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Abstract. In this paper we study some problems related to a refinement of Iwasawa theory, especially ques-
tions about the Fitting ideals of several natural Iwasawa modules and of the dual of the class groups, as a sequel to
our previous papers [8], [3]. Among other things, we prove that the annihilator of Z, (1) times the Stickelberger
element is not in the Fitting ideal of the dualized Iwasawa module if the p-component of the bottom Galois group is
elementary p-abelian with p-rank > 4. Our results can be applied to the case that the base field is Q.

1. Introduction

1-1. Suppose that k is a totally real number field, and at first suppose that L/k is a
finite abelian extension of totally real number fields. We fix an odd prime number p and
denote by keo/k, Loo/L the cyclotomic Zp-extensions. We assume L N koo = k. Suppose
that S is a finite set of primes of k, which contains all ramifying primes in L,. Note that
S automatically contains S, the set of primes of k above p. Let X7 s be the S-ramified
Iwasawa module, namely the Galois group of L1 s/Lso Which is the maximal abelian pro-
p extension unramified outside S. Then the main conjecture which was proved by Wiles in
[14] Theorem 1.3 can be stated in terms of X7, s. Indeed the main conjecture (roughly) says
that for any character x of Gal(L/k) the characteristic ideal of the x-quotient of X7 g is
generated by the x-component of the S-truncated p-adic L-function @ /¢, s (for the precise
statement, see §4). Since the characteristic ideal of a power series ring is closely related to
the Fitting ideal, we are naturally led to the question whether (the annihilator of Z, times)
the S-truncated p-adic L-function @/« s is in the Fitting ideal of the Az-module X7
where A; = Z,[[Gal(L~/k)]] (concerning general properties of Fitting ideals, see [10]).
Using our previous results, we can show that the answer is always No if the p-component of
Gal(L/k) is not cyclic. Actually, we can describe the Fitting ideal of &7 s, using ®@r_ k. s
(see Theorem 4.1). Theorem 4.1 gives a more precise link between the S-ramified Iwasawa
module X7 g and the p-adic L-function &/, s than the usual main conjecture.
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When we take S to be minimal, namely the set of the ramifying primes of k in L, we
simply write ®p /i for @p/r s. Next we study the p-ramified Iwasawa module, namely
the Galois group of £y, s,/Lo Which is the maximal abelian pro-p extension unramified
outside p. We write X; = Gal(Lr ., Sy /L), and study the Fitting ideal of the Ay-module
X, especially the problem whether (y — 1)@/« is in the Fitting ideal of X, or not, where
y is a generator of Gal(Ls/L). Our main theorem in this direction is Theorem 5.1 in §5.

We are interested in this problem because it is equivalent to a problem on the minus class
group, which we will explain in the next subsection.

1-2.  For a number field F, we denote by Clf the class group and Ar = Clr @ Z,,.
Let 11, be the group of p-th roots of unity in an algebraic closure, and put L' = L(up).
Suppose that L/k is a finite abelian p-extension, for simplicity, in this subsection. Hence L
is still totally real and L’ is a CM-field; we keep the assumption that k is totally real all the
time. Let w : Gal(L'/k) —> Z;j be the Teichmiiller character, which gives the action on
wp. We denote by L /L’ the cyclotomic Z,-extension, and define A L, to be the inductive
limit of A7, where L, is the n-th layer of L,,/L’. Consider the w-component A7, . Then the

Kummer pairing gives a well-known isomorphism
(A9, )Y (1) = X¢

of Galois modules (see [13] Proposition 13.32), where (A‘I‘j,oo )V is the Pontrjagin dual and
(1) is the Tate twist. Put Ay, = Z,,[[Gal(Lé><J /k)]]l. We consider the cogredient action of
the Galois group on the Pontrjagin dual (Az; )Y, and regard it as a A;/-module. Let y be a
generator of Gal(L/,/L’) and « the cyclotomic character, and 6 L, /k the Stickelberger element
(the projective limit of 61, /x for n > 0 ; for more details, see §6). Then (y — «(y))0L; sk is
in Ays. Using a consequence of Theorem 5.1 and the above duality isomorphism, we prove
in §6 the following as a part of Theorem 6.1.

THEOREM.  Suppose that Gal(L/ k) ~ (Z/ pZ)®* with s > 4. Then we always have
(y —k()0r, ¢Fitta,, (Ar)").
In previous work, see [3], it was shown: If L/k is unramified outside p and Gal(L/k) is not
cyclic, then we always get this negative result. In this paper, we prove the above theorem with
no assumption on the ramification in L’ /k.

It was a surprise for us that the above Theorem can be applied to the case k = Q. In our
previous work, if L/k is unramified outside p and Gal(L/k) is not cyclic, then k cannot be
Q.

A key result in the proof of Theorems 6.1 and 5.1 is Theorem 3.1 which determines the

structure of (Xr)Gai(L,k) for elementary p-abelian Gal(L/k). In particular, we prove that the
Z,-torsion part of (X1)Gai(L/x) is annihilated by p in this setting.

1-3. We study finite abelian extensions over Q in §§7 and 8. As a corollary of the above
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Theorem, we prove in Corollary 7.1 a similar negative result at finite level; especially for a
certain cyclotomic field L = Q(u,,) we can show that

(AnnziGai(L/Q)) (m)0L/Q) ® Z) & Fittz, (Gai(L/Q)1(AL)
(see Corollary 7.2 and Remark 7.3). Note that the main result of [9] implies
(AnngGai(z/Q)1(m)OL/Q) ® Z) C Fittz,,(Gai(L/Q)1(AL)

for any m and p. Such a negative result is surprising because people sometimes thought that

the Pontrjagin dual of the class group behaved better than the class group. We also note that

the above result shows that the Fitting ideal of the dual of the class group of a cyclotomic field

does not coincide with the Stickelberger ideal of Iwasawa-Sinnott in [11], in general.
Combining the main results in [1] and [9], we know that

Fittz,,(Gai(L/Q)1((AL)") = Fittz, [GaiL/Q)1(AL)

for any finite abelian L/Q such that 1, ¢ L. But the above negative result shows that this
equality does not hold in general if 11, C L. We discuss this problemin §8 in the case 1, C L
and s = 2 (the latter simply meaning that the p-component of Gal(L/Q) is (Z/pZ)®?). We
give in Proposition 8.1 a very simple criterion for this equality to hold for a certain family of
abelian fields. We also study a numerical example in detail in Remark 8.4 for which

Fittz, (Gaiz/Q)1((A7)") & Fittz, [Gal(z/Q)1(AL)

holds.

Concerning the Stickelberger ideal for cyclotomic fields, the book [6], which was based
on the lectures by K. Iwasawa and W. Sinnott at Princeton in 1976, has been a well-received
and widely read reference in Japan. As we see from the acknowledgement in that book, K.
Shinoda suggested its publication, read the manuscript thoroughly, and gave many helpful
comments. The authors believe that the importance and the arithmetical content of the Stick-
elberger ideal stem to a considerable extent from its beautiful relation to the Fitting ideal of
the class group (cf. [7], [1]). In this sense, the theory of Stickelberger ideals has seen some
new developments since the time this book was written. It is our great pleasure to dedicate
this paper to K. Shinoda.

