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Abstract. In this paper, we give a characterization of the Lefschetz elements in a coinvariant algebra of an
arbitrary complex reflection group which contains a binary polyhedral group as a subgroup of index 2. In addition,
we examine the relation between the set of the non-strong Lefschetz elements and polyhedra.

1. Introduction

The notion of the Lefschetz properties comes from the hard Lefschetz theorem in com-
plex geometry. The hard Lefschetz theorem holds for the flag varieties in particular. The co-
homology ring of the flag variety is isomorphic to the coinvariant algebra of the corresponding
Weyl group W, which is the regular representation of W.

In general the coinvariant algebras of finite groups are not always isomorphic to the
cohomology rings of any manifolds. Indeed the coinvariant algebras of non-crystallographic
finite Coxeter groups are not isomorphic to the cohomology rings of any varieties, but have
the Lefschetz properties ([6], [9], [10], [13]). See [2], [3], [7], [13], [14], for the study of
Lefschetz properties for wider classes of graded Artinian algebras.

In this paper, we give characterizations of the strong Lefschetz elements for an arbitrary
complex reflection group G which contains a finite subgroup of SL(2, C) as a subgroup of
index 2. Furthermore we also characterize the weak Lefschetz elements for the complex
reflection groups, a dihedral group and G (2n, n, 2), which contain a cyclic group and a binary
dihedral group respectively. The set of the strong Lefschetz elements is the complement of
the union of the zero locus of G-semi-invariant homogeneous polynomials g;. The set of
polynomials g; contains G-invariants whose zeros correspond to the vertices, the centers of
the edges and of the faces of the corresponding regular polyhedrons.

Let p : S — C U {00} = P! be the stereographic projection. If we put 7(g;) =
{(a : b) € P'|gi(a,b) = 0}, then the inverse image p~1(t(g)) in S? consists of the points
corresponding to the vertices, the centers of the edges, the centers of the faces of the regular
polyhedrons, and generic points of S2.

Received April 23, 2012; revised October 2, 2012



310 SACHIKO YOSHIDA

This paper is organized as follows. In section 2, we collect some basic facts on binary
polyhedral groups and complex reflection groups containing binary polyhedral groups. In sec-
tion 3, we introduce the definition of the coinvariant algebras and the Lefschetz properties. In
the remaining sections, we determine the strong Lefschetz elements for an arbitrary complex
reflection group containing a finite subgroup of SL(2, C).
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2. Binary polyhedral groups and complex reflection groups

2.1. Binary polyhedral groups. In this section, we explain the basic results on bi-
nary polyhedral groups, which show that every finite subgroup of SL(2, C) is isomorphic to
a cyclic group or a binary polyhedral group.

It is known that the regular polyhedra are classified into 5 types : regular tetrahedron,
cube, regular octahedron, regular dodecahedron, regular icosahedron. When the barycenter
of a regular polyhedron is put on the origin of three-dimensional Euclidean space R3, the
vertices of a regular polyhedron are on the sphere S2.

For a regular polyhedron A, let I'4 be the subgroup of rotation group SO (3) consisting
of the rotations that transform A into itself.

I'a={g€S003)|g(4) =4}

Besides the groups of the regular polyhedra, there are two more infinite series of finite
subgroups of SO (3) : cyclic groups and dihedral groups.

Any convex solid has a dual namely the convex hull of the barycenters of its faces. By
this convex duality, the octahedron and cube, resp. the icosahedron and dodecahedron, give
rise to the same group.

Now 2 is considered as the Riemannian sphere, i.e. as the complex number plane C of
the complex variable z compactified by one point co. We identify the sphere §% with C U {00}
by the stereographic projection.

After identifying C U {oo} with the complex projective line P'(C), any rotation g €

SO (3) acting on S? corresponds to a fractional linear transformation z +> ‘L’ZZIS of CU

{oo}. By this correspondence, SO(3) is considered as the subgroup of complex projective
transformation group

PGL(2,C)=PSLQ2,C)=SL2,C)/{£l)

which is the automorphism group of P!(C).
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The inverse image of SO (3) under the projection
m:SL2,C) — PSL(2,C)
is the special unitary group :
SUQ) =7"1(50(3)).

DEFINITION 1. A subgroup of SL(2,C) which is conjugate to the inverse image
7~ 1(I") of the finite subgroup I" of SO(3) is called a binary subgroup corresponding to
I". We denote this by G.

When " is a polyhedral group, G is called a binary polyhedral group.

Since the kernel of 7 is {I, —1} (I is the unit matrix), we have
lGl=21T1].

THEOREM 1 (Seee.g. [12]). There are the following conjugacy classes of finite sub-
groups of SL(2, C).
1. cyclic groups (order n, n € N)
binary dihedral groups (order 4n, n € N)
binary tetrahedral groups (order 24)
binary octahedral groups (order 48)
binary icosahedral groups (order 120)

Nk w

In this paper, the polyhedral group is the general term for dihedral groups and the groups of
the regular polyhedra.

EXAMPLE 1. (1) cyclic group C, (order n)

o 0 2mi
C, = O<h<n)i, O=en, (m=>2)
0 6"

(2) binary dihedral group 5n (order 4n)

511=<<9 O>a<0 1>>a 926%7 (HZS)
0 671/ \-1 0

2.2. Complex reflection groups including binary polyhedral groups. A reflection
on complex vector space is a congruent transformation of finite period that leaves invariant
every point of a hyperplane, and it is characterized by the property that all but one of the
characteristic roots of the matrix of transformation are equal to unity.

