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Abstract. We refer generalized degenerate zigzag nanotubes as periodic metric graphs which consist of seg-
ments of length 1 and rings of length 2 throughout this paper. In this paper, we consider the case where there are one
segment and three rings in the basic period cell and analyze the spectrum of periodic Schrodinger operators on the
generalized degenerate zigzag nanotube. We obtain the relationship between the structure of the metric graph and the
nondegenerate spectral gaps of the Schrodinger operators.

1. Introduction

In this paper, we discuss a spectral problem for a quantum graph originating from carbon
nanotubes. First, quantum graph is defined in [1] as a triplet of a metric graph, a differen-
tial operator and an appropriate vertex condition (for example, Kirchhoff vertex condition, §
vertex condition and so on. See also [4, 12].). In this paper, we define Schrodinger operators
with periodic potentials and Kirchhoff vertex conditions on a periodic quasi-1-dimensional
metric graph consisting of lines of length 1 and rings of length 2 and investigate their spec-
tra. We call the metric graph the generalized degenerate zigzag nanotube throughout this
paper. We give more precise definition in the next paragraph. Although we later describe
the relationship between this paper and [11, 16] in detail, we now introduce earlier paper
[2, 3, 5, 11, 13, 18] on the subject of periodic Schrodinger operators on metric graphs in
brief before we define our operators. One example of quasi-1-dimensional metric graph is a
homogeneous tree, whose vertices have a common number of edges. Carlson [3] analyzed
the spectra of periodic Schrodinger operators with § vertex conditions on the homogeneous
trees by using one-dimensional tools for Hill operators like the monodromy matrix and the
Lyapunov function. Since a homogeneous tree does not have any loop, our graph possess-
ing rings is not included in this class. Spectral analysis of periodic Schrédinger operators
on metric graphs consisting of loops is seen in [2]. Duclos, Exner and Turek gave spectral
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results on the straight case and the bending case of the metric graph with § vertex condi-
tions. As one of attractive graphs, there are the hexagonal lattices. Physically, the hexagonal
lattice corresponds to the graphene, which is an allotrope of carbon. As for the carbon nan-
otubes, which are also allotropes of carbon with cylindrical structure, Korotyaev and Lobanov
[11] and Kuchment and Post [13] established the spectral theory. Especially, it is effective for
spectral analysis of periodic Schrédinger operators with Kirchhoff vertex conditions on zigzag
nanotubes to consider the so-called degenerate zigzag nanotube, which is the periodic metric
graph possessing one line of length 1 and one ring of length 2 in the basic period cell (see
also [1] for the carbon nanotube and [9] for the magnetic case). In this paper, we generalize
the degenerate zigzag nanotube and investigate the spectra of Schrodinger operators on it.
The spectrum of the Schrodinger operator on the zigzag nanotube consists of the absolutely
continuous spectrum and eigenvalues of infinite multiplicities [11, 13]. Furthermore, we see
other affluent results of this type of spectrum in [17]. Pankrashkin established the example
where the spectrum consists of eigenvalues of infinite multiplicities (and also another inter-
esting example where the spectrum consists of absolutely continuous spectrum and infinite
multiplicities) for the Rashaba Hamiltonians on 73 lattice. The paper [5] also includes inter-
esting results on spectral analysis for periodic Schrodinger operators on the model of carbon
nanostructure, the graphyne. The structure of the graph corresponding to graphyne defined by
Do and Kuchment consists of hexagons and rhombuses. Whereas the simplest one of zigzag
nanotube made of the graphene is the degenerate zigzag nanotube, the simplest one of zigzag
nanotube made of the graphyne can be the generalized degenerate zigzag nanotube. Actually,
the zigzag part of hexagons and rhombuses corresponds to rings of the generalized degener-
ate zigzag nanotube defined below and vertical lines of hexagons correspond to lines of the
generalized degenerate zigzag nanotube.

We now define a periodic metric graph which possesses one line of length 1 and three
rings of length 2 in the basic period cell (see FIGURE 1). The precise definition of this graph
is given as follows. Weputro = 2, 7 = £ + 1,7 = {1,2,3,4,5,6,7}and Z = Z x J.
For (n, j) € Z, we define the segment I3, ; C R? as

Ii1={x,0)] nT <x <nT 41},

Lia={x. ] {x—@T+1+r)f +y*=rj, y=>0},
Lis={G. ) {x—@T+1+r)+y*=rf, y<O0},
Lua={Gx. ) {x—@T+1+43r)) +y*=r5, y>0},
Lis={x. )| {x—@T+143r)f +y*=rj, y<0},
Lie={Gx. )| {x—@T+1+50) +y*=r3, y>0},
Lir={x, ) (x—@T+1+50) +y*=r3, y<0}.

Let each segment I, ; be oriented as x increases. We put I' = U, jyez T, j-
Next, we define periodic Schrodinger operator on I". To this end, we describe the defi-
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FIGURE 1. The graph I".

nition of the Hilbert space L3(I; n,j) for each o = (n, j) € Z. For a function y defined on I,
we abbreviate y, = y|r, fora := (n, j) € Z. Since the length of each segment I, ; is 1, we
identify each I, ; as the interval (0, 1). Owing to this identification, each y, can be identified
with a function on the interval (0, 1) through the local coordinate x € (0, 1). Through this
identification, we define the Hilbert space L2(F n,j) as LZ(O, 1) with the standard Lebesgue
measure on (0, 1). Moreover, we consider the Hilbert space H = @, j)ez LZ(Fn, j) equipped
with the inner product (Y, )y = > ,cz(Va, ®a)r2(r,) for v, ¢ € L*(I"). Fora € Z, let
fo (1) and £7,(0) imply f,(1 — 0) and f,(40), respectively. In order to introduce the Kirch-
hoff vertex condition through a simple formula, we prepare notations. For n € Z, we put
TNy = {Xa} Tn2 N = {Xu2) TiaN e = {Xa3} and L6 N1 = {Xn4).
Furthermore, we put

1 -1 0 0 0 0
Aar=lo 1 1], BB=| 0o o0 o],
0 0 0 11 1
1 -1 0 0 0 0 00
0 1 -1 0 0 0 00
A=As=1o o 1 1| B=B= o o 00|
0 0 0 0 1 -1 1 1
1 -1 0 0 0 0
A4: O l —l 5 B4= 0 O 0 )
0 0 0 1 -1 1
Fra (D) £,
F(an) = fn,2(0) s F/(Xn,l) = f,:’z(o) )

fn,3(0) f,:’3(0)
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fa2(D) Fo2(D
S R
Jn,5(0) fn.50)
Jna(1) fraD)
o= [ 1500 (50
In,7(0) In,7(0)
Jn6(1) fre(D
FXna)=\| for() |, FXu3)=| [,
Sn+1,1(0) foz1.10)

for n € Z. For a real-valued function ¢ € L?(0, 1), we define periodic Schrodinger operators
inH as

(Hf)(0) = = f/ () +q0) fa(x), xe€la=0,1), aeZ,

Dom(H) = {@ fu€H ‘ DBocz(—fd +afe) €M,

Y AjF(Xp )+ BjF' (X, ) =0 for (n,j)eZ } ’
o

where O is the null matrix. The self-adjointness of this operator is derived in [17].