2. A fundamental exact sequence

In this paper, we fix an odd prime p. For a number field F, we denote by Fi/F the
cyclotomic Z,-extension.

Suppose that L/K is a finite abelian extension and put G = Gal(L/K). Consider the
maximal abelian pro-p extension Ly, 5,/ Loo which is unramified outside p, and put Xy =

Gal(£LL,,.s,/Loc). We are interested in the Tate cohomology Hi (G, Xr). The goal of this
section is to prove the following proposition, which we call the fundamental exact sequence
for X in this paper.
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PROPOSITION 2.1 (Fundamental exact sequence for X;). Let L/K be a (finite
abelian p-extension of totally real number fields such that LN K = K and G = Gal(L/K).
Then we have an exact sequence

2
0— /\G—> I:I_I(G,XL)—> @ I, — G — I:IO(G,XL) — 0,

/
UGSKOO

where S}(m is the set of non p-adic primes of K~ which are ramified in Lo /Ko, and I, is
the inertia subgroup of vin G = Gal(Loo/K o).

REMARK 2.2. Put K’ = K(up) and L’ = L(up). We denote by L), the n-th layer
of L,/L" and by A¢, the Teichmiiller part of the p-component of the ideal class group of

L) . Then, by the well-known duality (see [13] Proposition 13.32), X, is isomorphic to the
Pontrjagin dual of the direct limit imA7, for which we write A7, . Namely we have

X1 (A9, )" (1)

where (1) is the Tate twist. If we use this isomorphism, Proposition 2.1 is a consequence of
Lemma 1.1 in [8]. But we give here a different proof (though we use the above isomorphism
to prove the following Proposition 2.3).

Before we prove Proposition 2.1, we need the following description of A1 (G, X1).

PROPOSITION 2.3. Let L /K be the maximal subextension of Loo /Koo, which is
unramified outside p. We put G = Gal(L!,/Koo). Then there is an exact sequence

0— HYG, X)) — X1)g — Xk — G — 0

where (X1 )¢ is the module of G-coinvariants of X, and (X1)c —> Xk is induced by the
restriction map.

PROOF. Let L), be as in Remark 2.2, and define K, similarly. Then the cokernel of the
norm map Cl;; — Clg/ between the class groups of L, and K, is isomorphic to the Galois
group of the maximal unramified subextension of L/ /K. In particular, it is a quotient of G,
and independent of n when n is sufficiently large. Therefore, the cokernel of the norm map
A‘;j,oo — A“Iééo is finite. Using the above duality, we know that the kernel of the canonical
map Xx —> X is finite. On the other hand, by Theorem 18 in Iwasawa [4] we know
that Xx has no nontrivial finite Z,[[Gal(K+/K)]]-submodule. This shows that Xg —>
X is injective. Therefore, ﬁ_l(G, X 1) coincides with the kernel of (X;)¢ — Xk. By
definition, the cokernel of this map is G. d

Now we prove the fundamental exact sequence (Proposition 2.1). Let S, be the set
of p-adic primes of K, and S’ the set of non p-adic ramifying primes of K in L. We put
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S =S,US" Let Ok, s be the ring of S-integers in K. We denote by H"(OKOQ,S, Q,/Zy)
the étale cohomology H/, (Spec Ok s, Q »/Zp), which is the same as the Galois cohomology
H'(M/Ks, Qp/Z,) where M/K is the maximal extension unramified outside S. We
define H"(OKOQ,SP, Qy/Zy), H (OL,.5.Qp/Zp), H (OL,.s,. Qp/Zy), similarly. Suppose
that vgp € S’ and v is a prime of Ko above vg. Since vg is ramified in L, we must have
N(vg) = 1 (mod p) where N(vp) is the norm of the prime vg. Therefore, the residue field
k (v) of v contains all p-power roots of unity in an algebraic closure of « (v). Let I,,(M/K )
be the inertia group of v in Gal(M /K ). Since v is prime to p, I,(M/K ) is isomorphic
to Z, (1) where (1) means the Tate twist, and

H(c(v), H' (I, (M/K ), Qp/Zp)) = H(k (v), Qp/Z,(—1))
= Qp/Zp(_l)'

Since the weak Leopoldt conjecture is true, we know H Z(OKOO, Sps Q,/Z,) = 0. Therefore,
the localization sequence of étale cohomology gives a short exact sequence

) 0— H'(Ok,.s,-Qp/Zp) — H'(Ok.s5.Qp/Ly)

— P Qp/z,(-1) —o0.

/
UGSKOO

Using the same exact sequence for L, and the spectral sequence, we have a commutative
diagram of exact sequences

0 0 0
l J J
g HY(G,Qp/Zp) D, Z/evZ(—1)
J J !
0— H'(Ok,s, Qp/Zp) — H'(Ok,s5Qp/Zp) — @,Q/Zp(-1) —0
J J i
0— H'(Or 5, Qu/Zp® — H'Op,5.Qp/20)C0 5 (@, Qp/Zp(—1)0
J J !
A7YG, xp)Y H?(G,Qp/Zp) 0
l l
0 0

Here, HI(OKOQ,SP,QP/Z,,), Hl((’)Lw,Sp, Q,,/Z,,)G are the Pontrjagin duals of X and
(XL)g, respectively, so Proposition 2.3 assures the exactness of the first vertical sequence.
The second vertical sequence is exact by the Serre-Hochschild spectral sequence. We note
that S contains all primes which ramify in Loo/K~. We also note that H 1G,Q »/Lp),
H?(G,Q p/Zp) are the Pontrjagin duals of G and /\2 G, respectively. In the third vertical
sequence, v runs over Sy and w runs over S} which is the set of primes of Lo above §'.
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We have (D, Qp/Zy(— )¢ ~ P, Qp/Z,(—1) and the third vertical map is the multipli-
cation by e, for the v-component. This shows that the third map in the third vertical sequence
is surjective. This implies that f (which is the third horizontal map in the second horizontal
sequence) is surjective. Therefore by the snake lemma and dualization, we obtain an exact
sequence

2
o—>/\G—>1f1—1(G,XL)—> P z/e2(1) — G — G —0.

!
UESKOC

We note that the inertia group I, of v in G is isomorphic to Z/e,Z(1). Hence, in order to
prove Proposition 2.1, we have only to prove

) H%G, X1) ~G.
We need the following lemma.
LEMMA 2.4. We have an isomorphism
X — X9
where the right hand side is the G-invariant part of X .

PROOF. By induction on #G, we may assume that #G = p, namely G ~ Z/pZ.
Let Xk s be the Galois group of Lk, s/K~ which is the maximal abelian pro-p extension
unramified outside S. Taking the dual of the exact sequence (1), we have an exact sequence

0—> @ I,(Ms/Koo) — Xg.s —> Xxg — 0

’
vESKOQ

where I, (Ms/Kso) 2 Z,(1) is the inertia group of v in Xk 5. As we proved in the proof of
Proposition 2.3, Xx — X isinjective. We define X7, g similarly. Then the above injectivity
implies that the canonical map Xx s —> AL s is also injective. Taking the dual, we know

.. C . ..
that the corestriction map H'(Op. s, Qp/Z,) —> H'(Ok.,.s, Qp/Z,) is surjective.

