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A Refined Subsolution Estimate of Weak Subsolutions to Second Order
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Abstract. We consider second order linear elliptic equations —div(A(x)Vu) 4+ b(x) - Vu = 0 with a singular
vector field b. We prove a refined subsolution estimate, which contains a precise dependence of the quantities of b,
for weak subsolutions and a weak Harnack inequality for weak supersolutions under certain assumptions on b.

1. Introduction and main results

We consider second order linear elliptic equations of divergence type:

—div(A(x)Vu) +b(x) - Vu

n n
== > 0j(aij()du) + Y bi(x)du =0 ing, (DE)
i,j=1 i=1

where £2 is a domain in R” (n > 3). Throughout this paper, we assume that A(x) =
(aij(x))1<i, j<n 1s measurable and satisfies the uniform ellipticity condition: there exist posi-
tive constants 0 < v < L < oo such that

laij()I <L, Y aijn)&E; = vlE?, VEER", Vxe. (A)
i,j=1

We also assume that a vector field b(x) = (b;(x))1<i<n belongs to L? (£2). We say that u is

loc

a weak subsolution (supersolution) to (DE) in £2 if u € Wli)’cz(.Q) satisfies
/ (AVu) -Vo +b-Vugpdx < (>)0 3)
2

forall € C2°(£2) and ¢ > 0. Here, Wli)’cz(.Q) is the standard Sobolev space. We say that u
is a weak solution to (DE) in §2 if u is a weak subsolution and a weak supersolution. If b €
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LP(£2) with p > n, then Holder continuity and Harnack’s inequality of weak solutions are
well-known (see e.g., [17, 14, 8]). Stampacchia ([23]) proved the same properties when b €
L"(£2). Furthermore, he proved Liouville type theorem in the case where b € L" (R") under
the smallness condition on L"(R") norm of b. When b € L?(§2) with p < n, in general a
weak solution u loses its local boundedness (see Remark 3 and [5]). Recently, motivated by
applications for the equation of fluid mechanics, parabolic equations corresponding to (DE)
under the assumption divb = 0 has been studied extensively ([19, 15, 24, 21, 6, 22, 18, 5]).
Friedlander and Vicol ([6]) proved Holder continuity of weak solutions under the conditions
divb = 0andb € L®BM O . Independently, Seregin et al. ([22]) proved parabolic Harnack
inequality in the same conditions. Nazarov and Uraltseva ([18]) proved parabolic Harnack
inequality when divb < 0 and b belongs to a suitable space-time Morrey space. Furthermore,
they also improved the Harnack inequality due to Stampacchia for the case b € L"(§2) by
using Safonov’s idea ([20]) for elliptic equation (DE) (see Corollary 1). Inspired by these
works, in this paper we assume the following conditions for the vector field b.

CONDITION (B) A vector field b € LIZOC(Q) can be represented as b = b() + b® 4

b® + b™® and each b e leoc (£2) satisfies the following conditions:

1. b belong to some Lorentz space L™9(§2) with n < g < co. (See Section 2 for
the definition of Lorentz spaces and basic properties.)

2. b®@ is small relative to the lower bound v of (A) in the following sense: there
exists a constant By = B>(£2) < v such that

/ b 292 dx < (B)> / Vo> dx, Ve CX(R). )
Q .Q

3. b® satisfies the form boundedness condition and divb® < 0 in the distribution
sense: there exists a constant 33 = B3(§2) < oo such that

/ IbP ¢ dx < (B3)* / VoI dx, Ve CX(R),

Ie) 2

/b<3>.v¢dx20, Vo e CX(2), ¢ > 0. )
2

4. p¥W = (bi(4))l<i<n can be written in the form bl.(4) = Z?:l d;Vij in the dis-
tribution sense,_wﬁere V = (Vj;) satisfies V;; = —V;; and V;; € BMO(£2)
(1 <i,j < n). (See Section 2 for the definition of BM O(£2).) We define
IVlismow) = 2 IVijllsmoe) -

REMARK 1. Itis easy to see divb® = 0 in the distribution sense. We do not impose

the form boundedness of |b™®|2.

Main results of this paper are as follows. We assume the conditions (A) and (B) on A(x)
and b(x) respectively in the following statements in 2.
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THEOREM 1 (subsolution estimate). Let Bar(xo) C §2. Suppose u is a weak subsolu-
tion of (DE) in Br(xo). Let 0 < p < R. Then for any p > 0 there is a constant C depending
onlyonn, L, q,and p such that

1 1
S 1 P
ess sup u+§C(n,L,q,p)!K"+qu"}p (7 u? dx) ,
B, (x0) ! 2 R=0)" Jpprg)

14+B3+1VIpmo)

6D 1n.q (o)
v—D05; :

where K1 = and K =1+ B,

THEOREM 2 (weak Harnack inequality). Let Bag(xo) C $2. Suppose u is a non-
negative weak supersolution of (DE) in Bar(xo). Then there are positive numbers pg > 0
and C depending only onn, v, L, ||b1 ||Lna(2), 4, B2, B3 and ||V || pmo(s2) such that

1 70 .
—n/ uPo dx < C essinf u.
R" JBr(xo) B (x0)

More precisely, po and C can be expressed as py = C(%fq) and C =

{Cn, L, ) KT K" yCOvLOKs where Ky = 14 bWV || 1na(2) + Bs + IV I smo@)-

REMARK 2. Note that L"(§2) = L™"(82). Even for the case b = b"") € L"(£2), The-
orem 1 is new and gives a refined subsolution estimate which contains a precise dependence
on the quantity ||b|lz»(e). Although Stampacchia already proved a subsolution estimate for
the case b € L"(£2) in [23], the precise dependence of the quantity ||bl|z»(x) was not given.
Actually, as it was pointed out in [14, p.200], Stampacchia’s constant depends on the con-
stant K such that |[b||zn(Brxp)nip>k}) < C(®m)v, what C(n) is constant depending only n.
Therefore the constant K depends on Bg (xg) C §2, not on the quantity ||bl| (o).

