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TEICHMULLER THEORY FOR SURFACES
WITH BOUNDARY

C. J. EARLE & A. SCHATZ

1. Introduction

(A) Recently Earle and Eells [9] determined the homotopy types of the
diffeomorphism groups of closed surfaces. Here similar methods are applied
to compact surfaces with boundary. As in [9] we form a principal fibre bundle
whose total space consists of the smooth conformal structures on the surface,
whose base is the reduced Teichmiiller space, and whose structure group is a
group of diffeomorphisms of the surface. Again, as in [9], we rely on a new
theorem about continuous dependence on parameters for solutions of Beltrami
equations. The proof of that theorem is given in § 8. The remainder of the
paper can be read independently of § 8, but the reader will find it helpful to
consult [9]. Fuller accounts of Teichmiiller theory may be found in [2], [5],
[10], [13].

(B) Now we shall state our main theorems. Let X be a smooth (C*) surface
with boundary, and denote by 2(X) the topological group of all diffeomor-
phisms of X, with the C~-topology of uniform convergence on compact sets of
all differentials. 2,(X) is the subgroup consisting of the diffeomorphisms which
are homotopic to the identity and map each boundary curve onto itself, preserv-
ing orientation. We shall find later that 2,(X) is the arc component of the
identity in 2(X).

We denote by #(X) the space of smooth conformal structures on X, again
with the C> topology. There is a natural action

M(X) X D(X) — M (X)

defined by letting x-f be the pullback of the metric ¢ by the diffeomorphism f.
Theorem. Assume that X is compact and orientable and that the Euler
characteristic e(X) is negative. Then
(a) A (X) is a contractible Fréchet manifold,
(b) 2,X) acts freely, continuously, and properly on M(X),
(c) the quotient map
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1.1 O: M(X) - MX)]D(X) = THX)

(with the quotient topology on I %X)) defines a principal 29 (X)-fibre bundle.

THX) is the reduced Teichmiiller space of the bordered surface X. The
theorem will be proved in §§ 3 and 4.

(C) Because of Teichmiiller’s theorem [6], 7% X) in (1.1) is a cell, and
the fibre bundle (1.1) is trivial. Since #(X) is contractible, the structure group
92,X) is contractible as well.

Theorem. Let X be any smooth compact surface with boundary.

(@) If X is the closed disk, annulus, or Mobius strip, then 2((X) has SO(2)
as strong deformation retract.

(b) In all other cases, 2X) is contractible.

The cases not covered by Theorem 1B and Teichiiller’s theorem (X not
orientable or e(X) > 0) are discussed in §§2, 5 and 6. In all cases Teichmiiller
theory and the theory of Beltrami equations play central roles in our proofs.

Let C(X) be the homeomorphism group of X, with compact-open topology.
Hamstrom [11] has computed the homotopy groups of the identity component
of C(X); they coincide with the homotopy groups of 2,(X) as computed from
the above theorem.

(D) Let 2,(X) be the closed subgroup of 2,(X) consisting of the g ¢ 2,(X),
which are homotopic to the identity modulo X (fixing 6X pointwise). In §7
we prove the following.

Theorem. Let X be a smooth compact surface with boundary. Then the
group 2,(X) is contractible.

As one would expect, Theorem 1D is a rather easy consequence of Theorem
1C. Moreover, our argument in § 7 is reversible and could be used to obtain
Theorem 1C from Theorem 1D if a direct proof of the latter were available.

2. Beltrami equations

(A) Let D be a subregion of R?, bounded by smooth curves. If I is an open
subset of dD, then D U I is a smooth surface with boundary. The Fréchet space
C>(D U I, C) is the vector space of smooth complex valued functions on D U I
with C= topology. The subset C=(D U I, 4) consists of the smooth maps D U I
into the unit disk 4 = {ze C; |z| < 1}. As usual, we identify that subset with
the space #(D U I) of smooth conformal structures on D U I by assigning to
each y: DUI— 4 the conformal structure represented by

2.1 ds = |dz + p(2)dz|, zeDUI.

The zero function corresponds to the usual conformal structure on D U 1.

Give D U I the structure (2.1) and C its usual conformal structure. The
orientation preserving diffeomorphism w: DUI — w(D UI) C C is a conformal
equivalence if and only if it satisfies Beltrami’s equation
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(2.2) ‘M)E = #WZ 5

where

1 (aw . iaw) ’ 1 (aw n la_w) .
ox ay

W, = —|— — w, = —
2 \ox ox 2

(B) Now let D be the upper half plane % = {ze C; Imz > 0}, and sup-
pose that |u(z)] < k < 1 in %. There is a unique solution w, of (2.2), which
is a homeomorphism of the closure of % onto itself and leaves 0, 1, o« fixed
[7, p. 277]. If pe C=(% U I), then w, is a diffeomorphism of % U I onto its
image. Further,

Theorem. For each k < 1, the map y— w, is a homeomorphism of the
set of pe MU UI with sup{|p(2)|;ze % UI} < k <1 onto its image in
c« Ul 0.