By the Serre-Hochschild spectral sequence, we have an isomorphism
HY (G, H'(OLy..5.Qp/Zp)) = H* (G, Qp/Zp).
The latter group is isomorphic to H'(G, Q »/Zp) because G is cyclic. Therefore, we have
H'(G, H'(OL.5.Qp/Zp)) = Z/pL.

This shows that the kernel of

H' OLu.5.Qp/Zp)6 ~2 H' (Ok.5.Qp/Zp) ~S H'(O1,.5.Qp/Zy)
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is of order p where M means the module of G-coinvariants of M. Since the kernel of the
restriction map H'(Ok_ s, Qp/Z,) — H'(Or..5,Q,/Z,) is H'(G,Q,/Z,) which is
of order p, we know that the corestriction map gives an isomorphism

H'(O1..5,Qp/Zy)6 ~ H' (Ok...5:Qp/Zp) .

Consider the commutative diagram

H'(OLy.5,.Qp/Zp)c —> H'(OL..5,Qp/Zp)c
) !
H'(Oky.s,.Qp/Zp) —> H'(Oke.s.Qp/Zy) .

We have just seen that the right vertical arrow is bijective. The lower horizontal arrow is
injective by definition. The upper horizontal arrow is also injective because of the surjectivity
of f in the previous commutative diagram and of the cyclicity of G. Therefore, we get the
injectivity of the left vertical arrow. Taking the dual, we know that Xx —> X g is surjective.

As we have mentioned, we proved the injectivity of Xx — X, in the proof of Propo-
sition 2.3. Therefore, we get the bijectivity of X — X f O

We go back to the proof of (2). By Lemma 2.4, we have
H%(G, X1) ~ Coker(X; — Xk) .
Therefore, Proposition 2.3 implies (2). This completes the proof of (2) and Proposition 2.1.

REMARK 2.5. We note that we did not assume the vanishing of the p-invariant of L
to prove the fundamental exact sequence in Proposition 2.1. The argument becomes much
simpler if one is willing to assume p = 0.

3. The torsion submodule of (X )g

In this section, we assume the same condition as in Proposition 2.1. Namely, L/K is a
finite abelian p-extension of totally real number fields such that L N Ko, = K. Recall that
Xk, X1 are the Galois groups of the maximal abelian pro-p extensions unramified outside
p over K, Lo, respectively. We also use the notation G = Gal(Lgo /Kso) in the previous
section where L /K is the maximal subextension of Lo, /K 0, Which is unramified outside

p.
THEOREM 3.1. Let L/K be as above and G = Gal(L/K). We assume that G is

elementary abelian and G ~ (L] pZ)®* for some s € Z~(. We assume that the p-invariant
of Xk is zero, and denote the A-invariant by k. Let S}(OO be the set of primes of non p-adic

primes of K« that are ramified in Lo, n(L/K) = #S}(OO, and ¢(L/K) = dimg, G. Then the
structure of the module (X1 )G of Galois coinvariants as a Z,-module is as follows:

(X1)6 = (Z/pD)® ® Z*,



626 CORNELIUS GREITHER AND MASATO KURIHARA

where

s(s —3)
t= 5 +n(L/K)+¢e(L/K).

In particular, the Z,-torsion subgroup of (X1)¢ is annihilated by p.

PROOF. Since we assumed the vanishing of the u-invariant of X, it is a free Z-
module by Theorem 18 in [4], and Xg =~ Z;‘?AK as Zp,-modules. By Proposition 2.3,
(X1)g is a finitely generated Z,-module with rank Ag, and the Z,-torsion part of (X)¢g
is H ~1(G, X1). Thus our aim is to determine H! (G, Xr). By the fundamental exact se-

quence (Proposition 2.1) and the isomorphism (2), we know that the order of A1 (G, Xp)is
p' where
_s(s—1) s(s —3)

t = 5 +n(L/K)+e(L/K)—s =

+n(L/K)+e(L/K).

Therefore, it suffices to prove that A1 (G, X 1) is killed by p, or that it needs ¢ elements as
its minimal generators as a Z,-module.

Step 1 (the case s = 1). Suppose that G = Z/pZ. In this case, since the order of G is

p, we have pI:I -1 (G, X1) = 0, which implies the conclusion of Theorem 3.1.

Step 2 (the case s = 2). Suppose that G = Z/pZ & Z/pZ. At first, we assume that
L~ /K is unramified outside p, namely n(L/K) = 0. Then the fundamental exact sequence

implies H! (G, X1) = Z/pZ. Therefore, we get the theorem in this case. So we may assume
n(L/K) > 0. This implies e(L/K) = 0, or 1.
(i) We first assume that e(L/K) = 1. We take an intermediate field M with [L : M] = p
and Lo /Mo is unramified outside p. Put G; = Gal(L/M) and write G = G| & G2. We
identify Gal(M /K) with G».

By the fundamental exact sequence, we have )ik _1(G 1, Xr) = 0. This shows that
(XL)G, is a submodule of X with index p by Proposition 2.3. In particular, (X1)g, is
a free Z,-module, so we can write

(X0)G, = Zp[G2]® & ZE" & (Z,[G2]/(NG,)®

as Zp[Gz]-modules for some integers a, b, ¢ where Ng, = Xseg,0. Taking the Go-
coinvariant, we have

(X106 = (X1)6))6, = 23 @ (2/p2)® .

Therefore, pﬁ -1 (G, Xr) = 0. This implies the conclusion as we explained.

By the way, we can determine a, b, c. We have proved that ﬁ_l(G,XL) =
(Z/ pZ)®"L/K) which implies ¢ = n(L/K). By the fundamental exact sequence for M /K,
we get H=1(Go, Xy) = (Z/p)®"M/K)=1 = (2/p2)®"L/~1 and A%(G,, Xu) = 0,
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which imply
Xy = Z,[G21% @ (Z,[G2]/(Ng,)) P E/EO=D,

(This procedure is the same as the proof of Kida’s formula in Iwasawa [5].) Comparing the
Z,-ranks of X and (X1)g, together witha +b = Ak, wegetb=1landa = Ag — 1.

(ii)) We next assume that ¢(L/K) = 0. We take an intermediate field M such that
[M:K]=p,SMo/Kso) # @,and S’ (Loo/Moo) # ¥ where S’ (Moo /Koo) is the set of non
p-adic ramifying primes of Koo in Mo, and S’ (Leo/Moo) is the set of non p-adic ramifying
primes of My in Loo. Put n(M/K) = #5' (Mso/Koo) and n(L/M) = #S' (Lo /Mo). If v is
in §'(Ms/Kso), v is not a p-adic prime and the inertia group in G is cyclic. So the prime of
Moo above v is notin ' (Loo/Moo). If wisin 8’ (Leo/Moo) and v is the prime of K, below
w, then v is not in 8’ (Mso/K o) and it splits completely in M. Thus we have

1
n(L/K) =n(M/K) + ;n(L/M).
We again write G = G1®G, with G1 = Gal(L/M). By the fundamental exact sequence
for L/M, we have an exact sequence
0 — H'(G1, X1) —> Fo[G]®"E/M/r 5 Gy — 0.
Therefore, we have an isomorphism
H7N(G). X1) > Fp[Go]®"E/MIP=1 & F [G,]/(Ng,)

as Gp-modules. As we saw in the case (i), we have an isomorphism

Xy = ZP[GZ]GB)»K ® (Zp[Gz]/(NGZ))@(n(M/K)—l)
as G-modules by the fundamental exact sequence for M /K. From the exact sequence

0— H (G, X1) — (Xp)6, — Xu — 0,
we have an exact sequence

0—> F,p[Go]®"H/M/IN=L @ F,[G2]/(NG,) — (XL)6)) ®F,
_ FP[GZ]GB)»K ® (Fp[GZ]/(NGZ))@(H(M/K)—I) —50.

