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Abstract. In this paper we characterize behavior of the sequence of norm of primitives of functions in Orlicz
spaces by its spectrum (the support of its Fourier transform).

1. Introduction
The following result was proved in [13]:

THEOREM A. Let1 < p < oo, f € L,(R"), f # 0and suppf is bounded, where f is the
Fourier transform of f. Then
D* 1/le|
lim (II fllp) A _
la]—o00 \ sup |E¥]

gesuppf

The novelty and importance of Theorem A is that it is almost impossible to calculate di-
rectly the sequence {|| D® f|| pl/ @1} but we can approximately calculate it by calculating the
sequence {supg esuppf |E%|1/1¢1} and this is possible if we know all “far from the origin” points
of “supp f 2> This result was proved for n = 1 in [12] and was studied and developed by
many authors (see [1]-[17], [22], [24]-[27], [36]-[38]). It is natural to ask what will happen
when we replace derivatives by integrals. To this question, V.K. Tuan answered in [39] for
p=2,n=1,weansweredforl < p <oco,n=1in[20]andforl < p <oo,n > lin
[21], and we answer now for the n-dimensional case and Orlicz spaces.
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2. Definitions

Let @ : [0,00) — [0, co] be an arbitrary Young function, i.e., @(0) = 0, d(r) >
0, @(¢) # 0 and @ is convex. Denote by:

@ (1) = supf{ts — P(s)} (0 <1 < 00)

s>0

the Young function conjugate to @ and L¢ (R")-the space of measurable function u such that

|(u, v>|= ‘/u(x)v(x)dx‘ < 00
RVI

for all v with p (v, &) < oo, where

p(v, ) =/43(IU(X)|)dX~

Rn

Then Lg (R") is a Banach space with respect to the Orlicz norm

s

fulo = lellpqn = swp | [utryuiods
p(v,®)<1 R

which is equivalent to the Luxemburg norm
1wy = infli > 0 [ @ (L 1/mdx < 1)

Rn

Note that Lebesgue spaces and their extension - Orlicz spaces play an important role in
Analysis and have many applications (see [23], [29]-[35]). Recall that ||.||(@) = ||.|l, where
@(t) = tP with1 < p < oo, and ||.|[(@) = |l.llcc Where @(r) = 0for0 < ¢ < 1 and
D(t) =oofort > 1.

We have known the following results:

LEMMA 1. Letu € Le(R") andv € L5(R"). Then

fR (Vldx < ullollvllg -
LEMMA 2. Letu € Le(R") andv € L1(R"). Then

lu*vle < llvllelvl: .

3. Mail results

We shall first give a notation of the primitive of a tempered generalized function: De-
note by S(R") the Schwartz space of rapidly decreasing functions and S’ (R") the set of all
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continuous linear functionals on S(R"). Any element i € s (R™) is called a tempered gen-
eralized function and we write h(¢) = (h,¢) for all ¢ € SR"). Let f € S'(R") and
ej =(0,...,0,1,0,...,0) € 21 be an unit vector such that its j’h coordinate equals 1,
Jj =1,2,...,n. The tempered generalized function /¢ f is termed an e?h primitive of f if
D¢i (1% f) = f, that s,

(1 f, D p)= —(f. ¢) Vo € SR"),

where D¢ f is the e;.h derivative of f. Now we show that for each f € s (R™) the set

PU(f)={heS®"): D%h=f)

is not empty. Indeed, for ¢ € S(R") we define the following functions
o
V(x) = @(x) —9(Xj)/ QX1 - Xt B X, X))
—00
Xj
l[/(x):/ I/I(Xl5"'5xj—lataxj+la"'5'x}’l)dt5
—00
where
6 € C;°(R), suppt C [—1, 1], / O)dt =1.
R

Then, it is easy to see that ¥, ¥ € S(R"). So, for each f € s (R™), we can define the
tempered generalized function J¢ f via the formula

19 1.0)= (1. 9).
Then J¢ f € S (R") and

Xj
(Jef'f, ij¢>= —(f,/ D% @(x1, ..., Xj—1,t,Xj41, ...,xn)dt>= —(f, (p).
—0oQ
Therefore, J¢/ f € P¢ (f). Furthermore, let I¢/ f € P¢ (f), we have

(Ieff, q)) = (Ieff(x), Dy (x) +9(xj)/¢(x1,...,xj_l,t,xj+1,...,xn)dt)
R
= (I f(x), DeflI/(x)>+(Ieff(x),Q(xj)/w(x1, e XL B Xjg, . X) dE)
R

=—(f. W>+<Iejf(x),9(Xj)/§0(xl,...,Xj_l,t,Xj+1, o xp)di).
R

Hence,
M (19 f 0= ={J f. ) g @)
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where g; € S (R") is defined by

(gj, q)): (fj(X], S s P o S Xn), / ox1, ..., Xj—1, L, Xj41, s xn)dl‘>
R
with f; € S’ (R"™") is defined by (f;, h)= (I f(x), (x))h(x1, ..., Xj—1, Xj41, - .., X)) for
each h € S(R"!). Then g¢ ; is called the j th constant tempered generalized function. Note
that g; becomes a constantif n = 1.
Conversely, given an arbitrary the j* constant tempered generalized function gj, the
functional /¢/ f defined on S(R") by (1) determines the e;h primitive of f. So, we have proved

the following result: Let j € {1,...,n}. Every tempered generalized function f € S/(R")
has in S (R") the e;-h primitive, which is denoted by 1° f, and every e;h primitive of f is
expressed by formula (1), where g; is an arbitrary the j™ constant tempered generalized
function.