That theorem, which we prove in §8, is fundamental in all that follows.
The easier case when I is empty was used in [9].

(©) As a corollary of Theorem 2B, we shall prove the simplest case of
Theorem 1C. Let X be the closed unit disk, and X, its interior. Let 2(X; 1,
i, —1) be the topological group of all diffecomorphisms of X, which fix the
points 1,i, and — 1. Define conformal maps 4, and A, from % onto X, by

1
1 -z

Mo =12 ) = 1) =
14z
Each g in #(X) induces conformal structures y,, g, € #(% U R) via the maps
h, and h,. Explicitly
#h(@)Ih(2) [ 1i(2) = (@) ,

and
(2.3) m(@) = p(ff @ /f (@), zew UR.
Let w; = w,,,i = 1,2. Then f~'ow,of = w, because of (2.3); that is,

fu = howoh! = hyowyohi'e D(X;5 1,0, —1) .

Of course f, is the unique element of 2,(X; 1,i, —1) to satisfy the Beltrami
equation f; = pf,.

Theorem. The map pw—> f, is a homeomorphism from #(X) onto
2X; 1,i, —1).

Proof. Apply Theorem 2B to w, and w,, noting that if p, — p¢ in A4(X),
there is a number k < 1 such that

sup {|u(2)]; ze X} < k for all n .
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Corollary. The rotation group SO(2) is a strong deformation retract of
2(X).

Proof. 2,(X) is homeomorphic to Z(X; 1,i, —1) X Aut X, where Aut X
is the holomorphic automorphism group of X. But 9,(X; 1,i, —1) is homeo-
morphic to the contractible space .#(X), and Aut X has SO(2) as a strong
deformation retract.

3. The proper action of 2,(X), e(X) < 0

(A) Let G be the conformal automorphism group of the upper half plane
% . Endowed with the compact-open topology, G is a Lie group; its identity
component G, consists of the Mdbius transformations

A(Z) = (az + b)(cz + d)7' a,b,c,deR;ad —bc=1.

G is generated by G, and the transformation J(z) = —2Z.

(B) Let X be a compact smooth oriented surface with boundary, and X,
its interior. Each p e #(X) determines a complex structure on X,. If the Euler
characteristic e(X) is negative, there is a holomorphic covering map n: % — X,.
The cover group [ is a discrete subgroup of G, ; such groups are called Fuchsian.
Since X has boundary, I” is a group of the second kind. That means the limit
set L(I") is a Cantor set in R U {oo}. The complement of L(I") is an open set
I'in R. I' acts freely and properly discontinuously on I; = extends to a cover-
ingr: #UI— X.

From r we obtain the induced map n*: A#(X) — #(% U I), whose image
M (") consists of the I'-invariant conformal structures on % U I. These are
the p e C=(% U I, 4) which satisfy

(3.1 (pop)y' |y =p  foralyel .

Let A'(I") be the Fréchet space of all ye C*(# U I, C), which satisfy (3.1).

Proposition. .#(I") is the convex open set of pe A'(I") with sup {|u(2)|;
ze UI} < 1, and the map z*: M (X) — M(I") is a homeomorphism.

Corollary. .#(X) is a contractible Fréchet manifold.

The proofs are the same as the corresponding ones in § 54 of [9]. Note that
the corollary is part (a) of Theorem 1B. Part (b) will be proved in the remainder
of § 3.

(C) Let 2(# UI) be the metrizable topological group of all diffcomorphisms
of # U I, with C* topology, and 2(I") the normalizer of /" in 2(% U I). Then
w4 (f)or = rmof defines a continuous epimorphism z,: 2(I") — 2(% U I), and
the kernel of =, is I'.

Lemma. r, is an open map.

The proof is given in § 5B of [9], except that we use here the hyperbolic
metricon # UI U %* = C — L(I).
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Corollary. =z, induces an isomorphism between the topological groups
2| I and 2(X).

Now let 9,(I") be the centralizer of I" in 2(I"). Recall that 2,(X) is the set
of g in 2(X), which are homotopic to the identity.

Proposition. rz,: 2(I") — 2,(X) is an isomorphism of topological groups.

Proof. Itis proved in [6, pp. 98-100] that z,(2,1")) = 2,(X). The kernel
of n,: 2(I') —» 2(X) is I'. Since [ is a free group on at least two generators,
2N is trivial and . : Zy(I") — 2,(X) is bijective. For the proof that x;!
is continuous, see § 5B of [9].