We take a generator o of G and put S = o — 1. We identify F,[G2] with F,[[S]]/(S?).
The above exact sequence is a sequence of F[[S]]/(S7)-modules. We put R = F,[[r]]
in the following Lemma 3.2, where 7 is an indeterminate. Then F,[G2] = R/(7?) and

F,[G21/(Ng,) = R/ (7P~ 1). From the lemma we obtain that the minimal number of gener-
ators of the F,[G2]-module ((X1)g,) ® F) is exactly

nM/K)+ n(L/M)/p) +Aixk —1=n(L/K)+Ag — 1.
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Now we take G-coinvariants of ((X1)g,) ®F ), which of course gives ((X.)c) ®F . On the
other hand, taking G-coinvariants simply means factoring out by w. Therefore, we obtain

(Xp)e) ®F, =((XL)g, ®Fp)c,
~ (Z/pZ)GBn(L/K)-HnK—l .

This shows that the minimal number of generators of the torsion part of (X1)g (which is

A1 (G, X)) as a Z,-module is exactly n(L/K) — 1 by Nakayama’s lemma. This completes
the proof in this case.

LEMMA 3.2. Let R be a discrete valuation ring and w a uniformizing element. Sup-
pose that M is an R/(n")-module with n > 3, and that there is an exact sequence

0— (R/(T"N* @ R/(x"™") — M — (R/(x")®" & (R/(x"1)® — 0

for some nonnegative integers a, b, c. Then the minimal number of generators of M over R is
a + b+ c + 1. In more detail, we have

M = (R/(a")® P @ (R) (") H @ (R (" 72)®
with§ =0 or 1.

We only sketch the idea of the proof of this lemma. First one uses that R/(x") is pro-
jective and injective as a module over itself. This allows to reduce the situation toa = b = 0.
The essential case is ¢ = 1. One shows that an extension of R/(7"~!) by itself which is
annihilated by 7" is either split or isomorphic to R/(z") @& R/(x"~2). Since n — 2 is still
positive, the claim follows. Let us remark that (as the reader may have noticed) this lemma
can be stated and proved more generally, but we will not go into it since it is not needed here.

Step 3 (general case). Now we assume G = (Z/pZ)®* with s > 2. Let H be a sub-

group of G, and M(H) the intermediate field of L/K corresponding to H. The restric-
tion map X; —> Xy y) on the Galois groups induces the canonical homomorphism
H! (G, X)) — A! (G/H, X p(Hy) on the cohomology groups by the commutative di-
agram

0 — H (G, X1) — X1)G — Xk
R \Lcan J/RBS \Lid
0 — HYG/H Xum) — Xmm)on — Xk

where the horizontal exact sequences are the sequences obtained from Proposition 2.3, the
right vertical arrow is the identity map, the middle vertical arrow is the restriction map, and
the left vertical arrow is induced by the middle vertical arrow. We call the left vertical arrow
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can. The fundamental exact sequences for L/K and M (H)/K give a commutative diagram

0 — AG — H™ (G, X1) — @, L(L/K)
\L \Lcan \LRes
0 — A*G/H — H NG/H,Xyuwm) — P, LMH)/K)

where I,(L/K), I,(M(H)/K) are the inertia subgroups of v in G, G/H, respectively, the
left vertical arrow is induced by the natural map G — G/H, and the right vertical is defined
by the restriction maps.

Let H be the set of subgroups of G with index p?. Considering all H € H, we get a
commutative diagram of exact sequences:

0 — NG — A 1G, X)) — @, Ih(L/K)
la ¥ Ly
0 > P ANGH — PAENG/H Xy — P B, LMHE)/K).
HeH HeH HeH

Since G is elementary abelian, « is injective. It is also easy to see that y is injective.
Therefore, f is also injective. Since G/H =~ (Z/pZ)®?, we have shown in Step 2 that the
range of § is annihilated by p. This shows that H! (G, X 1) is annihilated by p. Therefore, by
the fundamental exact sequence and the isomorphism (2), we have H! (G, X1) ~ (Z/pZ)®
with ¢ as in Theorem 3.1. This completes the proof of Theorem 3.1. O

4. S-ramified Iwasawa modules and the main conjecture

In this section, we assume that L/k is a finite abelian extension of totally real number
fields such that L N ks = k.

We first introduce the p-adic L-function of Deligne-Ribet. We put A, =
Z,[[Gal(Lo/k)]]. We fix a generator y of Gal(Loo/L) ~ Z, and put T = y — 1. Then
we have Ay = Z,[Gal(L/K)][[T]].

Suppose that S is a finite set of primes of k which contains all ramifying primes in
L. For simplicity, we assume that L (i ,,)+ = L. We denote the cyclotomic character by
Kk Gal(L(up)oo/k) —> Z;. For a character x of Gal(L/k) and n € Z-o we regard y«"
as a p-adic character of Gal(L(up)oo/k). The group homomorphism yx«" extends to a ring
homomorphism Ay wp) —> 6 - Furthermore, we can extend it to the total quotient ring of
AL(u,) and denote it also by x«". Then the p-adic L-function of Deligne-Ribet is the unique
element

1
OLoo/k.S € 7 ALG1y)
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satisfying

xk"(Or./k,s) =Ls(1 —n, x)

for all positive integers n € Z~¢ and all characters x of Gal(L/k) where Ls(s, x) is defined
by Ls(s, x) = Hues(l — x(W)N)™*)L(s, x). Since x is even, Ls(1 — n, x) = 0 for odd
positive n, so the complex conjugation acts on & /s trivially. Thus we know

1
® e —Ap.
Loo/ks € AL

Next we study the algebraic object. Let Xy s be the Galois group of £y s/Leo, the
maximal abelian pro-p extension which are unramified outside S. Therefore, X g is the
Pontrjagin dual of the étale cohomology H'(Oy s, Q p/Zp) (see the proof of Proposition
2.1). Let x be a character of Gal(L/k), and O, = Z,[Image(x)] on which Gal(L/k) acts via
x. For a Z,[Gal(L/k)]-module M, we define the x-quotient by M, = M ®2z,[Gal(L/k)] Oy.
Then (X7 s5), is a finitely generated torsion (Az), = Oy[[T]]-module. Let ¥ : Ay —
(AL)y be the ring homomorphism induced by x. The main conjecture which was proved by
Wiles in [14] Theorem 1.3 (at least assuming the vanishing of the w-invariant) is

(X(OLy/k,s)) if x#1
(TX(OLy/k.5)) if x=1

as ideals of (Ap), where the left hand side is the characteristic ideal. If M is a finitely gen-
erated torsion (A ),-module with no nontrivial finite submodule, we know char(,) (M) =
Fitt(a,), (M) where the latter is the (initial) Fitting ideal of M (cf. [10]). Thus the ques-
tion arises naturally whether T®p /s is in Fitty, (XL s) or not. The answer is No if
Gal(L/k) ® Z, is not cyclic. But using &/, s, we can describe the Fitting ideal in the
following theorem.

char(a,), ((Xz,5)y) = {

THEOREM 4.1. We assume the vanishing of the u-invariant of X. Suppose that the
p-Sylow subgroup of Gal(L/ k) is generated by exactly s elements. Then we have

Fitta, (X1.5) = T AGair/1)OLou k.S

where Agai(L/k) is the ideal of Ay defined in our previous paper |3] as the Fitting ideal
of a certain second syzygy module, which is determined only by the p-Sylow subgroup of
Gal(L/k).