REMARK 3. The smallness condition on B, is sharp. Let b(x) = Uyﬁ with y €

R. When —o0 < y < %, b satisfies the condition (B) and hence a weak subsolution

(supersolution) W12(By) to —vAu +b - Vu = 0in By satisfies the subsolution estimate (the
weak Harnack inequality). Actually, b satisfies the condition (B) as bB® = b, b() = b® =
b® = 0 for the case |y| < “52 by using Hardy’s inequality:

2
/ Ly 4 /|V¢|2dx, V¢ € CZ°(R")
R R7

- < -
2T 22

and b® = b, b = b@ = b® = 0 for the case y < 0, since divb = vy =2 < 0. On the

x|

other hand, when y > %, it is easy to see that

Py -2,
ulx) =
clog|x| y=n—2
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belongs to W!2(Bj) and is a weak solution to —vAu +b - Vu = 0 in B;. Since u is not a
bounded function, the smallness condition on 53 is sharp.

REMARK 4. In [5], foracertain b € L?(§2) with p < n and divb = 0 the existence
of a bounded weak solution u to —Au +b- Vu = 0, which is not continuous has been pointed
out.

REMARK 5. Ifb) e L9(2) with g > n and b® = b® = b® = 0, a sharp form
weak of the Harnack inequality is known ([8]). i.e., positive number pg in Theorem 2 can be
replaced to any 0 < p < -5. But, as b®, b® # 0, we cannot expect such a sharp form

of the weak Harnack inequality in general. Actually, forb = yﬁ with y < 0 sufficiently

small, ux = min{|x|> """, k} (k > 1)isa nonnegative weak supersolution of the equation
—Au+b-Vu =0in £2 = Byg. Then, in spite of essinf g, uy = 1, limg_ o0 [lugllLr(p,) = 00

2 . Therefore, the weak Harnack inequality with pp = p does not hold.

for p = g

In this paper, we treat the conditions p® (i = 1,2,3,4) in a unified way. The classes
b?®, b3 and b™® also have been considered in previous works ([15, 21, 6, 22]) for parabolic
equations in £2 = R". Restricting to the elliptic problem, their results yields essentially the
same subsolution estimate for weak subsolutions under the assumption b = b®, b or b*
without the precise dependence of the constant on the quantities By, B3 and ||V |[amo(2)-
The method of the proof is slightly different in the following sense. In [15], [21] and [22],
since they were mainly concerned with weak solutions, first they established a solution for
the approximated equations with smooth vector field b and then took the limit to obtain the
estimate for weak solutions. In [22], they used the higher integrability of the gradient of
u to show the parabolic Harnack inequality for suitable weak solutions. Furthermore, in
[15], [21] for b = bP b or b@, they also proved Holder continuity of weak solutions
by using the estimates for fundamental solutions to parabolic equations. In [6], they proved
Holder continuity by using Caffarelli-Vasseur approach based on the oscillation lemma ([3]).
The strategy of this paper is to establish a refined subsolution estimate and a weak Harnack
inequality for weak subsolutions and weak supersolutions without using the approximating
procedure on the vector field b. Instead of such approximating procedure, we will take care
of substituting processes of various test functions in details. We also remark that in [18] and
[13] they showed a subsolution estimate for Lipshitz continuous weak solutions under slightly
weaker conditions than the one on b®.

Combining Theorem 1 with Theorem 2, we obtain following Harnack’s inequality im-
mediately.

COROLLARY 1 (Harnack’s inequality). Let Bagr(xg) C £2. Suppose u is a non-
negative weak solution of (DE) in Bygr(xo). Then there is a constant C depending only on
n, v, L, |[btllLna(2), q, B2, B3 and ||V | pmo(e) such that

esssup u < C essinf u.
B (x0) B g (xo)
2
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Once we get Corollary 1, we can show the following consequences by using a standard
argument (see e.g., [8, 9, 18]). We omit the detail of the proofs.

COROLLARY 2 (Holder estimate). Let Bag(xo) C §2. Suppose u is a weak solution
of (DE) in Byg(x0). Then there are positive numbers € (0, 1) and C depending only on n,
v, L, [bN | na(@), g, B2, B3 and ||V | sm o) such that

B
0SC qu(ﬁ) osc u, 0<Vp<R.
B, (x0) R/ Bgr(xp)

COROLLARY 3 (Liouville). Let condition (A) be satisfied in R". Suppose that (B) be
satisfied in any domain 2 € R" for some fixed g < oc. We define

1+ IbD| Lrae) + B3(2) + I VIsmow)

S(82) = B2

(6)

Also suppose that

liminf sup S(Bsgr(x)) < oo @)

R—o00 |x|=R

holds for some 0 < § < 1. If u is a weak solution of (DE) in R" and bounded from below (or
above), then u is a constant.

REMARK 6. We note several examples of b satisfying (7). If b € L™ (R"), B3(R") <

00, V.€ BMOR")Y"™" and B2(R") < v, then (7) satisfied forany 0 < § < 1. If [b| < 1+C|x|

for some C > 0, it is easy to see that

liminf sup ||b|lzr4(Bsgx)) < 00
— 00 ‘x‘:R

holds for any 0 < § < 1.

REMARK 7. Corollaries 1, 2 and 3 are generalization of Theorems 2.5" and Theorem
2.6/ in [18]. In [18], a generalization of their result to Lorentz spaces was suggested without
proof.