Note that the notation of primitive of a generalized function in D' (a,b),a,b € R can
be found in [40], here we define it for tempered generalized functions in S (R"). We denote
I°f = f. In the sequel, for j = 1,2,...,n then I% f denotes the e;h primitive of f €
S'(R"), i.e., I% f € P (f), and for any o € Z" , |a| > 1 we define the primitive of higher
order by the following way: I%f = [%«(I* %« f), where j, := max{j : a; > 1}, ie,
1% f e Péia (19 % f). So, D*(I* f) = fforalla € Z/} . Let1 < p <ocoand f € Lo (R").
If for any o € Z" there exists the e, primitive of I*~% f, which belongs to Lg (R") and is
denoted by I f, we write (Iaf)a621 C Lo (R™).

Before giving our main results, we introduce a notation of the extended convolution of
functions with different numbers of variables:

DEFINITION 3. Letn > k, f be a locally integrable function in R”, ¢ be a locally
integrable functions in R¥. If the integral

/k SO = Y10 Xk = Yo Xkt 1o -5 Xn) gV -5 Yi)AYL - . d Yk

R:

exists for almost all x = (x1, ..., x,), then it is called the extended convolution of f and g,
and is symbolized as (f ® g)(x).

The above definition becomes the known one if n = k. For the extended convolution we
have the following result:

PROPOSITION 4. Letn,k e Nyn >k, f € Lo(R") and g € L1(R¥). Then f & g €
Lo (R™) and

(@) If ®glle@y = I fllLe@)I9llL, ®k) -
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PROOF. Putv = (xf41,...,x,) and denote f(xy,...,xk, V) := f(x1,...,%x,). Then
by the definition of Orlicz norm we obtain

If @ gllLo@n = supl](f ® 9.9} llela <1}

Note that
(f®g.p) = / (/f(X1 =Vl Xk = Y, VIO, -5 Yi)AY ...dyk)go(m,...,xn)dx

R* Rk

= / (/ X1 =1, ev s Xk — Yk, VO (X1, ...,xn)dx)g(yl, e YAy .. dyg
Rk R"
=/F(yl,---,yk)g(yu...,yk)dm...dyk,

]Rk
where

F(yt, ..oy ) =/f(X1 = V1o Xk = Yk, VIO(X1, .0, Xp)dX

Rn
Then
F(yls 7yk) :/f(y] ..... yk)(-xlv -1xn)(p(x11 '7-xn)dx
RV!

with fiy, . yo (1, ..., %) = f(x1 — y1, ..., Xk — Yk, V), and then it follows from Lemma 1
that

[F1s - YO S I fon o Lo @ el @y = 1 f Lo @ llell ) -
Therefore,

(f ® 9. 0)|< 1f Lo @nllglL, @ llell g -
So,
I1f®gllLemy < 1 fllLe@mlglz, mey -

The proof is complete. O

Let f € L1(R") and f = Ff or F, f be its Fourier transform
Fe& = @n? [ e .
Rn

The Fourier transform of a tempered generalized function f is defined via the formula

(Ff.o)= (f.Fo), ¢eSR".
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Let K be an arbitrary compact set in R” and ¢ > 0. Denote by B(x,¢) := {£ € R" :
n
lx — &l = (Z (xx — sk)2)1/2< ¢} - the ball of radius ¢ > 0 with center at the point x,
k=1

Blx,e]:={§ eR": |x—-§l=e} Ke:={§ eR": IxeK:|x—-§|=<ehlxl=
> i1 1xjl. We put (R", &) := {§€ € R" : min{|&1], &2, ..., 6]} > &}.

The extended convolution has the following property which is essential to prove our
results:

PROPOSITION 5. Letn,k € N,n >k, f € S(R") and g € L1 (R¥). Then
3) (Fu(f &1 EDGEL - EON KL, <y xn) = Q) M2 (Fy f ® Frg)(x1, .., Xn)

F7NF @ EDEL - BN - x)=Qr) K2 (F f@F T ) (xrs s xn)

PROOF. Put
u = ('xlaxz’"‘axk)av = ('xk-'rl""axn)’s = (515527"‘5€k)5t = (Sk-l-la "'7§n)'
Then

x=,v),&=C(s,1),dé =dsdt,xt =us+ vt.

Therefore,
(Fa(fELy - EDGEL - 8 (X) = 2m) 2 f ¢TI £(5 1) g(s)dsdt
Rn
= (27[)_"/2/ [e_””g(s) / e 1 (s, t)dt]ds
Rk Rn—k
and then

(Fu(f &1y E)gEL -, 80D () = Q) k2 / e g(5)Gy(s)ds
]Rk

where

Gy(s) = 2m)~ =072 / eV f (s, n)dt .

Rn —k
Hence,

4) (Fu(fEL e EDGEL -, BN () = Q) 2(FGy) % (Fr(9) () -
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We see that
(FGu)(w) = 2m) 42 / ¢ G (5)ds
Rk
= (2m) "2 / (e—”“ / e F (s, t)dt)ds = Qmn) "2 / e ¥ F(£)dE .