(D) Using x, we transfer the action of 2(X) on .#(X) to an action of 2(I")
on #(I"), given by )

(3.2) ()-8 = *(w1y8) , 8 DD, peMX) .

Proposition.

1. The action #(") X D(I") — M (") defined by (3.2) is continuous.

2. Theisotropy group of 0 e #(I") is 2(I') N G, the normalizer of I' in G.

3. I'={ge2(I); g acts trivially on A (I")}.

4. 9, acts freely on M(I').

Corollary. The action of D(X) on #(X) is continuous and effective, and
9(X) acts freely.

The proofs are given in § 5C of [9].

(E) Proposition. 9,(X) acts properly on #(X).

Proof. We prove the equivalent proposition that 9,(I") acts properly on
A (I"). Since the action is free, we need to prove merely that the map 0: .#(I")
X D) — M) X MA(I") given by Oy, f) = (u, p-f) is closed. Let K — A4 (I")
X Dy(I") be a closed set, and ((u,, #.-f,)) a sequence in O(K) converging to
(¢, v). Letw,=w, ,w=w,, and h=w,. By Theorem 2B, w,—w (in C=(# UI)).
Morever, since 0-w,of, = p,-f, — v and since w,of, leaves 0,1, o fixed,
Wwyof, — h. It follows that f, — f = w;'oh. Clearly (y,,f,) — (¢, ) e K, and
(¢, v) = O(g, ) e O(K), completing the proof.

Remark. With more effort, one can prove that 2(X) acts properly on .#(X).

4, The fibre bundle, e(X) <0

(A) To complete the proof of Theorem 1B we need to show that the quoti-
ent map @: A (X) — #(X)/2,X) has local cross-sections. For that purpose
we first map #(X) into G", where G 1s the conformal automorphism group
of %, and n = 1 — e(X) is the rank of the free group ,(X). Our assumption
that e(X) < O remains in force.

Call (A, B) a normalized pair of Mobius transformations if each has two fixed
points, the fixed points of A are at 0 and oo, and the attractive fixed point of
Bis at 1.
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Proposition. Let x, be an interior point of X, and c,, - - -, ¢, a free system
of generators for n(X,x,). For each conformal structure on X there exist
a unique point z,e % and holomorphic covering map n: U — X, so that

(@ 7(z) = Xy,

(b) the cover transformations y, and y, determined by c,, c,, and z, are a
normalized pair.

The proof is the same as that of Lemma 4C in [9].

(B) For any pe #(X), let z: % — X, be the covering map determined by
Proposition 4A, and 7,, - - -, 7, the generators of the cover group /" determined
by the point z,e¢  and the generators c, ---,c, of m(X,x). We define

Let S be the set of points (g,, - - -, g,) € G" such that (g,, g,) is a normalized
pair of Mobius transformations. Then P maps #(X) into S.

Lemma. S is a locally closed real analytic submanifold of G* of dimension
3n — 3 = —3e(X).

We omit the easy proof.

(C) Now fix any point g, e #(X) and let 7: % — X, be determined by y,.
The cover group I is generated by s, = P(y,) € S. Composing P with the in-
verse of n*: MA(X) — A(I"), we obtain a map, still called P: .#(I") — S.

Lemma. P(p) = w,ospow;? for all pe #(I).

Corollary. P(y,) = P(p,) if and only if y, and p, are 2(X)-equivalent.
Thus, P induces an injection from M(X)|2D\(X) into S.

These are proved in the same way as the corresponding assertions in § 6 of
[9].

(D) Let Q(I') be the real vector space of functions ¢ holomorphic in
% U I, real on I, satisfying

(o)) = o forallyel .

Q(I) is the lift to % of the space holomorphic quadratic differentials on X (with
its given conformal structure p,) which are real on 9X. The Riemann-Roch
theorem tells us that the (real) dimension of Q(I") is —3e(X), the dimension
of S. The next proposition is essentially due to Teichmiiller (see [1], [5]).

Proposition. P: #(I") — S is continuous. The restriction of P to any finite
dimensional affine subspace is real analytic. Moreover, the kernel of the
differential dP(0) at O is

oL = {peAl(F); Im f vpdZ N dz = 0, VsoGQ(F)} .

Proof (see [8, Theorem 5]). The continuity and smoothness of P are con-
sequences of Lemma 4C and [4, Theorem 11]. In addition, if y, = w,yw;* for
rel and pe 4(I'), then
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T2 = 1}1101 [7.(z) — z]/t
exists for all ze % U I and y € A'(I"). Further,
(4.1) 7)) = for — 7'f,

where f is real on I and satisfies f, =v (see [3, p. 138] and [1]). If v € Ker dP(0),
then (4.1) vanishes for all y € I". Thus, if ¢ e Q(I"), then w = fopdz is a 1-form
on X and real on 90X, and

Imfpgpdi/\dz:lmfdw:o,
X X

which proves Ker dP(0) C Q(I")+. But
—3e(X) = dim S > codim Ker dP(0) > codim Q(/")+ = dim Q(I") = —3e(X) ,

so Q)+ = Ker dP(0).