In addition, as an application of Theorem 1, we prove the following corollary.

COROLLARY 4 (Higher integrability). Suppose u is a weak solution of (DE) in 2.
Then Vu belongs to L' (§2) for some p1 > 2.

loc

The paper is organized as follows: First, by using the properties of the form ['b- Vuv dx
(Lemma 7, 8), we prove the Caccioppoli type inequality when b(!) is small enough (Lemma
1). Also, we get the subsolution estimate when bW is sufficiently small (Lemma 9) using this.
Next, using the weak maximum principle and Lemma 2, we prove the subsolution estimate
without smallness of b(!) (Theorem 1). Finally, we show that the BMO estimate of logu for
a positive supersolution # (Lemma 2), using this and the subsolution estimate, we obtain the
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weak Harnack inequality (Theorem 2). In addition, we show Corollary 4 by applying the
subsolution estimate.

We will use the following notation. Br(xg) := {x € R"; |x —xp| < R} and Bg =
Br(0). For B = Bg(xg), we define 2B := Bsr(xg). For x € R" and § C R”, we define
dist(x, S) := inf{|x — y|; y € S}. For open sets 2/, 2 C R", we denote 2’ € 2 if 2’
is compact and Q'c 2. IfACR" |A]is the Lebesgue measure of A. f+ = max{f, 0}.
fa=I1AI7Y [, fdx. ne(x) = },,n(%) is a standard mollifier.

2. Preliminaries

2.1. Function spaces and imbedding theorem. The Sobolev space W!2(£2) con-
sists of all weakly differentiable functions such that

a1y = Ml g) + 1Vull}2 ) < 00

The space Wé’z([)) is the closure of C2°(£2) in WLl2(2). We say u belongs to w2

loc

() if
lullwizon < oo for every Q' € 2. Recall the following properties of W1-2(£2). See e.g.
[11, p.18, 20] for the proof.

LEMMA 1. Suppose that {uj}‘]?il c W), u € Wi(2) and uj — uin
W12(82). Then Wj)+ — uy in Wb2(2). In addition, suppose that uj,u > k > 0
in 2 for some positive constant k, f € C'(0,00) and f' is bounded in [k, 00). Then
V(fou;)— V(fou)= f'(u)Vuin L*(£).

For0 < p < oo and 0 < g < oo, we consider the quantity

Q=

(pJ5"slx e 25 17 @)1= 510 £)" g < o0,

Il fllLra2) = i
sup,_os|{x € 2; |f(x)| > s}|? qg=00.

The Lorentz space L”9(£2) consists of all measurable functions f satisfying || fllzra(2) <
oo. Note that LP-P(§2) = LP(§2) and LP9(2) C LP"(2) C LP*°(2) forany g < r < o0
([10, p.49]). We will use the following lemma to show Theorem 1.

LEMMA 2. Let f € LP9(82) with p < g < o0o. For any ¢ > 0 we define M =
[e74 ||f||‘£m (_Q)] + 1, where [t] is the integer part of t. If A1, ..., Ay are disjoint subsets of
82, then || fliLra(a,,) < € for somem € {1,..., M}.

PROOF. We note that [t] +1 > ¢ forany ¢+ > 0. Since p < g, using the inequality
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Yonat < am) (am >0, @ > asa = %, we have

q

M P ds
§4 (Z|{xeAm; |f(x)|>s}|> =
m=1

o]

11T racoy = P fo

M 00 o ds M
>y p/ sUEx € Ams 11> sHP == =3 1 f I T0aca,)
m=1 0 m=1
1
Ife < ||fllLraca, forallm =1, ..., M, then we have M4 < el I fllLp.a(s2)- This inequal-
ity contradicts with the definition of M. O

Next lemma is the Sobolev imbedding theorem in Lorentz spaces.

LEMMA 3. Let2 CR" (n > 2)and?2 < q < co. Then there exists a constant S(n, q)
depending only n and q such that

11l 20y < SOL DIV flli2i).  VF € Wy (82), ®)

2n

where 2* 1= .
n—2

See e.g. [1] for the proof. Recently, the best constant S(n, g) of (8) was studied in [2].
When g = 2*, (8) is the well-known Sobolev inequality. We denote Cs(n) := S(n, 2*). The
assumption on b, the duality of Lorentz spaces ([10, p.52]) and (8) yield

2
/ b2 dx < (Catn, ) ID Il nace)) / IVoPPdx, V¢ eCFR(R). ()
2 2

where Cp(n, q) := S(n, %). In the following, we will use these notations.

For a domain 2 C R" and f € Llloc(.Q), we define
1

I flamow = sup —/ 1f ) — faldx,
28ce |Bl JB

where the supremum is taken over all balls 2B C 2. BM O(S2) consists of all locally in-
tegrable functions f satisfying || fllpmo(2) < oo. From the well-known John-Nirenberg

inequality |{x € B; |f(x) — f3] > s}| < C exp(‘m_A)lBl for any 2B C £2 (See e.g.,

[11, p.365]),every f € BM O(S2) has the exponentialllig:t(zgr)ability:
V2B C 2, / exp (W) dx < C(n)|B|. (10)
B I fllBMmocs2)
Especially,
| 1
V2B C £2, (ﬁ-/B |f(x) — fBI”dX)p =C, plfilsmow). (11)

forany 1 < p < co. These inequalities are also called as the John-Nirenberg inequality.
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2.2. Some technical facts. We will use the following two technical lemmas in the
proof of Theorem 1 and 2. We present these well-known statements for reader’s convenience
to make it clear the dependence of quantities of b in our estimates.