In order to analyze the spectrum of H, we need to review the spectral theory of the
related Hill operator Hy := —012/dx2 + g in L2(R), where g € L2(0, 1) is extended to the
1-periodic function on R, i.e., g(x) satisfies g(x + 1) = ¢g(x) for all x € R. According
to the Floquet—Bloch theory [6, 14, 20], we see that o (Hp) has the band structure. That is,
o (Hp) is purely absolutely continuous and consists of infinitely many closed intervals whose
interiors are disjoint each other. The intervals are characterized as follows. We consider the
Schrodinger equation corresponding to Hy:

—"(x, ) +gx)yx, L) =ry(x,A), xeR, reC. (1)
Let 0(x, A) and ¢(x, A) be the solutions to (1) subject to the initial conditions
00,0) =1, 6'(0,A0)=0 and ¢@O,A) =0, ¢O1N=1,

respectively. Since 0(x, 1), 8'(x, ), ¢(x, L), ¢'(x, 1) are entire in A € C, so is the function
A = (0(1, 1) + ¢’(1, 1))/2. This function is called the discriminant of the spectrum of
Hy or the Lyapunov function for (1). It is known that A(A) — ¢ has only real simple zeroes
for a fixed ¢ € (—1, 1). Moreover, the function A(A) £ 1 has infinitely many real zeroes
)L(J{’ 0 M1 )L(J{’ 12 A0.20 )L(J{’ 55 ..., which are labeled in increasing order. We consider that 0 of

A(j)E j means that we are considering the case where there are no rings in the basic period cell.
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Then, the inequality )‘30 <Xy = )»5“1 <Xy, = )»5“2 < ... holds true. The spectrum of Hyp
is characterized by the Lyapunov function A()) and the zeroes of A(A) =+ 1 as follows:

o(Hy) ={reR| |AQW)|<1}= U[)‘(J)r,j—l’k(;j]'
j=1

For j e N={1,2,3,...}, the interval B; := [)»(J{’j_l, A&j] is called the jth band of o (Hp).
The consecutive two bands B and B, are separated by the open interval G ; := (% j A(J)f j).
The sequence {)»af ) j}j‘;ou{x(; ) j}j?‘;l is the spectrum of the equation —y”+qy = Ay satisfying
the 1-periodic boundary condition: y(x 4+ 1) = y(x) on R. On the other hand, {)L(J)f 2j— 1}7‘;1 U
{%0.2 j_l}‘]?il is the spectrum of the equation —y”+¢y = Ay with the 1-anti-periodic boundary
condition: y(x + 1) = —y(x) on R. If there exists some j € N such that A&j = )L(J{’j is valid,

then the jth spectral gap is degenerate, i.e., G; = . This implies that B; and B;| merge,
or there exists an eigenvalue, whose multiplicity is 2, of the spectral problem —y” 4+ gy = Ay
subject to the periodic or anti-periodic boundary conditions. Let op(Ho) := {ua}oc, be
the Dirichlet spectrum, namely, the spectrum of the eigenvalue problem —y” + gy = Ay
with y(0) = y(1) = 0, where {u,};2, is arranged in the increasing order. Then, we have
op(Hy) ={» €R| ¢(,1) =0}and u, € [A&n, )»(J)r’n] for each n € N (see [19]).

Let 0o (H) be the set of eigenvalues of H with infinite multiplicities. This set is called
the flat band of H. Defining the function

D(3) = 84 + (=9 + 6(1, g (1, A A2 (1) + % _ W

on R in advance, we state our theorems.
THEOREM 1. We have 6 (H) = 05c(H) U 0,:(H), where
0o (H) = op(Hp) and oac(H)={+ €R| D) e[-1,1]}.

In this sense, we call the function D()) the discriminant of o (H). Next, we describe the
properties of D(A).

THEOREM 2. (1) We have lim)_, _oc, D(A) = o0.

(1) For c € (—%, 1), D(X) — ¢ has only real simple zeroes.

(111) The function D’ (L) has only real simple zeroes 131, A3.2, A33, ..., which are sep-
arated by the simple zeroes 13,1, 13,2, 13,3, - - . , of D(L). Namely, we have
M1 <A31 <M32<A32<m33<A33<.... (2)

Furthermore, we have D(A3,2,) > 1 and D(A32,—1) < —1 foranyn € N.
(1V) The function D(A) — 1 has only real zeroes. Let zg, 70 Z?_, 2 z;r, ... be its zeroes
counted with multiplicities. Then, we have

+ _ - + - + - + - +
29 <2y <2 <2y Sy <3 <23 <Zy 74 <....
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(V) We have
+ - + - + — + — +
z0<x1<xl<z1<z1<x2<x2<z2§z2

— + - + - + - +
<Xy <X3 <23 <3 <Xy <Xy <7y 74 <...,

where x|, xf“, X5 x;, ... are the zeroes of D(A) + 1.
Next, we prepare notations to describe the band structure of o (H). Let
)»;FO, A; 2 )»;rz, A; 4 A3 4+ - - - be the eigenvalues, labeled in increasing order, of the opera-

tor Hp, in H, where

(Hp fu)(¥) = = /() +q(0) fa(x), x €T =(0,1), ae€Z,

@aez(_fo//_i'Qfa) eH,
@f ey AjF(Xn,j)-i-BjF/(Xn,j):O for (n,j) e Z,
“ Jnj(x) = fat1,j(x) and f,;,j(x) = f,:.,.l,j(x) )
for (n,j)e Z and x€(0,1).

Dom(H)) =
aeZ

On the other hand, let A5 ,, A A3 35

(Hap fa)(¥) = = f/ () +q(0) fu(x), x €T =(0,1), ae€Z,

A;r3, ..., be the spectrum of H,), in H, where

3,10 73,10

Doez(—fd +afa) €H,
@f ey AjF(Xn,j)-i-BjF/(Xn,j):O for (n,j) e Z,
“ Jnj(xX) = —fuy1,j(x) and f,:J()C) = _fr:—i-l,j(x)’
for (n,j)e Z and x € (0,1).

Dom(H,p) =
aeZ

The number 3 of A3i j implies the number of rings in the basic period cell. Furthermore,

we put & = arccos/ 27EYT ‘/7 , &5 = arccos(— 3Hmﬁ) = —arccos(—y/ ¥ 7ﬁ)’
ozjf = —arccos\/%. For ¢ € L?(0,1) and n € N, we moreover define gp =

folq(x)dx, ds.om = folq(x) sin2nmxdx, 4§, = folq(x)ezﬂi"xdx, ufn = 2nm, Mitn_l =

2nmw — arccos(:i:é) ufn , =2 — D+, ufn ;=2 —Dm + arccos(q:é) vfn 3 =
2(n — Dm +a v4n , =2(n—-Dx +a v4n | = 2nmw —i—ot3 , v4n = 2nm +a4 Under
these preparations, we have the followings:

THEOREM 3. (1) We have D()\in) = (=1)" for any n, and the inequality
+ +
Ao <han <Ay <hzp <Ay <Aga<iiz <Ay <Ay

< )»3’5 < )\3’5 < )‘3,6 < )»3’6 < )»3’7 < )\3’7 < )\3’8 < )\3’8 <....
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FIGURE 2. The graph rt.

(11) The absolutely continuous spectrum of H has the band structure. Namely, we have

oo
oac(H) = (13,1, 23,1
j=1
(1) For j € N, we define the jth gap of o (H) by y; = (A;j, A;j). Then, we have

Van—3 # 0, yan—2 # 0 and yan—| # 0 for anyn € N.
(1v) We have the following asymptotics:

1
g7 = (V3" +qo+o (E) ’ 3)
+ £ 32 1
A3.80-6 = Wgy—3)" Tqoto(— ). )
+ £ 32 1
A38n—s = (W3, _5)" +qo +o g (®)
+ £ 2 N , 3 ) 1
)\3,8,,_4:(’44,,_2) + g0 =4/1q2n—11° — g(QS,O,Zn—l) +0 ; s (6)
1
Mguos = Wi )” + g0+ 0 (;) : (7
+ £ 32 1
3802 = Wgy_)” T qoto(— ), ®)
+ N2 1
A384—1 = (V3,)" +qo0+0 - 9)
Mgy = )+ 0 % g - 2 2102 10
318,1—(”4,,) + g0 |G2n] _g(QS,O,Zn) + ; (10

asn — OoQ.