Let G a finite subgroup of SL(2, C). There exists a complex reflection group G of
GL(2, C) containing G with [G Gl =2(11).

We list all such pairs G and G.

We use the notation in [11].
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G order G order
cyclic group n dihedral group  2n
binary dihedral group 4n G(2n,n,?2) 8n
binary tetrahedral group 24 G2 48
binary octahedral group 48 G13 96
binary icosahedral group 120 G2 240

EXAMPLE 2. (1) dihedral group D,

CnCDn:<(9 O>,(0 1>>, 9=e%, (n >3)
0 671 1 0

2) GQ2n,n,2)

ﬁncG<2n,n,2>=<(° 1),<_1 O),<9 O)> 6—e¥, O<k<2n—1)
1 0 0 1 0 67!

3. Coinvariant algebra

In this section we define the coinvariant algebra for a finite group and introduce the
notion of the strong Lefschetz property and the weak Lefschetz property for graded Artinian
algebras over the field C.

3.1. Invariant algebra. Let V denote a complex vector space of dimension n and V*
its dual vector space. If Sym(V*) denotes the symmetric algebra over V* = Homc(V, C),
the polynomial algebra on V is

S(V) = Sym(V*) = P $;(V),
j=0

where §; (V) is the space of homogeneous polynomials of degree j.

If we choose a basis {e], ez, ...,e,} for V and let {x1, x2,...,x,} denote the dual
basis of V*, i.e. x;(e;) = §&;j, then S(V) can be identified with the polynomial algebra
Clxi, x2, ..., xn]:

S(V) =Clx1,x2,...,xy] = Sym(V*)

Let F be a finite group acting on a complex vector space V. We define the action of F
on S(V) by

g-6@) =0 '@)., geF, ¢eSV), zeV.
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DEFINITION 2. Forall g € F,wecall ¢ € S(V) an F-invariant if
g-¢=9.
The set of F-invariants
SV i=1{peSV) g ¢=¢)
forms a subalgebra of S(V) and is called a invariant algebra.

THEOREM 2 (Seee.g. [12], [chap. 4]). The following properties of the finite group F
are equivalent.

1. F is a finite reflection group.

2. S(V) is a free graded module over S(V)T with a finite basis.

3. S(V)F is generated by n algebraically independent homogeneous elements.

3.2. Coinvariant algebra and the Lefschetz properties

DEFINITION 3. If F actson V, let Ir denote the homogeneousideal in S(V') generated

by S(VE = @Bip SiNF.
Then we call the graded quotient algebra

o
SWV)r =SW)/Ir =@ Si(V)r
i=0
the coinvariant algebra.

For a graded vector space R = @izo R;, over C, let

Pr(t) = ) dimc(R)!'

i>0
be the Poincaré€ series of R.
By Theorem 2, we have
Psv) (1)
Psvyp(t) = ————,
Psoyy(t) =1 —0)7", 3)

n
Pgr ) = Ja—7",
i=1
where n = dim(V) and dy, da, . . ., dj, are the degrees of algebraically independent generators
of S(V)F.
We list the degrees of algebraically independent generators of the complex reflection
group G of GL(2, C) containing G ([11]).
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TABLE 1

G degree

dihedral group 2.n
G(2n,n,?2) 4.2n

Ga 6,8
G13 8,12
G 12,20

DEFINITION 4. Let A = @f;o A;, Ap # 0, be a commutative Artinian graded alge-

bra.

ey

2

We say that A has the strong Lefschetz property if there exists an element/ € A,

such that the map given by multiplying /°~2

oj . A,‘ — A D—i
is bijective fori =0, ..., [Z].
We call ] € A; with this property a strong Lefschetz element.
We say that A has the weak Lefschetz property if there exists an element [ € A
such that the map given by multiplying /

Ti . A,' — AH—I

is of full rank fori =0, ..., D — 1.
We call [ € A; with this property a weak Lefschetz element.

Let G be a finite subgroup of SL(2, C) acting on a 2-dimensional complex vector space

V.LetG bea complex reflection group containing G as a subgroup of index 2. Then for the
coinvariant algebras

d d
SWg=PsiVig, SVe =P SV,

i=0 i=0

we have (see e.g. [1])

PROPOSITION 1.

1.
2.
3.

d=d+1
Ie=IcPCSf,S;(V)z =Cf.
The algebra homomorphism ¢ : S(V)g — S(V)¢ induces the isomorphisms

Si(V)g — Si(V)g fori < d as vector spaces.

This proposition shows that the studies of the Lefschetz elements of S (V)G and S(V)g

are much the same. Therefore we investigate the Lefschetz properties for G. Since the coin-
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variant algebra S(V)g is the quotient of C[x, y], S(V)¢ has the strong Lefschetz property
([2]). In the following sections, we give characterizations of the strong Lefschetz elements
for G.

For later use, we introduce the following notations.