PROOF. This can be proved by the same method as Theorem 3.3 in [3]. In that paper
we assumed that S = S, so that X, g agrees with X . But this is the only difference; all the
arguments carry over unchanged to general S O ).

We cannot reproduce the proof of the quoted theorem here, but let us at least say some-
thing on the ideal T!=s AGaiL/k)- The precise definition is to be found in §1 of loc. cit. Let
A be the non-p-part of Gal(L/k) and G be the p-part, in particular, Gal(L/k) >~ A x G. The
ideal 2AGai(L/k) is a purely algebraic invariant that depends only on G. For every character
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& of A except for the trivial character, the £-component of T!=s AGal(L/k) is the unit ideal.
We regard the trivial character component (T'= AGal(r/ k))l =7 (RAGair/ k))l as an ideal
of A[G]. The ideal (Q[Gal(L/k))l is defined by (Q[Gal(L/k))l = FittA[G](.Qz) with a certain
explicit second syzygy £22 of the module Z over G with trivial Gal(kso/ k)-action. d

We explain the ideal (QlGal(L/k))l a little more. Let g1 = Ker(A[G] =
Z,[[Gal(ko/k) x G]] —> Z)) be the augmentation ideal of Gal(koo/k) x G. Write
G =17/p" x .. x Z/p" withni < ... < n,. Define J,[g] to be the ideal generated
by 14[G] and p"'. Then (Tl_SQlGal(L / k))l is contained, with finite index, in the ideal /4[G) of
A[G]. We also have

s s(s—1)/2
(T Agair )" C IA[G]‘I/Y\([CG] /

(see Propositions 1.6 and 1.5 in [3]); one can check this in the following way. Let /g be the
augmentation ideal of Z,[G] and Ji the ideal of Z,[G] generated by I and p"!. Then ny
in [3] §1 satisfies ngy C J, 4 which implies my C Jé’ by Proposition 1.5 in [3] where my
is the ideal of Z,[G] appearing in Proposition 1.6 in [3]. We also note m;+1 C Ig J(’; for
t = s(s — 1)/2, since any monomial appearing in a (¢t + 1)-minor of My can only have ¢
factors of type v and therefore must have at least one factor of type r. Thus Proposition 1.6
in [3] implies the above inclusion.

5. The Fitting ideal of the p-ramified Iwasawa module over a totally real number
field

In this section, L/ k is as in the previous section, but we do not assume L = L(u p)+. We
put Ay =Z,[[Gal(L/k)]]. Asin §2let X be the Galois group of the maximal abelian pro-
p extension L, s, /Lo, which is unramified outside p. We call X, the p-ramified Iwasawa
module of L; it is a module over Ay .

For L(u,)™, consider © Lup)h/k.S defined in the previous section. When we take S to
be minimal, namely the set of ramifying primes of k in L(u,)%,, we simply write @, (up)h/k
for @L(ul,);/k,S' We note that [L(M,,)Jr : L] is prime to p, which implies that A; can be
regarded as a direct summand of A L(up)*- We denote by ©p_/x € AL the Ap-component of
® Luiph/k We are interested in whether 7@y /« is in the Fitting ideal Fitt4, (X1) or not.

THEOREM 5.1. Suppose that L/k is a finite abelian extension of totally real number
fields such that L N koo = k. We assume that L/ k contains an intermediate field K such that
K C k(up)™ and Gal(L/K) is elementary p-abelian. We write Gal(L/K) = (Z/pZ)®* for
some s > 0. We also assume the vanishing of the u-invariant of X1, and one of the following
conditions.

(1) s =2 and L /K is unramified outside p.
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(ii) s =3 and Loo/K o contains an intermediate field L, which is unramified outside
pand L), : Kso]l = p.

>iii) s > 4.
Then we have
T@Loo/k =(y — 1)@Loo/k o4 FittAL(XL).

REMARK 5.2. When k = Q, then (i) and (ii) never occur. This is because if L/Q is a
finite abelian p-extension which is unramified outside p, then L is contained in Q. But, of
course, (iii) does occur.

PROOF OF THEOREM 5.1. We may assume that K = k. In fact, put A = Gal(K/k),
and regard it as a subgroup of Gal(L/k). Let L(A) be the intermediate field of L/k such that
Gal(L/L(A)) = A, so L(A)/k is a p-extension. Then, since #A is prime to p, Ap(a) is
a direct summand of Ay. The Ay a)-component of @,k is O (a),,/k because the set of
primes of k£ ramifying in L, coincides with the set of primes of k ramifying in L(A). Since
HI(OL(A)OC,S,,, Qp/Z,) — Hl((’)stp, QP/Z,,)A is bijective, the A a)-component of
X is X1 (). Therefore the conclusion of Theorem 5.1 for the extension L(A)/k implies the
conclusion of Theorem 5.1 for L/ k.

We suppose K = k from now on. We put A = Ay = Z,[[Gal(koo/ k)]] = Z,[[T]]. We
first consider the restriction homomorphism ¢z /., : AL —> A. Let S’ be the set of non
p-adic ramifying primes of k in L. Since only p-adic primes are ramified in ko / k, we have

CLoo/koo (TOL 1) = ( [Ta- N(v)—lwv)> T Ok € A

ves’

where ¢, is the Frobenius of v in Gal(k~/k). By the main conjecture proved by Wiles [14]
(see §4), T Oy generates the characteristic ideal of X. Therefore, its image modulo p
€ A/p =F,[[T]] satisfies

ordy (T Oy, /k mod p) = Ai,

where A is the A-invariant of X and ordr is the normalized additive valuation of F,[[T]],
because we are assuming the vanishing of the u-invariant.
Since v is ramified in L, we know N (v) = 1 (mod p). Therefore, we have

m@(I]a—NwYWQmmp>=m®(I]a—wgmmp>

ves’ ves’
=) ordr((1 = p,) mod p)
veS’

=#5
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where S,’{Oc is the set of primes of ko, above S’. Thus the image of TOL /kin Ay ® F)p
satisfies
3) ord7 (€L /koo (T OLy k) mod p) = Ak ~|—#S,/{oc .