We compare our results with the classical results and related results [11, 16]. As stated
above, the spectrum of Hp has the band structure and the band edges {)‘(:)t,n} satisfy the in-
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FIGURE 3. The graph I'2.
equality Afy < Ay < Ay < Ay, < A, < .... We next see the results of only the part

of the degenerate zigzag nanotube established by Korotyaev and Lobanov [11]. Cutting real
line R and adding rings of the length 1 periodically, we obtain the degenerate zigzag nanotube
' = Uy jez, Fnlﬁj(see FIGURE 2.), where J; = {1,2,3}and Z; = Z x J;. We shall
omit the description of the precise definition of this metric graph since there may be no fear
of confusion. For the operator H; in the Hilbert space H; = LX(r" = S, ez, Lz(Fnl’ j)
defined as

(Hi fo )@) = = f) () +q00) fu; (@), x€ O D=L (@ j) ez,

Dom(Hj)

Bucz, (—fi +afa) € LI,
—f1 (D + f1,0) = f15(1) =0,
=1 P fuj € LPTNH|  f2200) = fur() = fr3(1).
(n,))eZ, f,:.,.],l(o) - fy:z(l) + f,:y,(o) =0,
fn2(D) = fur11(0) = fn,3(0) for neZ
The boundary condition appearing in the Dom(H;) is the Kirchhoff vertex condition. Ko-

rotyaev and Lobanov [11] proved that o (H) = 0o (H1) Uo,:(H) and o,.(H1) has the band

structure, where oo, (H1) = op(Hp). Designating the jth band of o,.(H1) by [)\T’j_l, )‘l_,j]
for each j € N, they obtained the inequality

+ — + - + - + — +
)LLO < )Lm < )Lm < )\1’2 < )\1’2 < )\1’3 < )Lm < )»1’4 < )\1’4 <....

This implies that every odd-numbered spectral gap is never degenerate, i.e., ¥12,—1 =
()‘1_,2n—1* )\bn_l) # ) for any n € N. Furthermore, let us see the result [16] in the case
where we add additional rings periodically to the degenerate zigzag nanotube (see FIGURE
3). We put I'? = u(n,j)ezzrn%j, where 7> = {1,2,3,4,5}and 2, = Z x J». We define the
operator H» in the Hilbert space Hy = LX(I'?) = @(n,j)ezsz(Fn%j) as

(Hafo)(x) = —f/ ) +q(0) fa(x), x €Ty =(0,1), aeZ,

Dom(H5)
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Docz(—fd +afe) € Ha,
Su1 (D) = fuo() = fn3(0),
—f D)= fL()+ fL50) =0,
fn3(1) = fr.4(0) = fr5(0),
Drecte) o L 4 5O =0,
Sna(D) = fu5(1) = fut+1,100) = fut1,200),
—fua@) = Lo s+ frp O+ 4,0 =0
for neZ

aeZ

The boundary condition appearing in the Dom(H>) is also the Kirchhoff vertex condition. In
this case, we see that o (H2) = 000 (H3) U 0,4c(H>), 050 (H2) = op(Hp) and o,.(H3) consists
of infinitely many closed intervals. Let [){ -1 Ai j] be the jth band of o,.(H>) for j € N.

Then, the edges {A;E j} satisfies the inequality
+ - + - + - +
Mo <hy1 <Ay <Ay <Ay <Ary3=hy,
- + — + - +
<)\2’4 < )\2’4 < )»2’5 < )»2’5 < )\2’6 < )\2’6 < ....

It follows by this inequality that y3,_2 # ¥ and y3,—1 # ¥ for any n € N, where y; =
(2, o )Lz j) is the jth gap of o,:(H>). These results are worthful to compare the result in
Theorem 3 (111). From earlier results, we see that adding rings to the real line closely relate
to the existence of non-degenerate spectral gaps. In order to show the results established by
Korotyaev and Lobanoyv, it is necessary to solve quadratic equations on A(}). In order to show
the result [16], it is necessary to solve cubic equations on A(A). On the other hand, we need
to solve quartic equations on A(}) in this paper because D(A) is quartic on A(A). However,
we see that this is not difficult because D()) does not include the term of A3(1) and A(X).
In this sense, it seems to be difficult to consider the generalized degenerate zigzag nanotube
which possesses 4 rings and 1 line in the basic period cell because we have to solve quintic
equations. The role of this paper is to make sure that the inequality in Theorem 3 (1) holds
true and that we can generalize the results [11, 16] when we add one ring periodically into the
metric graph 1'%,

In the next section, we prove that o,.(H) has the band structure including the sense of
the flat band. Namely, we prove Theorem 1.1 and 1.2. In the 3rd section, we examine the
asymptotic behavior of the band edges and give the proof of Theorem 1.3.

2. Proof of Theorem 1.1 and 1.2

First, we give the proof of Theorem 1.1.

PROOF OF THEOREM 1.1. We pick A € op(Hp), arbitrarily. We construct infinitely
many linearly independent eigenfunctions corresponding to A. Putting ¥ 2(x, A) = ¢(x, A),
Yo,3(x, 1) = —p(x, M) and ¥, ;(x,A) = O for (n, j) € 2\ {(0,2), (0,3)}, we define ¥, =
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(Yim—n,j)(m, jyez, Which belongs to Dom(H). For n € N, we see that ¥, is an eigenvalue
corresponding to A. Thus, we have op(Hp) C 0xc-

We next find the spectrum of H besides o (Hp). We utilize a direct integral decomposi-
tion for H (see [7, 20]). For u € [0, 2), we define a fiber operator H,, in the Hilbert space

Hy = ®)_L*(I,) as follows:

(Hu fHx) = —f/ ) +q) fj(x), xelp;~0O1, jeJ,

@i (—f] +af) € Hy,
AW = L) = f(0),
— () + A0+ f30) =0,
7 A = f3(1) = f20) = £5(0)

Dom(H,) = VD fi € Hu|  —£1) = (1) + £0) + f5(0) =0,

j=1 f2(1) = f5(1) = f6(0) = f2(0) ,
—fi() = A + FO) + £(0) =0,
fo(h) = fr(1) = € £1(0).
— (D) = £5(1) + e £(0) = 0.

Considering the Hilbert space

® du du
H= H —=L2<[O,2n),7-l,—>
[0,27) M27T H 27

and the unitary operator U : L>(I") — H defined as

WUHW =Y ™ fu, f=nez = (fa)wmjrez, € L°T),

neZ

we have the direct integral representation of H:

—1 @ d,l,L
UHU ' = H(uw)—.
[0.27) 2m
Since H (u) acts on the finite graph U;=1F0, j» the spectrum of H (u) is discrete spectrum.
For u € [0,2m), let {E,(u)}nen stand for the increasing sequence of the eigenvalues of
H (1), which is counted with multiplicities. Let N be the set of natural numbers 7 such
that E, () does depend on i € [0, 27). Then, we have 0 (H) = 0sc(H) U 0,4.(H), where
o0o(H) ={E, ()] E,(n) is independent of i € [0, 27)} and

o) =) | (Ea(w)}.

neN nel0,2m)

Since op (Hp) C 00, We nextexamine o (H)\op(Hop). We pick A & op(Hyp), arbitrarily.
We stress that ¢ (1, A) # 0. In order to investigate the part of o (H) \ op(Hp), we consider the
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characteristic equation Hy, f = Af for 0 # f € Dom(H,,), that is, we consider the following
system consisted of 9 equations:

— ) +q)fix) =rfix), x€@©1), jeJ, (11
fi(D) = f2(1) = f3(0), (12)
—fi) + f(1) + f3(0) =0, (13)
() = f3(1) = f20) = f500), (14)
— (D) = (1) + f2(0) + f5(0) = 0, (15)
fa() = f5(1) = f6(0) = f7(0), (16)
—fa(D) = f5(1) + f5(0) + f7(0) = 0. 17
fo(l) = fr(1) = €' £1(0) (18)
—fe() = f1(D) + € f{(0) = 0. (19)
For fundamental solutions 6 (x, A) and ¢(x, A), we put
w(x, A) =0(x, ) — od, )L)go(x, A).
p(1,4)
Then, any solution y to (1) is given by
Y. k) = wlx, 2)y(0,3) + ZE)IC:)):;)J(I, 3.