Rk Rn—k R?
That means
(%) (FrGo) () = (Fp f)(x) .
Combining (4)—(5), we arrive at (3). Similarly, we also have the result for the inverse Fourier
transform. The proof is complete. O

It is easy to see the following property of the extended convolution:

PROPOSITION 6. Letn,k € Nyn >k, f € Lo(R"),h € S(R") and g € L{(R¥).
Then

Let f € S'(R™). Then supp f is called the spectrum of f. We say that f has (O)-
property if its spectrum is contained in (R”, A) for some A > 0. Using the extended convo-
lution we have the following result on the existence of primitives in L (R"):

THEOREM 7. Let f € Le(R") and f has (O)-property. Then forany j = 1,...,n
there exists exactly one e;h primitive of f, which is denoted by 1¢/ f, suchthat [°/ f € Le (R™)

and also has (O)-property. Moreover, suppl/e;7 = supp f .

PROOF. It is sufficient to prove for the case j = 1. By the assumption, supp f C
(R", A) for some A > 0. We define a function n € C*°(R) by

1) = 20

(—ix)? "’
where the even function ¢ € C°°(R) is given and satisfies the following conditions
(6) px)=1 Vxe(—o0o0,—A/2)U(A/2,+00),
(7 d(x)=0 Vxe(—A/4,A/4).

Then it follows from (7) that the function 5 is well defined and it is not difficult to see that
sup, cgr(1 +x2)|A(x)| < 0o. So, i1 € L1(R) and then the following function ¥ is well defined
via the formula

1
lI/(X], "'7-le) = E/f(xl _€1x27"'1xn)ﬁ(é)d$'
R
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Then it follows from Proposition 4, f € Le (R") and ) € L1(R) that ¥ € Lg (R"). For each
@ € S(R™), we put y = D*1¢. Then

(v, w):/q/(xl,...,xn)w(xl,...,xn)dx

Rn

1 / ~
=— (/f(m — &, x0, . x)NE)E) Y (x1, ..., xp)dx
\/ER" R
1 / N
= —F— (/f(ést---axn)’?(xl _f)dé)W(xlw-wxn)dx
mR” R

1 / .
= — (/ (X1, x2, ..., x)0n(x1 — é)dxl)f(é, X2, ..., xp)dEdxy ..., dxy,
\/ER" R

=—(f.9),

where

g, x2, ..., xp) = \/%R[lﬁ(xw% o xp)(E —x)dxy .

Hence,

g(X1, . Xp) = J%_H]R/wm — &, x2, ..., xp)N(E)dE .

So, applying Proposition 5, we get
@) FloGi....x)=F ") ox)nG) = (Flo) ..o xa)d ().
From (6) and suppf C (R", A), we have f = f¢(x}). Therefore, since (8), we obtain
(f.9)=F. F o= (f. F'o)(x1. ... . xa)p(x1))
=(foeD. F'o) 1. ....x0))={f. (F'o)x1, ... x))= (f. 9).
This implies
(¥, D*1g)= (1. ¢).

So, D3¢y = f in the distribution sense. Hence, we have D3y ¢ Le(R") and ¥ €
Lo (R™). Therefore, D*!¥ € Lg(R"), and it is symbolized as 1! f.
Next, we prove that suppI/fG‘ = supp f. Indeed, since D¢ ¢! f = f, we have

A —

f=ix I f.
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Therefore,
©) supp f - supp171\f C supp f U Hp,

where Hy ;= {£ € R" : & = 0}. So, to prove suppl/o‘\f = suppf, it is enough to
show H; N suppl/e.l\f = {/}. Assume now the contrary that 3¢ € H; N I/el\f. Then b :=
max{|&1],..., €]} > 0. We choose anumber 0 < a < A and afunctionh € Cj°((—4, A) x

(=b—a—1,b+a+ 1" Ysuchthat h(x) = 1 in (—a, a) x (—b —a, b +a)"~!. Since (9)
and supp f C (R", A), we have

supphl/e.l\f C H;.

Hence, there is a number Ny € N such that
No
s I f ) =) g7 (e ) (i)
j=0

From Lemma 1 and I°' f € Le(R"), F~'h € Lz @R"), we get F7lhx 19 f € Loo(R").
Therefore,

Flhs I f(x) = g(])vo(xz, ey Xn) .
By the same manner, we also have
Flhsxw(x)= gév‘(xg,...,x,,).
Note that
F'hsI9 f(x) = F'h« D*'W (x)
=D*'(F 'hxw(x)) = Dze‘(gév' (x2,...,x2)) =0.

So, hl/eﬁ‘ = 0. On the other hand, since £ € suppl/eﬁc, there is a function ¢ € C;°(B(£, a))
such that

(IeF, )£ 0.
Then, since h(x) = 1in (—a, a) x (=b —a, b+ a)" !, we get
0 # (IF, ¢)= (I f, ho)= (hICTF, ¢)=0.

This is impossible. Hence, suppl/ei‘ = supp f .

