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I. INTRODUCTION

In the paper [12] D. C. Spencer defines the resolution
o_,@_,gﬂgﬂ ...29_)0

of the sheaf © of germs of solutions of a regular elliptic system of linear par-
tial differential equations on a differentiable manifold M by jet forms C~,
which are in a canonical way associated with the given system. This resolu-
tion is a generalization of the classical de Rham resolution, and of the Dolbe-
ault resolution of the sheaf of germs of holomorphic functions on a complex
manifold M. The laplacian DD* + D*D, where D* is the adjoint of D with
respect to some chosen metric, is elliptic if and only if the original system of
partial differential equations is elliptic.

Let C,= ®,C*, C,=®,C***. Then
D + D*: C, — C,

and the adjoint operator, which also is denoted D + D*, maps C, into C,. If
M is compact (closed), the system is elliptic and the resolution exact, the
analytic index of the operator D + D* is therefore the Euler-Poincaré charac-
teristic X(M, @), where

XM, 6) = 3. (—1y dim H-(M, 6),

and n is the dimension of the manifold M. By the Atiyah-Singer theorem the
topological index i,(D + D*) of the differential operator D + D*, where
D + D* is an elliptic operator, is equal to the Euler-Poincaré characteristic.
In his paper [7], Kodaira gives sufficient conditions which a complex line
bundle over a complex compact manifold M should satisfy to force the van-
ishing in positive degrees of the cohomology groups with values in the sheaf
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of germs of holomorphic sections. The method of the proof is similar to that
used by S. Bochner, Curvature and Betti numbers, Ann. of Math. 49 (1948)
379-390, and Curvature and Betti numbers, 11, Ann. of Math. 50 (1949)
77-93.

In this paper, sufficient conditions are given for the vanishing of the coho-
mology groups H”(M, ©), r > 0, where M is a compact differentiable mani-
fold and @ is the sheaf of germs of solutions of a homogeneous regular elliptic
system £ on M mapping the sections of one vector bundle into the sections
of another. The condition is stated in terms of sufficient positivity of the cur-
vature of the operator &, which is a generalization of the conditon given by
Kodaira in terms of the characteristic class of a complex line bundle over a
complex manifold M. Using the expression for the Euler-Poincaré charac-
teristic we obtain from the vanishing theorem the relation between the dimen-
sion of the space of global solutions of the regular elliptic system on M and
topological invariants of M and 2.

To 2 there is canonically associated a vector bundle R over M. If we in-
troduce a riemannian metric along the fibres of the vector bundle R and on
M, we obtain another resolution, the so-called “g-resolution”

N .

06 B

of the sheaf ©, which is in some sense simpler than the one above. The sec-
tions of B~ are differential forms with coefficients in a vector bundle, and D,
is a first order differential operator. This resolution is equivalent to the origi-
nal one so far as exactness is concerned, and if the differential equation is
the Cauchy-Riemann equation on a complex manifold M, the B-resolution
reduces to the classical Dolbeault resolution. Theorem 3.3 gives sufficient
conditions for the vanishing of H"(M, ©), r > 0, in terms of the g-sequence,
and then the dimension of H°(M, ) is equal to the topological index
(8D + D).

The author wishes to express his gratitude to D. C. Spencer for many help-
ful discussions, comments and suggestions during preparation of this paper.

II. NOTATION AND FUNDAMENTAL NOTIONS

1. Jet bundles

Let M be a C~-manifold of dimension n, and let E and F be vector bundles
over M with fibre dimensions m and I. For each x ¢ M let us identify smooth
(i.e. C=) sections of E at x if their Taylor expansions agree up to the order
¢. We call an equivalence class a jet of order x at the point x and denote by
J,(E), the vector space of these equivalence classes. Moreover, J,(E)
=zLEJMJ «(E) is called the bundle of x-jets of E. If we denote by E the sheaf
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of sections of E, we have the natural map

i E— 1),
which, to a section s of E and a point x € M, associates the p-jet of s at x.

If S#(T*) is the p-th symmetric product of the cotangent bundle 7* of M,
we see that the following sequence is exact, for all x > 0,

0-E®S*(T* L1, (E)SI(E)—0,

where 7 is an injection and z the ordinary projection of jets.
Definition 2.1. The jet differential is a first-order differential operator

2.1) D:J,(E)y® AT* - J(E) ® A7*'T*
having the following properties :

@) D@ ANp)=Ds A5+ (=1)za A\ dy
for 6 €J,,,(E)® A"T*, and any real-valued 1-form » on M,

(i) the sequence

E&y,.® 2 nEeT

is exact for all non-negative integers r, p.
The operator D is uniquely determined by (i) and (ii) and D* = 0 (see [13],

[14]). In terms of a local coodinate (x', - - -, x*) covering the neighborhood
U on M, we consider a local section ¢ of J,.,(E)® A"T* over U; then
o ={0, 19! < p+ 1} where g=(q,, -+, qx, - - - 4x) is an ordered n-tuple

of non-negative integers gi, |q| = q, + - - - + qn, and 04 = {¢}|1 < j < m}
where

ol = _17 2 0d i, AXE N - N dXT
r!
The jet differential operator D applied to ¢ has the form

Do = dzo — b0,

where d is the ordinary differential, and ¢ the so-called formal differential.
The formal differential ¢ is a mapping given by

(50)4 = ]§l dxj /\ aq*-lj s



384 - BOHUMIL CENKL

where ¢ + 1, =(q, -+-, 49, 9; + 1,91, -+, q,). Let us notice that
0° = 06 = 0, and that § is a bundle map (linear over the functions).

The operator § is actually defined by D in the sense that the following
diagram is commutative :

0—— EQS'THRAT* —a I (EYRLT* —ue JE)QAT* — 0
—3d D D
'
00— EQ@STH@AT* —= J(E)RAT* . 1 (EYy® AT —=— ¢

2.2)

From (2.1) and the definition of the operator § we see that the sequence

EQS-(T*) ® £ T* —» E® SH(T*) ® £T* — EQ §+/(T%) ® 4-'T*

is exact. Let us consider a sequence & = {&*"} of sub-bundles
ST CEQSH(T*)@ AT* such that Jo/»” C &/*~*7*!, The sequence

é 0 . . .
LT — BT —— /#7171 is not exact in general, but we still have

¢* = 0. The corresponding cohomology will be called the §-cohomology of
the sequence {&/#7} and the cohomology groups are denoted by H* (7).

2. Differential equations

A differential operator of order g, from E to F is a sheaf map 2:E —F
which is locally defined as follows. Let U be a coordinate neighborhood and
let E\lU=UXV,F|lU=UXW be trivializations of the corresponding
vector bundles. Then, for a section s of E | U,

(2-3) ’@x = Z aaD"s, ® = (aly Tty an) ’

jais o
where the a, are smooth (I X m)-matrix-valued functions, and
D = o
(@xh=™ - - - (3x™)=

in terms of the coordinates in U.

The mapping 2 can be factorized through J, (E) in the sense that there
exists a unique bundle map p, (2) = p,,:/,,(E) — F such that the following
diagram commutes :

N
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The differential operator 2,: E — J (F) given by 2, =j, 0 2 is of order
v + 45, and is the so-called v-th prolongation of 2.

Definition 2.2. A system of partial differential equations of order y, given
by 2 on M is the kernel R, of the map p,, in the exact sequence

2.5) 0—> R, —> 1, (E) 22 F .

A solution of the system R, is a smooth section f of E such that j, (f) is a
section of R, over M. A system of partial differential equations given by
the prolonged operator 2, is of order y, 4+ v and is the kernel R, ,, of the
map p,,., following in the diagram :

p#o*‘v
3,0 (E) 1.(F)
2,
Jurv I
2
E F

Definition 2.3. The differential operator 2 (and also the corresponding
system of partial differential equations) is said to be regular if

(i) for each g > p,, the R, are vector bundles over M;

(i) for each p > p,, the map z: R,., — R, is subjective.

The bundle R, can be “trivialized” by choice of linearly independent sec-
tions of R, over a suitable neighborhood U on M. Whenever we speak about
trivialization of R,, we have in mind this procedure.

The condition (ii) in Definition 2.3 actually requires that the homogeneous
equation 2s = 0 has formal solutions [10].

Let £eT%, xe M, be a non-zero cotangent vector. We define the symbol
(2, &) of 2 at & to be the composed map

E, —E,@5T* L J, (E), X% F, .