1. Letp:S(V) — S(V)g the homomorphism from S(V) to the coinvariant algebra
S(V)g :=8(V)/Ig givenby x = p(X),y = p(Y) (X, Y € S(V)).
2. Let

p: 8> — CU{oo} =P!
be the stereographic projection. For a homogeneous polynomial g; € C[x, y], put

t(g)) = {(a:b) € P'| gi(a, b) = 0}

and

B(g) = p~(t(g)).

4. The Lefschetz elements for dihedral group

We recall that the dihedral group of order 2n contains a cyclic group of order n as a
subgroup of index 2. In this section, we give a characterization of the strong (weak) Lefschetz
element of the coinvariant algebras of the dihedral groups.

Let G be a dihedral group :

=0 L)) ome e
0 67! 1 0

The invariant algebra of G is
S(VP =CIX" +Y", XY].
By (3) in 3.2 and Table 1, we have
(1 —Ha -1
(1-n?
=1420 42024 42044,

Psyyg (1) =

We choose a basis of S(V)g
{l,x,y,xz,yz,...,x"fl,ynfl,x"}. 4.0

THEOREM 3. (1) Theelement! = ax-+by € S1(V)¢ is the strong Lefschetz element
if and only if ]_[?:1 gi(a,b) # 0, where g, 1 < i < 3, are the polynomials in the
variables a, b given by

gg=a, ¢p=b, @g=d ->b".
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(See the end of §3 for the notation.)

(2) The elementl = ax + by € S1(V)g is the weak Lefschetz element if and only if
a#0andb # 0.

(3) We have the inverse images of t(g;) under the stereographic projection as follows
(see the end of §3 for the notation) :

B(g1) =1{(0,0, =D},
B(g2) ={(0,0, D},

2k 2k
B(g3)={(cosl,sinl,0>‘0§k§n—l}.
n

n

We take an n-sided regular polygon on XY -plane. Now if we put a vertex of the
regular polygon on (1,0, 0), the set B(g;) are given as follows:

(1) B(g1) U B(g) is the set of points corresponding to the centers of the faces
of the regular polygon.

(i) B(g3) is the set of n vertices of the regular polygon.

PROOF. (1) Since Ig = (X" +Y", XY), we have
xy=0, x"+y"=0. 4.1)

By (4.1), the matrix representation of op and o; (1 <i < [%]) with respect to the basis
(4.0) are

an—Zi 0
(a" —b"), ( 0 bn2i>

respectively. Thus we get (1).
(2) By (4.1), the matrix representation of 79, 7; (1 < i < n — 2), t,—1 with respect to

the basis (4.0) are
a a 0
) ) - b
(b) <0 b) (@ )

respectively. Thus we get (2).
(3) For a homogeneous polynomial g;, the points (a : b) € t(g;) are as follows:

1(g1) ={0: D},
1(g2) = {(1:0)},
2r4/=1

H()={O":1)|k=0,....n—1},0=¢ n .
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We identify the sphere S with C U {oo} by the stereographic projection p :

: 2a 28 —1+a2+p2 )
= —F 75 = — 75, = 5> B3
+e2+82° "T it +p2 1+ a2+ p2

where

a

E =+ vV = 1‘3 .
Therefore for g;, we get the sets B(g;) (1 <i < 3) which is written in the theorem
above.

O

5. The Lefschetz elements for G (2n, n, 2)

We recall that G(2n, n, 2) of order 8n contains a binary dihedral group of order 4n as a
subgroup of index 2. In this section we give a characterization of the strong (weak) Lefschetz
element of the coinvariant algebras of G(2n, n, 2).

LetG =G(2n,n,2):

0 1\ /(=1 0\ (6 © xi
G= ’ ’ ’ 62 w .
<(1 0) <o 1) <0 91>> @=cr)

The invariant algebra of G is
S(V)¥ = CIX" + ¥, X°Y?].
By (3) in 3.2 and Table 1, we have
(1 —Ha -
(1—1)?
=142 +32 448 4 44271 § 320 o2 2nt2

Psvyg (1) =

We choose a basis of S(V)g

{1,x,y, x2’ Xy, y2’ x3’ x2y’ xy2’ y3’ o x2n71’ x2n72y’ xy2n72’ y2n71’

2n 2n

x2 x fly,xy2n71

, x2ny, xyzn’ x2n+1y} ) (50)

THEOREM 4. (1) Theelementl = ax+by € S1(V)¢ is the strong Lefschetz element
if and only if ]_[?:1 gi 7 0, where g; are the polynomials in a, b given by
gi(a,b)=a, gpa,b)=b, ¢(a,b) =a”"—b™, gi(a,b) = 4n*a®" b*"+(@>"—b*")? .

(See the end of §3 for the notation)

(2) The elementl = ax + by € S1(V)g is the weak Lefschetz element if and only if
a#0andb # 0.
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(3) We have the inverse images of t(g;) under the stereographic projection as follows
(see the end of §3 for the notation) :
B(g1) ={(0,0, -1},
B(g2) =1{(0,0, )},

wk | wk
B(g3)={<cos—,s1n—,0)}, (k=0,...,2n—1).
n n

We take an n-sided regular polygon on XY -plane. If we put a vertex of the regular
polygon on (1,0, 0), the sets B(g;) are given as follows :

(1) B(g1) U B(g) is the set of points corresponding to the centers of the faces
of the regular polygon.

(i) B(g3) is the set of n vertices of the regular polygon and n points corre-
sponding to the centers of the edges of the regular polygon.

