1) -

Therefore, if x, € V), the sequence x, must converge to an element x,, ¢ E, and

xelle < CUlXollisss + D s

SO

Ix.ll; < Clxollisies + 1) -

We write P.(x,) = x,,. Then P’ is a map P : V} C E — E. By the above
estimate we see that P’ is tame. Moreover

1G(xn) — Xallis < CHE™(Xollisies + 1)

Therefore in the limit G(x,,) = x... Hence Im P!, C #(G). Also if x,¢ V% N
ZF(G), then x, = x, for all n, so x, = x, or P%(x,) = x,. Hence F(P.) =
F(G) NV

Lemma. P°:V°C E — E is continuous.

Proof. We have P, = }‘gg P}, and the P are surely continuous. More-

over since

n§) ”Axn”L S C(”xonlﬂss + 1) ’

we see that the convergence is uniform on every bounded set of x, and hence
on every compact set of x,. Therefore the P — P2, uniformly on compact sets.
But V) C E, and E is a Fréchet space and therefore metrizable. Thus V3 is a
k-space (see Kelley [4, p. 231]), so P%, is continuous.

We can also let V7 be the set of all x,, such that

”xm - xb”k+258 < /) ”G(xm) - xm”k—s < Et;:.us .

If x,, ¢ V7, then by the same argument Xx,,,,, - - -, X,, - - - are all defined and
we have the same sort of estimates, so again x, — x.. Let us write (for m < n)

Xp = P:L(xm) .

Then P?: V* C E — E is a smooth tame map, and P7 = lim Py’ exists in the

n—oo
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sense of uniform convergence on compact sets, and P=: Vy C E—E is a
continuous tame map. Moreover, if x, ¢ V} and x, = Pl (x,) € V7, then for
all n > m we have

P;zn(xm) =X, = P?z(xo) s
and hence in the limit
P(xn) = X, = PL(x) .

Therefore P%, = PmP?, (at least where the composition is defined).

2.4. More rapid convergence. If we are willing to involve arbitrarily high
norms of x,, we can make x, — x., as fast as any power of the z,. Let C(x,)
denote a constant which may depend on x,.

Lemma. For any ¢ we have

[1Zalli-s < Clxo)ty°

Proof. We proceed by induction on ¢. We already know the lemma holds
for ¢ = 12s. Suppose that for some c the estimate

1Zalle-s < Cxt°
holds for all n. In the earlier argument we saw that
[zl < CIIU — SEDI2, Ik + CE |20 lfi-s -
Now

I — Sz lle < Ct2 7% |2y llesscsas
S Ct;26+33||x0 - xb”k+2¢+4s S C(xo)t;2c+33 ’

using ||z, leszeess < C% || X0 — X k420445 @S Was seen in an early lemma. Also
using the induction hypothesis

2 zallizs < Clxpte*™ .
Therefore
1Zni1lli-s < Clx)ty %% < Clxdtrsi® s

provided that 2(—2c¢ + 3s) < 3(—c — s) which holds if ¢ > 9s. But we start
from ¢ = 12s. Therefore we conclude that

[Zall-s < Clxo)tz "

for all n > 1. However it clearly holds also for n = 0, i.e., ||Zlli_s < C(xy).
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Therefore, if the lemma holds for ¢, it also holds for ¢ + s. By induction (in
steps of s) it holds for all c.
Lemma. For every |l and every c

zalli-s < Clxptze .

Proof. We estimate ||z,||;_, as before from the error recursion formula.
We consider one at a time the terms which arose. The first was

”[I - S(tn)]zn”l S Ct;zc-“ “zn“l+2c+63 S C(xo)t;zc ’

since 112, |14 2e068 < CE2 || Xy — X3 |l142047s DY @ previous lemma. The next term
was

LA1Xall | Zalle-s < Clx)E*
since ||z, [lx—s < C(xp)t;%°~™ by the previous lemma and
X, — xlls < CE Xy — Xplli 80 || Xa]l; = Clxo) -
We can deal with all the remaining terms in a similar fashion. They are:

1 %alle 1 2a k- »

1 Zalli-s 1 Za lli-s »

B zalli-s 1 Zalle-s »