1
to!
coordinate (x*, ---,x™) on U, with £ = &dx' + ... 4+ §,dx*, the symbol
(2, &): E, — F, is given by the formula

(2.6) d(92, &e= Y, a,(x)é%.

lal=po

The first map is given by e — (e ® &m). Then, in terms of a local

Now let us consider the exact sequence of vector bundles for x > y,
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0-g —R5J, (E)®AT* -0,

where R; = R, ® A"T* and g, = g, ® A"T*. The subbundle g’ of R} is de-
fined by this sequence. It is obvious that g} is a subbundle of E® S¥(T*) ®
A"T*. In terms of the sequence g = {g7}, > o, ¥ > 0, we have the follow-
ing definition for the system of equations to be involutive (see [13]).

Definition 2.4. The system of regular partial differential equations R, (or
the operator 2,) is said to be involutive if the cohomology groups H*"(g)
vanish for v > ¢ + 1 and all r.

Remark (see [3], [11]). (i) The vanishing of H"(g) for v>p + 1, r=
0,1, 2, .- - is equivalent to the exactness of the sequence

é ') ']
0—-8.,—8in1— - —8 —0, v>p.

(ii) If 2 is a regular differential operator of order y,, then there exists g,
depending on n = dim M, m = dim E and g, such that H»"(g) =0 for g > p,
and all r (§-Poincaré lemma).

3. Spencer’s resolution

Let us denote by @ the sheaf of germs of solutions of the homogeneous
equation 9f = 0. We shall describe the construction, due essentially to R.
Bott [2], of Spencer’s resolution
D ...Dc

.7 —-65c2cl -0

® B

2
—£

of the sheaf © by sheaves C, of jet forms of order p > y, and degrees r =
0’ 1) s, N
For p >, let

A;.—.{Eeg;[ﬁ&:O}

for all non-negative integers r. Then A7 is a subbundle of R’. Let us define
the vector bundles

C.=Ri./A,...
We see that, for y4 > p,, we have the first-order differential operator
D':R; , —Ci*

given by the commutative diagram
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0——)g2+2 —")RZ-J»Z—’R;«M_)O
2.8 L=t D D
0—Al >R LR 0.

u+1

The mapping D’ factors through C7 in the sense that there is a unique map
D: C, — C;*' such that D’ = Dp. We have then the resolution (2.7), where
C%=R,,, and ¢ is the inclusion map. The resolution (2.7) is not always ex-
act; actually the question of exactness is discussed in part III of this paper,
and it is one of the main problems. The operator D in (2.7) is different from
the one defined by (2.1). Whenever we use the operator (2.1) in what follows
it will be stated explicitly, to avoid misunderstanding. It is useful to have an
explicit description of Cj.

Proposition 2.1. Each element ueC;, uy > pu,, r > 0 can be represented
as a pair (o, &) such that ¢ = rp, & = §p for some element pe R ,, and
Du = (do — &, —d§). Moreover, D* = 0.

Proof. 1f we take any element pe R, which represents a class in
R:.,/A;.,, we get the same pair (wp, §p), because any other element of the
same equivalence class has the form p + ¢, { e 4., C g7,, and then zp =
z(p + £), 6p = d(p + ).

From the diagram (2.8) we see that, if ¢ € R%,,, then D’¢ = (drno — do,
— doo) because dj = — dd, where we consider the representation of the ele-
ments of C;, by pairs. Let

p: ¢ — (wo, d0) .

Since D is defined by D’ = Dp, we have Du = D(g, §) = (do — &, — d&). 1t
follows at once that D* = 0.

This representation of the elements of C7 is not very useful if the adjoint
of the operator D (with respect to some metric) is to be considered. This will
be discussed later. We shall identify u e C;, with a pair of independent ele-

ments.
Proposition 2.2. To a given splitting 2: R, — R}, of the exact sequence

(29) 0— g;-ﬂ - R;-l-l - R: -0
there corresponds an isomorphism C, = R, ® A.*, and
Du = (Dyo — L, Dy(Dys —¢)) ,

where u= (d,0)e R, @ A", Dy=d — 2.

Proof. Let u= (¢, &) be an element of C, which is represented as in
Proposition 2.1. We see easily that the mapping C; — R} @ A;** defined by
(6, &) — (0, £ — 32¢) is an isomorphism. Let { =& — i¢. Then Du =
D(o, &) = D(5,8) = (do — 84c — {, — d& — 52(do — 40 — §)) = (Do — ¢,
DDy — £)) = D(o, O).
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Remark. The first-order differential operator D, = d — 51 defined on
sections of R} is actually the covariant differential of a connection on the
vector bundle Rj. In fact, for any element ¢ € R} and any function f on M,
we have D fo = fDyo + df ® ¢. In terms of a trivialization of R, by choice
of independent local sections, we can write D, = d + e(4), where A is the
local 1-form of the connection and e denotes the exterior multiplication.

Now let us introduce a riemannian metric along the fibres of the bundle
R,, where y is a fixed integer, 4 > p,. Then at each point xe M we have a
scalar product {g, ), of vectors ¢, r belonging to the fibre of R, over x. We
also introduce a riemannian metric on M (i.e. along the fibres of the tangent
bundle 7 of M), and denote by { , ). the inner product on R for r =0, 1,
2, .-+, n; and by | |, the corresponding norm. Denote by B, the orthogonal
complement of the subbundle 47 in R} with respect to this inner product.
Then B, is a well-defined subbundle of R;. Let us denote by « and 8 the
orthogonal projections of R; onto A, and Bj respectively. We identify C;,
with R7 @ A7+, and write 47, = A;® A4;*?; we then have the exact sequence

y
of vector bundles

0—-4,—-C,—-B,—0.

Using the inner product along the fibres of R7, and the splitting 2 of the
exact sequence (2.9), we introduce the sequence

BD, 8D, o BDy

(2.10) 0-6-B, B, B} —0.
Theorem 2.1. The diagram
0 0 0
l b ! 5 b l
0 A5 A Az 0
! b l b b !
(2.11) 0 > O s C Ccr 0
! l !
1 l !
0 0 0

is commutative, and the last row is exact if and only if the middle one is.
The first row is always exact.

Proof. Let (p, ) e 4, and suppose that D(p,{) =0, ie., (Do —¢,
Dy(Dyp — £)) = 0; then (p, &) = (p, Dyp). This implies that —D(0, p) = (p, {).
Thus the first row of the diagram is exact at 4} for r > 1. If (p, {) € 4;, the
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assertion D(p, {) = O implies that Dyo = ¢, where p e 4, i.e., (o, {) = (0, 0),
and the first row is an exact resolution of 0. Since D*(8¢, 0) = 0, we see that
(BD,)* vanishes on sections of B,

From the assumption of exactness of the second or last row follow the
exactness and commutativity of the diagram, since the vertical rows are exact
by definition.

4. Ellipticity

In this section we shall discuss the concept of ellipticity and a fundamental
inequality for an elliptic differential operator.

Let 2:E —F be a regular differential operator of order g, and let
R,, g, - - - be the corresponding vector bundles introduced above.

Definition 2.5. A non-zero cotangent vector £ e T¥, xe M, is said to be
noncharacteristic for R, (or 2) if the symbol map ¢(Z, §): E, — F, is in-
jective.

Remark. It is easy to see that the property of being noncharacteristic is
independent of the prolongation of 2 [10].

Definition 2.6. The differential operator 2 is said to be elliptic at the
point x € M if all the nonzero cotangent vectors £ ¢ T# are noncharacteristic,
and 2 is called an elliptic operator if it is elliptic at each point xe M.

It is easily seen that locally the notion of ellipticity is the classical one. Let
us consider the coordinate neighborhood U and the trivialization E|U, F|U.
We can then write the operator 2:E|U —F|U in the form (2.3). For
£ = &dxt + ... + £,dx™ the symbol ¢(2, &) has the form (2.6). The defini-
tion and (2.6) give the local meaning of ellipticity.

Proposition 2.3. The ellipticity of an operator 9 is equivalent to any one
of the following properties :

(i) the symbol of w in the following diagram is injective,

0 0
! !
0 —o> g, — R, —> R,, —0
! !
0— EQS(T*) —> J(E) — J,_(E) — O
! le
E® S$*(T*)/g, — T(E)/R,
! !
0 0

ie., for every e T%, &€ + 0, x e M, the composition
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(2.12) E. X% E,@ 51 1 1,8) 2> LE)R,
is injective, where i(§): e — e @ &*;
(ii) the composition

g8, — EQ SHT*) — EQ S(T*)/i(§)E

is injective for each &
(ili) for each & the composition

g &
8, 8 .R9T* >g, ®AT*

is injective;
(iv) the sequence

0 = 5(g,) <> 3(g, ® T*)

is exact for each nonzero &, p > p, .