We put X1 = f1(0), X2 = fi(1), X3 = fo(1) and X4 = f4(1). Then, we obtain the
followings by using (12), (14), (16) and (18):

,A
fix) =wx, VX + ZE)IC, )\; X, .
,A
A = A0 = we, DX + Zg A; X,
,A
F1(0) = fs(r) = wix, X3 + Zg A; 4
o) = 1) = wix, Xy + 28 giny
o(1, %)

Substituting these into (13), (15), (17) and (19), we have
X1 — (@' (1,1) +20(1,A) X2 +2X3 =0,
Xo— O, +¢' (1, A))X3+ X4 =0,
X3 — @1, +¢' (1, ))Xg + e X1 =0,
2X4 — ¢ (1, ) +6(1, )" X1 + *X> =0.
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Since 6(1, 1) + ¢’(1, A) = 2A(X), we obtain a system

X
X> _
M, ) X | = 0,
X4
where
1 —Q2AMN) +6(1, 1) 2 0
_ 0 1 —2A() 1
MO ) = el 0 1 —2A0)

—QRAN) + @' (1, A)e'H et 0 2

The characteristic equation H,, f = Af has a non-trivial solution f € Dom(H,,) if and only if
this system has a non-trivial solution. Thus, we obtain det M (A, ) = 0. By straightforward
calculations, we obtain

e et M(h, ) =4cospu — 32A%(L) +36A%(0) — 5+ (1 —4A%(W)O, V)@’ (1, 1)

Since A satisfying det M (A, ) = 0 does depend on w, we see that 6o (H) \ op(Hp) = ¥ and
each component of {E,, (i) },cn solves D(A) = 4 cos . Thus, we have

oac(H)\op(Ho) = {» € R| D) € [-1, 11} \ op(Ho) .
Since o,.(H) is a closed set, we obtain o,.(H) = {, € R| D) € [—1, 1]}. O

Let us study the properties of D(1). As stated in [19], we have

1 RIVAY
9(1,A)=c0sﬁ+%/o (sinﬁ—l—sinﬁ(l—2t))q(t)dt+(9<e|M ) (20)

1 ISV/A|
¢'(1,2) =cos VA + %/0 (sin VA + sin vVA(1 = 21))q(t)dt + O (e o ) Q1)

as |A| — oo and hence

gosinvA SV e3VA|
A = ) o 22
(A) = cos VA + WA +2ﬁ+ ( o (22)

as |A| — oo, where Jz stands for the imaginary part of a complex number z and

1
S =f sinv/A(1 — 20)q(t)dt .
0

Note that S(A) — 0 as |A| = oo. Substituting (20), (21) and (22) into D(1), we obtain

@(64\Sﬁ\)

D()») = D()()») + W as |)\.| — 00, (23)
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where Dg(1) = 9 cos* VA — %7 cos? /A + % is the discriminant in the case where g = 0.

PROOF OF THEOREM 1.2 (1). The asymptotics (23) gives us the proof of the statement
(1) of Theorem 1.2. O

Our first lemma is on the zeroes of D(A) — 1 and D(X) + %. To describe the results,
we prepare notations. Fora € C and r > 0, we put

Q@,r)={1eC| |Wr—a|l<r} and C(a,r)={r€C| |Wr—al=r}.
Moreover, we define C(r) = C1(r) — Co(r) — C3(r) + C4(r), where

Ciry={eC| Va=r+irt, —-1<t<1},
Cr)={reC| VA=rt+ir, —1<t<1},
C3r)={reC| Va=—r+irt, —l1<r<l},
Ciry={reC| Vi=rt—ir, —-1<t1<1)}

forr > 0. Let f)(r) be the region surrounded by C ().

LEMMA 1. (1) There exists some no € N such that D(A) — 1 has exactly two zeroes
in both 2(nm, §) and 2(nw + %, §) and 8n — 1 zeroes in QQnmw — g) Jor any n > no,
counted with multiplicities. There are no other zeroes.

(11) There exists some ng € N such that D(L) + % has exactly two zeroes in both

QR(nw + 7, g) and 2(nw + 37”, %) and 8n zeroes in Q2Qnr — g) for any n > no, counted
with multiplicities. There are no other zeroes.

PROOF. Weput /A = nm +a+if, where o = g cosh, B = g sinf and 6 = [0, 27].
We note that

Do(A) — 1 = 9(cos v/A + 1)(cosv/A — 1)(cos VA + é)(cos«/i - é) . (24)

Forp=1,-1,1 -4,

pl = C,. It follows by a straightforward calculation that

we claim that there exists some constant C, > 0 satisfying | cos i+

|cos VA + p|? = A0)* + B(6)?,

where A(#) = (—1)"cosacoshp + p and B(#) = sinasinhfB. Let us show that
(A0), B(#)) = (0,0) does not hold true for any 6. We first consider the case where

sina = 0, which implies § = 7, %n. If = 7, then we have 8 = % and hence
AZ) = (=D" cosh% +p #0 If6 = %n, then we have B = —% and hence

A(%n) = (—1)" cosh % + p # 0. On the other hand, we consider the case where sinh § = 0,
which implies § = 0. Then, we see that 6 = 0,7,2x. If 6 = 0,2n, then we have

a = I and hence A(0) = cos% + p # 0. If 9 = m, then we obtain « = —Z% and
8 8 8
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hence A(0) = cos% + p # 0. Since |cos+/A + p|? is continuous in 6 € [0,27],
there exists its minimum. The minimum is strictly positive because there does not exist
0 satisfying (A(9), B(#)) = (0,0). Thus, there exists some constant C, > 0 satisfying
[cosv/A+ p| > C p. This combined with (24) means that there exists some constant C > 0
satisfying | Dg(A) — 1| > C on C(nm, %). Similarly, we see that there exists some C > 0 such
that |Do(A) — 1| > C on 2(n7 + 7, §). So, we see that

|(D(A)—1)—(DO(A)—1)|<O<l) a5 - 0o
|Do(}) — 1| S\

on both C(nm, ) and C(nm + 7%, §) due to (23). This combined with Rouché’s theorem
means that the number of zeroes of D(X) — 1 and Dg(A) — 1 inside both 2 (nm, %) and
nr + %, %) are the same for a large n € N. Let us show that Dyo(X) — 1 has exactly two
zeroes in both 2 (n7, T) and 2 (nw+7, 7). We recall (24), which implies that Do(A)—1 = 0
is equivalent to cosv/A = 1, :i:%. Since %n < arccos% < % and % < arccos(—%) < %n
because of cos? %n = (1 +cos %n)/Z > %, we see that 2 (nr + 7, §) includes exactly two
zeroes of Do(A) — 1, counted with multiplicities. On the other hand, since the multiplicity of
both cos +/A = 1 and cos /A = —1is 2, we see that 2 (nm, %) includes 2 zeroes of Dy(1)—1,
counted with multiplicities. Thus, we see that D(A) — 1 has exactly two zeroes, counted with
multiplicities, in both 2 (n7, T) and 2(n7w + 7, §) foralarge n € N.

We next show that D(A) — 1 has exactly 8n — 1 zeroes in Q2Q2nm — %) for alargen € N.

We claim that for p = +1, :i:%, there exists some M, > 0 such that

VA M, cos VA + pl

on Ci(2nw — ), C2(2nm — %), C3(2nw — %) and C4(2nw — ). We first consider A €

Ci(2nmw — &). Putting VA = 2nw — % +i(2nw — %)t and —1 <t < 1, we have
| cos ﬁ+p|2 = (cos2nm — %) cosh(2nm — %)t —i—p)2 +sin2(2n7r — %) sinh2(2n7r — %)t.

So, we see that

ezm/ﬂ e212nm =%t
\/— 2 = T h(2 big 2 c 2 T h2 2 big ’ (25)
| cos~/A + p| (cos g cosh(Znm — )i + p)* + sin” g sinh“(2nw — 3)t
We put
er

flx) =

(cos % coshx + p)2 + sin® Z sinh? x

and g(x) = (cos % coshx + p)> + sin? % sinh? x. We show that there exists some C’p >0

such that g(x) > C‘p. We see that sinhx = 0 and cos % coshx + p = 0 do not hold true
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simultaneously. In addition, g(x) — 0o as x — =oo. So, we see that there exists some
C‘p > 0 such that g(x) > C‘p. Since g(x) is continuous and g(x) # 0 on R, f(x) is
continuous on R. Furthermore, we see f(x) — 4asx — ooand f(x) - Oasx — —oo.