G xnlly 4 11 %naall) (122 li-s -

In each case [ x,]; < CODE, 1 Zallizs < CODEL, [ Xnnlle < CORILE, < CRES
and ||z, [l;-. < C(xp)t;%~1 (or any power of ¢,), so surely each term above is
bounded by C(x,)t;%*. Thus '

NZnsilli-s < Clxtr* < COxtys, -

This proves ||z,]l;-, < C(xy)t;° for all n > 1, but again it is trivial for n = 0.
Thus the lemma holds.
Corollary. For every | and every c

| 4x,1l, < C(xo)t;c s “xn_ — Xl < Clxptzc .

Proof. ||dx,lly < C||zalli-s and ||lx, — x.]l; < X7-n 14%4 ]2

2.5. Derivatives of the projection. We now wish to show that on the entire
set V9 the map P} is smooth and all its derivatives are continuous and tame.
We begin by showing that this is true in a neighborhood of any fixed point.

Instead of working with derivatives it is convenient to work with tangent
functors. Recall that if F: U C E — G, then the tangent of F is the map
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TF:(UCE)XE—-GXG,
TF(x,v) = (F(x), DF(x)v) .
The second tangent T°F is the tangent of the tangent of F; i.e.,
T’F=T(TF): (UCE)XEXEXE—-GXGxGXxXG,
TF(x,v,w, z) = (F(x), DF(x)v, DF(x)w, DF(x)z + D*F(x)(v,w)) .
Similarly the kth tangent T*F is defined as T*F = T(T*"'F). It is a map
T"F.(UCSE)XEXEX -+ XE-GXGXGX -+ XG.

If the function F and its derivatives up to D*F are continuous and tame, then
T*F will be continuous and tame. Conversely, if T*F is continuous and tame,
then so will be F and its derivatives up to D*F, since we can solve for the
D’F (0 < j < k) in terms of the components of T*F.

More precisely, let x, € U, and suppose T*F(x,v,w, ---,Z2) is continuous
and tame in a neighborhood of

'i.oz(xo’(),Os""O)’
say of the form (¢ > 0)
[x —xoll, <e, Joll, <e, [wl,<e, ---, [z]|<e.

Then each D'F(x)(v,w, - --,z) will be continuous and tame in a similar but
possibly smaller neighborhood (say ¢ > 0). However D/F(x)(v,w, --+,2) is
multilinear in v, w, - - -, z. From this it follows that D/F(x)(v, w, - - -, 2) is con-
tinuous and tame on the set ||x — x,||; < ¢ for all v,w, .- -, z without restric-
tion. Then the same will be true for T*F(x, v, w, - - -, 2).

The advantage of tangent functors is that they simplify the statement of the
chain rule. Namely we have

T(F,oF,) = TF,-TF,,
and more generally
T¥(F,oF,) = T*F,o T*F, .

Now consider a near-projection G: U C E — E. Recall that this means that
G is a smooth tame map, and we can find a smooth tame map

A:(UCE)YXEXE—E
such that A(x)(v, w) is bilinear in v and w, with

DG(x)(G(x) — x) + AX)(G(x) — x,G(x) —x) =0.
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Lemma. If G: U C E — E is a near-projection, then so is

TG:(UCEYXxE—-EXE.

Proof. Temporarily we write a tangent vector as (i) instead of (x, v).
We define

(f;)(: ’ l;) - (ﬁ(j‘fiﬁvﬁw W + 4@, + A, u)) '
Clearly  is a smooth tame map and is bilinear in (‘;) and (;) Now
76(3) = (D)
16(3)(3) = (Bt v + peew)
76(5) = (3) = Gown = o)
p16(; )(re(5) = (5)) = 2765 ) Getow = )

_ (DG(x)(G(.x) — ) ' )
D*G(x)(G(x) — x,v) + DG(x)(DG(x)v —v)/

If we differentiate the identity
DG(x)(G(x) — x) + AXNG(x) — x,G(x) —x) =0,

we have

D*G(x)(G(x) — x,v) + DG(x)(DG(x)v — v) + DA(ic)(v)(G(x) —x,G(x) — x)
+ AX)DGx)v — v,G(x) — x) + AX)N(G(x) — x, DG(x)v —v) =0.