Proof. (i) follows immediately from the difinition.

(i) « (i)). From (i) it follows that for each &, the fibres 7 o i(§)E, and R,
over x have only the 0-vector in common, because the composition w o y ¢ i(§)
is an injection and w(R,|;) = 0. Thus i(§)E; and g,|, have only zero in com-
mon, i.e., the mapping in (ii) is an injection. In order to prove the converse,
let us assume that for some £ € T* and some x ¢ M the mapping in (i) is not
an injection. This means that, for some e e E,, 7 o i(§)e € R,|;, but from the
above diagram it follows that y 0 i(§)e¢ R, _,|,. We conclude that i(§)eeg,|.
for that particular £ and some e E,. This contradicts the injectivity of the
mapping in (ii).

(ii) <> (iii). Let us notice first that, for each £ e T%*, the kernel of the
composition of the maps

E,® SHT%) 5 E, @ S*4T*) @ T* 5> E, ® 5+-(T*) ® £T*

is i(§)E;, and thus has only zero in common with g,|,. This proves the neces-
sity of (ili). The reverse follows by an argument similar to that used in the
proof that (ii) implies (i).

(iii) « (iv). This equivalence is an obvious consequence of the fact that
d(g,) is a subbundle of g._, and 5(g}) is a subbundle of gZ_,.

If 4 > p, we say that p is in the stable range, and then we have the identity
o(gr) = A;z1. The ellipticity of the involutive operator can be formulated in
the following way (2 is involutive if p, = g, + 1).

Proposition 2.4. The prolongation 2,, pp > p, of the operator 9 of order
o is an involutive operator, and it is an elliptic operator if and only if the
diagram, for each nonzero cotangent vector & ¢ T*,
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0 0 0
! l
0 — a4 =5 o =F L 4r 0
l : l : l : !
(2.13) 0—>R,—»R,->,R o LR 0
l ! | l
<o(D» o(D, o(D> a(D,
0 N Cf,; (D58 C; (D»§&) Ci (D»§) . (D»&) C;" N 0
! l | 1
0 0 0 0

is exact and commutative for p > p,.
Proof. It was proved by D. G. Quillen [10] that the last row of this dia-

gram is exact if and only if the short sequence 0 — C% 28 C. is exact. In

terms of the representation u = (g, {) € R, @ A4.** of some element ueC}';,
we can write explicitly ¢(D, &)(g, {) = (¢ A g, — & A ). Then the exactness

of the short sequence 0 — A2 _—E> A? for all £ is equivalent to the exactness
of the first row of the diagram. But the exactness of this short sequence for
# > is equivalent to the ellipticity of the operator 2. Thus the ellipticity is
equivalent to the exactness of the first row in the diagram. As was pointed
out by R. Bott [2], the exactness of the first row is equivalent to the exact-
ness of the bottom row, because the central sequence is always exact for each
nonzero £ € T* and the vertical rows are exact by the definition.

Let &: 5* = S*(M) — M be the unit cotangent sphere bundle. We then
have the map s: @4, — @*A4? which, to an element 2 of the fibre lying over
£ e §*, associates an element s(1) = & A 1. In the stable range there is an in-
jective map §: @*g,., — @*A., and by the composition of these two maps we
obtain the map s §: @*g,,, — @*A42%.

Proposition 2.5. The operator 9 is elliptic if and only if the map s o9
defined above is injective.

Proof. This follows from Proposition 2.3 and the definition.

Now let us recall that the vector bundle B, is orthogonal to A7, with respect
to the inner product { , » on R7. Then the adjoint £* of the exterior left
multiplication by any nonzero cotangent vector £ € TF of the elements of 47|,
is well defined. Let us denote by d* the (formal) adjoint to d with respect to
the scalar product

()= {<.>am.

We can now state
Proposition 2.6 [12]. The ellipticity of an operator 9 is equivalent to the
existence of a positive number ¢ such that, for each section {e A}, p > u,,
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1 < r < n, over any coordinate neighborhood U C M with compact support,
the following inequality holds :

(2.14) ({d(@d*) + (@d®)d}{, §) > c[ LG — 11C]*.

Remark. The norm | ||, is the usual s-form in the Hilbert space
H# (M, C") defined, in the case of euclidean space, by the formula [6],

a2y = Q) f (1 + 9 Py| i) [y,

where i(y) is the Fourier transform of u. In the sequel we shall consider
H (M, C") = LM, C") as a Hilbert space with the product (, )=

f {, >dM, and use the notation | | =1 |-

Proof (of Proposition 2.6). First let us remark that exactness of the first
row of the diagram (2.13) is equivalent to the existence of a positive constant
¢’ such that, for each nonzero £ e T%# and any 2¢ 4%l,, 0 <r < n, the in-
equality

(2.15) [62[5 + 1(@g®)2]; = ¢ | § B2l

holds at each point x € M. The norm | |, is defined by the inner product < , >,

in R,|;, and [§[; = &i(x) + - - - + £7,(x), where § = §,(x)dx’ + - - - + £ (x)dx".

Using Fourier transforms, we obtain the quivalence of (2.14) and (2.15).
Proposition 2.7. The operator 9 is elliptic if and only if the sequence

13 & 3
(2.16) 08 2, a2 L aem o

is exact for each non-zero cotangent vector £eT* and p > p,.
Proof. The ellipticity of the operator 2 is equivalent to the exactness of
the first row of the diagram

0 0 0

! : ! : . !
0———>A:,———>Ai ——»---——)AL‘-»O

| ! !
o-rR- R LR L SR Lo

|
3 § gy BE ¢
0 — R 2 Ry 2 pry B B prey 0
| | |
0 0 0

for each non-zero £eT¥*. The second row of this diagram is always exact;
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hence the last row is exact for all non-zero & ¢ T¥. Diagram chasing shows
that ellipticity is equivalent to the exactness of the sequence (2.16) as is easily
seen from the following diagram :

0 0 0
1 ! !

0— g —pE)—--—pEH—0
l i !
0—->B, - B, —----— B -0
! i l
0—->R2_1—->R:,_1——>---—>RZ_1—>0
l ! l
0 0 0

III. VANISHING THEOREMS

1. Formalism of orthonormal frames

This part is concerned with the differential geometric aspects of the bundles
R,. The forms and curvatures, which play an essential role in the vanishing
theorems, are studied, together with the formulas for integration by parts in
the orthonormal frame on the manifold M.

Let M be a C~, n-dimensional compact manifold. Let 2 be a regular
elliptic differential operator of order y, from E to F. Let x be a fixed integer,
¢ >, and R,, g,, --- the vector bundles, as defined in the previous part.
We shall assume that there is introduced a riemannian metric into the fibres
of R,, and ( , ) denotes the corresponding inner product, and ( , ) the
global scalar product on M.

Let us introduce a riemannian metric on the manifold M, and let
{w', - -+, "} be the orthogonal coframe in the coordinate neighborhood
U C M with respect to the chosen metric. This means that

0w = 8% ; Lk=1,2,---,n,
where “ - ” denotes the scalar product. We have
o' = ai dx* | dxt = bio*

where ai, bi are C=-functions such that a%b; = §%. Let

3 r

dw? oxd

be the tangent vector, dual to o’ i.e.
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a
wi(——) =d5.

dw’

-

But 607 also represents derivation in the exterior algebra of differential
)

forms on M, in particular we have the formulas:

d

k
: i)ty = % ppm
wJ

k _ ok
w——Cji(U, axl iY% -

To the given riemannian metric there is uniquely associated the metric con-
nection, which can be given by the local 1-form z = (7.0"), 7 = (z%). Let
us notice that 7%, are symmetric in the lower indices if and only if dew’ = 0;
i=1,2,...,n. This is seen from the relation between the connection sym-
bols I'%, I''s = I'i; in the coordinate system (x, - .., x*) and the symbols
7% in the orthonormal frame {', - - -, w"}, namely

# = Tt aiby by — Ciy .

Let us denote by V, V' = w® A F;, the covariant differential with respect to
this metric connection. If, for example, »® is considered as a section of the
cotangent bundle T*(M), we have Vo = do® + 7% 0’ N\ o. Since {0, - - -, 0"}
is an orthonormal coframe, we get Vw?®=0,i=1,2, .--, n, or

do* = i N\ o .

The curvature from of the riemannian metric on M is the 2-form R = P (x),
R = (Rij(vi AN (Uj), Rij = (R’{ij .