Next applying Theorem 3.1 to L/k, we have ((XL)GaiL/x) @ Fp = (Z/ pZ)®" with

@ t:s(s—3)

+#S e+,

where & = dimg, Gal(L7,/koo) with L” as in (ii). If (i) is satisfied, then & = 2 and s(s —
3)/2+¢e =1 > 0. If (ii) is satisfied, then ¢ > 1, and s(s — 3)/2 +¢ > 1 > 0. If (iii) is
satisfied, then s(s — 3)/2 + ¢ > s(s — 3)/2 > 0. In any case, by the equations (3), (4), we
have

t > ordr (CLy/ koo (TOL k) mod p) .

After these preparations, suppose now that T®p / is in Fitt 4, (X ). This would imply

CLoo koo (T OL k) mod p € Fitty, (711 (XL)Gaz/x) ® Fp) = (T71).

This contradicts the above inequality. Therefore, we have T®p /i & Fitt4, (X1). O

6. The Fitting ideal of the dualized Iwasawa module

By the duality we mentioned in Remark 2.2, Theorem 5.1 implies the result on the minus
class group that we explained in the Introduction. We now give the details of this implication.
For the ideal class group of a number field F, the p-component of the class group
is denoted by A, namely Ar = Clg ® Z,. For a CM-field L and the cyclotomic Z,-
extension Lo/L and the n-th layer L,, we define Ay, = li_I)n Ap,, which is a discrete

Ap = Z,[[Gal(L o/ k)]]-module. We consider the Pontrjagin dual (A L.,)" with the cogredi-
ent action of Gal(L/k). So it is a compact Ay -module.

For a finite abelian extension L/k where k is totally real and L is a CM-field, the Stick-
elberger element 0/ € Q[Gal(L/k)] is the unique element which satisfies

xOr/0) = Ls, (0, x™1)

for all characters x of Gal(L/k) where we extended x to the ring homomorphism x :
Q[Gal(L/k)] — Q(mage(x)) and S is the set of ramifying primes of k in L. Let L,
Ly be as in the previous paragraph. Then 6, /x becomes a projective system for n >> 0. Let
y be the generator we fixed and « the cyclotomic character. We know (y — k(y))0L,/x €
Z,[Gal(L,/ k)] and denote the projective limit by (y — «(¥))0L../k € AL.

THEOREM 6.1. Assume exactly the same conditions as in Theorem 5.1, including the
list of conditions (1), (i), (iii), with the exception that now K = k(jp) instead of K C k(u,,)+,
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and “L is CM” instead of “L is totally real”. Then we have

(v = k(Y)OLo/k & Fitta, (AL)Y)

REMARK 6.2. (1) When L/K is unramified outside p (and in particular when we
assume (i)), the above result was already obtained in our previous papers [8], [3].

(2) It is somewhat surprising that this corollary also applies in the case k = Q and
suitable abelian fields L. Indeed, the paper [7] determines the Fitting ideal of the non-dualised
class group over Lo, and it contains the left hand side of the non-inclusion displayed in the
theorem. In particular, in many cases the Fitting ideals of the class group of an abelian number
field and of its dual cannot be equal. We will see such cases in §§7,8.

PROOF OF THEOREM 6.1. Suppose that « : Gal(Loo/k) —> Z; is the cyclotomic
character. Let 7, ¢ be the automorphisms of the total quotient ring of Ay induced by o —
k(o)o, o — o~ !, respectively, for any o € Gal(Lso/k). Then we know

T(Op/k) =OLo/k

andt(T) =« ()/))/_l —1. Let AZOO be the minus part of Ay (the part on which the complex
conjugation acts as —1). The Kummer pairing gives a natural isomorphism

(AL)V() > X+
(see [13] Proposition 13.32). Therefore, Theorem 5.1 implies

)y ™" = DL,k & Fitta, (A7 )Y).
which completes the proof. O

REMARK 6.3. Put A = Gal(K/k) andletw : A — Z; be the Teichmiiller charac-
ter. Since the order of A is prime to p, Z,[A] is decomposed into character components, so
any Z,[A]-module M is decomposed into character components, M = @S M? where £ runs
over Q,-conjugacy classes of characters of A. By the same method as the proof of Theorem
6.1, we see that

(v = k(¥)0Lo/k)” & Fittao (A7 )Y)

where the left hand side is the w-component of the element (y — «(y))0L/k. In fact, taking
the w-component of the isomorphism of the Kummer pairing in the proof of Theorem 6.1, we
have

(A(Zoo)v(l) >~ XA

where L(A) is the intermediate field of L/k such that Gal(L/L(A)) = A. Since
TOL(A)/k & Fitta, 4 (XL(a)) by Theorem 5.1, we get the above statement on the w-
component.



FITTING IDEALS OF IWNASAWA MODULES 635

7. Results at number field level

In this section, we study some consequences of Theorem 6.1 over number fields of finite
degree. For simplicity, we assume k = Q. We note that the vanishing of the p-invariant is
proved by Ferrero and Washington. We repeat that the cases (i) and (ii) in Theorem 6.1 never
happen over k = Q, and so we may concentrate on the case (iii).

COROLLARY 7.1. Suppose that L/Q is a finite abelian extension such that j, C L,
wp2 & L,and Gal(L/Q(up)) == (Z) pZ)®* for some s > 4. Let S be the set of prime numbers
ramifying in L, and S’ = S \ {p}. We take n € Z-¢ such that

pn - Zpordp(é—l)—l )
Les’
Let L,, be the n-th layer of Loo/L (so L, = L(,u»er»])), and R, = Z,|Gal(L,/Q)]. Then we
have

Anng, (ttpn+1)01,/Q € Fittr, (AL,)"),

where Anng, (i pn+1) is the annihilator ideal of @ pyn+1 in Ry. More precisely,

(Anng, (4 pn+1)01,/Q)® & Fittre (A7 )")
holds.
PROOF. As in the previous sections, suppose that y is a generator of Gal(L~/L). We

regard y as a generator of Gal(L,/L). It is well-known that (y — «(y))0L,/Q € Ry, and is,
of course, in Anng, (1 P+l )01, /Q- We will show that

((y =« (¥))bL,/Q)” ¢ Fittre (A7 )").
Put K = Q(up), A = Gal(K/Q),and G = Gal(L/K). As in Remark 6.3, we denote by
L(A) the intermediate field of L/Q such that Gal(L/L(A)) = A. Put G = Gal(L(A)/Q) =

Gal(L/Q(up)) = (Z/ pZ)®s. 1t is well-known that Xqg = 0. Therefore, applying Theorem
3.1 for L(A)/Q, we have

(Xray6 = H (G, X)) =~ (Z/ pT)®

where

s(s —3) ,
In particular, (X (a))g is an F ,-vector space. More precisely, consider the fundamental exact
sequence

2
00— /\G—> I:I_I(G,XL(A)) — @ F, — G—0.

