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Abstract. In the previous paper [C], the structure of the cut locus was determined for a class of surfaces of
revolution homeomorphic to a cylinder. In this paper, we prove the structure theorem of the cut locus for a wider
class of surfaces of revolution homeomorphic to a cylinder.

1. Introduction

The following structure theorem was proved in [C] for a class of surfaces of revolution
homeomorphic to a cylinder.

THEOREM. Let (M, ds?) be a complete Riemannian manifold R' x S with a warped
product metric ds? =dt* + m(t)2d€2 of the real line (R', dt2) and the unit circle (S!, d92).
Suppose that the warping function m is a positive-valued even function and the Gaussian
curvature of M is decreasing along the half meridian t='[0, c0] N 0~1(0). If the Gaussian
curvature of M is positive ont = 0, then the structure of the cut locus Cy of a point q € 6=1(0)
in M is given as follows:

1. The cut locus C, is the union of a subarc of the parallelt = —t(q) opposite to q and the
meridian opposite to q if |t (q)| < ty := sup{t > 0|m’(t) < 0} and p(m(t(q))) < 7.
More precisely,

Cy =07 ) U™ (~1(g) N6~ p(m(1(g))), 2 — @(m(t(@))N)]) -

2. The cut locus Cy is the meridian 0~ 1(m) opposite to q if o(m(t(q))) = mworif|t(q)| >
1o .

Here, the half period function ¢(v) on (infm, m(0)) is defined as

v

0 E(v)
v
) :=2/ Y u =2/ Y, (1.1
—£(w) mv/m? —v? 0o mvm?2 -2
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where £(v) := min{t > 0|m(t) = v}. Notice that the point q is an arbitrarily given point if
the coordinates (t, 0) are chosen so as to satisfy 60(q) = 0.

Crucial properties of the manifold (M, ds?) in the theorem above are

1. M has a reflective symmetry with respect to a parallel.
2. The Gaussian curvature is decreasing along each upper half meridian.

In this paper, the second property is replaced by the following property:

The cut locus of a point ont = 0 is a nonempty subset of t = 0, for the universal covering
space (M, di* + m()2d6?) of a cylinder of revolution (M, dt* + m(1)%d6?) with a reflective
symmetry with respect to the parallel r = 0.

We will prove the following structure theorem of the cut locus for a cylinder of revolution
satisfying the property above.

MAIN THEOREM. Let (M, ds?) denote a complete Riemannian manifold R' x S!
with a warped product metric ds? = dt* + m(1)2d6* of the real line (RY, dr?) and the unit
circle (S', d6?%), and by (117, di* + m(1)2d6?%) we denote the universal covering space of
(M, ds®). Suppose that m is an even positive-valued function. If the cut locus of a point
on ~1(0) is a nonempty subset of i~1(0), then the cut locus Cy of a point q of M with
[t(g)| < to :=sup{t > 0| m'(¢) < 0} equals the union of a subarc of the parallel t = —t(q)
opposite to q and the meridian opposite to q. More precisely, there exists a number t € [0, tg)
such that for any point q with |t (q)| < tr,

Cy =070 U (17 (=1@) N0~ Tp(m (@), 27 — (m(t@))])

and for any point q with t; < [t(q)| < to, C4 = 0~ 1(7r). Moreover, if ty is finite, then
C, = 6~ 1() for any point q with |t (q)| = to.

Here the coordinates (t, 0) are chosen so as to satisfy 6(q) = 0. Notice that the domain
of the half period function ¢(v) is (m(tg), m(0)) (respectively (infm, m(0))) if to is finite
(respectively infinite).

REMARK 1.1. If the Gaussian curvature of the manifold M in the Main Theorem is
nonpositive on 7~1(19, 00), then the cut locus C, of any point g with |t(g)| > fo is equal to
6~ (), the meridian opposite to g.