We shall use the usual star operation “ * ”” on forms with values in a vector
bundle; * maps r-forms into (n — r)-forms. The symbol X is used for inte-
rior product, for example, if ¢ is a scalar r-form on M, then we denote by
oA 9 the (r — 1)-form which is an interior product of ¢ and —a— The

dw® ow*
volume element of M will be denoted by

x(D=0"N - N\ o".

Let {I,(x), - - -, ln(x)} be a frame in the fibre R, over xe U. Then the
choice of the frame {[,(x), - - -, la(x)} in R%|, gives a trivialization of R over
U for all r, and any section ¢ € R}| U can be written in the form

(3.2) g = 1 Y X050 A Nt QL.

r! i a

The matrix a = a(x) = (a,4(x)) is the matrix of the metric tensor, with com-
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ponents a,,(x) = (I, (x), [,(x)>. Remember that the global product on M is
given by the formula

(3.3) (o,p)=f<a,p>*(1)=fo/\a*p
M M

for sections g, p of R;. The 1-form § = }a~'da, the connection form of the
metric connection uniquely associated to the riemannian metric along the
fibres of R,. The curvature form of this connection is given by the formula

II=do+0N6.

We have seen already that /A is the 1-form of connection on R,, which is
given by the covariant differential D, = d + e(/[). Let us define further the
operators Dy: R} — R by the formula

(3.4 D =D, +elI), I'=a’'Da.

The operator D; is again the covariant differential of some connection on R,.
Considering the commutator of D, and D, we define a local 2-form 2 by the
formula

3.5) 20 = (DDr + DDy ,

for each ¢ ¢Rj. Using the local orthonormal coframe introduced above, we
have

(3.6) D=0 N2;, D,=w’ A\D;.
The formula (3.5) can be written explicitly in the form
(3.7) (@JDk -_ Dk@j)ag:."'ir = 'Q:;jk 0”-9'1""’:;- 3

where ¢ is given by (3.2).

Definition 3.1. The 2-form £ is called the curvature form of the operator
2 and the corresponding tensor the curvature tensor of 9.

Let D¥ be the formal adjoint operator to D, with respect to the global pro-
duct ( , ). Then for the “laplacian” I, = D,D§ + DfD, and any element
g € R the Weitzenbock formula can be written in the form

{(D,DF + DfDyo}ls,...;, = — 21@ij 0%ni,
j=
(38) + s§ ;ﬁs - 5;R{s) agz"'%—lﬂs-u”'ir

«©
— 32 Rl
Tty

G% ...
[CRRRLTES TAPRS SRR FLNES R 72
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where
. n .
Rzzs = kZlRiisk

are components of the Ricci tensor. The formula (3.8) can be written sym-
bolically in the form

(3.9) Oeo = — 3. 2;D,6 — $Re — Ro + Q0 ,

where Ra, Ra, 20 are defined by (3.8) and (3.9).

Remark. If D, is the covariant differential of the metric connection asso-
ciated to the riemannian metric along the fibres of R,, i.e., if § = 4, then
I' =0, D, = D,, and we get the usual Weitzenbock formula, which in the
complex case is in [4]. But, in general, if the differential operator 2 and,
therefore, R, is given, 4 is not a 1-form of any metric connection on R,.
Nevertheless, there are some special elliptic differential operators such that
the splitting 1 of the sequence (2.9) can be chosen in such a way that A is
the 1-form of the metric connection associated to the given riemannian metric
along the fibres of R, (see III. 5, for example).

Let us now define the quadratic forms

2, ¢) = (Po, 0) ,
(3.10) R(o, 0¢) = (Ro, 0) ,
R(s, 0) = (Ra, 0) .

Lemma 3.1. For each element ¢ ¢ R;, the following identity holds :

% (1,0~ D2 (on-2), on-2)
(3.11) s dw 30

= Q(a, o) — R(U, ‘7) - %R(aa 0) .
Proof. An element g e R; can be written in the form (3.2); then

acauf)a r— 1)‘

(O'K Zo:u iy 1‘” /\"'/\wir_l’

and if we denote by *“; ” the covariant derivative with respect to the connec-
tion given by the operator D,, we have

2\ ,.
{.@,Dk(aﬂﬁ)} (r—l)'Z{ Sorreiy vikii T Oyl 5O A A’

0 “ 1
{Dk@j(aﬂ'a;j')} =(r_1)'2{01n iy 11k+1—ﬂ1k01u ip -1

+ fﬂ]“;u iy _1ik Afk I-;ja?ix"'ir—l}wu/\ AR T
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where A = (48,), I’ = (I'%,). Then we have the formula

0

dow’

S A DD = D@ o720 ) = L T (5, — BRY)

) B _ 1Rl e T i
Oi1eeig_yiigay iy 2Ri,,i.,Jai;“-i,,_1lip+1--~i,,-1ji,+1~-i,.}w AN Ao,

which proves the statement.
For each e A, we define the quadratic forms

(3.12) 2, 0, 2, ©), RE, O

by the formula

A0 — RE, 0 — 3R, 0
=j{V_‘k‘({.@,Dk—Dk.@j}a<C7Ya—Zj—),a(C?Y 9 ))

dw*

The explicit form of expressions (3.12) is easy to see from the proof of Lem-
ma 3.1.

Now we assume, in what follows, that the manifold M is a finite submani-
fold of the C~-manifold M’. This means that M is an open submanifold of
M’, the closure M of M is compact, and the boundary bM of the manifold
M is a regularly imbedded C~ submanifold of M’ of codimension 1. Let M’
be a riemannian manifold, and let r be the C* distance function, defined in
the neighborhood of bM. For x e M’, r(x) is the geodesic distance of x e M’
to bM; r(x) > 0if xe M, r(x) =0 if x e bM, and r(x) < O for x in the exterior
of M.

Let us consider the coordinate neighborhood U on M’ with the coordinates
(x4, .., x*) =x, xe U, and assume that UNbM % &. Then

dr A\ *(dr) = dr-drx (1) = x (1),
where

or .

aw"w .

dr =

The form ¢ € R;|U is called normal at x € bM if dr A ¢ = 0, and the form
p€R:|U is called tangential at xe bM if, for each normal ¢ at xe bM,
{p, 6>z = 0. Thus each ¢ ¢ R}|U can be written in the form

o=1¢ + no,

where ¢ is tangential and ng normal at each x e bM. In particular, we get
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HO' N ANDN - No™) = (—U"‘—j—';*(clr) .
w

Let a, f, g be C= functions defined on U; then
d(;faga)l/\ NN A Ao

(3.13) o
=(— 1)‘-1{ ag+fa +f—g} (1) + fag (—1)-18, % (1) ,

where S, is defined by this formula. Since Stokes’ formula can be written in
the form

Id(fagwlA---A&‘A---Aw") =ffagt(w‘/\---/\c%‘/\--~/\w")
M oM

— (_1y-1 or
= (=1) z[;fag Zvian,
we have from (3.13) the formulas:
J;fa aajk (1) = f_a_f_ ag (1) +ffag « (dr)

—ffagsk*(n—ff 2o gx (1),

—

da
— [tagsix ) — [1 2 g 1) .

(3.14)

* (dr)

* (1) +ffag

Moreover on the basis of the identity

& 3 & 3
— + c} = -— + ¢}
39w’ | e owlda* | dat

b

we get
f_a_f_a 2 ,y= (2 a9
o 007 00" o 00" 00’

+J'fal: a8 Br. _ 8g. or :l*(dr)
2.4

dw* Jw’ o’ d0*

+ [fateh - ) 2 )
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0w
da ag da ag)
+f( P j 1 )
)N Ger 307 ™ a7 3 T

2. The D-Neumann problem

In this section we formulate the D-Neumann problem, and briefly indicate
the Hilbert spaces associated with it.

Let us now assume that 2 is an elliptic differential operator, and let D* be
the formal adjoint to the operator D in the resolution (2.7) of the sheaf ©.
This means that, for any v e C;! with compact support in M’, and each
u e C, the identity (D*u, v) = (Il—)v) holds, where ( , ) is the global product
on M’. Considering now the representation of u ¢ C; by the pair (g, {), we
have the formulas

Du = D(0,0) = (Do — §, Dy(Dyo — 0)) ,

(3.15)
D*u = D (g, ) = (DF(e + D¥¢), — a(c + D¥?)) .

The first formula is part of Proposition 2.2, and the second follows by
straightforward computation. It is easy to see that D} and D}* are linear
maps over the local rings of C~-functions. Then we have the well-defined

mapping
(3.16) 0 = DD* +D*D:§;—->(_Z;,

which is called the laplacian.