Thus, we notice that there exists some C p > Osuchthat f(x) < C p. This combined with (25)
means that there exists some M, > 0 such that eIV < M| cos VA + plon CiQ2nm — %).
Similarly, we obtain the same inequality on C3(2n7 — ).

T

We next pick A € Co(2nmr — %), arbitrarily. Putting 2nmw — g = m, —1 <t <1and
VA = mt + im, we have | cos /A + p|2 = (cosmt coshm + p)? + sin® ms sinh? m. Putting

coshm p\* ) sinh® m
gm(t) = | cosmt - + + sin“ mt -

e e em
we have
2 Y 4‘ 44t ‘ L )| +4 (26)
= < — =——|-—y .
lcos/A+ pl2 gn(®) = | gn(®) @ |4 7"
We obtain
Gm (1)
_ eZm +2 _I_e—2m ) 5 M 4 g P2 5 eZm ) _I_e—2m
_TCOS mt + pwcosmt—l—ez—m%—sm mtT
eZm +e—2m 1 m e ™M P2
= 4627” —+ 2e2m cos 2mt =+ pT cosmt + ez—m
e2m +e—2m 1 eMm 4 e p2
4e2m o De2m o |P| e2m + e2_m

cosh>m — 1 —2|p|coshm + | p|2
eZm

_ (coshm —|p))? — 1
- e2m .

Putting /(x) = e

X
Tosha P21’ we have

W) —31ple*™ +o(e*)

= as x — 0.
(coshx — |p)? —1

This implies that there exists some x(p) € R such that 2’ (x) < 0 for x > xo(p). Namely, if
x > xo(p), then we have h(x) < h(xo(p)). That is, there exists some mo(p) € N such that

(coshmo(p) — |p))? — 1
ezm()(ﬁ)

g () > >0 Q7
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for m > mo(p). Since

coshm p
eZm eZm

1
—4
2¢ "4 2o7m cos2mt 4+ 2p cosmt

1 1
Gm (£) — Z =

< Do pr
it follows by (26) and (27) that there exists some M), > 0 such that VA < m »lcosv/A+pl
on Cr(2nm — %) for a large n € N. Similarly, we obtain the same inequality on C> (2nw — %)
if n € N is enough large. Thus, (23) and (24) imply that

1
(D) — 1) = (Do(A) — D] = [Do(2) — 1] - O <;)
on C(2nw — %) for a large n € N. Since Dg(A) — 1 has exactly 8n — 1 zeroes inside
2Q2nm — %), it follows by Rouché’s theorem that D(1) — 1 also has exactly 8n — 1 zeroes
inside £2(2n — %) if n € N is enough large.

2
Noting that Dg(A) + % =9 (cos2 — %) , we also get the statement (I1). O

Our next goal is to show that D(L1) — ¢ has only simple real zeroes for a fixed ¢ €
—%, 1). We first examine the zeroes of Dg(1) — ¢ = 9 cos* /A — %7 cos? VA + % —c. We
see that Dp(A) — ¢ = 0 is equivalent to

37 + /649 + 576¢ 37 37 + /649 + 576¢ 37
cos VA = = € 1), - el|l-1,- ,

72’ 72 72

72 6 V72 72 6

\/37—«/649+576c . (1 37) \/37—«/649+576c _ ( 37 1)
3 - - ﬁs .

For a fixed ¢ € (—%, 1), Do(A) — ¢ has 8 zeroes in (2nmw, 2(n + 1)) for each n € N. For a

4.
fixed ¢ € —272, 1), we put

37 + /649 + 576¢ 37
o1 (c) = arccos > € (0, arccos ﬁ) ,

7
37 — /649 + 576¢ 37 1
o (c) = arccos 7 € (arccos 7’ arccos 8) ,

37 — /649 + 576¢ 1 37
a3 (c) = arccos | — - € (arccos 5 ,arccos | — /=),
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37 4+ /649 + 576¢ 37
a4 (c) = arccos | — € (arccos | — ,T) .

72 72
For any ¢ € (—%, 1), we see that a1(c) < arx(c) < a3(c) < a4(c). Furthermore, o (c)
and o3(c) are increasing in ¢ € (—%, 1), whereas ay(c) and a4 (c) are decreasing inc €
(— g‘;g, 1). Thus, we see that cos o1 (c) and cos a3(c) are increasing in ¢ € (— 576, 1), whereas
cos oz (c) and cos a4(c) are decreasing in ¢ € (—%, 1). Moreover, we see that
0 () (c) ( 649) 7 o o ) (c)
= < a1(c) < aj(——=——) = arccos ——) < w(c
! ! 17576 V72 =% 576" T2
1 1 649
< (1) = arccos — < arccos(——) < a3(l) <a3(c) < az3(———)
6 576
= arccos(— ,/ ) ) <ag(c) <ag(l)=m

forany c € (—%, 1). Putting a5(c) = 2w —a4(c), as(c) = 2m —a3z(c), a7(c) = 2w — aa2(c)

and ag(c) = 27 — aj(c), we define oy j(c) = aj(c) + 2nm for j = 1,2,3,...,8 and
n €Np:=1{0,1,2,...}. Note that o, ; € 2nm, 2(n + 1)m).

We prepare notations to use the Rouché’s theorem. Putting y9 = 0, y; = arccos \/33 ,
Y2 = arccos %, Y3 = arccos(—%), V4 = arccos(—\/%), VY5 =T, Y6 = 20T — Ya, Y7 = 2T — 3,
y8 = 2m — y2, y9 = 2w — y1 and y19 = 27, we reset notations by
Ci(n) = Cy (n) + C1(n) — C§ (n) — Co(n),
C2(n) = Cy (n) 4+ Co(n) — Cf (n) — Ci(n) ,
C3(n) = C5 (n) + Ca(n) — C§ (n) — C3(n),
Ca(n) = C; (n) + Cs(n) — C (n) — C4(n)
Cs(n) = C5 (n) + Ce(n) — C5 (n) — Cs(n) ,
Cs(n) = Cg (n) + C1(n) — C¢ (n) — Co(n) ,
C7(n) = Cg (n) 4+ Co(n) — Cyg (n) — Cs(n) ,
Cg(n) = Cy (n) + C10(n) — C§ (n) — Co(n)
where
Cimy={reC| VYr=2nm+y;+nit, —1<r<1},
Cji(n) ={reC| ~i=2n7w+1t+ni, Vi <t <yjt1}
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for j =0,1,2,...,10 and n € N. Furthermore, we put

Co(=n)={r € C| ~A=—2nmw+nit, —1<t=<1)},

Cim)={reCl Var==xni+2mt, —1<t<1}

and Co(n) = C (n) + Co(n) — Cf (n) — Co(—n) for n € N. For a fixed ¢ € (=52, 1),
we see that Do(A) — ¢ has exactly 8n zeroes in Cy(n) and exactly one zero in C;(n) for each

j=1,2,3,...,8and n € N. Furthermore, we obtain the followings.
LEMMA 2. For a fixed c € (—%, 1), there exists some ng € N such that D(A) — ¢
has exactly 8ng zeroes in Co(ng) and exactly one zeroes in Cj(n) foreach j =1,2,3,...,8

if n > ngo, where the number of zeroes is counted with multiplicities. Moreover, there are no
other zeroes of D(A) — c.