PROOF. (1) Since I = (X?" 4+ Y?", X2Y?), we have
x2y2 — 0, x2n + y2n =0. (5.1)

By (5.1), the matrix representation of og, 01, 02, 0; (3 <i < n+ 1) with respect to the
basis (5.0) are

2 _ pon 2na® b a® — b
((2n+2)ab(a —b )>, —a? 4 b2 2papn-1)’

a2n72 0 _b2n72
(2n —2)a* b a*? 0 ;
0 b2 (2n — 2)ab*3
a2n+272i 0 0 0
Qn+2— 2i)a2H1=2ip 222 0 0
0 0 P22 2y 42— 2i)abPrH1
0 0 0 b2n+2—2i

respectively. Thus we get (1).
(2) By (5.1), the matrix representation of 1o, 71, 72, 7; (3 <i < 2n—2), Ton—1, 2n, T2n+1
with respect to the basis (5.0) are

a 0 O a 0 0 O
a 0 a 0 0 —b

a b a O b a 0 0
, b al, ) , |b a 0 O

b 0 b a 0 0 b a
0 b 0 0 b a

0 0 b 0 0 0 b
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(550 e

respectively. Thus we get (2).
(3) For a homogeneous polynomial g;, the points (a : b) € #(g;) are as follows:

t(g1) ={(0: D},
1(g2) ={(1:0)},

/=1

t(g3) ={0* : 1)|k=0,....2n =1}, 6 =" .

We identify the sphere S? with C U {oo} by the stereographic projection p (see the
relations () of the end of §4).

Therefore for g;, we get the sets B(g;) (1 < i < 3) which is written in the
theorem above.

0

6. The Lefschetz elements for G >

We recall that the group G 1> of order 48 contains a binary tetrahedral group of order 24
as a subgroup of index 2. In this section we give a characterization of the strong Lefschetz
element of the coinvariant algebras of G13.

LetG =Gy

1 (-1 i 1 e ¢ 2mi
o~ (0) B0 ) e

The invariant algebra of G is
SWV% = C[xy(x* — 1%, X8+ 14x*v* + v¥].
By (3) in 3.2 and Table 1, we have
(1= —1°)
(1—-1)?
=142t 432 44 45t 4 605 4 605 4 617 + 568 +41° 43110 4 201 4412

Psvyg () =

We choose a basis of S(V)g

{Lx,y,x% xy, y2 2%, x%y, 2 y7 xf oy, x2y2 xy?, 08,

5 4, .32 23 4 5 6 42 33 2.4 5 6
X, X Y, Xy, Xy ,xXy ,y,Xx ,Xx y,xXx Yy, ,xy,xy,y,

7,52 43 .34 25 7 8 .53 35 26 8
XLXTY XYL XTY L XTYL Y L, X L XYL, XYL XY, Y,

2, x0y3 230,y 110 x3y7 p10 K1 Iy I2E (6, 0)
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THEOREM 5. (1) Theelementl = ax-+by € S1(V)¢ is the strong Lefschetz element

if and only if ]_[llil gi 7 0, where g; are the polynomials in a, b given by

g=a, @p=b, gg=a—-b, g=a+b, gs=a>+b*,

g6=a2+2ab—b2, g7=a2—2ab—b2, gg=a4+b4, g9=a4+6a2b2+b4,

g10 = a* +2a°b + 2a%b* — 2ab3 + b*, g1 = a* — 2a°b + 2a%b* + 2ab> + b*,

g12 = 5a%*+ 642a%b* + 1227a'%p3 + 16732426 "2+ 1227480+ 642a*p*° + 56+ .

(See the end of §3 for the notation.)

(2) We have the inverse images of t(g;) (1 < i < 11) under the stereographic projection
as follows (see the end of §3 for the notation) :

B(g1) ={(0,0, -1},

B(gy) ={(0,0, D},

B(g3) = {(1,0,0)},

B(g4) = {(-1,0,0)},

B(gs) = {(0,1,0), (0, -1, 0)},

o= (-5} (g )

Blon = (% )( l2 12)}’

1w ={(75 5 (F-m) CEE) (E-w)

o= {(0 55105 35 6 0]

o= (50 0) (L EL) (B0 5 (8.0
won=|(£-2.8) (L D) (22 (£22)

There are, in a cube, two tetrahedra whose edges are the diagonals of the faces of
the cube. The dual of the cube is the octahedron. Now if we take an octahedron
with vertices (£1, 0, 0), (0, £1,0), (0,0, £1) in R3, the sets B(g;) are given as
follows :

(1) The sets of B(g1), B(g2), B(g3), B(g4), B(gs) are the six points ofS2 cor-
responding to the centers of the edges of the tetrahedron (or the six vertices of the
octahedron).

(ii) The sets of B(gs), B(g7), B(gg), B(go) are the twelve points of S* corre-
sponding to the centers of the edges of the octahedron.

(iii)

vertices of the tetrahedron and the four points of S* corresponding to the centers of

The sets of B(gi0), B(g11) are the four points of S* corresponding to the
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the faces of the tetrahedron (or the eight points of S? corresponding to the centers
of the faces of the octahedron).