Let us assume further that x is a fixed integer and that g > p,. Proposi-
tion 2.4 shows that the laplacian [J is elliptic if and only if the operator 2 is
elliptic in the stable range.

We introduce the following notation :

C : the restriction of the space of sections of C, = @, C}, to M, elements
which are smooth up to and including the boundary;
C, : the completion of C in the norm || {;

D, D*: the extensions to C, of the operators D, D* in Spencer’s sequence
(we keep the same notation despite the fact that the spaces on which
these operators are defined are different, and the spaces will be
specified if necessary.)

G : the elements of C, which are in the intersection of the domains of D
and D*;
N : the elements u € C, such that Du lies in the domain of D*, and D*u

lies in the domain of D;



400 BOHUMIL CENKL

H : the subspace of N composed of the elements of NV which are annihi-
lated by the laplacian L = DD* + D*D (L is actually the Friedrichs
extension of the laplacian [J on N).

We observe that these spaces have the structure of graded vector spaces,
for example H = @, H".

Definition 3.1. We say that the weak Neumann problem is solvable for a
finite manifold M, and the elliptic differential operator 2, if LN is a closed
subspace of C,.

We observe that the operator L is self-adjoint and that (L +I)~' is a
bounded operator on C,. We define next the orthogonal projection

(3.17) H:C,—H.

If the weak Neumann problem is solvable, we have the orthogonal decom-
position

(3.18) C,=DD*N®D*DN®H,

i.e., for each ue C,, u = Lw + Hw, where w e N. We define the map (Neu-
mann operator)

(3.19) N:C,— N

by the relation: Nu =w — Hw.

Proposition 3.1. The weak Neumann problem is solvable if and only if
the operators H and N have the following properties: N is a self-adjoint
bounded operator satisfying

(i) NH = HN =0,
(ii) u = DD*Nu + D*DNu + Hu

for each ue C,.

Proof. The proof follows essentially the lines of the proof of Proposition
2.8 [8].

For each u, v € C; we define the Dirichlet inner product

(3.20) QO(u, v) = (Du, Dv) + (D*u, D*v) + (u, v),

and the norm Q(u) by O(u)* = O(u, u). If the norm Q is completely continu-
ous with respect to the norm | | and this is expected to be true generally
only in positive degrees, then the weak Neumann problem is solvable, or
solvable in positive degrees. But it seems that the relation DN = ND lies
deeper.

Definition 3.2. We say that the D-Neumann problem is solvable if the
weak Neumann problem is solvable and if the Neumann operator N com-
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mutes with D, (i.e., if u belongs to the domain of D, then Nu also belongs to
the domain of D and NDu = DNu).
Proposition 3.2. If, for each u e C,, the irregularity

(3.21) Qi 1) > ¢ [ lulz » dn

M

holds for some ¢ > O then the D-Neumann problem is solvable and
(3.22) H = Z(C)/D(C,)

where Z(C,) is the kernel of the map D: C, — C,, and H" is a finite dimen-
sional vector space for r > 1.

Proof. That the solvability of the D-Neumann problem follows from the
assumption of the proposition is a consequence of the fundamental theorems
proved in the paper [9].

If the D-Neumann problem is solvable, we have the Neumann decomposition

(3.23) u = D(D*N)u + (D*N)Du + Hu
for each u ¢ C,. This decomposition provides a cochain homotopy
1 — H = D(D*N) + (D*N)D ,

and the isomorphism (3.22) follows.

The inequality (3.21), together with the ellipticity, implies the complete
continuity in positive degrees, of the Dirichlet norm Q with respect to the
norm | ||. This finite dimensionality of the harmonic spaces in positive
degrees follows from a standard argument.

Let H = @, H" be the space of elements « € C, which satisfy the conditions

(D*u’ 'U) = (u: Dv) »

(3.24) (D*Du, v) = (Du, Do)

for all v € C, and which are annihilated by the laplacian [J. The solvability
of the D-Neumann problem implies the isomorphism H" = H", r > 1.

Remark. (i) There is another cohomology, namely the cohomology
defined by the formula

# =Z(C)/ D),

where C is the space of sections of C, = @,C; over M. The relation between
# = @, and H = @, H" requires further investigation even if the Neumann
problem has been solved, although these spaces are probably isomorphic in
positive degrees, as was conjectured by D.C. Spencer.

(ii) The condition (3.21) is not necessary for the solvability of the D-
Neumann problem, and a weaker condition, for example,
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Qu,u)y >cllull, for 0<s< ,¢c>0,ueC

may suffice (see [14]). But for our purpose (vanishing theorem) these condi-
tions are not very important.

One of the main problems is to determine the set C(9,,) of finite manifolds
for which the D-Neumann problem is solvable. The manifolds of C(2,,)
would be in some sense, generalizations to elliptic operators of the classical
holomorphy domains (see [12]).

W.J. Sweeney has recently shown that the Neumann problem for an
elliptic system with constant coefficients on a spherical domain is not always
solvable in terms of the euclidean metric.

3. Vanishing of the harmonic space in positive
degrees for open manifolds

The harmonic space H is the subspace of C composed of those elements,
which satisfy both boundary conditions and are annihilated by the laplacian
0. It would then be enough to calculate an explicit form of the Dirichlet
integral yielding a fundamental inequality for a vanishing theorem for elements
satisfying both boundary conditions. Nevertheless, we give a formula for the
Dirichlet integral under somewhat more general conditions, namely, we
assume that the elements are smooth up to and including the boundary and
satisfy only the first boundary condition (3.24).

In view of the remark made at the end of the preceding section, the signifi-
cance of this section, so far as vanishing of cohomology is concerned, is
dubious.

Let {U,} be a finite covering of M by coordinate neighborhoods in M’,
and U be a neighborhood of this covering such that UN bM # J.

Proposition 3.3. Let u be a section of C, over U which is smooth up to
and including the boundary bU of U and is such that the first boundary
condition (3.24) is satisfied. Then, for the elements ¢, { is the representation
(0, §) of u, and the following identities hold on bU :

D 5 aaro70r) =0
(3.26) ,21 aac:f (C aiﬂ') -
(3.27) awz;rwt [o 7 ail) * aiﬁ a?o" (" A 63)‘ ) N Zaitk ’
(3.28) aaizarwl “(CK ail ) + ai; acauk“(C A az‘ ) =iaac:"
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Proof. LetueCr|U, veC, '|U, and let u belong to the domain of the
operator D*; then, using the representation u = (g, {), v = (p, 3), we have
by Proposition 2.2 the formula

(D*u, vy x (1) — U, Dvdx (1) =d{e Naxp — L Naxy}.

Since (3.24) holds for such u e C and all v € C, we have the identity
f(a/\a*p—g/\a*rj):.-o,

Thus
teNaxp)=t Na*xyp) =0,
on bU, i.e.,
drANeoNaxp=0, drANENaxp=0,

The last identities are equivalent to

0 0
A— =0, ( N —) =0.
7 or lswy : or /sy
Since
9 _ or 0
o =3 e 0

we obtain (3.25), (3.26). The equations (3.27) and (3.28) are obtained by
derivation of (3.25) and (3.26).

Definition 3.3. The finite manifold M will be said to be “strongly pseudo-
convex” with respect to the differential operator 2 if at each point of the
boundary bM, the condition

i / 0 ) a \\
.29 Srdelen 5] elen 33)) >0
where
Lij = Vsz" >

is satisfied for all £ satisfying (3.26).

Remark. The condition (3.29) is too restrictive in general to be the right
“Levi criterion” for the determination of an existence domain (analogue of
holomorphy domain) for an elliptic operator.

Lemma 3.2. For any ue C which satisfies the first boundary condition
(3.24), we have the following identity :
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(3.30) | Duj* + [D*uf® + |ul* = K(u, v) + T(u, u) +fLo(“: u) x (dr) ,

oM
where
(3.31) K(u, u) = 2(a, o) — R(s, 6) — 1R(s, 0)
' + 0,0 — 2. 0) — 32, 0) .
o o KR 3 \\
Lou, 1) = k,JZil 0w 0w’ \a<C A 0o® >’ a(C A dw’ )/
(3.32) . Fr 3 3\
s awkawf \0' A aa)k s 0 ~ awj/ >

T, 1) 3 DEI + L1 Dw | = (8(DL 7 =2, 6(Dg 7 -2 ))

o))
o

2(« (cx__-) « Y Ch, (

+

—_

((“D*)Cs {frx + 2¢, + a’fk + 2aAk}

afore o )

(3.33) —2(D (o R —) 2 G (" A a—f,r))

+@x S {(f; + 2d)Dsx — Dya(f; + 24))

— 4,8, + d@p; — 9.4, + T ChaCli az . ))

+ (0 7 S2 45 — Dufs + T CuCid[o 7 -2
— 2, D) — 2Dk, Dio) + 212 + | Dig | + 2Dga, D§Y)
+ 2ag, aD$Q) + | DFCI + ao | + o],

where
4, = Dya — aDy, ¢ = Dy — aD,, 4, = ada, ng =aga,
dy=A+ M +T— S, — 6 = —lo— A =T+ S+ 6 - .