Finally, we prove the uniqueness of the e’lh primitive of f which belongs to L (R") and
has (O)-property. Indeed, suppose that /¢! f and J¢! f are certain e’lh primitives of f such
that 7¢! f, J¢! f € Lg (R™) and both of them have (O)-property. Since I°! f, J¢! f € L (R")
and D1(JeLf —I°1f) =0,we get JC' f — I°l f = g(x2,...,x,). Hence,

(FUf =19 ) nGx)e(2, . ..o xn))=n(0)g(x2, ..., xn), Fac1(@(x2, ..., X)),
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where ¢ € S(R"™!) and € C°(R). So,
{(0,0) e R": o esuppFu—1(g(x2,...,x,))} CsuppF(J f —1TI°f).

On the other hand, it follows from suppF (J¢! f — I°! f) C suppF (J¢! f) UsuppF (I°! f) that
J¢ f—1I° f has (O)-property. Therefore, suppF,,—1(g(x2, ..., x,)) =@, ie., J f—If =
0 a.e. The proof is complete. O

REMARK 8. Let an Young function @ : [0, 00) — [0, 00) and f € Lg(R"). Then
forany j = 1, ..., n there is at most one in L (R") the e;.h primitive of f, which is denoted

by I¢ f, and moreover, there exists exactly one in Lg (R") the e;h primitive of f if f has
(O)-property.

REMARK 9.

1. If f € Lo (R") doesn’t have (O)-property then it is possible that there doesn’t exist
in Ly (R") any the e;h primitive of f, j = 1,2, ..., n. Itis illustrated in the following exam-
ples:

+) Le(R") = Loo(R") and f = 1 (then supp f = {0});

+) Lo(R") = Loo(R") and f(x) = []}_ sin*x; (then suppf = {x € R" : x; €
0,-2,2},j=1,2,...n});

+) @ (1) = 1P with 1 < p < oo and f(x) = []}_, sin? x;/x? (then supp f=1-221").

2. Let Lo(R") = Loo(R™) and f, I* f € Loo(R™). Put g(x) = f(x) + ¢, where 0 # ¢
is a constant. Then g € Loo(R") but there doesn’t exist the o'” primitive /%g € Lo (R™).

3. Let Ly (R") = Loo(R") and f(x) = ]_[;le cosx;. Then suppf = {x € R" : xj €
{—1,1},j =1,2,...,n} and there exists in Lo, (R") any /¢ f - the a™ primitive of f.

THEOREM 10. Let f € Ly (R™). Then there is at most one sequence of primitives
(% flaezr. C Lo (R™).

PROOF. We have to show that if there exists another sequence of primitives of f, which
is denoted by (J“f)%m, such that (J"‘f)ani C Le(R*), then J*f = I*f Va € Z}.
Indeed, it is sufficient to prove this fact for the case @ = ey. Since Je' f, [°' f, f € Lo (R")
and Dt (Je' f — I°1 f) = 0, we get
JUf =19 f =g(x2, ..., xp)

and then

DI f — 1% f) = g(xa, ..., xp) .
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Hence,

JXf 1 f = x1g(xa, ..., X))+ h(x2, ..., X)),
where h(xy, ..., x,) is another generalized function independent on x;. Therefore, taking
account of J2¢1 f — %1 f € Ly (R"), we get g(x2, ..., x,) = Oa.e. So, J¢ f = I°1 f. The
proof is complete. U

Using Theorems 7 and 10, we have the following:

THEOREM 11. Let f € Le(R") and f has (O)-property. Then there exists exactly
one sequence of primitives (I¢ Paez. C Lo (R™). Moreover, suppl/‘x\f = suppf Ya € 7.

Now, we characterize behavior of the sequence of Lg(R")—norm of primitives of a
function by its spectrum:

THEOREM 12. Let f # 0, f has (O)-property and (1* f)gezn C Lo (R"). Then

1/le|
(10) tm (C inf €D fllo) =1

lel—>00 \ gesuppf

To prove Theorem 12, we need the following result:

PROPOSITION 13. Let h € C*®(R") satisfy supph C (R", A) for some A > 0 and
max{||DPhlloo : BEZ',B<(3,3,...,3)} < oo. Weput

A={aeZl:a;>3,j=1,...,n}.

Then for any o € A the function Hy(x) = F(h (5)/5"‘) is well defined and

— . « 1/lal
an () Tim ((_inf EDIHaln) " <1,

a|—00 \ £esupp

where (A) stands before the upper limit means that we take the limit only for o € A.

PROOF. For & = (&1, &,...,&,), we adopt the convention that §2 = ]_[7:1 5]2 and

E—2=(5-2,...,& —2). Since supph C (R", A) for some A > 0 and @ € A, it follows
that h(£)/&% € L1 (R™) and then H,, is well defined. So,

- h o
Hy(x) = Qm)™"/? / emixE —é(i)dg — Qn)™? / oixé é(i)dg _
R &esupph
Hence, for 8 € 7", B < (2,2, ..., 2) we have the following estimate
: h
sup [ Hy ()] = @) sup | [[eix6 08 (22|
xeRn xeR® Sa

Rn
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— (27_[)—}'[/2 sup / —leD/S h(é) dé‘

xeR”
&esupph
h
< @) / ‘Dﬁ (5) ‘dé
Eesupph
Then it follows from the Leibniz rule that
1
(12) sup WP Hy (x)] < )™/ ‘Z e (55)|ds
xeR™ '(ﬁ &%
Eesupph -
1 1
<@ 2 Y (B wp (L)) f | D h()Idé
Z '(ﬂ V) xesupph (xa) %-2 )
&esupph
<@27)™? max sup |x2D9 | ( / Cl= Idé)
0<(2.2....2) xesupph x“ Z '(ﬁ J/)' &2
se(R",4)
c2¥
<@27)™? max sup |x2D9( )| ,
0<(2.2,..,2) xesupph X% AR

where C = max{||DPhlloo: B€Z, B <(3,3,...,3)}.
Since supph C (R”, A), there exists a constant C| not depending on « such that

1
(13) sup |x*D’(= )l < Cilal*" sup |
X

X €supph X Esupph

. YO eZl,0<(22,....2).