PROOF. (1) Since Ig = (XY (X* —Y%), X8 4+ 14X*Y* + ¥?), we have
xy(xt—yhH =0, (6.1)
S H1axtyt 8 =0. (6.2)
For later use, we prepare the following relations. By (6.1), we have
2y =yt =007 = )yt = xy” (6.3)
Moreover we have

1
Xy = —ﬁxyug + %) (by (6.2))

1
= —;x5y5. (by (6.3))

Thus we have x7y> = 0. Therefore

x5y5 = xgy = xy9 =0. (6.4)
By (6.1), (6.4), we have
Ayl = xR iz 2 (6.5)
and
xiy/=0, i>9,j>1lori>1,j>9. (6.6)
By (6.2), (6.5), we have
xSyl = xtyi = —%y”’} 1<j=<4, (6.7)
xly® = xyt = —%x“", l<i<4. 6.8)
(i) By (6.5),...,(6.8), we have
X122 P12yl 1002 0903 (TS 606 (57 (3,9
S 1 N O S I _11_5x12 _ —%ylz. 69)

For i = 0, by (6.9), the matrix representation of oy with respect to the basis (6, 0) is
regular if and only if a'? — 33a8h* —33a*p® + 1% £ 0, i.e. (a® +2ab — b?)(a® — 2ab —
b*)(a* — bY(a* 4 6a*b? + b*) £ 0.
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(i) By (6.5),...,(6.8), we have
210y = 932 = 1635 = 530 = 3209 — 10—

8.3 4.7 7.4 3.8 I 1 (6.10)
Xy =xTyl =y Xy =Xy =y

For i = 1, by (6.10), the matrix representation of o7 with respect to the basis (6, 0) is

1ll

<a1° — 14a%* — 3a%b8 —8a3b3(a* + b*) )
—8a3b3(a* + b  —3a8h? — 14a*pS +b10/)

Therefore o7 is bijective if and only if —3a2b%(a — b)*(a +b)*(a® +b*)?(a* +2a°b +
2ab? — 2ab3 + b*)(a* — 2a3b + 2a*b* + 2ab> + b*) £ 0.
(iii)) By (6.5), ..., (6.8), we have
x5y5=x9y=xy9=0, x'yl=x7y",

1 1
8.2 4.6 10 6.4 2.8 10
—— , = = —— . 6.11

15y x°y x“y 15x ( )

Fori = 2, by (6.11), the matrix representation of o> with respect to the basis (6, 0) is

= (15a% — 70a*b* — b%)  —Eab(7a*b? + b°) —8a2p2(a* + b*)
8ab(1a*b* + b°) 28a2b*(a* + b*) 8ab(1a’b* + a)
—2a22(a* +bhy10  —Eab(Ta?b* +a% —15(ad 4+ 70a*p* — 15b%)
Therefore o5 is bijective if and only if 2a?b?(a — b)(a + b)*(a* + b*)*(a® +2ab —

b?)(a? — 2ab — b*)(a* + b (a* + 6a*b* + b*) £ 0.
(iv) By (6.5),(6.7), (6.8), we have

Tyt = 230, x6y3 = x2)7,
x8y =x* = —iy9 x5y4 = xy8 = —Lxg (6.12)
157 ° 157 '

For i = 3, by (6.12), the matrix representation of o3 with respect to the basis (6, 0) is

a(a* — b —3a’b? — b2 (15a* + b*)  —zab(a* + b%)

20a3b3 b2(15a* + b 6ab(a* + b*) a’(a* 4 15b%)
b*(15a* + b%) 6ab(a* + b*) a’(a* + 15b%) 20a3b3

~2ab(@* +b*) —LaP@ + 15b%) —3a’p? b*(—a* + b

Therefore o3 is bijective if and only if -5 (5a** + 642a%b* + 1227a'66% +

16732a'2b'2 + 1227a8b'0 + 642a*b* + 5b%*) # 0.
(v) By (6.5), we have

7 3.5 6,2 2.6 5,3 7‘ (613)
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For i = 4, by (6.13), the matrix representation of o4 with respect to the basis (6, 0) is

1 2 3 2 1
a4 — ﬁb4 —761[73 —7a2b2 —7a3b —ma4
4ab? 6a2b>  4a3b  a*+b* 4ab?
4a3b a*+b*  4ab? 6a2b? 4a3b
6a%b? 4ab  a*+ bt 4ab? 6a%b?
114 2 3 3 232 2.3 1 4 4
_ﬁb —7Clb —761 b —761 b —ﬁa +b

Therefore oy is bijective if and only if — i (a>+2ab—b%)(a*—2ab—b?)(a*+b*) (a*+
6a*b? + b*)(a* + 2a3b + 2a%b* — 2ab> + b*)(a* — 2a3b + 2a%b* + 2ab> + b*) £ 0.

(vi) By (6.5), we have
x6y = x2y5, xy6 = x5y2. (6.14)

Fori = 5, by (6.14), the matrix representation of o5 with respect to the basis (6, 0) is

a> 0 0 0 0 0
b* 2ab a* 0 b®> 2ab
0 b%> 2ab a* O 0
0 0 b> 2ab a* 0

2ab a* 0 b* 2ab d?
o 0 0 0 o0 b

Therefore o5 is bijective if and only if a’b%(a — b)*(a + b)*(a* + b*)* # 0.
(vii) Fori = 6, og is bijective obviously.
From (i), ..., (vii), we get (1).