Proof. For each u = (s, {) € C satisfying the first boundary condition
there are the formulas
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IDul* =D |* + [ DL [|* — 2(C, Do) — 2(DL, Do) + || L|* + || Die |*,
[ D*u|* = || Dfo |* + | aDFC|* + 2(Dfo, DFE)
+ 2(ao, aDFS) + [ DFC|* + | aa || .

By definition of the adjoint D} of D, we have

| Dk |? = (gj(ax-a-i—j),éak(aﬂ 9 )) :

dw*®

i | 2 a g
’l Dog‘ |,2 = ',Z “ DJ-O' H - (Dja ~ "a?‘y D];O' N a:]) .

Using the formulas (3.14) for integration by parts, the formulas (3.27), (3.28)
and the identity

(3.34) (aa)x g 9 (o7§ 9 )=;c{;(o7<aa )

' 30" 0o dw* w"

which is easily proved to be valid for ¢ € R} and any r, we obtain the formulas
stated in Lemma 3.2 by straightforward calculation.

Theorem 3.1. If the curvature of the operator 9 is such that the quadratic
form K(u, u) is sufficiently positive for all ue C*,r > 1, and if both conditions
(3.24) and condition (3.29) are satisfied, then

H =0, r>1.

Proof. Since H” = H", r > 1, it is enough to consider elements smooth
up to and including the boundary bM. If we write T"(u, u) = T(u, u) — {lu|?
we obtain from (3.30) for a harmonic element u e C the identity

K(u, u) + T'(u, u) + fL(u, u)xdr=20,

bM

And from here we can conclude that if K(u, u) is sufficiently positive in a
sense that the left side of the above equality is >0, then u = 0.

4. Vanishing of the cohomology groups H", r > 1,
for a compact manifold

We continue to assume that the operator 2 is elliptic and assume, in addi-
tion, that the manifold is compact. Moreover, we assume that the resolution
(2.7) is exact for p > p,, i.e., the resolution of the sheaf & of germs of solu-
tions of the homogeneous equation by the fine sheaves C%, ¢ > p,, is exact.
Let ;2 be a fixed integer p > p,, and let C = @,C" be the graded vector space
of sections of C, = ®,C7, over the manifold. Then
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H'(M, 6) = Z(C") | D(C"™)
(de Rham’s theorem). Let
H = {ujueC”, Du = 0, D*u = 0}
be the harmonic forms of degree r; then
(3.35) H M, 0)= H"

(Hodge’s theorem). In fact, on the compact manifold the Neumann problem
is solvable by standard arguments and this yields the isomorphism (3.35).
Our purpose here is to give a vanishing theorem for the harmonic spaces in
positive degrees, i.e. by (3.35) for the cohomology in positive degrees.

The desired fundamental inequality can be derived from the formula (3.30)
for the Dirichlet integral. However, by restricting our attention only to har-
monic elements, we can proceed to the inequality somewhat more directly.
Let u = (o, ) be an element of C” in obvious identification. If this jet form
is harmonic, then Du = D*u = 0 and, by (3.15), Dy =, D¥oc = —D¥¢
and g = —aD¥{. Thus, for any harmonic u = (g, {), we have

(DoDF + DEDya — DFE + DDFC = 0,

(3.36)
(DyD¥F + aDFDY). + Dy — aD¥Dig = 0 .

The “laplacian” D,D¥ + D¥D, is explicitly given by (3.8), and the following
formula can be regarded as the Weitzenbock formula for the “laplacian”
Dy D¥ + aD§ED,:

(DaD¥ + aD¥DY. = —a }]: 2,D;C + a{wk A .@,-Dkﬁ(C ~ 0 )}

0w’

+ o A {2,D, — D,,@,}a(c x —a—) — &* A Dyfa2; — @,-a}(c v Qi )
dw’ ow’

+ a{(Z ' + Ad;0* + I'jo*) A (ch A azj )}
+ alw" A2, T c;.‘,,(C x —9—)} .

oo™
Since, for any harmonic # = (g, {), (3.36) holds, we have the identitics
((DODS|< + Df:kDo)U, 0') - (D:).:C, 0') + (DOD(;HC3 0') =0 ’
((DyaDg + aDFD)L, £) + (Dyas, £) — (aDFDie, 0) =0 .

Straightforward calculation gives
Lemma 3.3. For any harmonic jet form u = (¢,{)eC",r > 1, where
(¢, §) is the obvious representation of u, the following identities hold :
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o, 0) — —;—R(o, g) — Ié(a, a)
= — L1Dgl* + O 0) - ODFL, 0)
90 — %ﬂ@, O — A0 = — TIDLI + | DK I

+ (18 — p2(C 7 -2 ) ZNIZ P)

+ (28(e 7 557)- (@ - pn{em 57
~Jlirelen aaﬂ) e o >
~ (a7 ) e m g )fser 0
LI 2 L )
+(a—ir( s 2807 sa—))
(i —bigeale )ﬁ(gxaiﬂ))
-2 =)

{c3
(Akﬁ(m—) D,a(¢ 7
_2({A,,+Fk}ﬁ(C7V—-) ( 907 ))

o) )

(w
(s i
o

+ (0* A D{ax2; —.@,a}(

WA D, Tl (cx——) )—(Doaa, 8) + (@DEDig, §) .

Lemma 3.4. If 9 is an elliptic operator, then for any harmonic jet form
u = (s, ) e Cr, r > 1, there exist positive constants K,, K, such that

(3.38) Ku,u) <K |o|*+ K| C]*,
where
(3.39) K(, u) = Q(0, o) — $R(s, 0) — R(s, )

+9C 0 — 320 — 2C,0) .
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Proof. It is enough to prove this inequality locally, for u with compact
support in some fixed neighborhood U of a finite covering {U,} of the compact
manifold M.

We shall consider first the term 3 || D,{|® — || BDF¢ ||*. Reasoning similar
7

to that in Proposition 2.6 shows that the ellipticity of a differential operator
2 is equivalent to the existence of a constant ¢, o < ¢ < 1, such that

(3.40) 1@aZIP < (1 —c) 2 | g

for any { e 4}, ¢ > py, r > 1, with compact support in U, 3 dx’ A d,{ = d{
Then, from the identity

IBDICIE — S IDLI = — D14l + (pd(c 7 2o, gy (e 7 -2 ))
2l ﬁ%( )
we obtain the inequality
[BDI I = ZUDLI < —c T I4L1P—2 £ 0L AD
+2(ply + T 2o (e w2

— 2R 0% 40 +2(pd, + TR 2

(3.41)

Let us observe now the following elementary fact. For any positive number
¢ there exists a positive constant K(¢) such that, for any two elements g, p€ R],
we have (¢, p) < e|lol* + K(¢) | o|>. We then derive from the formulas
(3.37), for some ¢, > 0, &, > 0, e; > 0O, the following inequalities :

0(0,0) — %R(«:, ) =R, 0) < = T |Dw | + & T IDLI + K@) o,

8¢, 0 — %@«:, 0 — AC O < [BDFLI — D IDLI + e B IDLI

+ &2 |Djo [* + K(ess &) [ I}

Adding these two inequalities, and using (3.40) we obtain (3.38).

From the inequality (3.38) we infer the following:

Theorem 3.2. Let M be a compact manifold and 2 an elliptic differential
operator. If the quadratic form K(u, u) is sufficiently positive for all ueCr,
r>1, then

(3.42) H M, 0) =0, r>1.

Remark. The condition that ‘“‘the quadratic form K(u, u) is sufficiently
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positive”” is equivalent to the statement “‘the curvature of the operator 2 is
sufficiently positive with respect to the curvature of the riemannian metric
on M”.