Corollary. P is an open continuous map with local sections.

In fact, dP(0) is surjective, where P: .#(I") —S. But 0 ¢ #(I") corresponds
to y, € #(X), which was chosen arbitrarily. The corollary is therefore an im-
mediate consequence of the implicit function theorem.

(E) The reduced Teichmiiller space J%X) is the quotient space
M(X) ]| 2,(X). From Corollaries 4C and 4D we have the

Lemma. P: .#(X)— S has the form P = ho®, where &: M (X) — T¥X)
is the quotient map and h: T4 X) — P(# (X)) is a homeomorphism.

Thus, by Corollary 4D, @: #(X) — 7 ¥ X) has local sections. Combining that
fact with §§ 3D and 3E, we conclude that @ defines a principal fibre bundle
with structure group 9,(X). The proof of Theorem 1B is now complete.

We remark that the homeomorphism 4 from J#X) onto the image of P in-
duces a real analytic structure on J #(X).

(F) According to Teichmiiller’s Theorem [6], 7 #(X) is homeomorphic to a
Euclidean space.

As in § 8C of [9], we obtain at once

Corollary 1. The bundle @: #(X) — T ¥X) is topologically trivial.

Corollary 2. #(X) is homeomorphic to T HX) X D\(X). Thus 2(X) is
contractible.

Corollary 2 gives us Theorem 1C for orientable surfaces X with e(X) < 0.
The non-orientable surfaces will be considered in § 5.

5. Surfaces with symmetries

(A) We still assume that X is oriented and that e(X) < 0. It follows that
for each p € #(X) the subgroup of 2(X) which leaves y fixed is finite [16].
The converse is also true.
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Lemma. Let HC 2(X) be a finite subgroup. Then
MX)E = {peM#(X); p-h = pfor all he H}

is a non-empty contractible submanifold of #(X).

Proof. Choose a Reimannian metric p on X, and view p as a quadratic
form on the tangent space at each point. Then p, = }; (o-h),he H, is an H-
invariant metric, and induces an H-invariant conformal structure on X. Thus
A (X)® is non-empty.

Now choose y, ¢ A4 (X)¥ and let n: % — X, be a holomorphic covering map
with cover group I'. As in § 3, there exist an induced homeomorphism z*: .#(X)
— #(I") and a group homomorphism z,: 2(I") — D(X). Let H’ be the inverse
image of H in 2(I"). Then =* maps .#(X)¥ onto the H’-invariant elements of
A (I"). By construction, the usual conformal structure of % is H’-invariant, so
H'’ is a subgroup of the automorphism group G of . Let H; be the orienta-
taion-preserving subgroup of H’. Then, for any p e .#(I),

ph = (uoh)i'|W if he H),
ph = (poh)hs/h; if he H — H) .

It is clear from these formulas that the H’-invariant y in (/") form a con-
tractible submanifold of .#Z(I").

Corollary. 9(X) has no non-trivial subgroups of finite order.

In fact, 9,(X) acts freely on .#(X), so if H is a non-trivial subgroup of
2(X), then A(X)¥ is empty.

(B) Of course H acts on 9,(X) by the action

h-g=hgh',heH and ge2(X) .

The fixed point set 9,(X)¥ is the subgroup of 2,(X) which maps #(X)?
into itself.

Let @: #(X)—J%X) and 6: 9(X) — 2(X)/ 2,(X) = I'(X) be the quotient
maps. §(H) is a finite subgroup of I"(X), isomorphic to H because of Corollary
SA. Of course the group I'(X) acts on 7 #(X), and the fixed point set 7 #(X)’ @
includes @(.#(X)%).

Theorem. @: #(X)? — THX)*™ is an open surjective map, and defines
a trivial principal fibre bundle with structure group 2,(X)".

(©) The proof of Theorem 5B will be divided into several steps. First we
define a non-negative integer d(H) as follows: Choose p € #(X)¥ and let Q(X)
be the corresponding space of holomorphic quadratic differential real on 0X.
Since H consists of holomorphic and conjugate holomorphic maps, relative to
¢, H operates on Q(X) as a group of linear transformations [13]. d(H) is the
dimension of the (real) subspace Q(X)# fixed by H. There are several ways
to verify that d(H) depends only on H; for instance we may appeal to the fol-
lowing important
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Lemma. J%X)’® is a closed connected subset of 7% X), homeomorphic
to Rd(H ).