(2) For a homogeneous polynomial g;, the points (a : b) € t(g;) are as follows:
1(g1) ={(0: D},
1(g2) ={(1:0)},
1(g3) ={(1: D},
1(g4) = {(—=1: D},
1(gs) = {(xi : D},
1(g6) = {(=1£v2: D},
Hgn = {1 £v2: D},
1(gs) = {(£(=D)7 : 1), (£(=Di : 1)},
tHgo) = [(EW2 4 Di: 1), (22— i : 1)},
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1(gi0) = {(%(—1 +i+/—6i): 1), (%(—1 —i+/6i): 1)}

1(g11) = {(%(l—iiV—@'):l), <%(1+iix/5) : 1)}

We identify the sphere S? with C U {co} by the stereographic projection p (See the
relations (x) of the end of §4).

Therefore for g;, we get the sets B(g;) (1 < i < 11) which is written in the
theorem above. O

7. The Lefschetz elements for G 3

We recall that the group G 13 of order 96 contains a binary octahedral group of order 48
as a subgroup of index 2. In this section we give a characterization of the strong Lefschetz
element of the coinvariant algebras of G3.

LetG =Gy3:
1 /=1 i 1 /g3 g3>> i
G={(— , — L(e=e38).
<ﬁ<—i 1) ﬁ(e5 )]

The invariant algebra of G is
S(V)% = Crx® + 1ax*y* +v8, x'0y? —2x6y6 4+ x2y10y.
By (3) in 3.2 and Table 1, we have
(1 =31 —11?
(1—-1)?
=142t +32 443 + 505 605 + 700 487 + - 481 4712 613

Psvyg (1) =

+ 501 4415 4 316 4 2f17 4 418

We choose a basis of S(V)g
{1’ Xy, X2, Xy, yz’ X3, xzy’ xyz’ y3, X x3y’ xzyz’ xy3’ y4, x5, x4y’ x3y2’ x2y3’ xy4’
y5, X, xsy’ x4y2, x3y3, x2y4, xys, y67 X7, x6y7 x5y2, x4y3, x3y4, x2y57 xyG’ y7,
x7y, x6y2, x5y3, x4y4, x3y5, x2y6, xy7, y87 xgy, x7y2, x6y3’ x5y4, x4y5, x3y6, x2y7, xyg,
xsyz’ x7y3’ x6y4’ xsys’ x4y6’ x3y7’ xzys’ xy9’ x9y2’ x8y3’ x7y4’ x6y5’ x5y6, x4y7’ x3y8’
x2y9, x9y3, x8y4’ x7y5, x5y7, x4y87 x3y9, xzyloy x10y3, x9y4, x8y5, x5y8, x4y9, x3y10,

3,11 11,5 5,11

10,4 9.5 5.9 410 1.4 10,5 510 4 11 4,12
ATy LXYLXYL,X Yy Xy XYL, X Yy LAY XY L, Xy, Xty L Xy

9

x12y5’x5y12’x13y5} (70)
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THEOREM 6. (1) Theelementl = ax-+by € S1(V)¢ is the strong Lefschetz element
if and only if ]_[llll gi 7 0, where g; are the polynomials in a, b given by

g=a, @=b, gs=a-b, g=a+b, gs=a*+b*,

96 =a2+2ab—b2, q7 =a2—2ab—b2, g8 =a4+b4, g9=a4+6a2b2+b4,
gi0 = a* +2a°b +2a’b* — 2ab® + b*, g1y = a* —2a’b + 2a°b* + 2ab’ + b*,
g12 = a** +366a*°b* — 705a'%p® + 4772a'?b'? — 705a%h'® + 366a*b*° + b**,
g13 = 2a°* + 3a%°b* + 1506a'°b® + 5170a"%6"? + 1506a%b'® + 3a*H*" + 2%,
g14 = 2a°*— 637a*°b* + 40664 '°b + 1330a"%b'? + 40664%b'6 — 637a*p*" + 2074
g15 = a** — 470a%°b* + 26394'°b® — 2444'%b"? + 26394°p'0 — 470a*b° + b,
gi6 = 4a™® — 468a**b* + 39633a*b® — 5909244°%h'% + 3414840a2p'°

+ 16202208a2%p%° 4 289782784a%*b** + 162022084%°b?® + 34148404 '%h>>
— 590924a"%b% + 39633a%H*0 — 468a*H** + 4b* |
g17 = a*® + 4312a*b* + 3481864*°b® + 3925044°b'? + 87664794326
— 37985808a%h?" 4 73725868a>*b** — 3798580842b%® + 87664794 '%h>>
+ 3925044230 + 348186480 + 43124*p™ + b*8 .
(See the end of §3 for the notation.)

(2) We have the inverse images of t (g;) (1 < i < 11) under the stereographic projection
as follows (see the end of §3 for the notation) :

B(g1) ={(0,0, -1},

B(g2) ={(0,0, D)},

B(g3) = {(1,0,0)},

B(g4) ={(=1,0,0)},

B(g5) ={(0,1,0), (0, —1,0)},

0
B(ge) = (
B(g7) = ( )
B(gg) = (L L,O),
B(gg) = ( )
(

B(g10) =
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Now if we take the octahedron and the tetrahedron in R> in the same way as

Theorem 5 (2), the sets B(g;) are given as follows :

(1) The sets of B(g1), B(g2), B(g3), B(g4), B(gs5) are the six vertices of the oc-
tahedron (the six points of S* corresponding to the centers of the edges of the

tetrahedron).