We refer to [C], [SST] and [ST] for some fundamental properties of geodesics on a
surface of revolution and the structure theorem of the cut locus on a surface.

2. A necessary and sufficient condition for ¢ (v) to be decreasing

A complete Riemannian manifold (M, ds?) homeomorphic to R' x S! is called a cylin-
der of revolution if ds? = dt*+m()%do?*is a warped product metric of the real line (R, dt?)
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and the unit circle (S, d6?).

Throughout this paper, we assume that the warping function m of a cylinder of revolution
M is an even function. Hence M has a reflective symmetry with respect to ¢+ = 0, which is
called the equator.  Let (1\7 ,d5?) denote the universal covering space of (M, ds?). Thus
ds? = di? + m(9)2d62. Since m’(0) = 0, it follows from Lemma 7.1.4 in [SST] that the
equator ¢ = 0 and 7 = 0 are geodesics in M and M respectively.

The following lemma is a corresponding one to Lemma 3.2 in [BCST] in the case of a
two-sphere of revolution.

LEMMA 2.1. Ifthe cut locus of a point in i~ (0) is a nonempty subset of i~'(0), then
the Gaussian curvature ofﬂ is positive on 1~1(0) and for any t > 0 satisfying m'|o.n <0,
the function ¢ (v) is decreasing on (m(t), m(0)).

PROOF. Let g be an end point of the cut locus of a point p € 7~!(0). Since the end
point ¢ is conjugate to p along the subarc of 7~1(0), the Gaussian curvature on 7~ (0) is
positive. We omit the proof of the second claim, since the proof of Proposition 4.6 in [C] is
applicable. O

LEMMA 2.2. Suppose that the Gaussian curvature of]\’Z is positive on ~1(0). Let
t > 0 be any number satisfying m'| ) < 0. If ¢(v) is decreasing on (m(t), m(0)) then for
any point p € 71(0), C; N i=1(—t, 1) is a nonempty subset of i~ (0). Here C; denotes the
cut locus of p.

PROOF. Choose an arbitrary point p € 7! (0) and fix it. Since the Gaussian curvature
is positive constant on 7 = 0, there exists a conjugate point of 5 along the subarc of f = 0.
Thus, C5 N 1 (=t,1) s nonempty. We omit the proof of the claim that C; N iY(=t,t)isa
subset of 7~1(0), since the proof of Lemma 3.3 in [BCST] is still valid in our case. a

Combining Lemmas 2.1 and 2.2 we get

PROPOSITION 2.3. Suppose that m’ # 0 on (0, 00). Then the cut locus of a point on
i~1(0) is a nonempty subset of t~1(0) if and only if the Gaussian curvature of M is positive
on 1(0) and the half period function ¢(v) defined by (1.1) is decreasing on (infm, m(0)).

3. Preliminaries

From now on, we assume that the cut locus of a point on f = 0 is a nonempty subset
of t = 0. Hence, from Lemma 2.1, the function ¢(v) is decreasing on (m(tp), m(0)), where
to :=sup{t > 0| m'(¢) < 0} and m(ty) means inf m when zy = oo. For each v € [0, m(0)) let
1 [0, 00) —> M denote a unit speed geodesic emanating from the point p := (7, 6)=1(0,0)
on 7~ (0) with Clairaut constant v. It is known (see [C], for example) that y, intersects 7! (0)
again at the point (7, 6)=1(0, @(v)) if v is greater than m(fp). Notice that y, is a submeridian
of § =0, when v = 0.
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LEMMA 3.1. If0 < v < m(ty), then y, is not tangent to any parallel arc f = c. In
particular, the geodesic does not intersect t = 0 again.