From (12)—(13), we have

C23n
(14) sup [xf Hy (x)] < 21)"2Cila™ sup |——|——
xeR" xesupph X X%~ A
Let 0 < k < n and (iy,i2,...,ip) be a permutation of (1,2,...,n). We define
A, ..ip, k) = {x e R" ¢ x| > 1,00 x| = 1, x| < 1, ..., |xi,| < 1}. Then
it follows from (14) and
/|Ha(x)|dx < Y / | Hy (x) |dx
R” st ) A Gy i k)
1
< Z sup |x ...xiZkHa(x)| / ‘ﬁ‘dx
xeRn X5 o.o.LX;
(i1y-eesin,k) A1 sornsin k) 1] 125
< 2" Z sup |)c12l ...xizkHa(x)|
(i1 eosin ) ¥R
<@ 1) s sup [ x] H()

(i1,eeerin k) xER?
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that
— . 02 1/lel
(15) () Tm ((_inf [ 2DIHLL) <1
|| =00 \ &esupph
Now we prove
(16) lim inf |£"|= inf |§°|, r,0 >(0,0,...,0),
r—o Eesupph &esupph
where |[£7] := ]_[;le |€;1"7. Indeed, given o > (0,0, ..., 0) and A > 1, there exists a positive
number ¢ such that Ar > o forall» > (0,0, ..., 0) satisfying |[r — o| < . Therefore,

7 = £ YVE > Alrm@DIgo N Ve e supph .
Thus we have obtained

inf g7 > Alr=eDlqgeplt.
&esupph -

Letting r — o, we get

lim inf [€7] > AlCU=U/Dgo)l/x

r—o €supph

Letting A — 17, we have

(17 lim inf |7 > inf |£7].
r—o §€supph §esupph

On the other hand, for all ¢ > 0 there exists & € supph such that

inf |9 <|E%| < inf |€%9|+¢.
ot 17 <181 < el 1§71 +

Taking account of

inf "I < |&F
sl 1E"] < 151

and letting r — o, we have

lim inf |7 <|&°| < inf |€°|+¢
Ha&supphlé |_I€sl_568upphlé |

and then

18 lim inf || < inf |&°
(18) rl—%geﬂﬂpph 1§ < Seg}pph 1§71
by letting ¢ — 0.
Combining (17) and (18), we get (16).
Now, assume the contrary that (11) is false. Then there exist an unbounded subset I C A,
anumber A > 1 and a vector 8 > 0, || = 1 such that
(D) lim —=§,

|| —o00 |Ol|
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() Lim (( inf [E¥]) | Hell)"® > A,
|| —00 Eesupph

Since (I) | l‘im ﬁ = B and supph C (R", A), it follows from (16) that
o|—> 00

/el
(19) (I) lim ( inf |5“|) Yo inf g8,
|| —00 \ Eesupph Eesupph

Taking account of (/) ‘ llim —|2 = B, supph C (R", A) and (16), we get
o|— 00

. v\l 5
(20) (1) Jim ( inf & |) — inf |EP.
|a| =00 \ Eesupph &esupph

Combining (19)—(20), we have

(1) Jim (s inf |g“|)1/” (1) Jim (s inf |g“—2|)m“'.

|| =00 esupph || =00 esupph

Therefore, since (15), we obtain

_ . 1/lel
(1) Tim ((_inf JEDIHaln) T <1
la|—>00 \ &esupph

This is a contradiction. So, (11) has been proved. The proof is complete. O

Further, we need the following result [16, 17]:

THEOREM B. Let f € Lo (R"), f £ 0and suppf be compact. Then

( 1D fllo )1/‘0‘|

mm _— =

laj>oc0 \ sup  [§%]
gesuppf

PROOF OF THEOREM 12. Put K := supp f Since f has (O)-property, supp f C
(R", A) for some A > 0. From Theorem 11 we have

(21) supp/*f =K Va eZ .
Now we show
(22) DP(I*Pfy=1°f Va,peZ’.

Indeed, we choose a function g € C*°(R") satisfying g(x) = 1 forallx € Ks/4 and g(x) =0
forall x ¢ K4 2. Forany ¢ € C3°(R") it follows from (21) and suppg C (R", A/2) that

(23) (£, (F7'o)(x)g(x) /(i) )= () T« F, (F~ @) (x) g (x)/(ix)%)
= (I7F, (F~'9)(0)g(0))= (g I* F, (F o) (0))= (I £, ¢)..
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Similarly,

(f. (FT1(DP o)) () g(x)/(ix)*P)= (1P £, DP o)
and then
(24) (1P 1. DP )= (—)PI( £ (F 1) (x)g(x) /(ix)%).