PROOF. For a fixed ¢ € (—=$2.1), we put pi(c) = /ZEIEC pr(e) =

_ / 37+\/ 674;"1‘576()’ p3 (C) — / 37—\/ 674;-’1‘576(3’ p4 (C) R [ 37—/ 6;29+5766. We I'ecall that

Do(L) —c=(cos vVA— p1(c))(cos VA— pa(c))(cos v A— p3(c))(cos VA — pa(c)) . (28)

For p(c) = pi(c), p2(c), p3(c), pa(c) and j = 0,1,2,...,8, there exist some constants
Cp(e),j > 0and no(p(c), j) € N such that

el‘f‘«/ﬂ < Cp(c),j| coS \/X — p(o)| (29)

on Cj(n)if n = no(p(c), j). This statement is shown in a similar way to Lemma 1. It follows
by (23), (28) and (29) that

1
[(D(A) —¢) — (Do(X) — )| = [Do(A) —c|- O (W)

on Cj(n)if n > no(p(c), j). Thus, it holds true for a large n € N that
(D) —¢) = (Do(A) — c)| < |Do(A) — c]

on C;(n). So, it follows by the Rouché’s theorem that the numbers of D(A) —c and Dy(X) —c¢
are the same for a large n € N. Therefore, we obtain our assertion. ]

In order to prove that D(A) — c has only simple real zeroes for a fixed ¢ € (— %, 1), we
need two more lemma.

LEMMA 3. (1) IfA € op(Hp), then we have D(L) > 1.

(1) If X satisfies that A(L) = 0, then we have D(A) > %.

(1) If A satisfies that A*(L) = %, then we have D()) < —%-
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PROOF. Let us show the first statement. We pick A € op(Hp), arbitrarily. Since
o(1,1) = 0, it follows by 0(1, A)e(1, L) — 6'(1, M)e(l, 1) = 1 that 6(1, M)¢'(1,A) =
Thus, we see that D(1) = 8A*(1) —8A2(A) + 1 = 8(A%(1) — §)* — 1. Since A%(A) > 1 for

A € op(Hy), we have D(A) > 1.

We next show that second statement. We see that A(A) = 0 implies that 6(1, 1) =

—¢'(1, 1). Thus, we have D(1) = % + M > %.
We finally show the third statement. We put
O(1,A) —¢'(1, 2
Ay 2 ML =g
2
By straightforward calculations, we have

6%(1, 1) + (¢'(1, )%

A2) + A2 (L) = >

and 4A% (L) = 02(1, A)+260(1, )¢’ (1, M) + (¢’ (1, 1))? and hence 6 (1, 1)¢'(1, 1) =

Az_(k). So, we obtain

D) =94%0) — %{Azm + % + (% - A%A)) A2

37 649 1
=9(A%(A) — 7—)2 ~ et (— i\ (A)) AL (0.

Therefore, we see that D(L) < — g“;g if A2(0) =

(30)

A%(0) —

O

Due to Theorem 2 (1), Lemma 3 (111) and the intermediate value theorem, there exists
A € Rsuch that D(A) = 1. Let ng € R be the minimum of A satisfying D(}) = 1. Moreover,

}°° 1 and {n; }°° be the increasing sequence satisfying

(115 =Rl AG) = \F}
oo 37
{nj}jzlz{A€R| AN = — ﬁ}’

nj}Zi={eRl AR =0}.

we define {77 Y52 ()

Since the behavior of A()) is well-known in [14, Theorem 2.1], we see that
mo<ni <mo<ny <pi<n, <m<ny <p2<...
<03 < Mnel <M, q < Ran—1 < 1y, < N2n <13, < pon <

Due to Lemma 3, we obtain the following lemma:
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LEMMA 4. We have D(no) = 1, D(n3,_)) = =32, D(na—1) = 3, D(ny,_)) <

—&2, D(uam-1) = 1, D(ny,) < =82, D) = 2. D(n3,) < =82, D(pay) > 1 for

n € N.

Using Lemma 2 and 4, we demonstrate the proof of Theorem 2 (11).

PROOF OF THEOREM 2 (11). Wefixac € —%, 1). For this ¢, we pick alarge ng € N

satisfying the statement of Lemma 2. We first shall show that the simple zero of D(A) — ¢
inside C7(n) is real for n > ng. By virtue of (22), we notice that the zeroes of A(A) — y and
cos /A — y are close for a fixed y € [—1, 1] if A is enough large. Thus, for a fixed small
& > 0, there exists some n; = n1(¢) € N such that np, € 2nm + %n —¢&,2nmw + %n + ¢),
77;,! e 2nr+yy—¢g,2nwr+y9+¢), uop € Qln+ Dwr —e,2(n+ D) +¢€), ’7;1+1 € 2n+
Dr+y1—e, 2(n+Dr+yi+e)and n2u1 € Qo+ +5 —&, 2(n+ D) +5+¢) if n > ny.

Let the above number ¢ > 0 be taken such that ¢ < min{(y;+1—y;)/2| j=0,1,2,...,9}

o4
576°

value theorem that there exists at least one zero of D(A) — ¢ in the interval (12,, n;rn). Due to
Lemma 2, there are no zeroes of D(A) — ¢ in 2nm + y7, 2nw + y3). Hence, there exists at

and n > max{ny, ng}. Since D(n2,) > 1 and D(n;“n) < we see by the intermediate

least one zero of D(A) — ¢ in 2nm + y3, n;n).

We prove that D(2nm + y9) < —% by a contradiction. Seeking a contradiction, we

assume that D2nmw + yy) > —%. This implies that there exists some co € (—%, 1) such

that the simple zero of D(A) — c is real for ¢ € (cp, 1) and the simple zero of D(X) — c is not

real for ¢ € (—%, co). Since 77;, € 2nmw +yy —¢&,2nmw + y9+¢), D(n;n) < —% and our
649

assumption D(2nw + y9) > —=z7¢, we see by the intermediate value theorem that there exists

at least one zero of D(L) —cin 2nw +y9, 2nm +y9+¢) forany ¢ € (— %, co). By Lemma 2,

we see that there is exactly one zero of D(A)—c in Cg(n) forafixedc € (— o9 1). This means

576°
that D(\) < —% in 2nw + y9 4+ &,2(n + 1), w) (Otherwise, there are at least two zeroes

of D(A) — cin Cg(n) forc € (—%, 1). This violates the statement of Lemma 2.). Next, we
recall that o, € 2(n+ 1)w —&,2(n + 1) + ¢). This combined with the intermediate value
theorem means that there exist at least one real zero of D(A) —cin Q(n+ )7, 2(n+ 1) +¢)
forc e (— %, 1). By virtue of Lemma 2, we see that there exists exactly one zero of D(A) —c¢

inCi(n+1)forc € (—%, 1). Thus, we have D(A) > 1in Q(n+ )7 +¢,2(n+ )7 + y1).

We next take account of ’7;;+1 en+ a4y —¢e,2n+ 1D +y1+¢)and D(n;nH) <

_ 649
576°

Qur+D)r+y1,2(n+1)x+y1+¢) forc e (—%, 1). The number of zero of D(L) —c inside

It follows by the intermediate value theorem that D()X) — ¢ has at least one real zero in

Cy(n+1)forc € (— %, 1) is exactly one, due to Lemma 2. So, we notice that D(X) — ¢ has

no zeroes in 2(n + ) +y1 +¢&,2(n+ 1) 4+ y») forc € (—%, 1). Moreover, there are no

zeroes of D(A) —cin Qin+1)m+y»,2(n+1)w+93) forc € (—%, 1) because of Lemma 2.
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However, we notice that D(12,41) > 1 for no,+1 € Q(n+ l)n—i—%—e, 2(n+ 1)71—}—%4—5) C

Q2@ + D + y2,2(n + D + y3). This contradict the continuity of D(A) and hence the
649

intermediate value theorem. This is why we see that D(2n + y9) < —35¢ and the simple
zero of D(A) — ¢ in C7(n) is real for ¢ € (—%, 1). In a similar way, we see that the simple
zero of D(A) — ¢ in Cj(n) is real for ¢ € (—%, 1), n > ny := max{ny, ng} and every

j=1,2,3,...,8.
Furthermore, it follows by Lemma 2 and 4 that D(X) — ¢ has exactly 8n; real zeroes in

Co(ny) forc € (—%, 1). Therefore, we conclude that the zeroes of D(A) — ¢ are simple and

real for ¢ € (—%, 1). d

To prove Theorem 2 (111), we make use of Laguerre’s theorem. We quote it from [21].

DEFINITION 1. An entire function f(z) is said to be of finite order if there is a positive
number A such that

f@Q=0E") as |zl=r— .
The lower bound p of numbers A for which this is true is called the order of the function f(z).