/

vESQOQ
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We regard y as a generator of Gal(Qs/Q), and put T = y — 1 as before. Then y acts
on G trivially, and @5, i Fp = FpllT1] /(TP") where r = ord, (¢ — 1) — 1 (note that

ord,(£—1) > 1). By our assumption, n > r holds. Therefore, " annihilates €9 F,.

ves;,
Qoo
Since T annihilates /\2 G, we know that (p, T"") annihilates H! (G, XL(a))-
By the isomorphism (A‘I“’oo)v >~ Xy(—1), we have isomorphisms of A = Agq,-
modules

(A7 )Y = (X6 (=) = A1 (G, X1a)(~1)
~ ﬁ_l(G, XL(A)) .
Here, we used p[-}_l (G, X1(a)) = Oto get the second isomorphism. Put I, = Gal(Ls /L),
which is generated by yf’". Since (p, TP") annihilates H! (G, XL(a)), we have

((A{i)oo)GXFn)v ~ I:I_l(G, XL(A))Fn = I:I_l(Ga XL(A)) .

Since the p-adic primes of L) are ramified in L,, the natural map A, — (AZOO)F " s
bijective. Therefore, we get

(A9 YW)e ~ H (G, X1(a) -
Now we can proceed in the same way as in the proof of Theorem 5.1. Suppose that
((y —«(¥))OL,/Q)? isin FittRz)((A‘i’n)V). This would imply
o102 € Fittg 1711/ (H™' (G, X1a)) = (T")

where ¢ is as above and satisfies 1 > #Sé200 because of our assumption s > 4. This is a
contradiction because 76 is a unit of Z,[Gal(K,/Q)] and p" > Y, poPr=D=1 =
#Séoo. O

COROLLARY 7.2. Suppose that p is an odd prime and

m=p" li[&'
i=1

satisfying
(i) s >4,
(i) ¢; =1 (mod p) foralli =1, ...,s5,
(111) pn—l - Z;leordp(li—l)—l-
We put L = Q(im). Then we have

(Annz(Gai(L/Q)1(1m)0L/Q) ® Zp & Fittz, (Gar/Q)1(AL) -
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In particular, the classical Stickelberger ideal of L by Iwasawa and Sinnott which contains
AnngGai(z/Q)1(m)0L/Q does not coincide with FittZ[Gal(L/Q)](CIZ).

PROOF. Clearly, L has a unique subfield L’ such that the conductor of L' is m/p"~!,
L' contains Q(up), and Gal(L'/Q(up)) =~ (Z/pZ)®*. Put F = L'(ppn). By Corollary 7.1,
we have

(Anng,(Gal(#/Q)) (1t p)0F/Q)® € Fittz, (Gai(r/Q1e (AR)Y) .

Since the conductor of F is m, the image of 07 /g in Q[Gal(F'/Q)] is 6F/q. Since Gal(L/F)
is generated by the inertia subgroups of the ramified primes, the natural map A, — A} is

injective. Therefore,
cr/F (Fittz, (G Qe (A7) C Fittz, Gaz/Qe (AR)Y)
where cp/F : Z,[Gal(L/Q)]® —> Z,[Gal(F/Q)]? is the restriction map. This implies that

(Anng,,(Gaiz/Q1(1p)0L/Q)” ¢ Fittz, Gai(L /e (AD)Y)
which implies the conclusion. O

REMARK 7.3. Forexample,m = 27-7-13-19-31 satisfies the conditions of Corollary
7.2 for p =3.

8. Thecases =2

We have studied the Fitting ideal of the minus class group of an abelian field L whose
Galois group over Q has p-rank > 4 (namely, s = dimg, Gal(L/Q) ® F;, > 4). In this
section, let us examine several examples in the case s = 2 for k = Q.

Consider the subset P = {¢ | £ = 1(mod p)} of the set of prime numbers. For £ € P,
we denote by F(£) the subfield of Q(u¢) of degree p. For two primes ¢1,£, € P, we define
F(£y, £3) to be the composite field of (1) and F (£2), L(£1) = F(€1)(up) and L(£1, £2) =
F(ly, £2)(p).

PROPOSITION 8.1. Let €1, {2 be two primes in P, and assume €1 # 1 (mod pz). Put
L =L, ¢2),and G = Gal(L/Q(np)) = Gal(F (1, £2)/Q).

(1) We have A‘i’(el) =0.

(2) Forany €3 € P, AY is generated by one element as a L[ G]-module.
(3) Suppose that £, satisfies at least one of the following conditions:

(i) €2 # 1 (mod p?);
(ii) €2 does not split completely in F (£1).

Then we have

FittZ,,[G] ((Aci))v) = Fittzp[(;] (A(i)) .
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(4) Suppose that £ satisfies neither (i) nor (i) above. Then Ng, is in Fitth[G] (AD), but
not in Fitth[G]((A’l“’)V) where G, = Gal(L/L(¢£1)) and Ng, is the norm element of
G2 in Z,[G). In particular, we have

Fittz,[61((A})") # Fittz ;61(A7) .

PROOF. We first note that the natural maps ACLU(Z,-) — A7, ACLU(Z,-) — A‘I‘j(ei)w,
A7 —> A7 _ areall injective.

(1) Put G; = Gal(F(£1)/Q). By our assumption £; % 1 (mod p?), there is only one
prime of F'(£1)x above £;. It follows from the fundamental exact sequence for F'(£1)/Q that
i (G1, XF(,)) = 0. Since X = 0, this implies that X 4,y = 0 by Proposition 2.3. Since
(A‘L”(ZI)OQ)V(I) ~ XF(,), we also have A‘Z(el) =0.

(2) Let w; be a prime of L(£1, £2) above £;. We denote by « (w;) the residue field of w;,
and by Dy, the decomposition group of w; in G. We need the following lemma.

LEMMA 8.2. We have an exact sequence

HYG, jtp) —> H(Dy,, k(w1)*) ® H(Dg,, k (w2)*) — H™(G, A)

—s H'Y(G. pp) L5 H'(Dy,. k(w1)*) & H'(Dyy. k(w2)*) —> A(G. A?)
2 f2 2 X 2 X

—> H(G, pp) 2> HX(Dy,, k(w1)*) & HX(Dy,, k (w2)*) .

where G acts on 1) trivially. The map f1 is bijective. The group H/ (Dy;, k (w;)*) is of order
pforanyi,j € {0,1,2}.

PRrROOF OF LEMMA 8.2.  This exact sequence is obtained from the exact sequence in
the last line on page 411 in [8]. We know Hl(Dg,., Kk(w;i)*) = Hl(Dgi, ULwi) ~Z/ey, L =
Z/pZ where U Lu, is the unit group of the integer ring of L,,, and ey, is the ramification
index of w; in L/Q(up). It is well-known that the kernel of fj is isomorphic to the kernel
of Ag(ﬂp) — Aci)(/zl,/zz)' But Ag(ﬂp) = 0, so the kernel of f is zero. Since both the source
and the range of fi have order p?, the injectivity of fi implies the bijectivity of fi. Finally,
H O(D/gi, Kk (w;)™) is isomorphic to the inertia group of £; in G by local class field theory, so
it has order p. This completes the proof of Lemma 8.2.