Using (23)—(24), we have (1** f, DP )= (—1)/’{1* f, ¢) and then (22) have been proved.
Next we prove that

. . 1/lel
(25) fim (( inf jg"prfle) <1,

lel—>00 \ gesupp £

To obtain (25), we divide our proof into three steps.
Step 1. We show

. . 1/lel
(Ag) Tim (( inf |E"DIIfllo) " <1,

lel—>00 \ gesupp £

where Ag ;= {a € 21 : aj >3forall j =1,...,n}. Indeed, given an arbitrary number
e € (0, A/2). We choose a functions p(x) € C(‘)’O(B(O, 1)) such that fR,, p(x)dx =1 and put

u(x) = liy, (X)), h(x) = (U * peja)(x),

where pg/4(x) = (%)",o(%x). Then the function i € C*°(R") satisfies the following condi-
tions

(26) h(xt,...,xp) =1 Y(x1,...,x) € K¢p2,
(27) h(xi, ..., xp) =0 Y(x1,...,x1) ¢ K¢,
(28) max{|DPhle: B <(3,3,...,3)) < 0.

From (26) and the fact that f = (i&)“ﬁ?, we get h(é)f = (i&)“ﬁ?. So,
fhE)/e)® = Iof
and then fora € Ag
Y fl = Qm) ™2 f % F7 (h(E) /6]
Therefore, it follows from Lemma 2 that for @ € Ag:
29 I fllo < Q)2 flaIF () /ED N = Qo)™ 21 flla I F (h(E)/E) 1 -
Using (27)—(28) and Proposition 13, we have

— . . wer \ 1/l
(A0) Tim_((_inf [E*DIFG&/EN) " <1,
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Hence,
(o) T ((inf 18D IFG@/E 1) <1
le|—>00 \ E€K, <1.

Therefore, by (29), we obtain

o 1/lal
(30) (Ao) Tim (Cinf €D fllo) < 1.
la|—>00 \ £€K,
Since K C (R, A), it is easy to check that
1/lal Vel A — g
| ( inf “) inf |£¢ .
31) dnf 15) = (;é‘K €)=
Combining (30) and (31), we get
. el A
(Ag) Tm (C inf JE"DII“fllo) = .
|a|—o00 A—c¢

§esuppf
Letting ¢ — 0, we have
L\l
(Ag) Tm (C inf JE"DII“fllo) " <1
lel=>00 X gesuppf
Step 2. We prove that
— RN V"1
(Ap) Tim (Cinf jg"pie o) <1,
lel—>00 \ gesuppf
where Ay :={a € Z : ai,...,0p =3, 0441 =+ =0, =0}. Put

o = (ar,....,01), K :={E eR": (&, u) € K for some u € R" ¥},

and we define a function /1 (x) € C*(R¥) satisfying the following conditions

(32) M, ..oox) =1 Y, ...ox0) € Ky
(33) hi(xt, ..., x) =0 Yxi,....x) &K,
(34) max{||DPhilleo: BeZX,B<(3,3,....3) <.

Using (32) and the fact that f = (ié)"‘ﬁ?, we obtain h(é)f = (i&)“ﬁ?. So,

fhE)/GE)* = IF .

Therefore, it follows from Proposition 4 and Proposition 6 we can deduce for @ € Ay, ¢ €
S(R™) that

|(f ® Fk_l(hl(xl, conx /LX), <p>|= |<I/°‘\f,go)| .
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So,
1% f1 = @) f @ F7 (hi (s x) /G5 x09)]
Hence, applying Proposition 5, we get for o € Ag
35) 17 flle < @)l flle | B (e 20/ O )
= QO fllo | Fe(hGers o0 /G ) g -

Since (33) and (34), the function /1 (x1, ..., xx) satisfies the conditions in the Proposition 13.
So,

m (int 16D Felha a0/ G ) o) =1

From this and (35) we get
(Ao T (Cin i o) <1
el oo \gek, @ -
By this and (31), we obtain
a o 1/\01| A
(Ak) llm ((mf IEDITY fllo) =1

Letting ¢ — 0, we have

(A) hm (( inf [EDIIYFllo)/ < 1.

lel—>00 " gesuppf

Step 3. We prove that

(Bk,u) hm (( inf |EDITY fllo) /¥ < 1,

lel—>00  gesuppf

where u eZ’jr_k, Biu:={a=(a1,...,ap,u) €Z : ay >3,...,0p > 3}.
Puta, = (0,0,...,0,u) € Z", by = (a1,02,...,0,0,...,0) € Z",g = I° f. Then
a = dg + by, suppg = suppf, and from (22) we have I f = I%« . By using Step 2 we have
by v\ /el
(Ak) hm (( inf |§ DI~ g||¢>) <1
§esuppg
Hence,
. PN Vi1
(Bew) T (¢ inf Jhpr o) <1
lerf=>00 N g esuppf

From this and the same argument to the proof of Proposition 13 when we derived (11) from
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(15) and (16), we obtain that

_ . 1/lal
(Bia) Tm (C inf (€D fllo) =<1

lael—>00 \ g esuppf
and then Step 3 has been proved.
Let0 <k <n,u e Z'J'r_k and (i1, ..., i,) be a permutation of (1,2,...,n). We define
BiuGiy,oiy) = o0 = (01, ..., 0n) € 20 0 i >3, 0,0 > 3,0, =up, ..., 0, =

uy—k}. Then arguing similarly as in the proof of Step 3, we also have

— . 1/le
B i) T (Cinf 1g2DIIfll0) " =1
lerf=>00 N g esuppf

We notice that Z} is the finite union of By , (;,,...i,)» Where 0 < k < n, u € Zf‘[k, u
3,3,...,3), (i1, ..., i) is a permutation of (1, 2, ..., n). Therefore,

