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Abstract Introducing an extended Lie derivative along the dual of A, the 3-form field of D = 11 supergravity, the
full diffeomorphism algebra of D = 11 supergravity is presented. This algebra suggests a new formulation of the
theory, where the 3-form field A is replaced by bivector B*?, bispinor B*?, and spinor-vector ** 1-forms. Only the
bivector 1-form B’ is propagating, and carries the same degrees of freedom of the 3-form in the usual formulation,
its curl Dy MB,‘/‘]I’ being related to the F,,, 4 curl of the 3-form. The other 1-forms are auxiliary, and the transformation
rules on all the fields close on the equations of motion of D = 11 supergravity.
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1 Introduction

Supergravity in eleven dimensions [7,8] (a particular limit of M-theory, for a review see e.g. [17,18]), can be
formulated within the framework of free differential algebras (FDAs) [16,10,5,19,4,3,6], a generalization of Lie
algebras which include p-form potentials. In this framework, the 3-form of D = 11 supergravity acquires an
algebraic interpretation.

In preceding papers [6,2], it was shown how FDAs can be related to ordinary Lie algebras via extended Lie
derivatives: the Lie algebra underlying the FDA of D = 11 supergravity was identified in [2], and found to coincide
with an algebra discussed in [1] in the context of supermembranes.

In Section 2, we recall briefly the FDA formulation of D = 11 supergravity of [10]. In Section 3, we present the
full diffeomorphism algebra of D = 11 supergravity on the FDA “manifold”, which encodes all the symmetries of
the theory. In Section 4, a new formulation is proposed, where the 3-form A is replaced by 1-form potentials with
(couples of) Lorentz vector and spinor indices.

For a résumé on FDAs and the notion of extended Lie derivative along duals of p-forms we refer to [2]. Here the
general theory is applied to the FDA of D = 11 supergravity.

2 The FDA of D = 11 supergravity, Bianchi identities, field equations and transformation rules
The FDA structure [10] is contained in the following curvature definitions:
Rab _ dwab o wanCb

R® = dV*® — w™y? - %M“w =DV _ %J;F%p,

2.1
p=di— 1Ty = Dy,
R(A) = dA — %qj)r“bzpv“vb.
The Bianchi identities are obtained by taking the exterior derivative of (2.1):
dRab + RanCb . waCRCb = ,DRab -0
DR + RV — ip%p = 0,
2.2)

1
'Dp-‘rZRabFab’lb:O,

dR(A) — pTpVevt + gy RV = 0.
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The superPoincaré curvatures R“b7 R%, p (resp. the Lorentz curvature, the torsion and the gravitino curvature)
are 2-forms, and R(A) is a 4-form. These can be expanded on a superspace basis spanned by the vielbein V¢ and the
gravitino 1. The group-geometric method of [3,4,9,11, 14, 15] requires the Ansatz that all “external” components
of the curvatures be expressed in terms of the “spacetime” ones, spacetime meaning along the V¢ vielbeins only.

The Bianchi identities then become equations for the curvatures, whose solution [10] is as follows:

R*™ = R q VYV +i (2500 1) — Paple) ¥V °

4 pabed gpedy, o inczcm Greberecscay, (2.3)

R® =0, (2.4)
p= pasVOV %'(Fablbzbgpblbzb3 _ éFb1b2b3b4Fab1b2b3b4> v 2.5)
R(A) = Pty aryazyasyad (2.6)

where the spacetime components R, pap, F41 " satisfy the well-known propagation equations (Einstein, grav-
itino and Maxwell equations):

Ra(}bc _ %62R — 3 Fa010203 Fb(}1(}2(}3 _ g 51(; F01'~~C4F(/’1'“C47 (2.7)
Fabcpbc =0, (2.8)
Do P12 — o hibabatias puiaspasas g, (2.9)

In the group geometric formulation, the symmetries gauged by the superPoincaré fields V¢, w? and 1 are seen
as diffeomorphisms on the “FDA manifold”, generated by the Lie derivative along the tangent vectors tq, t,p, 7 dual
to these 1-form fields. Thus, setting ¢ = £%t4 + eabtab + er, the transformation rules under local supertranslations
and Lorentz rotations are generated by the Lie derivative

le =dic +icd. (2.10)
Explicitly
SV = 0.V = De® + VP 4 iery, .11)
dw™ = Lew™ = De® + 2R €V + i (2000 L) — pavle) (V' — 1e)
_ 2Fabcd QZ)FCdE _ %Fclcgc;;Q ipabclcQC;;céley 2.12)
50 = letp = De + igabrabw + 2005V
. (2.13)
+ %(FublebS Fb1b2b3 _ éFblb2b3b4Fablb2bSb4) (Eva _ 'l/JEa)7
SA =LA =PI PeVOVP 4 I Vb 4 gFa a0y 92y/a3y704 (2.14)

where the exterior derivatives on the fields have been expressed in terms of the curvatures (2.1), and the solutions
(2.3)-(2.6) have been used. The closure of these transformations is then equivalent to the propagation equations
(2.7)-(2.9), as is usual in locally supersymmetric theories.

