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HIGHER ORDER DISSECTIONS

ROBERT H. BOWMAN

1. Introduction

In their paper “Sprays” [1] Ambrose, Palais and Singer introduced the con-
cept of a dissection of the second order tangent bundle of a C* manifold M
and the concept of the spray of a connection on M, and proved that there is
a natural bijection between the set of second order dissections and the set of
sprays of M. The purpose of this paper is to investigate relations between the
dissections of higher order tangent bundles of a given C* manifold and related
structures on its extensions, a notion due to the present writer [2]. For example,
we prove that each dissection of the mth order tangent bundle of a C~ manifold
M determines, in a natural manner, a unique dissection of the second order
tangent bundle of the (m — 2)nd extension of M for each integer m > 2. It
then follows that there is a natural injection of the set of mth order dissections
of M into the set of sprays on the (m — 2)nd extension of M.

2. Preliminary remarks

Suppose that M is an n-dimensional C= manifold. In a previous paper [2]
the present writer has constructed a sequence

(1) M ="M 'M ‘M

of C~ manifolds and C~ maps which we will call the extension sequence of M,
with the (m + 1) n-dimensional manifold ™M called the mth extension of M.
If (U, ¢) is a coordinate chart of M with coordinate functions x¢,a =1, - - -, n,
then it induces coordinates x*¢*,a = 1, ..., nand « = 0, - - -, m, on ™[[~(U)
(where ™I = °ro'lzro --- 0o ™x), for each positive integer m, which we call
the natural coordinates induced by (U, ¢). If fe C=(M), there is a lift f™ of f
to ™M (which has been called the complete lift in the case m = 1, e.g., see [3])
and x2* = x=¢, In terms of natural coordinates we then have the theorem [2]

- (2

axaa axa
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(no summation), and we have f' = Y»_, (3f /ox*)x'* with the higher lifts behav-
ing as if the lift were differentation with respect to a parameter, and thus we
may formally apply the Leibnitz formula.

If (U, ¢) and (V, ¢) are coordinate charts of M with coordinate functions x*
and y” respectively, then we adopt the notation

6/3x“ = 0q » aZ/axaaxb = 82a.ln )
a/ayT:ars 82/ayrayszaz'rs’"' 5
oxe /oy = X7, *x2 /oy oyt = X7, -+

and in the case of the natural coordinates induced by these charts we take
a/axaa, — Oga » aZ/ayprayas = azpras s axaa/aypr = Xig R

i.e., we associate early (resp. late) letters of the alphabet with the coordinates
of the chart (U, ¢) (resp. (V,¢)) and the natural coordinates it induces. We
adopt the summation convention with regards to lower case Latin and Greek
indices over the ranges from 1 to # and from O to m respectively. This conven-
tion will be suspended in the case of capital letters or where an alternates sum-
mation is indicated.

3. Higher order dissections

Suppose that (TM)™ denotes the mth order (C*) tangent bundle of M. If
(U, ¢) is a coordinate chart of M, then any mth order vector field £ on M may
be expressed locally in the form

t — aaaa _|_ aabaib + ... + aal...ama;nlmam R
where the a’s are symmetric. If TM = (TM)' denotes the tangent bundle of M,
then TM,, is the subspace of (TM)7 spanned by the set {9} at pe U. We see
that TM,, is determined by any coordinate chart at p, but has no natural com-
plement. This may be seen by noting that if the a¢’s vanish in a given coor-
dinate system, they do not necessarily do so in a second.

Definition. A dissection of (TM)™ is a choice of a complement M¢, to TM,,
at each p ¢ M such that U, ., M% = M° is a C~ distribution (of (TM)™) on M.

Lemma 1. If A and B are C* distributions of a given vector bundle struc-
ture, with a finite dimensional fiber, on M, and dim(4 N B), = r for each
peM, then A N B is an r-dimensional C* distribution on M.

Proof. This may be proved, for example, using systems of linear equations,
hence we omit it.

Theorem 1. Suppose that M° is a dissection of (TM)™. If p e M and (U, ¢)
is a coordinate chart at p, then there exists an open neighborhood N of p such
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that at each point q e N there is a coordinate chart (V, ¢), such that the partial
derivatives of order 2 < k < m at q with respect to the coordinates of (V, ¢),
span M;. Moreover, these partial derivatives are related in a C* manner, de-
termined by partial derivatives of order < m, to those of (U, ¢). Such a chart,
V', ¢), is called a spanning chart of M® at q.

Proof. 1If pe M, choose a chart (U, ¢) at p. If <3,,> denotes the subspace
of (TM)? spanned by d,, at each point of U, and M¢ is a dissection of (TM)?,
then, since

dim (M, N TM,, ® {3,,),) = dimM¢, + dim (TM, @ {3,,),)
—dim (M¢, + TM, @ {84,),) »

we have
dim (M, N TM, @ <0apy,) =1

at each p e U, and thus, by Lemma 1, M° N TM ® <9,,, is a 1-dimensional
C= distribution on U for each pair of indices a, b. We may thus choose a C*
vector field 4,, on some open neighborhood N of p, which spans the intersec-
tion and has the property that its projection on the second factor of TM @ <3,,>
is 945. Let RS, be the symmetric components such that

Aab = aib + thzbac

at each point g ¢ N. The R%,’s are thus C* on N. For each g ¢ N we may take
a second coordinate chart (V, ¢), such that

Xi(q) =967, Xi(@ =R},

(3)
0::(q) = 9;,(q)d70; + R} (q)0.(q) »

by the inverse function theorem. Thus we conclude that the second order par-
tial derivatives with respect to the second system span M¢ at each ge N, and
that they are related in the required C* manner to those of (U, ¢). Conse-
quently, the theorem is true for m = 2.