We were using so far only the resolution (2.7) of the sheaf ©. Considering
the resolution (2.10), we are led to the laplacian D¥gD, + gD,D¥, the cor-
responding Weitzenbock formula and another formulation of the vanishing
theorem for a compact manifold and elliptic differential operators. The con-
dition for vanishing of the cohomology groups (3.42) is then given by sufficient
positivity of the quadratic form K(u, u) on sections of the bundles B7, r > 1,
i.e. on elements u = (g, 0) in the natural isomorphism and representation
of u by a pair as in Proposition 2.2.

Under the assumptions we have made at the beginning of this section, we
can conclude from Theorem 2.1 that the resolution (2.10) is exact. Then
the cohomology H(M, ©) is isomorphic to the space B = @,B" of sections
over M of B, = ®,B%, where y is fixed, g > y,, which are annihilated by the
laplacian D¥pD, + BD,D¥. Let pc B; then the Weitzenbock formula has
the form

(DFBDy + BDDY)p
= ~92;8D;p + ﬁ{wk NA{2;Dy, — Dk@j}ﬁ(‘o o )}

oo’

s n @ alele 2]

o’

+ o* N {28 — B2,}D, (P x 2 )

dw’

(3.43) + {2 o + 40" + I'j0"} N\ BD; (p A a@j)
w
0

— 2,{186* A Dup) — @* A DI 7 2
(0]

+ @J-{w" /\ﬁZCi‘;-(M 0 )}

0w’

caforn [oloun ) + (2]

Using this formula, we have the following
Lemma 3.5. For any peB", r > 1 the identity

240, 0) — R0, ) — Rylo, p) = ({D¥BDy + BDD¥}p, p)
+ | aDyp ||* — ; ID;oll* + (8D;p, 4,p)
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— @D 0;0) — [ (Do, 68, % (1)

zaon 2o )

k
+ otkaK—— a Y Ch (p?(——e))

)

7 o))

- [ - ﬁD}(M—)’Dﬂ(M )
)

+ |
(
- (@
+ (120 — a2 (p 7 ——) 2,(o 7 2
ol
(
(

(3.44) gD ( ) {D,a — aD,) (p A
+ (12,8 - ﬁ@,}(p X ——) B (p 7 az,k))
+ o ). w5
(i oo n ). o7 2

o npzalen ) o

(5 chof + A0t + T jo*) A Dy (px - J) p)

-
-
= (ol n [p(ore 7 555) = (P07 55) ]} o
- R

2, {(w A D) — B(* A Dyp)

holds, where
250, p) — R0, ) — Ry(p, p)

= <{@:Dk - Dk@j}ﬁ(P A} —a%f—)’ .3<P Ja) 63)">) .

We shall write

Ki(p, 0) = 24(0, p) — #R;(0, 0) — Ry(0, p) -
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Theorem 3.3. Let M be a compact manifold and 2 an elliptic operator.
If the quadratic form Q,(p, p) is sufficiently positive in the sense that K,(p, p)
is sufficiently positive, then

H M,0) =0, r>1.
Proof. The statement follows immediately from the inequality

(3.45) 2,0, 0) — 3R,(0, p) — R0, 0) < +kK|l oI,

which holds for all p € B", r > 1, for some positive constant k. From (3.44)
follows the inequality for ¢ > 0, K(¢) > 0,

240, 0) — ¥Ry(p, p) — Ry(p, 0) < || aDyp |I*
- ; [D;ol* + ¢ ZJ a;| De|* + K@) lel*,

where a; in general depends on the metric chosen along the fibres of R, and
on the splitting of the exact sequence (2.9). Since 2 is an elliptic operator,
we have the inequality

lleDop |I* — ; IDjel*<C JZ Dol + Killol*,
which holds for all pe B", C and K, being positive constants. This proves
the inequality (3.45) and hence the theorem.

5. An example

Let M be a compact manifold of complex dimension m(n = 2m), and T (M)
the complex tangent bundle of M. We have the obvious isomorphism
T.M)=V @V, where V is the bundle of holomorphic tangent vectors on
M. Further let E be a complex line bundle, and let

D E-V*,

where ¥ * is the dual bundle of 7, the first order differential operator which
has in local complex coordinates z = (z', - - -, z") on U C M the form

25 =3 %di" .

The vector bundle R,, as sub-bundle of J,(E), is locally given as the set of

elements of the form (s, j_s’ —azi) for which .:Ts = 0 holds. The operator
zv v zv

2 is an involutive and elliptic operator. In this case y, = g, = 1 and every

element u = (o, §) € Cj = R{/AJ in the representation of Proposition 2.1 is a
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pair of independent elements, where ce R; ~ E@ APA* N\V* p 4+ g =7,
and & belongs to the ideal of E@® AP V* AYV* p’ 4 ¢’ =r + 1 generated
by E @ V*, in the sense of exterior algebra. The differential operator D (see
Proposition 2.1) splits into two operators, namely D = D, + D,, where

Dy(a, §) = (06 — &, —08), Dy, &) = (9o, —3¢) ,

and we have the exact commutative diagram (see [12])

D D D D D
0 0 c a co AN 0
0—6—pe2upn- 2 ... P pem g,

where O is the sheaf of germs of holomorphic functions on M, and the second
sequence is the classical Dolbeault resolution of & by sheaves of complex-
valued differential forms.

The splitting 2 of the exact sequence (2.9) can be chosen, in this case in
such a way that D, is the covariant differential of some metric connection
corresponding to a Hermitian metric in E. Then D, = D, (see (3.4)), because
I" =0, and the curvature 2 of the differential operator 2 is just the curvature
of the corresponding Hermitian metric. Theorem 1 of [7]—Kodaira’s vanish-
ing theorem—then follows from Theorem 3.3 of this paper.

IV. THE BOTT CONNECTION

The construction of the bundles C;, 4 > 4, r =0, 1, ---, n of jet-forms,
given in Proposition 2.3, is due essentially to R. Bott. The construction was
originally formulated in terms of a so called Bott connection or, in the paper
[2], on the basis of a connection from R, to R,_,. Such a connection is given
by a ‘“‘derivation” D in Definition 2.1. In this section, we shall give some
characterizations of these connections, using the principal bundles associated
to the considered vector bundles. Because the operator D is well defined for
all ¢ > 1 we shall not make any restrictions on .

Let g: P, — M be the principal bundle associated to the vector bundle
p: R, — M, and let G, be the structure group. Let &, be the Lie algebra of
G,. Denoting by V, the typical fibre of R,, we have the commutative diagram

P,XV,—»P, X V,=R,
(4.1) j p

p 3. M.

'3
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Assume that there are given the following mappings : projection 7z :R,—R,_,,
homomorphisms 4: G, —G,_, and k: V, —V,_; such that k(gv) = h(g)k(v)
for all g€ G, and any v e V,. There exists the bundle map I: P, — P,_, com-
patible with the operation of the group on the principal bundle. Namely, for
(z,v)eP, X V,, ros(z,v) eR,_,, there exists a unique z’ e P,_, such that
§'(Z', k(v)) = r o 5(z, v), where s’ is defined by the diagram

P,xXV, — R,
5| &

,

K]
P#—l X V,‘_1 —)RI,_l .

We then define z’ = [(2).

For any X ¢ T(M), we denote by X ¢ T(P,) a vector such that g, X = X.
The vector field X e T(P,) which projects on X ¢ T(M) is called a projectable
vector field. Let U C M be any neighborhood over which R, is trivial. If
gel'(U, R,), then there is a unique section ¢’ ¢ I'(g~*(U), P, X V,), such
that s o ¢’ = ¢ 0 ¢. The section ¢’ is given by a V ,-valued function ¢ on P,,
in the sence that for any z e g7'(U), ¢’(2) = (2, 6(z)) holds. It is clear that
G(z8) = g7%¢(2) for any ge G,. We shall speak about V ,-valued G,-functions
on P,. There is a one-one correspondence between the sections of R, and
the sections of the sheaf of germs of V,-valued G,-functions over M.

Definition 4.1. A Bott connection from R, to R,_; is given by the first
order operator

D, RE—R:,  r=0,1,...,n—1,

where the conditions (i) and (ii) of Definition 2.1 are satisfied.

Remark. This definition is actually exactly Definition 2.1. The only dif-
erence is that we use the symbol D, instead of D in order to make clear that
the Bott connection on the u-th level is considered.

The “lifting” of the section ¢ € R, into the G, -functions on P, will always
be denoted by 6. A long tilde over several symbols will be omitted for typo-
graphical reasons, but its presence should be clear from the context.