LEMMA 4 ([9, p.220] [14, p.66]). Let « > 0 and let {x;} be a sequence of positive
numbers, such that

Xmal < Cbmx,}f“, (12)

-1 =1
with C > 0andb > 1. If xo < C % ba?, then limy_ 00 Xm = 0.

LEMMA 5 ([9, p.191][12, p.76]). Let Z(t) be a bounded non-negative function in the
interval [p, R]. Assume that for p <t < s < R we have

200 <026) +

with A > 0,0 > 0and 0 < 0 < 1. Then there exists a constant C(c, 0) such that

20 < Cla, 0)A
P R=p

3. Proof of Main theorems

3.1. Basic estimates for f b-Vuvdx. Since we do not assume the form boundedness
of |b(4)|2 as in b(z), b(3), we must take care of the expressions f_Q b® . Vuvdx foru €

W2(Bg)andv e Wg ’2(B r). The following inequality can be found in Maz'ya and Verbitsky
([16]), but we give the proof for completeness.

LEMMA 6. Ifb= bW in the condition (B) with §2 = R". Then there exists a constant
C = C(n) such that

/ b@ . Vuvdx

= ClIVIsmo®y IVull 2@ IVl 2@y, Yu,v € CEORY) - (13)

holds.

PROOF. Since divb® = 0 and Vij = —Vji, we have

1
/ b® . Vuvdx = —/ b@ . uVvdx = 5/ b® . (Vuv — uVv) dx

1 n
:—5 Z / V,»jaj (0juv — uo;v) dx
Rn

ij=1

n
:—%/ Z(aiuajv—ajuaiv) dx.

i,j=1 .
i#] =Wij
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Fori # j, wetake f( j) := (0,...,—dju,..., du,...,0)T. Then W;; = f ;) - Vv. Since
diqu(,',j) = 0and ||f(,',j)||Lz < |IVu|| 2, from the div-curl lemma ([4]),

IWijllgr < Cllfapli2IVelle = ClIiVull 2 Vol 2.
Here, ! is the Hardy space. Therefore, by the %! — BM O duality we have

112
:5 Z,/RnVijVVijdx

i,j=1

/ b® . Vuvdx

=ClIViismo Wl = ClIVIBmollVull 2Vl 12,
where [Wllyn =32, ; [IWijllag- O
Next lemma is an easy consequence of (13).

LEMMA 7. Let Bgr € 2. Assume the condition (B) on b. Then there is a constant C
depending only on n, R, ||bt||zna(2), q, B2, B3 and |V || pmo () such that

/ b -Vuvdx
Br

forany u € WH2(Bg) and any v € WOI’Z(BR) N C.(BR).

< ClIVullp2igp) IVVll L2 (BR)>

PROOF. By the form boundedness condition (9), (4) and (5) and the Cauchy-Schwarz
inequality, there is a constant C = C(n, ||b||zn4(2), ¢, B2, B3) such that

< C”Vu||L2(BR)||VU||L2(BR)

/ (b(l) +b@ + b(3)) -Vuvdx
Bg

holds for u € W'2(Bg) and v € Wé ’Z(BR). It remains to show the inequality for
b™®. We note that there is a skew-symmetric matrix valued function V = (‘7,~ N<i,j<n €
BM O (R™)" " such that V = Vin Bpr and ||‘7||BM0(]R") < ClViipmo(s)- We define
b= (El-) = (Zj 0j ‘71']') (see e.g. [16]). First, we also assume that u € Wé’z(BZR). Choose a

sequence {ugle=0 C C2°(Bar) such that ug — u in W1’2(BZR) and take v, := 1, * v. Then
by (13) we have

/ b® . Vuv dx / b- Vugve dx
Br Bg

/ p@ . V(u — ug)ve dx / p@ . Vu( — ve) dx
BRr Bgr

=

+ +
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< ClIVIismo®) IVuell 2@ny Ve ll L2 ny
4

F DD L2y IV (= ) 2 Vel Lo (Br)
4

DD 2 I Vil 25 10 — Vell Lo (8-

The right-hand side convergesto C|| 1% I Bmo@) IVl 2@ny VO]l L2y The desired inequal-

ity is obtained. Next, we treat a general u € WL2(Bg). Let @ € Wé’z(BZR) be an extension
of u — up,. By Poincaré’s inequality, we have

||L7||Wl,2(32R) < Cn, B)llu—upgpllwizpe < Cn, R)/”V(”—MBR)”LZ(BR) = C/||V”||L2(BR)-
Using the previous inequality, we get the desired inequality. O

LEMMA 8. Let By C 2. Assume the condition (B) on b. Suppose v € C°°(Bg)
and ¢ € CZ°(BR) are non-negative. Then, for any ¢; > 0 (i = 2, 3, 4) following inequalities

hold.
)
)

b<1>.w\¢;2dx 5261/ |wf|242dx+%f YAV P dx, (14)
BRr Br

bC - vy et dx <+ 82)32/ V2 dx
Bg

_UTe)s vetdx, 15
N1’ — 1) BRW IVEI™dx s)

2
—/ b<3>-vw42dx583f |vw|2z2dx+(ez+5> VAV Pdx,  (16)
Bg

Br Br 2¢e3

/ b@ . vy dx
Bpg

1
584/ |vw|2;2dx+—/ |V — Ve P¥2IVePdx,  (17)
Br &4 JBg

where Bi = Cg(n, q) bV || 1ra(g).
PROOF. First, we recall Young’s inequality:

) [
ab < —a“+ —b“, Va,b>0, Ve>0. (18)
2 2¢e

Using (18), we have for any ¢ > 0

1
[ p0vuluetax <5 [ wupcaxs g [ mOPwerax
Br 2 Br 2¢e Br

On the other hand, for any &1 > 0, using (a + b)> < %az + ﬁbz (a,b>0,0<s < 1)with

s = (14 &1)"2, we have

/W(W)des(wsl)z/ |vw|2;2dx+C(el)f Y2Ve P dx,
Br Bg Br
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2
where C(g1) = % We combine the two inequalities as ¢ = (1+4¢1)Bj. Takinge; = 1

and using (9), we obtain (14). In the same manner, we get (15). Next, since divb® < 0in the
distribution sense, (18) yields

—/ bS . Vyye dx——l/ b(3>.v(1/f2;2) dx+/ b® . y2Vee dx
Br 2 Jppg B

R

e 1
< —/ |b(3>|2<w>2dx+—f VAV dx,
2 Br 2¢e Br

forany & > 0. Let &3 be a positive constant. Taking ¢ = e385 2, we get (16). In order to prove
(17), we use the notation V=v- Vpr with Vg, = |Br|~! '[BR V dx. By the assumption on

b®, we have

1}’[
— | b® . Vyytdr=—= / b0 ()2 d
/BR Yye®dx 2§: ML Ualats

——Z/ Vijd; @ (e dx = 5 Z/ Vijd; (0 (p)¢?) dx

i,j=1 lj 1
- Z/ V0 (w9, D dx + Z/ V0,0 (e dx.
1] 1

Here, we have used fBR 0; @; (¥ 3 dx = 0 from the divergence theorem. Since ‘71']' =
—Vi;, the second term of the right-hand side equals to zero. Therefore
—/ b . Vyyldx =2 [ (V= V)V - ¥VEdx.
Bg Bg
Using (18) again, we arrive at the desired inequality. O
3.2. Proof of Theorem 1

PROPOSITION 1 (Caccioppoli type inequality). Let Bop C §2. Assume the condition
(B) on b. We also assume that
- B
b e - 19
b llpna2) = 8Ch (n D (19)
Suppose u is a weak subsolution of (DE) in Bg. Then for any non-negative { € CZ°(BR), we
have

2.2 L2 B% 2 2
Vu dx <C + / u’|Vel|©dx
/BR' +% ((v—82>2 (v—82)2> g, Ve

C / 2.2 2
+——— | |V = Vgel“ul|Ve|“dx.
v —B? Jp, A
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PROOF. Choose a sequence {i;};~0 C C>(Bg) such thatu; — uin W"2(Bg) ast —
0. Also, for each t > 0, we choose a sequence {Y; s}s=0 C C°°(Bg) such that ¥, ; — (us)+
in Wl’z(BR) ass — Oand ¥; > 0in Bg. By Lemma 1, lim;—o(lims—0 ¥ss) = u4 in
W12(Bg). Taking ¢ = ¥, ;¢ 2 in (3), we have

(AVu) - Vi 2 dx < —2/ (AVu) - Y sV dx —/ b - Vuy; &% dx
Bg

Br Br

=2 (AVu) -y, Vecdx — | D +bP + b bWy vy, v 2 dx
Br Br

- / bV — Y)Yl da.
Bgr
Using Lemma 8, for any ¢; > 0 (i = 2, 3, 4) we have

(AVu) - Vi ;¢ dx < —2/ (AVu) - ¥ sV dx
Br Bg

+ QB+ (I +e)Ba4es+en) | |V sPcdx
Br

B | (+e)B B3 2 vl
_—t — |Vel|©d
+<3 T -1 TP 2 /BR‘””*' o

1
+— | IV = VP IVE P dx — / bV — )¢ dx. (20)
&4 JBp BRr

Next, we prove
lim <lim/ b-Vu— w,,s)xpt,sﬁdx) =0. (21)
=0 \s—0 /g,

We note that (u;),.¢2 € WS’Z(BR) N C.(Bg) for any ¢t > 0. By Lemma 7, we get

Sli_% . bV — Y)Y dx =/B bV — (ur)4) ()45 dx.
Since V(u — (us)4+) = V(u — uy) in {(u;)+ > 0}, we have
/B bV — (u)4) )¢ dx = /B bV —u)(up)+¢? dx.

Using Lemma 7 again, we obtain (21). Take s — 0 and + — 0 in (20). Holder’ inequality,
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the John-Nirenberg inequality (11) and (21) yield

(AVu) - Vurt?dx <=2 | (AVu) -u Vee dx
Bpr Bg

+ (2B, + (1 +62)Bs + 63 + £4) / Vi P2 dix
Br

B (14 £2)B, B3 / 2o
L S S e =3 velrd
+<3 +2{(1+£2)2_1}+83+253 BRM+| ¢17dx

1
+— | IV = Vg Pud| Ve dx.
&4 JBr
Since Vu = Vuy in {u4 > 0}, using Young’s inequality (18) and the uniform ellipticity, we
get

vf \Vui|2¢2dx < (e0+2B1 + (1 +e)Ba + &3 4+¢e2) | |Vuy|?c%dx
Bg

Bg
L? B (1+2)B; B3 2 2
+<80+ T TR Ry /I3RM+| ¢17dx
1
+— | IV = VB Pu|Ve|Pdx
&4 JBg

for any g9 > 0. Taking

_1 v 1 o _1( B)
82—2 5 , 80—83—84—161) 5).

and using v < L, we arrive at the desired inequality. The proof is complete. O

LEMMA 9. Let Byr(x0) C §2. Assume the condition (B) on b. Furthermore we as-

sume (19). Suppose u is a weak subsolution of (DE) in Bg(xo). Let 1 < k < x := ;"5. Then

there is a constant C depends only on n, L and k such that

2k x 1
€ss sup ui" <C@m,L, k)K" — ui" dx,
R™ J B (xo)

B
%(X())
where K is the quantity appeared in Theorem 1.