PROOF. Since there does not exist a cut point of p in 7 # 0, the subarc 1, [0.1v)]
of y, is minimal for each v € (m(#), m(0)). Here I(v) denotes the length of the subarc
of y, having end points p and (7, é)_l(O, @(v)). Therefore, the limit geodesic V) =
Limy\ (1) ¥vl[0,i(v)] 18 @ ray emanating from p and in particular, y,,(,) is not tangent to any
parallel arc and does not intersect 7 = 0 again. We will prove that for any v € [0, m(fy)),
yv is not tangent to any parallel arc. Suppose that for some vy € (0, m(#y)), yy, is tangent
to a parallel arc. Since M has a reflection symmetry with respect to f = 0, we may assume
that (7 o y,)'(0) < 0 and (7 © Y(,))’(0) < 0. By applying the Clairaut relation at the point
P Ywl(.1 lies in the domain D cut off by y;,(,,) and the submeridian yo of § = 0 for some
positive 7. Since there does not exist a cut point of j in 7~!(—00, 0), the geodesic Yv, does not
intersect ¥y, (1) again. Hence yy|(0,00) lies in the domain D. Since y,,, is tangent to a parallel
arc, the geodesic intersects = 0 again, which is a contradiction. ]

LEMMA 3.2. Lety, : R — M denote a unit speed geodesic with Clairaut constant
v € (0, m(to)). If p passes through a point of i~'(—to, to), then 7, is not tangent to any
parallel arct = c.

PROOF. First, we will prove that 7, intersects 7 = 0 for any v € [0, m(f)]. Supposing
that 7, does not intersect f = 0 for some v € [0, m(#)], we will get a contradiction. Since M
has a reflective symmetry with respect to f = 0, we may assume that (7 o 7,)(s) < 0 for any
real number s. By the Clairaut relation, (7 o 1,)'(s) # 0 for any s satisfying —ty < 7o P, (s) <
0 < tp. From the assumptions, we may assume that 7 o ,(0) € (—to, 0). If ( o ,)’(0) >
0 (respectively (f o ,)'(0) < 0) then o y,(s) is increasing (respectively decreasing) and
bounded above by 0. Thus, there exists a unique limit —fy < 7] := limy_,oof 0 P,(s) < 0
(respectively —tp < f1 := limy_s oo f 0 P(s) < 0). It follows from Lemma 7.1.7 in [SST]
that m’ (1) = 0 and m(#;) = v. This is a contradiction, since v € [0, m(fp)] and —t¢ < 71 < 0.
Therefore, y, intersects = 0 for any v € [0, m(#y)], and hence by Lemma 3.1, the geodesic
is not tangent to any parallel arc. O

LEMMA 3.3. Iftg =sup{t > 0| m'(t) < O} is finite, then any subarc of the parallel
arc t = —ty is minimal, i.e., the parallel arc is a straight line. Hence, t = ty is also a straight
line.

PROOF. Since m'(fy) = 0, the parallel arc f = —fj is a geodesic by Lemma 7.1.4
in [SST]. Let ¢ be a geodesic emanating from a point on f = —#; which is not tangent to
= —t9. By Lemma 3.2, ¢ is not tangent to any parallel arc. In particular, ¢ does not intersect

Rt B

= —1¢ again. This implies that f = —# is a straight line. Since M has a reflective symmetry
with respect to 7 = 0, = 1 is also a straight line. O
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4. The cut locus of a point in M

Choose any point g in M with —1y < 7 (g) < 0. Without loss of generality, we may
assume that é(q) = 0. For each v € [0, m(0)) let y, : [0, 00) — M denote a geodesic
emanating from the point p := (7, 6)~1(0, 0) on 7! (0) with Clairaut constant v. The geodesic
yy intersects 7 = 0 again at the point (7, )10, p(v)), if v > m(to).

We consider two geodesics o, and f, emanating from the point ¢ = «,(0) = B,(0)
with Clairaut constant v > 0. Here we assume that the angle /((3/ Bf)q, «,,(0)) made by the
tangent vectors (3/97), and a;(o) is greater than the angle /((3/97),, B,(0)) by (3/97), and
B.,(0), if v < m(¢(g)). Notice that «, = B, if v = m(t(q)).