3 The algebra of diffeomorphisms on the D = 11 supergravity FDA “manifold”

On a soft group manifold, that is a manifold whose vielbeins ;** have in general nonvanishing curvatures
R = du 4 505 P, (3.1)
the algebra of diffeomorphisms is given by the commutators of Lie derivatives:
[Ceptarlepey] = Uepoaes —cfoacd —2:ABRE te 32)
where t 4 are the tangent vectors dual to the 1-forms MA, and

1
Rip = Rip — 5Cip (3.3)
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involves the curvature components on the vielbein basis and the group structure constants. The Jacobi identities
between multiple commutators of Lie derivatives are equivalent to the Bianchi identities,

pRép) +2 RupRep = 0. (3.4)

On a soft “FDA manifold”, the algebra of diffeomorphisms includes also the diffeomorphisms in the p-form
directions, generated by an extended Lie derivative /.¢, where t is a “tangent vector” dual to the p-form, and ¢ is a
p — 1 form parameter [6,2].

In the case of D = 11 supergravity, all the local symmetries of the theory are given by the following FDA
diffeomorphism algebra:

Vaft;, ) gsthB} = E(sf’aAeg75?8146?725145?7?,%3)1:0

(3.5)

+ E(féll"abeQVabes‘fsg pIabep42egE) Iabah Vo —2e§ey ['abeh Vo —12e4el Fabedyeyd)gs
[Leatas let] = Lot (3.6)
[,y leyt] =0, 3.7)

where the indices 4, B, C,... run on the Lie algebra directions (corresponding to the vielbein, gravitino and spin
connection 1-forms), that is A = a, «, ab (Lorentz). The quantities Rg p defined in (3.3) are given by the solutions
for R%, R®, p in (2.3)—(2.5) and by the superPoincaré structure constants encoded in the first three lines of (2.1).
The two-form parameters ¢ and ¢ in (3.6) are

e =eapVOVP + 26,3V + 050 0”, (3.8)
¢ = et (Daced) VoV = 26%(Depa) VY + 2iegelm WV + ie e b I
+ 26 (Dacca) VY™ — 26°(Deca )™ — 26% (Deca)VE + 2iccacl Pt
+iccac WY — 2ecacp™ — deca (p%bsAVb + pﬁﬂsAwﬂ)Vc
A a B o« B o _Ay,b o A B\ Y a B
+ e (DAsaﬁ)w P 2e (Deag)w +2€a—y<pAbs V7 + pape™y )d) 2eqp€ p

(3.9)

(e4p here not to be confused with the Lorentz rotation parameter of Section 2). The Lie derivative along t, the dual
of the 3-form A, is a particular case of the extended Lie derivatives along p-forms B’ (i being a G-representation
index) introduced in [6,2], the fields in this general setting being the G Lie algebra 1-forms ,uA supplemented by the
p-form B?. The extended Lie derivative is given by

‘geiti = ieitid + dieitiv (3.10)

the contraction operator i.iy, being defined by its action on a generic form w = wil.,.inAl...AmBil A---Bin A

A

pAlA---u ™ as

isjtjw = najwjb...inAl...AmBi? A B A ,uAl A - ~-,uAm, (3.11)

where ¢/ is a (p — 1)-form. Thus the contraction operator still maps p-forms into (p — 1)-forms. Note that (i) i.; t;

vanishes on forms that do not contain at least one factor B; (ii) the extended Lie derivative commutes with d and
satisfies the Leibnitz rule.

Returning to the FDA of D = 11 supergravity, since A is a 3-form in the identity representation of the
superPoincaré Lie algebra, parameters in the extended Lie derivative (along the dual t of A) are 2-forms carrying no
representation index, and are explicitly given for the algebra of FDA diffeomorphisms in (3.9) and (3.8).

The action of the extended Lie derivative on the basic fields is simply as follows:

logp =0, L4 A=de

with ,uA = V“,w“b,z/). Using these rules together with the variations (2.11)—(2.14) (generated by the usual Lie
derivative) leads to the diffeomorphism algebra given in (3.5)—(3.7). As discussed in [2] for the general case, the
algebra of FDA diffeomorphisms closes provided that the FDA Bianchi identities hold. Therefore, if we use in (3.5)
and (3.6) the solutions (2.3)—(2.5) for the curvatures, the algebra (3.5)—(3.7) closes on the D = 11 field equations
2.7—-2.9).