The lemma is due to Saul Kravetz [12, Lemma 5.1]. Kravetz considers
only closed surfaces, but his proof applies equally well to our situation.

(D) Lemma. @: #(X)? — T4X)'® [s open and continuous with local
cross-sections.

A proof of this lemma, again for closed surfaces, is given by Rauch in [13].
This time we provide some details. Choose any g, e #(X)? and form the
corresponding covering n: % — X, and cover group [I'. Let p(2)|dz? = ds
be the hyperbolic metric on # U1 U %*, and let ¢ e Q(I"). If ¢ is close to
zero, then gp~'e A(I). It follows from §§4B,C, and D that ¢ — O(gp~")
defines a diffeomorphism from a neighborhood N of 0 in Q(I") onto a neighbor-
hood of @(y,) in T #X). The intersection N N Q(I")¥ is mapped into .7 #X)? D,
The lemma follows, because Q(/")¥ and 7 #X)’“®’ both have dimension d(H).

(E) The rest of the proof is easy. Let H' C 2(X) be a finite group, and
write H ~ H if (H") = 6(H). Then

THX)' D = U o(#(X)"'), H ~H.

Moreover, O(#(X)*') and (4 (X)H) are disjoint unless H' =gHg™ !, ge 9,(X),
when they coincide. Now Lemma 4D implies that @(.#(X)¥) is open, hence
closed, in T4X)'™, so O(A(X)H) = THX)"™, by Lemma 4C. Since @
is open and continuous, J#X)*® can be identified with the quotient
MA(X)E|D(X)H. Since @ has local cross-sections, @ defines a 2y (X)?-fibre
bundle. By Lemma 4C, the base space of that bundle is contractible, so the
bundle is trivial, and Theorem 5B is proved.

(F) Proposition. If H is a finite subgroup of 2(X), the group 2y(X)¥ is
contractible.

Proof. By Theorem 5B, 2,(X)? x J#X)’*™ is homeomorphic to the
contractible space .#(X)X.

Corollary. Let Y be a non-orientable compact surface with boundary. If
e(Y) < 0, then 2,Y) is contractible.

Proof. Let n: X — Y be a two-sheeted covering by the orientable surface
X, and let H C 2(X) be the cover group. 2, (Y) is homeomorphic to the con-
tractible group 2,(X).

(G) Remark. The action h-g = hgh™' of the finite group H on 9,(X)
determines the pointed cohomology set H'(H, 9,(X)). The considerations of
§5 E show that H'(H, 2,(X)) is trivial. In fact, 6(H) = ¢(H") if and only if
H' = gHg™! for some g ¢ 9,(X).

6. The annulus and Mobius band

(A) Fix the point x, on the boundary of the annulus X, choose a simple
loop ¢ which generates 7,(X, x,), and put I = R — {0}.
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Lemma. For each pe #(X) there is a unique p-conformal covering map
7: % UI — X so that

@ =(x) =1,

(b) the loop c determines a generator y(z)=kz, k> 1, for the cover gronp I'.

As in §3, z induces a map z* from .#(X) onto the space .#(I") of I'-
invariant conformal structures on % U I. Once again, we let A(") be the space
of pe C=(% U I, C) such that

(61) ,,toT = /,t .

Proposition. .#(I") is the convex open set of all pe A'(I") with sup {|x(2)|;
zeU U} < 1, and o*: M(X) — M) is a diffeomorphism.

Corollary. .#(X) is contractible.

(B) Continuing by analogy with § 3, we let 9,(I") be the centralizer of I’
in 2(% U and 2,(1";1) the subgroup fixing 1. Define z,.: 2,(["; 1) — 2(X)
by 7, (flor = mof.

Proposition. ., is an isomorphism of 2,(I"; 1) onto the group 2(X ; x,) of
diffeomorphisms of X, which fix x, and are homotopic to the identity.

The proof is given in § 5B of [9], except that we use here the ['-invariant
metric ds = |z|!|dz| on C — {0}.

(C) Once again we transfer the action of (X ; x,) on #(X) by r to the
action

6.2) 18 = i

of 2,(1"; 1) on #(I"). Analogous to Propositions 5C and 5D of [9] we have
Proposition. The action #4(I") X 241" ; 1) — MA(") by (6.2) is free, con-
tinuous, and proper.
Corollary. The natural action #(X) X DX ; x,) — M(X) is free, continu-
ous, and proper.
(D) Define P: #(X) — R* by P(y) = log k, where y(z) = kz is determined
by Lemma 6A. We also denote by P the composed map Po(z*)~': #(I") — R*.
Lemma 1. Let P(O) = log k,. Then

P(p) = log (w.(ky)) forall pe #() .