It follows from Lemma 5.1 in [C] that the geodesics «,, and 8, intersect again at the point
(7,0) " (u, p(v)), where u := —i(q), if v € (m(ty), m(u)). The subarcs of o, and 8, having
end points ¢ and (7, )"V (u, ¢(v)) have the same length and its length equals /(v), where /(v)
denotes the length the subarc of y, having end points p and (7, )10, p(v)).

LEMMA 4.1. Let q be a point in M with l7(q)| € (0,ty). Then, for any v €
(m(t0), m(u)], where u = —i(q), ayl[o.1) and Bvljo.i(v)] are minimal geodesic segments
joining q to the point (,0)  (u,0(q) + ¢(v)), and in particular, {(,0) |7 = u,6 >
@(mu)) + 6(q)} is a subset of the cut locus of the point q.

PROOF. Without loss of generality, we may assume that ] (¢9) =0and —1y < f(g) < 0.
We will prove that «, |[9,;(v)] 1 @ minimal geodesic segment joining g to the point o, (I(v)) =
(7, )\ (u, @(v)). Suppose that o, |[0,1(v)] 1S Not minimal for some vy € (m(tp), m(u)]. Here
we assume that vg is the minimum solution v = vy of (V) = @(vp).

Let @ : [0,d(g, x)] — M be a unit speed minimal geodesic segment joining g to x :=
ayy (L)) = (7,6) 7" (u, p(v0)). Hence, p(v1) = ¢(vo) = H(x) and & equals ay, |[0.1(v;)] OF
Bu 10,1001, where vi € (m(tp), m(u)) denotes the Clairaut constant of o. By Lemma 2.1,
@(v) = @(vo) for any v € [vg, v1]. Hence, by Lemma 3.2 in [C] we get, [(v1) = [(vp). This
implies that oy |[0,/(vp)) 1 minimal, which is a contradiction, since we assumed that oy |[0,/(vg)]
is not minimal. Therefore, for any v € (m(ty), m(u)], the geodesic segments oy |[0,/(v)] and
By l[0./()] are minimal geodesic segments joining ¢ to the point (7, )~V (u, o)) = ay((v)).
In particular, the point «,, (I(v)) = B, (I(v)) is a cut point of g. d

PROPOSITION 4.2. The cut locus of any point g with |t(q)| < ty equals the set
{@,0)1T=u,6>|lpm)l}.
Here the coordinates (f, é) are chosen so as to satisfy é(q) =0.

PROOF. Without of loss of generality, we may assume that —y < 7(¢) < 0. By Lemma
4.1, the geodesic segments oy |[0,;(v)] and By |[0,/(v)] are minimal for any v € (m(to), m(u)].
Hence their limit geodesics &~ := oy () and BT := By, are rays, that is, any their subarcs
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are minimal. Since M has a reflective symmetry with respect to § = 0, it is trivial from
Lemma 4.1 that the set {(7,0) |7 = u,6 > |@(m(u))|} is a subset of the cut locus of g.
Suppose that there exists a cut point y ¢ {(f,0) | = u,0 > |@(m(u))|}. Without loss of
generality, we may assume that §(y) > 0 = 6(g). Since the cut locus of ¢ has a tree structure,
there exists an end point x of the cut locus in the set {(7, 6)| 6 > 0} \ D(BF,a™), where
D(B™T, a™) denotes the closure of the unbounded domain cut off by BT and a~. Hence, x is
conjugate to ¢ along any minimal geodesic segments y joining g to x. Since such a minimal
geodesic y runs in the set {(7,6) | 6 > 0} \ D(B*, @™), by applying the Clairaut relation at
the point g, we get that the Clairaut constant of y is positive and less than m(fy). Notice that
the geodesics BT and o~ have the same Clairaut constant m(fp). It follows from Lemma 3.1
that the geodesic y cannot be tangent to any parallel arc. From Corollary 7.2.1 in [SST], y
has no conjugate point of g, which is a contradiction. O

LEMMA 4.3. Let q be a point in M with |£(g)| = to. Then, the cut locus of q is empty.