We go back to the proof of Proposition 8.1. In the exact sequence in Lemma 8.2, since
21 # 1 (mod p?), we have I—AIO(D/ZI,K(wl)X) = FZ ® Z/pZ >~ yip, and the natural map
I:IO(G, Hp) = Hp —> I-AIO(DKI ,k(w1)*) = pp is bijective. Therefore, it follows from
Lemma 8.2 that H~(G, A?) is isomorphic to Z/ pZ. Since A&M) = 0, we know that A is

generated by one element as a G-module.
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(3) We prove that (A‘i’)v is generated by one element as a G-module under the assump-
tion in (3). Let us first assume that the condition (i) holds. By the fundamental exact sequence
for F(£1, £2)/Q,

2
00— /\G — I:I_I(G, XF,,00) —> @ Z/pZ. — G — 0
v|€1€y

is exact. Since neither £1 nor £ splits in Qs by our assumption (i), we know @v‘ 06, L/ PL =
(Z/ pZ)®?, which implies H~' (G, X r(¢,.4,) =~ Z/pZ by the above exact sequence. Since
Xq =0, XF(¢,,¢,) 1s generated by one element as a G-module by Nakayama’s lemma. There-
fore, using the duality isomorphism as in (1), we get the cyclicity of (A¢)".

Next, we assume the condition (ii). Put G, = Gal(F (¢1, £2)/F(£1)). By the fundamen-
tal exact sequence for F (41, £2)/F(£1),

0— H (G2, Xry.0)) — P 2Z/pZ — G2 — 0
1%}

is exact where v runs over primes of F(€1)so above 2. By our assumption (ii), ®U| 0 7/ pZ
is a quotient of F,[[Gal(F (£1)co/F(£1))]] = Fp[[Gal(Qx/Q)]1] and the third map in the
exact sequence is induced by the augmentation map F,[[Gal(Qx/Q)]] — F,. It fol-
lows that I:I_l(Gz, XF(e,e,)) 1s cyclic as a Ag-module. Since Xr,) = 0 by (1), we have
(XFe, )G, = ﬁ‘l(Gz, X F(¢,,¢,)) by Proposition 2.3. Therefore, by Nakayama’s lemma,
XF(t,,e,) 1s generated by one element as a Af(, ¢,)-module. Thus, by the same method as
above, we get the cyclicity of (A¢)".

By (2) and the above, both A and (A%)" are cyclic as Z,[G]-modules. Therefore, we
obtain

Fittzp[G] (ACZ) = Fittzp[G]((ACz)v) = Anan[G](A‘f) .
This completes the proof of (3).
(4) Since A‘i’(ll) = 0 by (1), Ng, is in Anng,[G](A}). Therefore, it is also in
Fittz, (61(A7) because A7 is cyclic by (2).
Consider the homomorphism H?%(G, wp) — HZ(Dgz, Kk (wp)™), which is obtained by
the composition of f> in Lemma 8.2 and the second projection. Since ¢; splits completely in
L(£1) and ramifies in L/L(£1), k(w2) = Fg¢,. Putr; = ord,(£2 — 1). By our assumption

¢ = 1 (mod p?), we have rp > 1. Then H*(Dy,, k(w2)*) = H*(Dy,, it,2) and the above
map

H*(G, tp) —> H*(Dy,, k(w2)™) = H*(Dey, ppr2)

is induced by the natural homomorphisms D¢, —> G, up —> 2. In particular, it factors

through HZ(Dez, wp). Recall that Dy, is cyclic of order p. Therefore, H2(D42, Hp) —
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H Z(Dgz, M pr2) is the zero map. It follows that the F,-dimension of the image of f> in Lemma
8.2 is equal to or smaller than 1. By Lemma 8.2, we have

dimp, ((A9)) > dimg, H*(G, pup) — 1 =3—1=2.

Suppose thata € Z,[G]isin Fittzp[G]((A‘f)v). Letc : Z,|G] — Z, be the augmenta-
tion map. We have c(a) € Fittz, ((A9)%)Y), so p? divides c(a) because dimp,, ((A7)¢) > 2.
Namely, we get

o € Fittz, (61(AD)") == p*le(@).

This shows that Ng, is not in Fitth[G]((A‘i’)v) because ¢(Ng,) = p. This completes the
proof of Proposition 8.1.
O

REMARK 8.3. Suppose that n is a product of primes in P. We define nq(,,,) by

1Qtnp) = 0QUunp)/Q ~ VOQ(,)/Q 5

where v is the corestriction map. Itis easy to see that nQ(u,,,) € Zp[Gal(Q(unp)/Q)]. For any
field F with conductor np, we define n by the image of nq(y,,)- Let @(L) C Z,[Gal(L/Q)]
be the Stickelberger ideal in the sense of Sinnott [12] (or in the sense of the second author
[7]). We regard @ (L) as an ideal of the minus part Z,[Gal(L/Q)]™. We can check that
©(L) of L = L(£1, £2) is generated by four elements, to wit, 7, Vi ;) Withi = 1,2, and
PvOQ(u,)/Q With suitable corestriction maps v. By the main theorem in [9] (or Theorem 0.6
in [7]) we have

Fittz, [GaL/Q)-(AL) = O(L).
We have seen in Proposition 8.1 that
Fittz, (Gai(L/Q)1- (A])7) # O(L)
if L satisfies the condition of Proposition 8.1 (4).

REMARK 8.4. We give numerical examples. Take p =3 and £; = 7. Thenall {; € P
with €» < 127 satisfy the condition of Proposition 8.1 (3) (more precisely, £» = 13, 19, 31,
43,61,67,73,79,97, 103, 109 satisfy the condition).

The first prime which does not satisfy the conditionis £» = 127. Let us examine this case
in detail. For L = L(7, 127), take a generator o of Gal(F(7)/Q) and t € Gal(F(127)/Q)
such that o (¢7) = ;73 and 7(¢127) = ;1327. We writeoc =14+ Sandt =1+ T, and

Zp[Gl=Z,[S, T1/(1+8)°—1,(1+T) - 1)

where G is as in Proposition 8.1. (Note: the above T has no relation with 7" in the previous
sections.) Let nz be as in Remark 8.3. We regard n, as an element of Z,[Gal(L/Q)]™ =
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Z,[G]. One can compute
nL = —2(126 + 1268 + 425> + 123T + 123ST + 44S>T + 40T? + 39ST? + 155°T?).

Let us not write out the others, but note that v, (7 is 1 +7 + 72 times a unit since Aqg(,,) = 0.
Then we can compute numerically the Stickelberger ideal ® (L) of L. The result is

5) O(L) = (3, $*T, T?) C Z,[G].

We know A+ = 0, so we have A, = A} = AY. Since Ay is cyclic by Proposition 8.1 (2),
we have

AL ~7Z,[G1/O(L) =Z,[G1/(3, S*T, T?)
(©6) =F,[S, T1/(S*, S*°T, T?).

In particular, as an abelian group, we have A; ~ (Z/ pZ)695 . The structure of A; as an
abelian group can be also checked by direct computation. We thank Jiro Nomura very much
for his computing the structure as an abelian group of Ay (¢, ¢, for several £1, £> by Pari-GP.

By the isomorphism (6), we can also compute generators and relations of A). We find
that A is generated by two elements and its Fitting ideal is

(7) Fittz,61(A}) = (9,37, 38, S*T, T?).
It follows from (6) and (7) that
Fittz,(6(A}) C Fittz,(6(AL) = (3, S°T, T?).
By (7) we also see
nL € Fittz,[6)(A]) ,
but
v € Fittz,[61(A})

because v 7y is 1 + 7 + 2 = 3+ 3T + T? up to a unit factor.
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