THEOREM 4 (Laguerre, see Section 8.52 in [21]). If f(z) is an entire function, is real
for a real z, of order less than 2, with real zeroes, then the zeroes of f'(z) are also all real
and are separated from each other by the zeroes of f(z).

PROOF OF THEOREM 2 (I11), (1V), (V). We shall show the statement (I11). It follows
by (23) that the order of D(A) is less than 2. Furthermore, D()) has only simple real zero, due
to Theorem 2 (11). Since 8(x, A), 8'(x, 1), ¢(x, 1), ¢'(x, 1) are entire in A € C and real for
real A, so is the function D(1). Utilizing Laguerre’s theorem, we see that the zeroes of D'(1)
are also all real and are separated from each other by the zeroes of D(X). Taking account
of Theorem 2 (I), we obtain the inequality (2). Since the zeroes of D(X) — c is simple for

c € (—%, 1), we see that D(A32,) > 1 and D(A3,2,—1) < —% < —1 foranyn € N.
Combining Lemma 2, 4 and Theorem (1), (III), we obtain (IV) and (V). d

3. Proof of Theorem 1.3

We first introduce the monodromy matrix for H.

DEFINITION 2. For A € C\ op(Hp), let @(x, L) = {Oy(x,L)}yez and D (x, 1) =
{®q (x, L) }qez be the solutions to the equations

—fl X)) +q(x) fa(x) =Afa(x), x€ly~(0,1), aeZ, (31)
fu1 (D) = fu2(1) = f23(0), (32)
—fua )+ £ (D + £, 50) =0, (33)

Jn2(D) = fu3(1) = fn.40) = f5(0), (34)
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—fru2 (D) = [ 3 (D) + £ 40) + £, 5(0) =0, (35)
faaD) = fus(D) = fu6(0) = £.7(0), (36)
—fraD) = fr5(D) + f,.600) + £, 7(0) =0. (37
fas(D) = fu7(D) = fur1.1(0), (38)
—fr6(D) = fr (D) + fr1,(0) =0 (39)

for n € N subject to the initial conditions
@0,1(07)\'):11 @(/)’](01)"):()1 and ¢0,1(0»)h)=0» (p(/)’](ov)\'):lv
respectively. Then, we define the monodromy matrix with respect to H as

M) = ( 01,100,4)  @1,1(0,4) ) .

0] ,(0,2) @} ,(0,1)

We abbreviate (1, 1), 6'(1, 1), ¢(1, 1), ¢'(1,1) and A(A) to 61, 6], @1, ¢| and A,
respectively. Then, the components of M () are written by 61, 0], ¢1, ¢| and A:

LEMMA 5. We have
61201 +¢p) 1

©1,100) =2A%(201 + ¢))0) — 247 — 240, — —+3 (40)
, 29 2 ,

01 1(0)=—1O11(0) — = {261 + ¢]) A0 — A — 61}, 1)

@1 ?1
201 + ¢}

®1,1(0) = A2AQ201 + ¢))g1 — 201} — T&ol, 42)
, 2¢) ,

9110 ="011(0) = 2400 +¢)) +2. (43)

det M(%) = 1 and tM(L) = 2D ().
PROOF. For A € C\ op(Hp), any solution to — f”(x) + g (x) f(x) = Af (x) is given as

1,2) —6(1, 1) f(0, A
J ) = fO0,)0(x, 2) + AT AL DR )w(x,k).
p(1, )

Thus, we have

Ja(1,4) —6(1, 1) fa (0, 2) ¢' (LA fa (1, M) = fa(0, 1)

flJ/l(()? )‘) =

and f,(1,1) =

(1, 2) e, 1)
(44)
for a solution fy (x, 1) to (31), where @ € Z. Substituting these for (33), we derive
~¢ifoa ) = fo.1(0,4) n Jo,2(1,2) — 01 f0,2(0, 1) n Jo3(1,4) —01f03(0,4) 0

Y1 ®1 ¥1
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We abbreviate fy, (1, A) and f, (0, 1) to f, (1) and f,(0), respectively. Then, we obtain

=201 + ¢ fo1 (1) + f0,1(0) + fo2(1) + fo,3(1) =0 (45)

because of (32). Similarly, it follows by using (34), (36) and (38) after substituting (44) for
(35), (37) and (39) that

—4Af02(1) + f0,2(0) + fo,3(0) + fo,4(1) + fo5(1) =0, (46)
—4Af,4(1) + f0,4(0) + fo,5(0) + fo,6(1) + fo,7(1) =0, 47)
—2¢ fo.s(1) + fo0.6(0) + fo0,7(0) + @1 f{ 1(0) = 0. (48)

Notice that ® 1(x, A) = 6(x, A). Thus, (45) implies that
—(201 + @101 + 1426 2(1) =0 (49)

because of @y 2(1) = ©p3(1). Since 6y 2(0) = Gy 3(0) = 01 and @y 4(1) = Oy 5(1), it
follows by (46) that

—4A6) (1) + 201 +26094(1) =0. (50)

Since @ 4(0) = @p,5(0) and Oy (1) = O 7(1) = ©1,1(0), we have
—4A60.4(1) + 269 2(1) +261,1(0) =0 (51)

by (47). We derive (40) by (49), (50) and (51). Furthermore, we have
2¢]
1

by virtue of ®p 6(0) = @ 7(0) = G 4(1) and Op (1) = @1 1(0). This combined with (49),
(50) produces (41). In a similar way, we also derive (42) and (43). Direct calculations yield
both det M (1) = 1 and trM (L) = 2D(A). |

2
0110 = —061,1(0) - oy G0aD) (52)

PROOF OF THEOREM 1.3 (1), (11) AND (111). It follows by det M(A) = 1 and
trM(A) = 2D(A) that det(M(A) £ 1) = 2(1 £ D(A)), where I stands for the unit ma-
trix. So, we have 0 (Hyp) = (A € R| D) = —1}and o(Hp) = {A € R| D) = 1}.
Thus, we see that z(J{ = A;O, z,ﬂf = )»3#2” and )cni = )‘3i,2n—1 for n € N. Hence, we have (I) by
Theorem 2 (V). This statement and Theorem 1 yield (IT) and (111). a

To make sure of Theorem 3 (1v), we use the following lemma:

LEMMA 6. (1) The sequence {z,jf} satisfies the asymptotics
+ + , 90 1
Ve =t o (1), (53
+ + q0 1
Vs =3t oz +o (;) ; (54)
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[ & + q0 1

Z =u +——+40|—-), 55
4n—2 4n—-2 2“4:::,,_2 <n> (55)

/ q0 1

Zﬁ:ltn—l = l/lj:n_l + ZMT +o0 (ﬁ) as n —> 0. (56)

4n—1

(11) The sequence {xni} satisfies the asymptotics

+_ o+, 490 1
xn_v"+2vf+0<ﬁ> as n— 0. 67

PROOF. Recall (30). Noting that A%(1) — AZ (L) = 6(1, 1)¢'(1, 1), we have
37 3 5
D) =9A%) — (7 + ZAZ—(“) AL + T (58)

Solving the quartic equation D(A) — 1 = 0 with respect to A(A), we obtain A(X) =
A(X), Az2(R), Az (X)), As(X), where

37+3A2(0) + \/(37 +342(0))% — 144
A1(L) = ’
N 72
374342 (1) — \/(37 +342(1)2 — 144
A= 72 ’
3743420 — \/(37 +3A4% (1) — 144
A3() =~ = ,
37434200 + /(37 + 34212 — 144
A==y 72 :

Note that Aj(A) — 1, A2(A) — ¢, A3(A) — ¢, As(h) - —1as A — oo because of

A_(L) — 0as A — o0o. Reset 2(a,r) ={r € C| |vVA—a|l <r}forae Candr > 0. It

follows by Lemma 1 and Theorem 2 (1V) that zfn € 20@nm, L), z?fn_l € 2Q@2nmw — 7, % ,
Zzﬂttn—z € 22nm —m, %) and szn_3 € 20Q2nmw — %n, Z) if n € N is enough large. On the

other hand, we see that (1451';_3)2 € 2Q2nmw — %, ) (uflltn_z)2 e R02nm —m, %), (uflltn_l)2 €

.Q(anr—%, %) and (ujtn)2 € 22nm, %) forany n € N. Thus, we see that | zfn—ufn| < %,

£ + z £ + z + + n
I Zan—1 =gy | < T 1\ 20 — Uay ol < Fand |\/25, 3 —ug, 5| < 7 forlargen € N.
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According to [10], we see that
o(1
AG) = cosx (), x() = /A — 20 4 20

——— 4+ — as |A| > o0.
2Vn A

Thus, we see that x (zF) = aF + ibF, where

1 1
af =[5 - L + DR and bf:o()

2WE @

We see that Ax(z,,_5) — % and AZ(ZL—Q — % asn — oo as well as

Zn

An(zy,_3) = cos x(z,,_3) =cosa,, scoshb, . —isina,, ,sinhb, -,
+ _ + _ + + Coi : +
Az(z4, ) =cos x(z,_,) =cosa,, ,coshb) , —isina,  sinhb, .