Proposition 4.1. To the Bott connection D, and any projectable vector
field X on P,, there is associated an element w(X)e Hom (V,, V,_,) by the
formula

“4.2) o(X)é = i@ X)D,s —aeR, .

The element w(X), considered as a mapping of V ,-valued G,-functions on
P,, is linear over functions and satisfies the following two conditions :
(i) w(d) = k2, where 2 is a fundamental vector field on P, corresponding
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to 2€ ®,, and the composition on the right side is the composition of endo-
morphism 2 on V, and projection k.

(ii) o(X.5) = h(g)"o(X.)g .

And any Bott connection can be given by such a 1-form o which satisfies (i)
and (ii).

Proof. Straight from the definition it follows that o(X) is an element of
Hom (V,, V).

Let f be a lifting from M onto P, of a real-valued function f. Then

o(X)fé = iX)D(fo) — kX (f5)
= fiX)D,s + iX)df ® no — df(X) ® ke — fkXs
= fo(X)s ,
so w(X) is linear over functions.

The fundamental vector field 4 on P, corresponds to some element of the
Lie algebra @, of G, in the homomorphism of the Lie algebra &, into the
vector fields on P,, given by the action of G, on P,. Then if y is a 1-form
on P, with values in ®,, such that the restriction to the fibre is the Cartan
form, we have the identity (1) = 1. And since for any fundamental vector
field 2 on P, the formula (4.2) has the form

w(z)&(z) = ——kié‘(Z), Ze€ Pﬂ s
we obtain the relation

0()i(z,8) = —kid(zg) = —ki(g70(zy)) = —ki(g7)5(z,)
= —k(dg'()a(ze) = k((g~'dg)A)g *6(2s) = k16(2,) »

where z, is a fixed point of P,. This proves the identity (i).
The formula (4.2) and the diagram (4.1) give the identities

s(l(z8), o(X.,)5(z8)) = s(U(z8), i(q+X)D,0(z8)) — s(l(zg), kX5 (zg))
= s(l(2)h(g), i(qxX)h(g)D,a(2)) — s(l(R)h(g), h*(2)kX5(z))
= 5((2), i@ X)D,0(2)) — 5((2), kX5(2)) = s(l(2), &(X,)5(2)) .

In this formula the subscript z is added to X for better understanding. It is
immediate that (ii) follows from the relation

s(U(zg), ©(X,)(28)) = s(I(2), h(g)w(X.)g'3(2)) -

And now we shall prove the reverse statement. Observe that the Bott
connection on the p-th level gives the linear mapping v(X,), associated to
the vector X, e T,(P,), of a local section ¢ of R, over some neighborhood of
g(2) into the fibre of R, over g(z). This mapping is defined by the formula



VANISHING THEOREM 415

4.3) v(X,)o = s((2), o(X,)3) .
we then have the relation
v(X,)o = 5((z), i(qgX)D,0 — kX5)
= 5(l(2), ¥(q+X)D,0) — 5((z), kX5)
= i(q,X)D,0 — 7s(z, X&) .

From these formulas it follows that the operator D, gives a Bott connection.

Let W, be the subspace of Hom (V,, V,_,) generated by elements of the
form (1), where 1 is some projectable vector field on P,. If we denote also
by @, the representation of the Lie algebra &, in ¥V, which is induced by the
action of G, in V,,, we have:

Proposition 4.2. W, =k-G,.

Proof. To the splitting ¢ of the exact sequence

O_’gp+1 —"Ryﬂ _"Rﬂ_"o

and the Bott connection D,, there is associated the connection on the vector
bundle R, defined by the operator D,., o . We have namely the relation

D,=D,oror=ao0D,, 07.

It is easily seen that D,,, o r is the covariant differential of an “ordinary”
connection on R,. If 6 eR,, then

(Dp+1 ° T)fO' = Dy+1(ff0) = df®0 + f(D/H-l ° T)O' .

But the linear mapping v(X,) considered in the proof of Proposition 4.1
satisfies the following:

v(X,)o = i(q.X,)D,0c — s((2), kX 3)
= (g X,)7D,.1 o o — 5((2), kX.3)
= 5(2, (@ X,)D 1 © 70) — 75(2, X,5)
= 5((2), k © i(@xX)D,.; © 70) — 5(2), k 0 X,5) .
Hence, by (4.3),
(X)) =k o ({(@4X)D,,; 0 10 — X.,5) .

Analogously as it was done for the Bott connection, we can find on P, the
@®,-valued 1-form A such that

AX)é = i(gX)D,,, o 16 — X5 .

It is obvious that A is a connection form. This concludes the proof.
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Now we shall give another characterization of the Bott connection from R,
to R,_; on the basis of Proposition 4.1. Let us define a mapping

$: T(G) -G, X W,,

by ©(2,) = (a, k o 2 o a), where 2, € T,(G,), 2 is the left invariant vector field
on G, generated by 2,, and k o 2 0 a is the composition of homomorphisms.
Any section of the trivial bundle G, X W, — G,, which is the $-map of a left
invariant vector field on G, is said to be left invariant. The space of these
sections is isomorphic to W, itself. In this case we identify $ and k. Let
AW,) = @,;A%(W,) be the exterior algebra of W#*. The exterior algebra of
W¥. The exterior algebra of differential forms on P, is denoted by E,=@®,E%,
the element of W, corresponding, in the obvious isomorphism, to 2¢ ®, is
denoted also by A. And let 1 be the fundamental vector field corresponding
to 4.

Proposition 4.3. The Bott connection on P, is a homomorphism (with
respect to the exterior multiplication) w*: A(W,) — E,, such that

iAw*(1) = o*((A)x) ,
6(D)w*(x) = *EQ)) ,

for any ye A(W,) and any 2¢®,. For the interior product and the Lie
derivative we use the symbols i and 6.

Proof. We know that the Bott connection on P, is given by a W ,-valued
1-form w on P,-Proposition 4.1. But we know also that w = ko 4 and ::
there is a homomorphism A*: A, — E, (A, being an exterior algebra o1 4%
on G,). Then w* = A* o k*, where k*: A(W,) — A4, is an obvious homo-
morphism. We are to prove that, for any 1¢ @,

4.4

iA)(A* o k¥) @) = (4* o k¥)(i(Dw), weA, .
But this is equivalent to the identity
(D A*(k*w) = A*(iQ)(k*w)) ,

since i(1) commutes with k*. This follows from the fact that k*w is the 1-form
of an “ordinary” connection on P, (see [1]). Analogously

O A*(k*w) = A*(6()k*w)

as we deal with an “‘ordinary’’ connection again.

Definition 4.2. The mapping &: A’(W,) — E2, where &: x — d(0*(y)) —
w*(dy), is called the curvature of the Bott connection w.

Denote by S(W,) the symmetric algebra associated to W¥ and by W, =
AW, )® S(W,) the so called Weil algebra of W,. As is easily seen it is
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actually the definition from [1] modified to suit our case. And one would
expect to get, on the basis of a chosen Bott connection, a homomorphism &
of the graded algebra W, into E, and then the characteristic classes of P,.
But the Bott connections are not useful in this direction, as the following

theorem shows.

Theorem 4.1. The curvature of a Bott connection is zero.

Proof. From Proposition 2.2, it follows that D} is a bundle map from
R7 into A7*2. In the present contex, this means that the curvature form
dA + [4, 4], where w = ko 4, is a 2-form with values in the kernel of the
projection @, — &,_,. This implies that

ko(@A+1[4,4) =0.

Considering the natural extension of d on W,, we observe that kK commutes
with the operation d. Then, for any y e A'(W,),

d(0*(1)) — o*(dx) = d(4* o k*(x)) — A*d(k*y) .

Using the usual notation (x, v) = y(v), where ye A(W,) and veW,, we
can write the following relation

o*(0), O = o)), red(W,), (eT(P,),
and analogously,
<d(1)*(x), Cl /\ CZ> = <X’ dw(Cv C2)> 9
where
re AW,); 8, L eT(P,) .
Then, for any y e A’(W,) and {,, {, € T(P,), we have
d(@*() — o*(@dx), & A &
= d(4* o k*(x)) — (4* o k*Ydy), & A &)
= {d(A*(k*y)) — A*d(k*x), & A &)
= (k*y, dA&,, §)) — {dlk*p), AG) A AG))
= (k*y, dAQG,, 8)) — <k*y, [A(G), A(E)D)

= <k*Xs d4 + [4, ADE,, )
= <X: ko (d/l + [Aa A])(:ly C2)> =0.

From this formula we conclude that
d(0*(1)) — w*d(x) =0 forany ye AW,

and this yields the statement.
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