Note that the commutator of two ordinary Lie derivatives, computed on the 3-form A, does not close on the usual
(3.2) diffeomorphism algebra, but develops an extra piece, that is the second line in the “extended” diffeomorphism
algebra of (3.5), containing the extended Lie derivative.
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4 A new formulation of D = 11 supergravity

The idea is to reinterpret the extended Lie derivative /. of the D = 11 FDA in terms of ordinary Lie derivatives
along new tangent vectors t, t,g, tog, via the following identification:

let = Egabvavbt_;'_ga/iVa,¢[3t+6a/i¢a¢[3t = éaa,btab_;,_ga/itaﬁ_;’_saﬁtaﬁ-

The 0-forms £, %, 227  that is the coefficients of the expansion on the superspace basis of the 2-form parameter
¢ in the extended Lie derivative, are reinterpreted as parameters of ordinary Lie derivatives along the new tangent
vectors t,, = VOV, tos = VP, tag = PP,

This is possible when the set

leag s beave,y Leans, yr Leasy, (4.1)

closes on a diffeomorphism algebra similar to the one in (3.2), that is a diffeomorphism algebra of an ordinary
group manifold. If this is the case, the new operators can be seen as bona fide Lie derivatives, generating ordinary
diffeomorphisms along new directions.

Now (3.5) indeed is of the form (3.2), and the extra piece on the right-hand side simply defines new curvatures
and structure constants in Rg g 0of (3.3). However, the other commutations (3.6) contain terms with exterior (covari-
ant) derivatives of the parameters s“b, g s s"‘ﬁ, not amenable to the form of the derivative terms in (3.2). These
parameters (associated with the new directions) will therefore be taken to be covariantly constant in the arguments
that follow. This is the price to pay if we want to interpret the D = 11 diffeomorphism algebra (3.5)-(3.7) as an
algebra of ordinary Lie derivatives.

In other words, the algebra (3.5)—(3.7) with De.q = Deca = Deng = 0 can be considered the diffeomorphism
algebra of a manifold, whose vielbeins are V¢, Wb, Y, B, B*P and naﬁ (the last three being the vielbeins dual to
the tangent vectors t,;, t,3, tag).

Comparing (3.5)-(3.7) with the general form (3.2), we deduce the new curvature components that satisfy the
Bianchi identities (3.4) implied by (3.2): R, p, R remain unchanged as given in (2.3)—(2.5), whereas the solutions
for the curvatures T, 798 597 of the new potentials B pos, 77“5 are

b b d 3 s ) 1 s
T =24 F¢ cd veve — Zp[abnc](;lﬁ - Zpa[am)]gwa - §pr¢ B'y§7 (42)
af _ 1 4 a
T 4 pa{aBB}’YV ’ @3)
b . iP5 6 {
2 = —iply BV = Lobiam VO = Lo Bayy (4.4)

(all contractions Lorentz invariant, position of indices not relevant).
Using the standard formula for the variation of group manifold vielbeins ;1 under diffeomorphisms:

spu?t = de? — 2RAgc pPe” 4.5)
we find the variations of the potentials B*®, B*# and n®®:

6B = e — 4gFabedyeed 4 gp?ab (505] Ve — Ecng)

s (s s 5 yé 5.8 (4.6)
+ 5Pala (0™ +€%ny)) + ooy, (7B = 7°9%),
a afBy,a 31 c c
6B = 2(Clap) "V e - E(CFC) {af (7myy +e537) @7
. (1/3 Ci Ci ]- a a '
+i(CTe) " ("B — V) = 2ol (5 V" — "B gy),
o0 = 2(Clup) 55 (VO® —9°e®) +2i(CT°) 4 (v — B*&) s

420 (PIVE B ind (Ve <) i (651 — < By)

having used D = DB = Db = 0in (4.5). The variations of V¢, w, 1 are unchanged and given in (2.11)—
(2.13).
In summary: the new formulation of D = 11 supergravity proposed here contains the fields

Va7 wab7 w7 Bab: Ba67 UGB (49)
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The transformation rules of these fields, given in (2.11)—(2.13) and (4.6)—(4.8) close under the same conditions
necessary for the closure of the algebra (3.5)—(3.7), since it is just a reformulation of this algebra. The only
“spurious” element in this reformulation is the fact that some of the parameters (i.e. s“b, P s o ) must be taken
to be covariantly constant. Even in this case the algebra (3.5)—(3.7) closes only provided that the Bianchi identities
(2.2) hold, which implies the D = 11 field equations (2.7)—(2.9). Thus, the closure of the transformation rules on the
fields (4.9) requires the D = 11 field equations, a situation analogous to the one in type IIB supergravity [12, 13].
Finally, we can relate the covariant curl Dy MBl‘f]b to the curl of the 3-form F},, 4 indeed the curvature of B,

according to the definition (3.1), reads
7% — ppeb _ %waw (4.10)

(see also [2]) where we have used the structure constants deduced by recasting the diffeomorphism algebra (3.5)-
(3.7) in the form (3.2). Comparing the yeyd components of the definition of T (4.10) and its solution (4.2)
yields

(DB™) = 24F",

(DB%),4 being the V°V? components of the two-form DB, The other fields B*?, n° are auxiliary: their
curvature solutions, given respectively in (4.3) and (4.4), have no spacetime (V'V)-components, and the external
components only contain the gravitino curvature.

In conclusion, we have found a set of transformation rules on the dynamical fields V¢, w®’, ), B and auxiliary
fields bBaﬁ , n®? that close on the (usual) field equations of D = 11 supergravity, F**“? being now related to the curl
of B4,

ab
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