PROOF. We may assume that 7(g) = —ty, since M has a reflective symmetry with
respect to = 0. Supposing that there exists a cut point x of ¢, we will get a contradiction.
Since M is simply connected, the cut locus has an end point. Hence, we may assume that the
cut point x is an end point of C,;. Let y be a minimal geodesic segment joining g to x. Then,
x is a conjugate point of ¢ along y, since x is an end point of the cut locus. From Lemma
3.3, 7(x) # —to. By applying the Clairaut relation, we obtain that the Clairaut constant of y is
smaller than m(fp), and hence y is not tangent to any parallel arc by Lemma 3.2. Therefore,
by Corollary 7.2.1 in [SST], there does not exist a conjugate point of ¢ along y, which is a
contradiction. O

LEMMA 4.4. Let q be a point in M with 17(q)| > to. If the Gaussian curvature of M
is nonpositive on =1 (=00, —t9) Ui (19, 00), then the cut locus of the point q is empty.

PROOF. Suppose that the cut locus of a point ¢ with |#(g)| > fo is nonempty. Since M
has a reflective symmetry with respect to 7 = 0, we may assume that 7(g) < —#y. Supposing
the existence of a cut point of g, we will get a contradiction. We may assume that there exists
an end point x of C,, since M is simply connected. Let y : [0,d(q,x)] — M be a unit
speed minimal geodesic joining ¢ to x. If 7(y(s)) < —to for any s € (0,d(q, x)], then y
has no conjugate point of ¢, since the Gaussian curvature is nonpositive on 7! (—oo, —fy) U
i1 (20, 00). This contradicts the fact that x is an end point of C;. Thus we may assume that
f(y(s)) > —ty for some s € (0,d(q, x)]. This implies that y passes through a point of
=1 (—to, 19). It follows from the Clairaut relation that the Clairaut constant of y is smaller
than m(#). Hence, from Corollary 7.2.1 in [SST] and Lemma 3.2, there does not exist a
conjugate point of g along y, which is a contradiction. O

PROOF OF MAIN THEOREM. Since the functions m and ¢ are decreasing on [0, #) and
(m(tp), m(0)) respectively, the composite function ¢ o m is increasing on (0, #p). It is clear to
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see that lim; ~,, ¢ o m(t) = oo, since the minimal geodesic segment yy|[0,;(v)] CONVErges to
the ray y,,(;,) as v \y m(ty). Lett = t; € [0, tp) be a solution of ¢ om(t) = 7. Define t; =0
if there is no solution. Hence, ¢ o m(¢) > 7 on [, f9) and ¢ o m(t) < 7 on (0, t;). Now the
Main Theorem is clear from Proposition 4.2 and Lemma 4.3.

5. A family of cylinders of revolution

An example of a cylinder of revolution satisfying the two properties 1 and 2 in the
introduction was given by Tamura [T]. The Riemannian metric ds” is defined by ds?> =

dr* + e’ de% 1tis easy to see that m’ = —2¢ -m < 0 on (0, 00), and the Gaussian curvature
G(g) at a point g is —4t%(g) + 2. This implies that the Gaussian curvature is decreasing on
each upper half meridian of the surface. By Lemma 4.5 in [C], the cut locus of a point on
f = 0 on the universal covering space of the surface is a nonempty subset of 7 = 0. Hence,
this surface satisfies the assumptions of the Main Theorem. The following family of cylin-
ders of revolution shows that the converse is not true, i.e., under the assumptions of the Main
Theorem, the decline of the Gaussian curvature does not always hold.