(1) The sets of B(gs), B(g7), B(g3), B(g9) are the twelve points of S? corre-

sponding to the centers of the edges of the octahedron.

(iii) The sets of B(g10), B(g11) are the eight points of S* corresponding to the

centers of the faces of the octahedron (the four points of S* corresponding to the

vertices of the tetrahedron and the four points of S* corresponding to the centers of

the faces of the tetrahedron).

x84 1454 4+y8=0,
xloy2 —2x5 y —l—xzylo 0.
For later use, we introduce the following relations. By (7.2), we have

1
6,6 — E(xloyz 1 x2y10y.

Since x*y* = — L (x% +y®) by (7.1), we have

1
x%y —xzyz{ (x +y )} 14(x1°y2+x »'0).

Therefore by (7.3), (7.4), we have

X y _x10y2+x2y10 0.

By (7.5), we have
A2 Cx2y10 0, K2y = yHx192) = 0.
Therefore by (7.5), (7.6), we have
xiyl =0, i,j>6 or i>14,j>2 or i>2,j>14

and

By (7.1), (7.7), we have

PROOF. (1) Since I = (X3 4+ 14X*Y* +¥8, X'0y2 —2Xx°Y% 4+ X2Y19), we have

(7.1)
(7.2)

(7.3)

(7.4)

(7.5)

(7.6)

(1.7)

(7.8)

(7.9)
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Also by (7.1), (7.7), (7.8), we have
xiyj = —14xi_4y~/+4, i> 14,

o . . (7.10)
xiyl = —14xiT4yi=4 > 14,
and
xiyj = —14x"_4y~/+4 —xi_8y~/+8, i>8,
o , 4 . . (7.11)
xly] — _14xt+4y]74 _xl+8y]78 , j>8.
(i By (7.7),...,(7.10), we have
y_xlly7_x y_xy_xy _x7y“=x6y12=0,
x16y2 g L N g MU (7.12)

§ =y =0, xy = —14x1y% = 14x°y13 = —xy!7.

For i = 0, by (7.12), the matrix representation of oy with respect to the basis (7.0)
is regular if and only if —252ab(a + b)(a — b)(a® + b*)(a*> — 2ab — b*)(a® + 2ab —
b*)(a* + b*)(a* + 6a’b> + b*) £ 0.

(i) By (7.7), (7.8), (7.10), we have

Aty = 2107 =%y =% =7y = 2% =0,
x! y =x! y :xy —x2y15 0,
(7.13)
14x13 4 14)65 12— xy
y 14)c4 13 14x12 = ! y.

Fori = 1, by (7.13), the matrix representation of o7 with respect to the basis (7.0) is

—112a3b(2a'? — 39a8p* + 5b12) —14(a'% — 130a!2p* + 130a*p1% — p16)
14(al® — 130a'2p* + 130a*p12 — 116) —112ab3 (5a'2 — 39a*b8 + 2b12)

Therefore o7 is bijective if and only if 196(a* + 2a3b + 2a?b*> — 2ab> + b*)(a* —
2a3b + 2a%b? + 2ab> + b*)(a** + 366a*°b* — 7054 + 4772a'2h'2 — 7054301¢ +
366a*h?0 4 b**) £ 0.

(iii) By (7.7), (7.8), (7.10), we have

xlOyG—xy—xy—xy—xy =0, x7y"=x%y
—14x'2y* = 14x4y12 = 16 (7.14)

x15 ——14x11 > 14x3 13, xy ——14)c5 1 14x13 3,
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For i = 2, by (7.14), the matrix representation of o, with respect to the basis (7.0) is

—14ab(14a'2 —143a8p* +b'2)  —a%(14a'%2—=1001a8b* +911!2) 364a3b3 (a8 —b%)
—364a3b3 (a8 —b8) —b2(91a'2—1001a*b8 +14b12)  —14ab(a'? —143a*y3 +14b'2)
a%(14a'2=1001a8b% +91512) —364a3b3 (a®—b3) —b2(91a'2—=1001a* b8 +14b12)

Therefore o7 is bijective if and only if 1372ab(a — b)(a + b)(a* + b*)(a® + 2ab —
b?)(a®—2ab—b?)(a* +b*) (a*+6a>b*+b*) (2a**+3a%°b* +1506a 968 +5170a 2512 +
1506a8b10 + 3a*b20 + 2p%%) £ 0.

(iv) By (7.7), (7.8), (7.10), we have

x9y6 — x8y7 — x7y8 — x6y9 — 0,
X = —1axyt = 140312 xMy = —14x 10y = 1442y 13 (7.15)

xy1 14x5 10 14x13 2 y 14x4 1 14x12 3,

For i = 3, by (7.15), the matrix representation of o3 with respect to the basis (7.0) is

—(14a12-49548 %+ b12) 4ab3 (55a8—3b8) 66a2b2(a8—b) 4a3b(3a8—55b%)
—24a7b(7a*-33b%)  —(14a!2-49548b4+b!2) 4ab3(55a8—3b8) 66a2b2(a8—b3)
—66a2b% (a8—b8) —4a3b(3a8-55b8)  —(al?—4954* b8+ 14p12) 24ab’ (33a*=7b%)
—4ab3 (55a8—3b8) —66a2b2(a8—b3) —4a3b(3a8—55b8) —(a'2—4954*b8+14p12)

Therefore o3 is bijective if and only if 49(4a*® — 468a**b* 4 39633a*0p% —
590924a3°h'2+4+3414840a3%b'04+16202208485%04+28978278a%*b**+1620220842b28+
3414840a'9h3%2 — 59092442630 +39633a8p*0 —468a*b** +4b*%) £ 0.