IA

— 1/le]
m (Cinf DI flle) <1

lel>00 X gesuppf

The proof of (25) is complete.
Finally, we have to prove that

(36) lim (C inf [E*DII°flle) /1 = 1.

la|—>o00 Eesuppf

Indeed, let o € supp f and & > 0. Then there exists a function ¢ € C5°(B(o, ¢)) such that
( f , (p);é 0. Hence, it follows from Lemma 1 that

37 0# (£, @)= [(D*U* 1), §)|= [(1* £, D*@)|< 11 flo I DD -
On the other hand, it follows from Theorem B that
D*¢|lz \1/lel
lim ( I1D%¢ll g ) “Sl
lal>oc0 \ sup [§¢|
§ esuppy
Therefore,

DY) \ /el
Tim (7” ¢|l¢|> Yo

sup £
E€B(0,8)

|| —o00

From this and (37) we obtain

1/lel
im (( sup [EDIFllo) = 1.

la|—o0 * £€B(o,¢)
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If& € B(o,¢) then A < |oj| and |§;| < |oj| +efor j =1,2,...,n. Hence,

W\ /el
(g = (o e (e 5o
o1 op

1 1
< (Io“‘l)”""(|ﬁ|‘*1 ...|_A+8|an> flel _ (|aa|) /el Ate
A A A
This gives
Vel A
( sup |5“|> < %wall/my
£eB(o,¢)
Hence,
el A
im (JoL11 fllo) =
le|—>00 A+e
Letting ¢ — 0, we get
. 1/]«|
(38) tim (lo“L11fllo) " =1

|| —o00

Suppose (36) is false. Then we can find an unbounded set I; C Z', . < 1 and a vector
B =0, || = 1 such that

1/le|
(i Jim (¢ inf DI Slo) <2

(39) @=00 N gesuppf
(1) lim — =§.
la|—o00 |Ol|

We choose a number 77 such that 1 < n < \/; Because of (1) ‘ llim ﬁ = B, we can deduce
o|—> 00

that there exists an unbounded subsequence /> C I; such that
, e\l 1 8
(40) () _inf jg") = o i [f).
gesuppf N gesuppf

Indeed, it follows from the proof of (16) that

(I lim ( inf |g*pYll = inf €.
lot| =00 gesuppf tesuppf

From this we have (40).
Combining (39)—(40), we get

(L) lim ( inf [EP)(II* fllo)'/'* < na.

letl—>00 gesuppf
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Choose o € suppf such that |o#| <5 inf |£P|. Then we have
§esuppf

(L) Tim_[oP|(11° flle)'/1*! < n?2.
|| —o00
From this and (38) we get
() Tim JoP ™| <n’r <1.
la| =00
This is a contradiction. So, (36) has been proved. Combing (25), (36), we obtain

1/le|
fim (C inf [gDISflle) T =1,

lerf=>00 N gesuppf
The proof is complete. o
Using Theorems 12 and B, we have the following theorems:

THEOREM 14. Let f € Loy(R"), f # 0, suppf be compact, f has (O)-property and
(Iaf)a521 C Le(R™). Then

. D% fllg \Ulel
lim (7) =1
lor]— 00 |

sup |6
tesuppf
and
. e kel
tim (Cinf Jg DI flo) T =1.
lal =00 X\ ¢ esuppf
THEOREM 15. Let (Iaf)aezi C LoR") and 0 = (01,...,0,) € R. Then

SuPPf - ﬁ ((—OO, —ox] U [og, +oo)) if and only if
k=1

im (1% fllo)/* < 1.
|| —o00

PROOF. Necessary. It is clear from Theorem 12.

~ n
Sufficiency. Assume the contrary that there exists & € suppf, 8 ¢ [] ((—oo, —or] U
k=1

[ok, +OO)). Then there exists j € {1,2, ..., n} such that |6;| < o;. Therefore,

L= lim (( inf |§"IDII" fllg)!™ < Tim (6]'].11" fllg)"/™

M=% gesuppf

;] — 0;
= O T @ gy m < L
gj m—>o0 J oj
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This is a contradiction. The proof is complete. d

REMARK 16. Theorem 12 is not true if f does not have (O)-property. It is clear

because inf |£§*|=0forany o € Z} suchthata; >1,j=1,...,n.
§esuppf

We examine now behavior of (||I “f ||q>)1/ ! for functions f not having (O)-property.
From the proof of Theorems 7, 11 and 12, we have the following result:

THEOREM 17. Let f € Lp(R"), suppkf ={eRF: (£,u) € suppf for some u €
Rk} has (O)-property (in R¥), and let A = {a € 2l i agyr = - = oy = 0}. Then
there exists uniquely one sequence of primitives (I* f)qea C Lo (R"). Moreover, suppl/‘x\f =
supp f Yo € A and

) : /e
(4) lim (C inf jEDISl0) =1

@[=>00 \ £esuppf

Further, we have:
PROPOSITION 18. Leta > 0,j € {l,...,n}and A; = {a € Z} : a; > ala|}.
Assume that there is an element in supp f , the j™" coordinate of which equals 0. Then
) o 1/le|
A tim (11flle) " = oo,
lat]—o00