Therefore _
or6(;)(rs(;) - (7))
v v v
(5 )(3) - (5) - 7e(5) - (5)) =°-
v v v v v
This proves that TG is also a near-projection.

"Corollary. For all k, T*G is a near-projection.
Next consider the algorithm for G:
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Xner = [ — S@IIx, + S(,)G(x,) .

We may define smoothing operators on E X E by the obvious formula

50(3) = (5w
Then the algorithm for TG is
(F) =1 - S(tn)](?’jz) + S(tn>TG(z:) .

Vo sy

Then, if x, = P}(x,), we will have
() =)
vn /UO
Hence the approximate projections for the algorithm of TG are just the tangents
TP’ of the approximate projections PY, for the algorithm of G. Now if x, is a
fixed point for G, then <)(C)”) is surely a fixed point for 7G. Therefore TP will
converge (uniformly on compact sets) in a neighborhood of (Jg) to a con-

tinuous tame map which is clearly TP, by the next lemma.

Lemma. If F, is a sequence of continuously differentiable maps, and if
F, — F and DF, — G uniformly on compact sets, then F is continuously dif-
eretiable and DF = G.

Proof. By the fundamental theorem of calculus

Fo(x + 4%) — F,(x) = f ' DF,(x + tdx)dxdt .
t=0

Since F, — F and DF, — G uniformly on the compact set {x + t4x: 0 < t,< 1}
we surely have '

F(x + 4dx) — F(x) = Jl G(x + tdx)dxdt .
t=0
» Now DF ,(x)d4x is linear in 4x, soc G(x)4x must be also. Then

%{F(x + hdx) — F()} = _[ | Glx + thax)dxdr .

Since G is continuous (being a uniform limit on compact sets of a sequence of
continuous functions on a metrizable space) we have
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lim —111—{F(x + hdx) — F)} = G0 dx .
h=—0

Thus F is continuously differentiable, and DF(x)4x = G(x)4x as claimed.
Returning to the argument, we see that TP? exists and is continuous and

tame, at least in a neighborhood of (%b) Then by our previous reasoning the

same is true for all (“:)) with x in a neighborhood ||x — x,||, < ¢ and v unre-

stricted. Exactly the same argument applies to each T*P%. We would be done,
except that the neighborhood may shrink to a point as k — o, and we need
to show that all the T*P?, are continuous and tame on some fixed neighborhood
of x,. This follows by a slightly more complicated reasoning.

Lemma. T*P%(x,v,w, ---,2) is continuous and tame for all x ¢ V$ and all
v, W, -,z without restriction.

Proof. By our previous argument, it is enough to show that T*P?, is con-
tinuous and tame in a neighborhood of (x,, 0,0, - --,0) for each x, € V9. Fix
such an x,, and let x,, = P%(x,). Then x,, is a fixed point of G. Now we apply
our previous reasoning, not to G near x,, but to T*G near x,,. It follows that
we can find numbers k& and § and & > 0, 7 > 0 such that if V™ is the set

[Xm — Xoollgrass < 7 »

NVmllesess <P -5 l1Zmllesess <7 5
“TkG(an /vmy Sty zm) - (-xm’ 'vm9 hEEE) zm)”i—i < étr_uus )
then the maps T*P? are all defined for (x,, ¥y, - - -, Zn) € V™ and converge

(uniformly on compact sets) as n — oo to a continuous tame map which must
be T%Pm. Thus P™ and its derivatives of order up to k exist and are contmuous
and tame on the set ™. Now

Xy = P‘,’,,(x.,) s (*, 0,0, -+ -,0) = TFPY (%,0, - -+,0) ,
and we have seen that for all / and ¢
1GGm) — Xnll = llznl < C6:° .
‘Since T*G(x,, 0, - - -, 0) = (G(x,,),; 0, - - -, 0), for all I and ¢ we have
[T:G(xp, 0, -+, 0) — (X4, 0, - -+, 0], < CL7°

and therefore (x,,0,---,0)¢ V™ when m is sufficiently large. Then T*PT
exists and is a continuous tame map in a neighborhood of (x,, 0, - - -, 0). Also
we surely know that T*P), exists and is a continuous tame map in-a neigh-
borhood of (x,, 0, - - -, 0). Since -
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P, = PP,
it follows that T*P?, exists in a neighborhood of (x,, 0, - - -, 0) and
TP, = T*Pm-T*P}, .