. - 1 + 1
These imply that cosa,, ; — ¢ and cosay, | —

l\/Zan_3 — Ua,_3l < 7 and |,/z;"’n_1 — ujn_ll < 7 means that
Z - q0 o(1)
VZan—3 ~ Uap_3 — — + - -0,
2./ 243 4n—3

" n 40 o(1)
VZn—1 ~ Y4p—1 — n +—=—-0
21/Z4n—1 24n-1

as n — oo. Similarly (and collectively), we have

—0 as n— o00.
==
2y 2n Zn
Thus, we have

+———>0 as n— 0.
2u,j1E 2
Owing to Taylor’s theorem, there exists some 9} € (0, 1) such that

cos x(z,f) = cos(uf + 8,:::)

+ gt 4 oot

n .44 cosuy 4o, o osin(u; +e7607) 43
=cosu, — (sinu})e, —T"(s,,) +—— 6 = (ey)

and hence

1
cos x(zg)=1— 5(8251)2(1 +0@L)),

1
cos x(szn_z) =—1+4+ E(effn_2)2(1 + O(ejfn_z)) ,

T eR as n— .

(59)

(60)

433

5 asn — oo. This combined with
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+ 1 . 1 + +
cos x(z3,_1)) = :I:E + (s1n(arccos(:i:g)))84n_l(1 +O0(;,_1) » (61)
1 ) 1
cos x(zil_3)) = :FE - (s1n(arccos(:Fg)))8$l_3(1 + O(ei_ﬁ) . (62)
We shall show that
:l: 1
cos x(z3,) =1+o0 ) as n— oo.

It follows by (20) and (21) that

SO, O
NA A

Thus, we have Az_(szn) =o( nl—z) as n — 0o. We now utilize Taylor’s theorem for

A_(\) =

as A — 00. (63)

374342 (z3) + \/(37 +342(z3)% — 144
72 '

cosx(zfn) = Al(zfn) =

Thus, for any x € R, there exists some 6 € (0, 1) such that

ox + 37
VBT +x)2— 144 =35+ s

X .
V(BT +6x)2 — 144

Hence, we have

1
\/(37~|—3A2_(szn))2—144:35—|—0(;> as 1 — 0o

and hence

N 374 0(5) + 35+ o(5) 1 1
cos x(z3,) = 7 = /l+o0 ) =140 ) asn — 00.

This combined with (59) means that an = 0(%) as n — oo. Likewise, we obtain 52;_2 =
0(%), ijn_l = o(n%) and 52;_3 = o(n%) as n — o0o. By the definition of 8},:::, we derive (53),
(54), (55) and (56). The proof of the statement (II) is much alike. d

PROOF OF THEOREM 3 (IV).  Since A7 = zg, )é:,2n—l = xF and Aih =z for any
n € N, Lemma 6 directly means (3), (4), (5), (7). (8) and (9) as well as A3g, = (u},)> + g0 +
o(1) and )»3#8”_4 = (uf{tn_z)2 + qo + o(1) as n — oo. Below, we investigate the part of o(1)
of these.

Since /ATy, = uj, + % + o(1) as n — oo, we consider A satisfying VA =
’ 4n

2nmw + O(%) as n — oo. We define g ;, = fol(l — 21)/q(t) cos2nmtdt and
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qs,jn = fol(l — 2t)/q(t) sin2nmtdt for j € N U {0}. Let f'()L) imply that the derivative
of f with respect to A for a differentiable function f (). Using the definition of S(1) and

) 1 1
)= —— 1-2 Al =2
50 NX/O( Dq(t) cos /A(l — 21)dt

we have

qc,1,2n + O(%)

1 .
S() = —(gs,02n + 0(;)), S = A

if VA =207 + (’)(%) as n — oo. These together with (63) yield

g0 +O(L) Genon + O
A_)\z”i",A_)uz—”i" 64
@) 4nmw @) (4nm)? (69
if /A =207 + (’)(%) as n — 0o. Furthermore, we derive
1 , 1 . 1+ 0

Let {1,};2 | be the increasing sequence consists of zeroes of A(%). We have
3 3
D\ =36A30)AM) — —A M A_(WN)A*L) — A2 MWAR)AR)

by virtue of (58). We put 83 gy = A3 gn — M2n and 82}1 = Azin — A, for n € N. Then,
we have eign — 0 and sécn — (0 as n — oo because )‘;:,Sn = 4n’n? + qo + o(1), Ay =
4n*m® + qo + £*(n) and )\,ﬂf =n’1? +qo %+ |Gn| + (’)(%) as n — 0o, which appear from (53)

and [6, 8]. Utilizing Taylor’s theorem, we have

()\2n) (Kzn)

A(Sg,) = AGan) + AGan)exg, + (380 + (38, (1 + O3 g,)) -

Thus, A(AZn) = 0 means that A()\3 on) = A(Aan) + A§f2n, where

j:

A(?nz )

+ n
A3 2n = ( 3 8n

as n — oo. It follows by Taylor’s theorem that 1 = A(A ) = A(d2n) + A2n, where

A(?»z )
+ n
A2n =

(&3 )(1+0( ))

as n — o¢. Thus, we obtain A(A3 g) =1+ A3 o Azin. Using D(Aign) = 1 and (58), we
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have

37 3 1

9A4()‘§:,8n) =\t —Az_(kign) A2+~ =0.
4 4 4

_ 500 +0(G)

@n)? into this, we obtain

Substituting A(3g,) = | + A3, — A3, and A_(A}g,) =

2
37 3 {502+ 00 1
9(1+A§f2n—A§En)4— —+—<75 " n (1+A§ZH—A§H)2+_:0.

4 4 (4nm)? 4
(66)
.. 1
Using A(X) = —%, we have
14+0() &5 14+ 0 eF
E= n + 2 3,8n + _ n +.\2 2n
= s ) (O and A3, = = () 1+ OCR)
L2 E 2
asn — oo. Putting B = %, we have
1
+ + +
A3y — Ay = By, to (n_3> (67)

as n — oo. Noting B;; = o(nl—z) as n — oo and substituting (67) for (66), we have

2
3 gs.02n + O(L) 1
gt _ (B0 Al —\=o0
n 70( dnm +0<n3>

as n — oo. It follows by the definition of sz; that

3 1 1
(€4) ~ (350~ 2 @020+ O (;>>2 +o <;> —0 as nooo.  (68)

Since ¢s5.00n = G2n, We see that |gs.02,] = O(Gan) as n — oco. We note that Aff =
n’m% +qo+|Gn| + (’)(%) and A, = n’m?+qo+ (9(%), which follow from [15] and [8]. Thus,
we see that 5; = gl + (’)(%) as n — o0o. This combined with (68) yields (8§f8n)2 =

G2nl* — %qzz,o,zn +0 (%) and hence

N 3 1
83i,8n = :i:\/|6]2n|2 - Eqio,zﬂ +0 <;) as n— 00.

This combined with A, = n?72 + qo + (’)(%) as n — oo yields (10). In a similar way, we
also obtain (6). d
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