Proof. m,=mow,': % UI— X is the covering map determined by Lemma
6A, for all ye #(I"). Thus, 7,(z) = (exp P(0))z and 7,(z) = (exp P(w))z satisfy
Te = Wu°To°(Wu)_l-

Lemma 2. P(u) = P() if and only if pp and v are 21" ; 1)-equivalent.

Proof. We may assume v = 0, so P(xz) = P(v) if and only if w, commutes
with y,; this happens if and only if w,e 2,(I"; 1).

(E) Proposition. P: #(I') — R* is continuous and surjective. Further,
g: R — M(I") defined by
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o)z = L= 1ogk 2 gy,
t+ logk, Z

is a continuous cross-section of P.
Proof. To check that Pog: R* — R* is the identity map we note that

W,w(2) = [z]*7¥,

where « log k, = ¢.

Corollary. P: #(I") — R* is an open map.

In fact a neighborhood of 0 e .#(I") covers a neighborhood of P(0) in R*.
But 0 e #(I") corresponds to any p, € A4 (X).

(F) Consolidating the above we obtain the following.

Theorem. The quotient map

O: MX) > THX) = MX)|D(X; x,)

defines a trivial principal fibre boundle, and 7% X) is homeomorphic to R*.

Corollary. Let X be an annulus. Then 9(X ; x,) is contractible, and 2,(X)
has the circle as strong deformation retract.

(G) The theorem and corollary of § 6F are valid for the Mdobius band as
well as the annulus. For the proof we fix x, on the boundary of the Mobius
band X and choose a simple loop ¢ generating =,(X, x,). All the results of
§§ 6A, B, C, D, and E hold, provided we make these modifications:

1. In Lemma 6A, the cover group I  is generated by y(z) = —kZ, k > 1.

2. Formula (6.1) becomes (goy) = f.

3. In §6D, P(y) = log k, where y(z) = —kZ.

4. Lemma 1 of § 6D becomes P(y) = —log (—w,(—k)).

For emphasis, we repeat the proposition corresponding to Corollary 6F.

Proposition. Let X be the Mobius band. Then 2(X ; x,) is contractible,
and 2(X) has the circle as strong deformation retract.

The proof of Theorem 1C is now complete, modulo Theorem 2B.

7. Homotopy modulo the boundary

(A) Until further notice we assume that e(X) < 0, but we do not require X
to be orientable. Let 2,(X) be the normal subgroup of 2,(X) consisting of the
fe 2,X), which are homotopic to the identity modulo X (holding 6X point-
wise fixed). Let 7: % U I — X be a covering map whose cover group /" con-
sists of conformal automorphisms of %. As in § 3 there is an isomorphism =,
from the centralizer 9,(I") of I" in 2(%) onto D(X). 2,(X) is the image under
4 of the group 2,(I") of maps f e 2(I"), whose restriction to I is the identity.
Let 2(I", I) be the centralizer of I" in the diffeomorphism group of I.
Proposition. The restriction map
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res: D) — AL, 1)

defines a trivial principal fibre bundle with fibre 2,(I").
Proof. Since 2,(I') is a closed subgroup of the topological group 2,(1"), all
we need is to define a continuous map

o: 1, 1) — 21

so that resog is the identity. That is a simple matter; we shall outline the
procedure.

Each interval I; of I determines a noneuclidean halfplane H; bounded by I,
and the noneuclidean line in % which joins the endpoints of I;. Let H be the
union of the H;. For fe 92(, I'), we put o(f) equal to the identity in % — H.
Each H; is mapped into itself by a cyclic subgroup I'; of I" (H; covers an an-
nulus in X with one boundary curve on 9X). The given map f: I; — I; com-
mutes with [";. We need to define ¢ so that ¢(f) maps H; onto itself, equals
the identity near the noneuclidean line which bounds H; in %, and commutes
with I";. We leave the construction to the reader.

Corollary. 92,(X) is contractible.

In fact 2,(X) is contractible because e(X) < 0.

(B) The proof of Theorem 1D when e(X) > 0 is a simple modification of
the above argument. All that is necessary is to replace 9,(X) or its analog 2,(1")
by a contractible subgroup. For the annulus or M6bius band the group 2,(X ; x,)
suffices, as we saw in §6. For the unit disk, we saw in §2 that the group
24X ; xy, X,, X,) fixing three boundary points is appropriate. In any event, 2,(X)
is a closed normal subgroup of the above groups and the homogeneous fibra-
tion is trivial, as in Proposition 7A. We conclude that 9,(X) is contractible in
all cases, as Theorem 1D asserts.

8. The continuity theorem

(A) In this section we shall prove Theorem 2B. In fact, we shall prove
the corresponding statement for functions of class C™**, and first need some
definitions.