But a composition of continuous tame maps is a continuous tame map. Thus
T*P% is a continuous tame map in a neighborhood of (x,, 0, - - -, 0) for any
X, € V9. As we observed before, this implies that P?, is a smooth tame map on
V4. This proves the theorem in § 1.

2.6. Nonlinear exact sequences. We are now in a position to prove the
Nash-Moser theorem for nonlinear exact sequences. Let E, F, G be graded
Fréchet spaces which admit smoothing operators. Let UC E, VCF, WC G
be three open sets, and let P and Q be two smooth tame maps

P Q
UCE—SVCF—WCG
such that the composition QP = 0.
Theorem. Suppose we can find two smooth tame maps

VP.(UCE)YXF—E,
such that VP(x)v and VQ(x)w are linear in v and w for each x, with
DP(x)VP(x)v + VQ(x)DQ(Px)v = v

for all xe U and all v e F. Then for any x, e U we can find a smooth tame
map

S:VVCF->UCE
on some (possibly smaller) neighborhood V' of Px, in F such that
PSy =y whenever Qy = 0 .

It follows that Im P = Ker Q, at least in a neighborhood of Px,, i.c.,
ImPN V' =KerQ N V. Also let

V'={yeV';PSyeV’}.

Then V" is also an open neighborhood of Px,, and PS: V' — V" is a smooth
tame projection onto ImP N ¥V = Ker Q N V. We make the following
definition.

Definition. A4 set X C E is a local smooth tame retract if for every x ¢ X
we can find an open neighborhood V of x and a smooth tame projection
m:VoVwithror=randImz=XNV.
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Corollary. Under the above hypotheses Im P is a local smooth tame retract.

Observe that in the category of Banach spaces every local smooth retract is
a submanifold. We have been unable to show that Im P is a submanifold ; in
fact there is reason to doubt it in general. We hope that the notion of a local
smooth tame retract will be an adequate substitute. For example, a local smooth
tame retract has a well-defined ““tangent bundle” ; namely if locally X = Im x,
where 7 is a projection, then T’z is also a projection and we put T7X = Im T'r.
It is not hard to see that TX C E X E is independent of the choice of n. Also
TX is again a local smooth tame retract in E X E.

Before we prove the theorem we make the following observation.

Lemma. We may assume

VPx)VO(x)w =0

forall xe U and w e G.
Proof. We know that

DP(x)VP(x) + VO(x)DO(Px) =1,

and that DQ(Px)DP(x) = 0 since QP = 0. Then DQ(Px)VQ(x)DQ(Px) =
DQ(Px) and DP(x)VP(x)DP(x) = DP(x). Therefore

I = [DP(x)VP(x) + VQO(x)DQ(Px)]* = I + DP(x)V P(x)V Q(x)DQ(Px) ,

or DP(x)VP(x)VQ(x)DQ(Px) = 0. Now we may replace VP and VQ by two
other smooth tame maps

VP(x)v = VP(xX)DP(X)VP(x)v ,  VO@w = VQx)DOPx)VQ(x)W .
We then have again
DP(x)VP(x)v + VQ(x)DQ(Px)v = v
and now also
VP(x)VQ(x) =0 .
Corollary. We have

DP(x)VP(x) =1 on Im DP(x) ,
VP(x)DP(x) =1 onIm VP(x) ,
DOPx)VQ(x) =1 on Im DQ(Px) ,
VOx)DQ(Px) =1 onImVQ(x) .

Proof of the Theorem. We set up the following algorithm. Let
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MNUXVXWCEXFXG—-EXFXG

x x — VP(x)(Px — y)
F(y) = (y — VQO(x)Qy ) .
z z — DQ(Px)(Px — y)

be defined by

Lemma. [ is a near-projection.
Proof. Let

dx = VP(x)(Px — y) ,

dy = VQ(x)Qy ,
A4z = DQ(Px)(Px — y) .