In this section we give a family of cylinders of revolution {M, }, := {(R U St de? +
m; (1)?d6?))};, satisfying the assumptions in the Main Theorem, where A > 1 denotes a pa-
rameter and

cosh?
my(t) = ———. (5.1)
V14 Asinh?¢
LEMMA 5.1. The Gaussian curvature G(q) at a point ¢ € M, is given by
Glg) =@ 1)( ° 2 ) (5.2)
q = — — 5 .
h2(t(q))  ht(g)

where h(t) = 1 + Asinh® t. In particular, the Gaussian curvature G is not monotonic along
the upper half meridian =" (0) N t=1(0, co).

PROOF. From (5.1), we get
m' (1) = (1 — Aym;, (t) tanh ¢/ h(t) , (5.3)
and
m}(t) = (1 — Mtanht/h(1))* my(t) + (1 — Aym; (£)(h(r)/ cosh® t — h' () tanh 1)/ h(z)? .
Thus, we obtain
m} = (1 = M)my(1)((1 — A) tanh? 1 + h(t)/ cosh® t — B (¢) tanh 1)/ h%.

Since (1 — A) tanh? 7 + h(t)/ cosh? ¢ = 1 holds, we have

—m(0)/ma ) = 6. = 1) (3/h2(0) = 2/h0) .
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Since G(q) = —mj(t(q))/mx(t(gq)), we obtain (5.2). By (5.3), it is trivial to see that the
Gaussian curvature is not monotonic along the upper half meridian. O

LEMMA 5.2. Leta,b € (0, 1) be numbers witha < b. Then,

/1 dx o (a—l_{_l) 5.4)
by x(x—a)Vx =D —x) a(l—a)\ Vb c :
holds, where c = /(b —a)/(1 — a).

PROOF. From a direct computation, we obtain

d a_larctanu +1arctanu —a_1~|- ! (5.5
T u+b o w42 '

du \ /b Jb ¢ ¢
and
du 1 —b)u
dx 2(x(—b)(1)—x)’ 60
where u = /(x — b)/(1 — x). Since ¢? = (b — a)/(1 — a), we get
T R e ek &
By (5.5), (5.6) and (5.7), we have
d (a—1 u 1 u a(l —a) 1
P (W arctanﬁ—i— Earctan Z) = PRI s T gk
This implies that
dx 2 a—1 u 1 u
/ RSy oy v = a(l—a) ( \/E arctanﬁ + Z arctan Z)
holds. Hence, we obtain (5.4). |

By (5.1) and (5.3), we getinfm) = 1/+/A and m/, (1) < 0 for any ¢ > 0. Hence the half
period function ¢(v) for M, is defined on (1//2, 1).

LEMMA 5.3. The half period function ¢(v) is given by

po(v)=m (—\/)» -1+ L)

awZ—1

on (%, 1). In particular ¢ is decreasing on (%, 1) and the surface M) satisfies the assump-

tions of the Main Theorem.
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PROOF. By putting x := mi(t), we get, by (5.3),
h(t)

dt = —————dx (5.8)
2(1 — A)x tanht
Since x = (1 4 sinh1?)/h(1),
1— A—1 A—1
sinh? 7 = al , cosh’t = u, and h(t) = g 5.9)
Ax —1 Ax —1 Ax —1
By combining (5.8) and (5.9), we obtain,
—v/A =1
(5.10)

t = dx .
2(Ax — Da/x(1 — x) *
Therefore, by (1.1),

1 dx
2 x(Ax — D/ (x — v (1 —x)
forv e (l/ﬁ, 1). It follows from Lemma 5.2 that ¢ (v) = & (—\/)\ — 1+ Av/V/Av2 — 1) .
It is easy to check that ¢'(v) = —7 (1/(2~/x ") 4 a2 = 13) < 0on (1/¥/x,1).

Therefore, by Proposition 2.3, the surface M, satisfies the assumptions of the Main Theorem.
O

o) =vvA—1
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