Let D be a subregion of R? bounded by smooth curves, and I an open sub-
set of 9D. For any integer m > 0 and real number 0 < a < 1, the Fréchet
space C™**(D U I) is the vector space of complex valued functions on D U I,
whose partial derivatives of order m satisfy uniform Holder conditions with
exponent « on each compact subset of D U I. Convergence in C™**(D U I)
means convergence in the norm | - ||¢,, (see e.g. [15, pp. 6, 8]) on every
compact set GC D U I.

If 9D is compact, the Banach space C™*%(dD) is the vector space of com-
plex valued functions on D, whose m™ order derivative (with respect to arc
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length) satisfies a uniform Holder condition with exponent « on 9D. We shall
denote the usual norm by || - |32, (see e.g. [15, p. 18]).
Let us note two inequalities. If D is bounded and f, g e C™*«(D), then

8.1 18 llmsa < C Ul fllmea ll 8 llmsa s
(8.2) [ [ O [ -

where the number C depends on m, «, and D, but not on f or g.

(B) LetD=%, andlet 4™**(% UI) be the set of functions ye C™**(% UI)
such that |p(z)| < 1forall ze # UI. If |[(z)| < k< 1 in %, then there is a
unique solution w, of Beltrami’s equation (2.2) which is a homeomorphism of
% onto itself and leaves 0, 1, oo fixed. If ge #™*«(% U I), then w, e Cm+i+e
and is a C™*! diffeomorphism onto its image. Theorem 2B is an immediate
consequence of the following

Continuity theorem. For each k < 1, the map p—w, is a homeomorphism
of the set {pe 4™ (% UD; sup |u(2)| < k < 1,ze% U} onto its image in
Cm+1+“(02/ U I).

Here the integer m > 0 and the number 0 < & < 1 are fixed but arbitrary.
We remark that Ahlfors and Bers [4] have shown that the above map p— w,
is continuous with respect to the compact-open topology in C(# U I). If there
were no boundary segments our continuity theorem would be a consequence of
the Ahlfors-Bers theorem and standard interior estimates (see [7]). The
boundary estimates are harder to obtain. Our method yields an essentially self-
contained proof of the complete continuity theorem. Of course we rely on the
Abhlfors-Bers theorem.

(C) Since (w,), # 0 in % U I, the map w, — p is continuous. Thus, to
prove the continuity theorem we need only show that p+— w, is continuous.
The proof will be given in three steps. We shall always assume that our func-
tions x(z) are bounded by a fixed number k < 1.

(C) Step 1. DcC C D, will mean that D is a compact subset of R* con-
tained in D,. By supp (f) we mean the closure of the set of points z where
f(z) #+ 0. We shall first show that if 4, — 0 in A™**(% U R), with

supp(p,l ) CGC C#% UR

for some fixed G, then w, — z in C™*'*<«(% U R). It is obviously sufficient
to show that w, — z in C™*'*<(G,) for any region G, for which GC G, C C
% U R, where we may assume without loss of generality that G, is simply
connected and 9G, is of class C=.

We first remark that by a theorem of Ahlfors and Bers [4, p. 399], w,, —z
uniformly on any compact subset of % U R. Extend each of the mappings w,,
to R? as homeomorphisms by reflecting with respect to R. Denoting the ex-
tended mappings by w; we have
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w, . (2) forze% UR,

(8.3 ", = {W,,n(i) forzeu

where it is easily verified that

1 (2) forze# UR,

8.4 [ =
.4 (@) {pn(Z) forZew .

We remark that 1, and the derivatives of w, may have jump discontinuities
across those points of R which belong to 9G;. Set w, = w; ; it follows from
the above formulas that w, — z uniformly on any compact subset of R? and

[ e = Nt llZ5a s N W2dellRhe = [ (Wa); lI75a >

where G is the reflected image of G,. Let G, = {z; |z| < R} where R is so
large that G, U G¥ C G,, andset A =G, —G,. Aisa doubly connected region
with C~ boundary. Since i, and (w,); vanish outside G, U G we have

8.5 [Wa — 2;lare = W — Dsliata -

We wish to estimate |w — z||%,.,. For z ¢ G, the Pompeiu formula [15, p.
41] gives us the representation

w,(2) — 2 2ei f s 2 de + me g ~eAS] T St deqE

(8.6) W, (§) — O
sz e

=1,,(2) + L,,(2) + L;4(2) .

From here on, C will denote a number which depends at most on m and «.
Now

®.7) Hll,n”zlnara <cC I(Sll—lg (w,(z) — z]) .