We must show that there exists a smooth tame map @, bilinear in the last two
arguments, such that

-

Px — y = DP(x)dx + VQ(x)4z .

First observe that

Hence any expression which is bilinear in
dx, 4y, 4z, Px — y
has the required form. Now we have
Q1) = QW) + DOW)(y — w) + Ow, )y — w,y — W)

from Taylor’s formula with integral remainder, where
1
0w, )@, v) = [ DO — tyw + 1)(w, )t
t=0

is a smooth tame map bilinear in u and v. Apply this with w = Px and we
have

Q@) = DO(Px)(y — Px) + &(Px,y)(y — Px,y — Px) .

Hence Q(y) + 4z = @(Px,y)(y — Px,y — Px) has the form of an admissible
quadratic error.
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)

Ax — VP(x)(DP(x)4dx — 4y) — DV P(x)(dx, Px — y)
= (Ay — VO(x)DQ(y)dy — DVQ(x)(dx, Qy) .
Az — DQ(Px)(DP(x)4x — Ady) — D*Q(Px)(DP(x)4x, Px — y)

Now DVP(x)(dx, Px — y) and D?Q(Px)(DP(x)4x, Px — y) are admissible
quadratic errors. Since Qy differs from 4z by an admissible quadratic error,
the term DV Q(x)(4dx, Qy) is also an admissible quadratic error. For the other
terms, we see that

Ax = VP(x)DP(x)4x

since dx e Im VP(x) and VP(x)dy = VP(x)VQ(x)Qy = 0 because we may
assume VP(x)VQ(x) = 0. Also

4y — VQ(x)DQ(Px)dy =0 ,
since 4y € Im V' Q(x). This leaves a term

VO(x)IDQY) — DO(Px)]dy .

However

1
[DQ() — DO(PX)lv = J 0DZQ((I — )y + tPx)(y — Px, v)dt
t=
= O(Px, y)(y — Px,v) ,
where @ is a smooth tame map. Therefore

[DQ() — DQ(Px)ldy = D(Px, y)(y — Px, 4y)

is an admissible quadratic error.
Also DQ(Px)DP(x)4dx = 0. The last remaining term is

A4z 4+ DQ(Px)4dy .
Now we have already seen that
00) + 4z
it an admissible quadratic error. Since 4y = VQ(x)Qy it follows that
4y + VQ(x)4z

is an admissible quadratic error. Therefore we are left with
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4z — DOQ(Px)VQ(x)dz =0,

since 4z € Im DQ(Px). This proves that I” is a near-projection.
It follows from the theorem in § 1 that on a neighborhood U’ X V' X W’

of (0,0, 0) the algorithm

Xni1 Xn X
(yn+l) = [1 - S(tn)](yn) + S(tn)[‘(yn)
zn+l Zn Zn

converges to a smooth tame projection =. Write

x S(x,y,2)
z Ulx,y,2)

and let S(y) = S(0,y,0). Then S: V' C F - U C E is a smooth tame map
(on a sufficiently small neighborhood V’ of 0).

Lemma. LetyeV’. Then PSy =y if Qy = 0.

Proof. We know that

X, X Xn
|l ¥ | =|y.| =lim|y,|.
2y Z., 2

Now suppose Qy, = 0. Then

4y, = VQ(x)Qy, =0,
=0 — Sy, + Sy — dy)) =y, .

By induction we see that y, = y, for all n, so y, = y,. We also know that

Xn Xn
Zy 2y

so 4x, — 0, 4y, — 0, 4z, — 0. Then
Px, — y, = DP(x,)dx, + VQ(x,)dz, —> 0 ,
so Px, = y.. Now put x, = 0 and z, = 0, with Qy, = 0 as above. Then
X = 800, ¥, 0) = S(O,) PS(yy) =Px, =y.=1Y,.

Thus PS(y,) = y, if y,€ ¥’ and Qy, = 0. This proves the lemma and hence
also the theorem.
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