PROOF. We use De Giorgi’s method (see e.g., [9, 12]). Without loss of generality, we
assume that xo = 0. Moreover, we may suppose that the right-hand side is positive. From
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Proposition 1 and Sobolev’s inequality (8), for any 0 < r < R, we have

(/ (ug0)* d)C)Y < CS(”)Z/ IV (ui8)* dx
B, By

< Cs(n)? <(C1 + 1)/ ul|VePdx + Cz/ v — VB,|2ui|vz|2dx> :
B, B,
for any non-negative { € C°(Bg). Set R, = {% + zm—lﬂ}R form = 0,1,2,.... Then,
Br =Bry D Br, DD Bgr, DBg,.; D+ D Bg. Choosing ¢, € CSO(BR) such that

m

Cm|BRm+1 =1, supplm C Br,, [Vinl = R

we substitute { = ¢, as r = R,. From the John-Nirenberg inequality (11) and Holder’s
inequality, we get

1
X K
2 _1
| wrax) s cavelieise ([ )
BRm-H BRm

Here, C, = C(n, L,k)K 12 Therefore, using Holder’s inequality, we have

K

1 1 ©(1Br,,, O lu > 0]\'"%
— [ waxs< —/ u dx .<' e O ]') ’
|BRI| JBg,,, |Br| JB | Brl

R
1k
=< (C*22m)'(L uﬁ_" dx - ('BRm+l Nu > 0]|> X ’
|Br| /g, | BR|

where [ > 0] = {x € £2; u(x) > 0}. Let k > 0 be a positive constant to be chosen later.
Put k,, :== (1 — zim)k. We note that kp = 0 and k,, — k as m — oo. Replacing u with

u — k1 and multiplying k=2 to both sides, we have

% ( — k41)3€ dx
(Bl Ja,
1Br,, N> kmet1\' 77
S (C 22m)/( (u _ k 1)2/{ dx . ( m+-1 .
* k*<|BR| Jgy, e | Br|

From Chebyshev’s inequality:

|BRy1 O[> k1l Gk — ki) € /
B

< ( — k) dx,
|Br| | Bg| "

Rin+1
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we have
1
e ( — kpy1)2 dx
2 +
k=|BR| Jg, .,
2 (14(1-£)) 1 2 1+
< Ccr Ty ’”(— (u—k)"dx> .
* k2¢|Bg| Jpy, "
Put

C=cc, b=2%0+1"50 4 _a-5),
X

1
X = kK ——

(u — k)X dx.
|BR| Bg,, s

Then the above inequality is rewritten as (12). Furthermore, let

[ |

k* = Cabe u dx.
|Br| JBg
Since
—2K 1 2K =1, =1
xo =k " —— uldx=Caba?,
|Br| JBpg

Xm — 0asm — oo by Lemma 4. On the other hand, if |{x € B§; u(x) > k+e¢}| > 0 for

some € > 0, then

1 1
xm >k — (u — k)i’( dx > k™ ——&>|{x € Br; u(x) >k+¢}|| >0
IBR| JB | BRI 2
2
forallm =0, 1, .. .. This contradicts to x,, — 0 as m — o0o. Therefore, we obtain

esssup u4 < k.
Bpr
2

. 1, L k(L) Ky (X2 2ex .
Since Cebe? = C, *™* 2IHI=N =) <C(n,L,k)K™", we arrived at

2k x 1
ess sup ui’( <Cm, L, )K" — u%r" dx.
Bx |BrI J By
2

The proof is complete. O

PROOF OF THEOREM 1. Without loss of generality, we assume that xo = 0. We use
Safonov’s idea [20].
Step 1. We will split Br \ By r into several disjoint spherical shells A, with the same

thickness. We choose M = [(%)_qubluiw(m] + 1. For1 < m < M, we defined



90 TAKANOBU HARA

as Ry, := oR + (2m — )1 7 R. We also take A,, := {x € £2; dist(x,dBg,) < ;}’R}.
Then, by Lemma 2, there exists some m, € {1,..., M} such that ||by||zna(a,,,) < %.

n’4n
n24n—2"

Let By := Bg,,. We apply Lemma 9 with x = We note that 1| < « < x and

2/()(
X—

=n + 1. Then, for any y € 9 B, we have

1
2K n+1 2K
esssup uy < C(n,L)K / u dx
* ! ( 7R JB, ) *

Biog z(») =
1
+1 2
< C(n, L)K{™ em)" Aok /BR uldx. (22)

In particular, u is bounded from above on A, := {x € £2; dist(x, 9Byx) < 14__MUR }.
Step 2. Let us show the inequality

esssup uy > k 1= esssup u. (23)
A By

We use the method for proving the weak maximum principle (see e.g., [8, p.179]). Suppose
esssup 4 U4 < k. We choose ess sup AU+ Sk < k and define

ts =

s *(ny x (u—k))+ if x € By,
0 otherwise.

At this, Y 5 € Cfo (£2) for sufficiently small s and ¢. Taking ¢ = ¥, s in (3) we have

(AVu)Viy, sdx < —/ b - Vuy; s dx

Br Br

1
=~ 0O 4B Yy yesde = o [ O +bD) VY7 dx
Bpr Bg

—/B b V(u =i )¢5 dx.