The functions 1, ,(z) and I, ,(z) are continuous on R?, and from classical esti-
mates (see e.g. [15, p. 56])

(8.8) [ L2,n 5k 10a < CllWn — 2540
(8.9) 13,0 llm10a < CllWn — Dslinea = CllWe — 231544
where we have used (8.5). By (8.2) and (8.9) we have

1Lsn e < ClIWn — DsllRta -
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But I ,(z) is analytic in G, and continuous across 9G;; therefore (see e.g. [15,
p- 22))

(8.10) [ gnl71ra < ClIWa — 2174,

Now w,(z) — z satisfies the non-homogeneous Beltrami equation
W, — 2); = p(Wy, — 2, + in G, .

Hence

B.11)  [[wn, — 2l e < CUlptallftea W — 21580 + IS4 D
”(wn - Z)z”m+a > C(”/"nnmﬁx ”W - Z”m+1+a + ”#nl|m+a .

Applying the estimates (8.7), (8.8), (8.10) and (8.11) to (8.6) we obtain
”W - z”m+1+a > <cC (sup lwn - ZI + ”#nimﬂr HW - z|m+1+a

+ el -

Since w, — z uniformly on any compact subset of R* and | g, |%,, — 0, we
have that |w, — z||%,,,, — O which was to be shown.
(C) Step 2. Suppose that p, — pin A™**(% U R) where

(8.12)

supp(u,) CGC C#% UR,

for some fixed G. We wish to show that w, — w, in C™*'**(% U R). The
mappings w, = w, ow,'e C™"'**(% U R) are homeomorphisms of the closure
of % onto itself fixing 0, 1, co, where

A, = [ Un — U (}l’ﬂ)z]ow;x .
1— U f (W#)z'

Since (w,), e C™**(% U R), w,), + 0 on % U R and sup {|yu,p|; 2e % U R} <
k* < 1, it follows easily that 2, — 0 in A™**(% U R). Since

supp(4,) Cw (G CC%UR,

we have from the result of Step 1 that w, — z in C™**«(q/ U R). Since
precomposing w,, with w, is a continuous operation in C™*'**(% U R) we find
that w,, — w,in C™*"**(% U R), which was to be shown.

(C,) Step 3. We are now in a position to complete the proof of the con-
tinuity of the map p+— w,. Let pe #™**(% U I) and suppose that p, — p in
M™% U I). We wish to show that w, — w, in C™*'*«(% U I). It is suffi-
cient to show that for each point z, € % U I, there exists a neighborhood V' of
z, such that w, — w, in C™***«(% U I N V). Setting w,, = w, and w, = w,
we remark that w, — w uniformly on any compact subset of % U R.
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Let us first suppose that z, € I. Let N; be the open disk N;={z; |2—Z2,|<jd}
where j=1, 2 and d >0, and choose d so small that p,—g in C™**(% UINN,).
Let B(x) be a real valued C> function of the real variable x defined for x > 0
with 0 < B(x) < 1,8(x) =1 for 0 < x < d and B(x) = 0 for x > 2d. Defin-
ing v(z) = B(z — z,p(z) and v,(2) = B(z — z,))pa(z) for ze % U R we have
that y, — v in A™**(% U R) and supp (v,) C% UI N N,. Setting W, =w,,
and W = w, we have from Step 2 that W, — W in C™****(% U R); as a con-
sequence W;* — W=t in C™**«(%/ U R).

Let W, W, W, W,, W1, W:! be the homeomorphisms of R? onto itself
obtained by extending w, w,, W, etc. by reflection with respect to R. That is
we define W etc. as in (8.3). It then follows that w,, — w and W;l — W~ uni-
formly on N, where /i, = v, and /: = v on N,. By the representation theorem
of Morrey (see e.g. [15, p. 100])

(8.13) Wo(2) = ¢,(W,(2)) on N,,

where the ¢, are conformal mappings of the domains W ,(N,) onto the domains
w,(N,). Now there exists a neighborhood N of z, NCN,, such that
W(N) C W ,(N,) for all n sufficiently large. Then since ¢, = W,oW -1, it follows
that the ¢, converge uniformly on W(N) and therefore the derivatives of O
of any finite order converge uniformly on any compact subset of W(N). In
view of (8.13), w, — w in C™*'*«(% U I N V) where V is any neighborhood
of z, with ¥ C N. Thus the proof is complete for z,¢I; for z,e % we repeat
the above argument, omitting the step in which the mappings are reflected.

Added and Proof

1) The paper of Z. G. Seftel’ [17] came to our attention recently. The
continuity theorem of §8 can be derived from Theorem 1 of that paper to-
gether with interior estimates. We feel that our short self-contained proof has
merit.

2) Since our continuity theorem deals with functions of class C™**, we
can construct an analogue of our bundle (1.1) with the Banach manifold of
C™*= conformal structures on X as total space. As a corollary, Theorem 1C
remains true for diffeomorphisms of class C™*'*=, for m > 0.
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