PROOF. We prove for j = n. We fix an element § = (§1,...,&,-1,0) € suppf and
& € (0, 1) then there exists a function n € C(‘)><J (B(£, €)) such that (f, n);ﬁ 0. Hence,

0 # (£, n)|=|(£ 2)|= (D*U® £, 7)|= |(1% £, D)< 11% Fllo I DRl 6 -

Using Theorem B, we have

S D%l 3 1/l
(A T (I )y
|00 \ gttn H;f;l(|g’:j|+l)aj
Therefore,
A1/l
N i
(An) Tim s <
loe|—>00 ga nj=1(|§j|+1)
So,
n—1
(An) lim (1 flle)/1 = e TTag1+ D"

|a] =00 j=1
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Letting ¢ — 0, we get
(Ap) lim (1% flle)"/*l = o0
|a|—o00

The proof is complete. O

THEOREM 19. Assume that for any j € {1,2,...,n} there is an element in suppf,
the j' coordinate of which equals 0. Then

tim (11 fle) = oo.

|| =00
PrROOF. Forl < j < n we define
. n 1
Aji=laeZi: o= —al}.
Then it follows from Proposition 18 that
) o 1/l
@Ay tim (11fllo) " = oo,
lo|—> 00

From this and Z} = U;?zlAj, we get
. 1/le|
tim (117 fllo) " =oo.
la| =00

The proof is complete. o

We consider now the case when f does not have (O)-property and not satisfies the
condition in Theorem 19. The following theorem is clear from the proofs of Theorems 7, 11,
12 and Theorem 19:

THEOREM 20. Let f € Lo(R") and 1 < k < n. Assume that for any j € {k +
1,k + 2,...,n} there is an element in suppf, the j’h coordinate of which equals 0, and

(€ € RF: there exists u € R"™* such that (£,u) € suppf} C (R¥, A) for some A > 0.
Then

. . 1/le|
() lim ((inf gD sle) =1,

lorl =00\ ¢ esuppf

where A={a eZ : a1 =---=a, =0}and

(B) lim (1% fllo)"/™ = o0,
la| =00
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here B={a €7} : oy=---=0a =0}
Moreover, there doesn’t exist the limit

lim (|1 fllo)"/.
la| =00

PROOF. We have only to show that the limit doesn’t exist. From the proof of Theorem
12 we have

_— RN V1 1
() Jim (C inf 1" DI o) <1

@00 \ gesuppf
Therefore,
_ Vel
(@) Tm (11°flls) = 47" <00,
|| —o00
while
(B) lim (I flle)"* = o0
|| —o00
The proof is complete. o

Let @ be an arbitrary Young function. We write @ € A if there exists C > 0 such that
d(2t) < CP(t) Vt e R,.Inconclusion, we give the following result:

THEOREM 21. Let @ be an arbitrary Young function, ® € Ay, 0 = (01,...,0,) €

~ n
R, f € Le(R") and suppf C [ ((—o0, —0x] U [0k, +00)). Then
k=1

(41) lim o*|[I%flle =0.
la| =00

To obtain Theorem 21 we recall the following result [11, 28]:

Bohr-Favard inequality. Let 0 > 0,f € C"(R), D"f € Ls(R) and supp f C
(=00, —olU[o, +00). Then f € Loo(R) and

" flloo < KmlI D™ flloo ,

where the Favard constants K,,, are best possible and have the following properties

4 T
1=Kp<Ky<:-+<—<---<K3<K|i=—.
/4 2

By applying consecutively the Bohr-Favard inequality for L. (IR) to each variable we
have Bohr-Favard inequality for Lo, (R"), and then using the same arguments as in [18, 19]
we get the following inequality for Orlicz spaces.
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Bohr-Favard inequality for Orlicz spaces. Let f and its derivative D* f be in Ly (R") and
suppf C [Tizi (=00, =01 U [0k, +00), 0 = (01, ..., 04) € R}. Then

ol flle < Ka, ... Ko, 1D fllo = (/2" IID* fllo .

PROOF OF THEOREM 21. Because @ € A,, for any ¢ > 0, it is known that there
exists a number A > 1 such that

Ifx) = fOx)le <e.
Put i(x) = f(Ax). Then || f — h|l¢ < & and
n
(42) supph = Asupp f C [ J((—o0, —Aox] U [hox, +00)).
k=1
Applying Theorem 11, we obtain suppl/‘ﬁz = suppﬁ and then
n
suppl®h C [ [ (=00, —A0x] U [Aox, +00)).
k=1

Taking account of D*(/%h) = h and applying the Bohr-Favard inequality for Orlicz space,
we get

(o) I1%hlle < (x/2)" Ao .

L — n
Since (42), suppf —h C ] (=00, —ok]U[ok, +00)). Then it follows from the Bohr-Favard
k=1
for Orlicz space inequality that

oI (f =MWl = (@/D)"If — hllo .
Therefore,
oI flle < o“II*(f =Wl +o“III%h]le
< @/ f = hlle + (/2" 27 |h]l
< (/2" + (/"2 Ao
forall @ € Z', . Hence,
Am oI fllo < (r/2)"e.

Letting ¢ — 0, we get (41). The proof is complete. O
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