Since div(b® + b®) < 0 in the distribution sense, the second term of the right-hand side is
less than or equal to 0. In the same manner as the proof of Proposition 1, we obtain

lim <lim/ bV — ) dx) =0.

t—=0\s—0/p

Therefore, taking the limits s — 0 and ¢+ — 0, we have

(AV(u —k)4) - Vu —k)y dx = / (AVu) - V(u — k)4 dx
By By

(b(l) + b(2)) . V(u — k)+(u — k)+ dx.
B
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We split the domain of integration into two parts {{b"’| > C,} and {{bV| < C,} for some
C > 0to be chosen later. Condition (9) and (4), Holder’s inequality and Sobolev’s inequality

yield
3
v <f IV (u — k)+|2dx)
By

= (CB(”a CI)”b(l)||L"vq({|b(l)\>c*}) + 32) </B

IV —k>+|2dx)2

*

1
+ CCs(n) (/ [V(u— 1<)+I2dx>2 Tl
B

where Iy := {V(u —k)+ # 0} = {x € Byx; V(u — k)+(x) # 0}. By the definition of the
Lorentz norm, we have lim¢, — oo |1 |24 ({jb;|>c,}) = 0. Thus, by choosing Cy large enough
we get

|T%] = C(n,v,b1,q,B2)™" > 0.

Here, the constant C does not depend on the selection of k < k. Since it’s well-known Vu = 0
a.e. on {u = k}, we may assume that {u < k oru = k} C {V(u — k) = 0} forany k < k.
Therefore

|Bs<| = ‘(U{u Sk})U{uzé} < U{V(u—k)+=0}‘
k<k k<k
=B\ ) 1%l < |Bil = C™" < |B.].

k<k

This is impossible. (23) was obtained.
Step 3. Let us combine (22) and (23). Since Byr C By, we have

C
ess sup ui’( < esssup u%r" < esssup u < = ui’( dx,
Bg

Bor B, A, T (1 -o)R"
where C = C(n, L, ¢)K f‘“Kg". If p > 2«, Holder’s inequality yields desired estimate. Let
0 < p < 2k, from the well-known argument (see, [9, p.223]), forany c R <t < s < R we
have

1 C
p p p
esssup u', < — esssup u’, + C(p) / ul dx.
5 puy 2 % puy p 51 /g, +

Using Lemma 5, we arrive at the desired estimate. O

3.3. Proof of Theorem 2

PROPOSITION 2. Let Bygr C §2. Assume the condition (B) on b. Suppose u is a weak
supersolution of (DE) in Bog and there exists a positive constant k > 0 such that u > k on
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Bar. Then there are positive number po > 0 and constant C depending only on n, v, L,
Ib1llLna 2y, g, B2, B3, IV Ismo(e) such that

1 1
< / u?o dx) < u—Po dx) < C(n).
|Br| JBg |Br| JBg

More precisely, po = C(n, v, L, q)K3_1, where K3 is the quantity appeared in Theorem 2.
PROOF. We take any ball By, (y) C Bag. We choose ¢ € C2°(Bap) as the following:

2
¢l ) =1, supp¢ C Bar(y), [VE| =< ~

Let# € WH2(IR™) be a extension of u and take u, := 1, * max{il, k}. We note that {us}s~0 C
C>®(Bag), ue > kin Bag and u; — u in W'2(Byg). Taking ¢ = u; '¢? in (3), we have

—/ (AVu) - V(u;")¢* dx
Bor

<2 (AVu)-u;1Vg;dx+/ b Vuu;'¢?dx

Brr Brr

=2 [ (AVu)-u;'Viecdx

Brr

+ / (b“) +b® +b@ + b(4)) Vueuy ¢ dx
Brr

+/ b V(u —ue)u; ¢ dx. (24)
Bor

Fori = 1, 2, 3, using the Cauchy-Schwarz inequality, we have

1 1

. 2 . 2

f b Vueu; 1 ¢? dx 5<f |V(logu5)|2§2dx> (f |b(’>|2;2dx) )
Bog Bog Bag

Furthermore, in a similar manner as in the proof of Lemma 8, we have

/ b(4)-VusM;1§2dx:/ b - V(logue)¢® dx
Brr

Brr

n

n
=3 [ wPadtosuactar =~ Y [ 0,6 d0guc dx
. Bog Brr

i=1 ij=1

=2 (V—Vg,)V(ogu,) - Vit dx.

Brr
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It follows that

/ b® . Vueu;c?dx
Bar

1

1
2 2
52(/ |V(Iogu5>|2zzdx> (f |V—v32,.<y>|2|vc|2dx).
Byr Byg

After combining these inequalities, we take the limit ¢ — 0. Since u;l < k7L, the last
term of (24) converges to 0 from Holder’s inequality. Therefore Lemma 1 and the uniform
ellipticity yield

1
v </ |V(10gu)|2§2dx>2
B2r(y)

< C (L +Cp0nIDVllinace) + Br + Bs + ConlVlismocey ) ri .

Let v := logu. Using Poincaré’s inequality, Holder’s inequality and B, < v < L, we get
1 C(n,q)
— [v—vB,(»ldx < T(

- L+ 160 raca) + Bs + 1V o) ) -
B (y)

Therefore, we obtain ||[v||ppmo(B,) < C(n, v, L, g)K3. From the John-Nirenberg inequality
(10), we have

/ exp (polv — vagl) dx < C2(n)R",
Bpg

where po = C(n, v, L, QK5 1 Therefore, it follows that

/ u”odx'/ u_f’odx=/ exp(pov)dx-/ exp(—pov) dx
Br BRr Br Br

=/ exp(po(v — vg,)) dx / exp(—po(v — vpy)) dx < C?R>".
BRr Bgr

The proof is complete. O
PROOF OF THEOREM 2. Without loss of generality, we assume xo = 0. Let k£ > 0 and

take it = u + k. Choose a sequence {ii¢}s~0 C C*(Bag) such that ii, — it in WH2(Bag) as
e — 0and i, > k in Bog. We may assume that ii, — i a.e. in Bog. For any £ € C2°(Bag)

with € > 0, we take ¢ = i1, V'€ (p > D in (3). Then
—/ ((AVi) - VE+b-Viag)i, P dx < (AVi) - V(i P)E dx.
Bor Bog