Proceeding by induction we assume that m — 1 is the greatest integer for
which the theorem holds. Noting that the transformation law for partial de-
rivatives of order m has the form

m
@1, eee, AsAS a
2 Pfxl:-n,’rrrioah---,as + th..,’,—maa ’

M=

(4) O =

a;=1s

1

where P2x::%s consists of a sum of products of partial derivatives of the coordi-
nates of order at most m — 1. From dimensional considerations and Lemma 1
we see that if M° is a dissection of (TM)™, then M® = M* N (TM)™ ' is a
dissection of (TM)™~!, We apply the induction hypothesis and require that the
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second coordinate chart in (4) be a spanning chart of MY at each g in some
open neighborhood N’ of p. In this case,

M
Ms

B =

Pas:ess asas
T1**Tm T1t*Tm >~ Q1,*°*, Qg

1s

Il
X}

aj

is an mth order C> vector field on N’ determined by M*'. By Lemma 1,
T™™M ®<B,,... > N M°

is a 1-dimensional C* distribution on N’ for each set of indices r,, - - -, ¥
Take 4,, ... . to the vector field such that it spans the intersection, is C*~,
and its projection on the second factor of TM ® (B,, ..., > is B,, ..., on
some open neighborhood N of p. Let R?, ..., be the symmetric C* com-
ponents such that

J— a
Apiry =By + RE 000 -

If we place the additional condition on the coordinates that X7, ..., (q) =
R, ... ..(q@), then we see that their partial derivatives of order 2 < k < m span
M¢* on N and are related in the required C* manner to those of (U, ¢).

If (U, ), is a spanning chart of M® at g, then the partial derivatives of a
given order at g with respect to the coordinates of this chart determine a sub-
space of M¢, and this subspace is independent of the spanning chart chosen.

For, if (V, ¢), is a second spanning chart at g, then we have
07(@) = 3 (@XH DX + (DX ,
and since 92,(q) € M¢, we see that X%(q) = O so that
3@ = 3%, (X (@X3(g) ,

and thus {6%,(q)} and {6%,(¢)} span the same subspace. Similarly, we see that
X ..,.(@ =0 and that o ..., (¢) and 9%, .. ,.(q) span the same subspace
for each 1 < k < m.

Theorem 2. Each dissection of the mth order tangent bundle of M deter-
mines in a natural manner a unique dissection of the second order tangent
bundle of the (im — 2)nd extension ™ *M of M for each integer m > 2.

Proof. At each point pe M choose a coordinate chart which spans M¢,.
The natural coordinate system induced on ™ ?M then determines a complement
to T *M in (T™ *M)* at each point of ™ */]~'(p). That these complements
are independent of the charts chosen may be seen as follows. Suppose that
U, ¢), and (V, ¢), both span M ; then in terms of the natural coordinates

they induce on ™~*M we have

2 — N2 b
apras - aauﬂbX:?st + aaaX‘;:’as .
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From (2) we see that
A-P
xz= (5) (2] meageres

and since @« < m — 2 only partial derivatives of order 2 < k < m appear,
and these are zero at p, we have X2%, = 0 on ™~*/]~'(p) so that

2 — 02 b
apras - aaaﬂbXZg‘XEs

on ™ *[[~'(p). That this choice of a complement to 7"~ 2M in (T™ *M)? is a
C~ distribution may be seen as follows. If x e ™M, p = ™*[I(x), (U, ¢) is a
chart at p, and in
a2pral = aiaﬂbX;ngjg + ngasaaa

the second chart at each g of some open neighborhood N of p is a spanning
chart of Theorem 1, then the partial derivatives 3’,,, span the complement and
are C> on the open neighborhood ™~*I-'(N) of x, since each of X* and X22,,
is C~ on this neighborhood by (2) and Theorem 1.

We note that this correspondence of a dissection of (TM)™ to a dissection of
(T™-*M)* is also injective, for if (U, ¢), and (V, ¢), span dissections of (TM)™
at p such that, in the natural coordinates they induce, @*,,,, and 4%,,,, span the
same dissection of (™~2M)? on ™ 2]]~'(p), then X*%,. = 0 on ™2[/~'(p) which

pras

implies that X2 ... ,,(p) = O for each 2 < k < m and thus that (U, ¢), and
(V, ¢), span the same dissection of (TM)™. That this correspondence is not
surjective may be seen by noting that in the case m = 3, X%, = 0 and hence
that the subspace spanned by {9,,,} must be contained in any dissection of
(T'M)*? determined by a dissection of (TM)3. Thus we have the theorem, using
the natural bijection between the dissections of (7™ *M)? and the sprays on
m=2M of [1].

Theorem 3. There exists a natural injection of the set of dissections of
(TM)™ into the set of sprays on ™ *M.
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