Let ¢ — 0. Since itz © < k=7, we can apply Lebesgue’s dominated convergence theorem
on the left-hand side. On the other hand, by Lemma 1, Vi,? - Vi P = —pﬁ_P_IVﬁ in
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L2(82 r)- Therefore, the uniform ellipticity implies

! (AV@ Pty . ve+b-va P hHedx

p—1 Bor
= —/ ((AVi) - VE+b-Viug)i P dx
Bor

(AVi) - Vaa P legdx < —pv/ |\Va|l’a P e dx < 0.

Bog Bog
Hence i~ 7*! is a weak subsolution of (DE) in Byg. Take p — 1 = %, where pg appeared
appeared in proof of Lemma 9. Applying Theorem 1 with

=-p

2
. et _ _n“+n
in Proposition 2 and k = — )

1 1 o
esssup i < C[° (—/ a—po dx) "
R" Jpp

Bpr
2

p = k, we have

where C, = C(n, L, q{)KI’H'1 Kg". This and Proposition 2 yield

—1

1 1 P0

essinf it > —— (—n/ ) dx) 70
L\ R Jp,

BR
I Po
2 *
1

! <i/ i dy amdx)”_(’ <if wdx>”_°
Bg R" Jpg R" Jpg

Rn

%
*
1

S (RL / o dx) "
(C«C(n)) ™ Br
Letting k — 0, we can complete the proof of the theorem. O
3.4. Proof of Corollary 4
LEMMA 10. Let Bog(xg) C §2. Assume the condition (B) on b. Suppose u is a weak
subsolution of (DE) in Br(xg). Then there are constants C1 and Co depending only on n, v,
L, bWV na (£2), B2, B3, |V | Bmo(s) such that

C
/ |Vu+|2dx < —; u%r dx
B () R BrOo)\B g (%)

C
—if IV — Vi, [2u? dx.
R BrOo)\B g ()

PROOF. Without loss of generality, we assume xo = 0. We note that

1
[ ow0vpietax < [ ivurctare s [ pORyax
Br 2 JBg 2e1 Jp,
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for any ¢ € C*°(Bg), { € C°(Bg) and &1 > 0 from Young’s inequality (18). Therefore, in
a similar manner as in the proof of Proposition 1, we obtain

2.2 L2 82 2 2
/BR'W”; dxfc((v—Bzﬂ (v—82>2>/ ui Vel dx

C / 2.2 .2
4 b2y % dx.
(v — Bo)? Br *

c
\V — Vg, Pu2 Ve P dx + —————
/BR A (v _82)2

The last term can be estimated by
2
/ bRt e? dx < (Coln, ) IbD ey IVE Il Bl esssup ud.
Br supp¢

On the other hand, in a similar manner as in the Step 2 of the proof of Theorem 1,
€ss sup B% Uy < eSSSUP g\ po Ut holds. Using Theorem 1, we get
] BB

esssupu%r< ess sup u+_—/ u+dx
B3r B7R\BSR R" BR\BR
kX T %
Thus, taking
C
;lBR = 7 Suppchl |V§|§_5
4 R
and combining these inequalities, we arrive at the desired inequality. O

Recall the following lemma.

LEMMA 11 ([7,p.114, Theorem 6.33]). Let g € L10C
function. Suppose that for some constant b > 1 and Ry > 0

1
1 q b
() s
|BR| JBg(x) |B2r| J By (x0)

holds for all xg € 2,0 < R < min{Ry, M} Then g € LY
there is a constant ¢ = c¢(n, q, p, b) such that

1 1
1 P 1 q
(—/ gpdx>1 56( qux>q.
IBR| JBR(xo) [B2R| J Bayg (x0)

PROOF OF COROLLARY 4. Let Bog(xp) C £2 and B,-(y) C Br(xp). We use Lemma

(82), g > 1, be a nonnegative

(82) for some p > q and

loc
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10to u — up,(yy and up,(yy — u in B, (y). Then we have

2 C 2
[Vul“dx < — | — up, (x|~ dx
By () 7= JB(y)

C

+ = |V — Vi, Pl — up, (x| dx.
r B (y)
Let p := % < 2. Note that p* = n"_pp = n%"_zn > 2. By Holder’s inequality and the
John-Nirenberg inequality (11) with p = pzfj 3>

1
[B-(M)| JB,(»

2 2
[V — VB, lu — up, (x|~ dx

2
3

< C(n, p)“VHQBMO(Q) < lu — ”B,.(x0)|p dx)

|Br(M)| JB,(»

Thus, we have

1
1 2 C l % p¥
< |Vu|2dx) < — < lu —up, (xp)|? dx)] .
|B: (y)I By () r \IB-MI JB,(»

Using Sobolev-Poincaré’s inequality:

( ! | |f”‘d>”%<c<><
_ u—1up, X <C(n)r
1B 5.5 (o)

we obtain

|Br (y)| B, (y)

1 ) 1 g
|Vuldx) <C [VulPdx ) .
|B5 (y)] Br () B J B,y

Applying Lemma 11 with g7 = |Vu|?, we have

1
1 o 1 )\
—_ |[Vu|P' dx <C|—— |Vul“dx |
|B§ (x0)| JB g (xo) |Br(x0)| JBg(xo)
2

for some p; > 2. The proof is complete.

1
P
|Vu|”dx> ,

d
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