(v) By (7.7),(7.8), (7.10), (7.11), we have

KBy =7y = 168 =0, x4 = 14x10y% = 142212,
x13y _ —14x9y5—x5y9, x“y3 x3y“ (7.16)
Xy = C1ax5y0 S x9S,y o axty 10 — 144122,
For i = 4, by (7.16), the matrix representation of o4 with respect to the basis (7.0) is
—14a®@* — 156%) 12047 b3 b2 (4543 —b3)  10ab@@d — )  a?(a® — 45b8)
—28ab(5a* — 9b*) —14a%(a* — 15b%) 1204753 b2(45a8 —b%)  10ab(a® — b®)
—10ab(ad — b%) —a%(a® — 45p%) 120a3b7 14b0(15a% — b*)  28ab° (9a* — 5b%)
—b2(45a% —b8)  —10ab(@@® —b8) —a?(a® — 45b%) 1204357 14b°(15a% — b*)
—120a713 —b2(45a8 —b3)  —10ab(a® —b%) —a?(aB — 45b%) 120a3p7

Therefore o4 is bijective if and only if —70ab(a — b)(a + b)(a® + b*)(a® + 2ab —
b?)(a* —2ab — b?)(a* + b*)(a* + 6a%b? + b*) (a* + 2a’b + 2ab* — 2ab> + b*)(a* —
2a3b 4 2a*b* 4 2ab’ 4 b*) (2a** — 637a*°b* 440664 '°b® + 1330a'2b'2 4 4066a8p 16 —
637a*b? + 2b%%) £ 0.



LEFSCHETZ ELEMENTS OF BINARY POLYHEDRAL GROUPS 329

(vi) By (7.7), (7.8), (7.11), we have

Ay =x07 =0, xB=—14x%* — x58,
X2y = —14x8)5 — x40, Xl = 310,
(7.17)
K2y = 1003 (12 1458 (04

Y13 = _14x%y0 — 185

For i =5, by (7.17), the matrix representation of o5 with respect to the basis (7.0) is

5647 b3 284%b2 8a’b  a® — b8 —8ab’ —2842b0
—14@a* - 5b%) 56a° b3 2840h2 ) a8 — b8 —8ab’
—56a3b2a* — b*) —14@a* —5b*) 5647 284%b% 8a’b ab — b8
—(@8 - %) 8ab’ 284200 56a3b5  14b*(5a* — b*) 56ab3 (a* — 2b%)
—847b —@®—bd) 8ab’ 284260 5643b° 14b* (5a* — b*)
—284%p2 —8a’b —@®—p3)  8ab’ 284210 56a° b7

Therefore o5 is bijective if and only if a*844312a*h*4-348186a*°p8+392504a3%» 12+
8766479a3%b1°-379858084a28520473725868a2*b**~379858084 268487664794 b3+
39250442530 +-348186a3b*0+4312a*b** +b*8 £ 0.

(vii) By (7.11), we have

x12=_14x8y4_x4y8’ x11y=_14x7y5_x3y9’ .
xy11:_14x5y7_x9y3’ y12:_14x4y8_x8y4. (7.18)

For i = 6, by (7.18), the matrix representation of og with respect to the basis (7.0) is

20433 15a*b? 6a°b a® 0 —p® —6ab®
—a%(14a* — 15b%) 204353 154*p2  6a5b ab 0 —pd
—6ab(14a* — b*) —a?(14a* —15b%) 204363 15a*b% 64 a® 0

0 »o 6ab>  15a2b* 20433 b2(15a% — 14b%)  6ab(a* — 14b%)

—a® 0 b 6ab>  15a%b% 204353 b2 (15a* — 14b%)
—6a%b —a® 0 bo 6ab> 15a2p* 20433
—15a*p? —6a°b —a® 0 o 6ab® 15a%p*

Therefore o is bijective if and only if —6ab(a — b)(a + b)(a® + b*)(a® + 2ab —
b (a%—2ab—b>)(a*+b*) (a*+6a%b%+b*) (a** —470a2b* 426394 10b8 — 244412012 +
2639a8h10 — 470a*b%0 + b**) £ 0.

(viii) By (7.11), we have

o= _14x7y4 _ x3y8’ xlOy _ _14x6y5 _x2y9’
(7.19)
xylo _ _14x5y6 _x9y2’ y11 _ _14x4y7 _ x8y3.
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Fori =7, by (7.19), the matrix representation of o7 with respect to the basis (7.0) is

6a%h? 4a3b a4 0 0 0 -+ —4ab?
4ab3 6a2b>  4a’b a* 0 0 0 —p*
—(14a* —b*)  4ab® 6% 4a%b a* 0 0 0
—56a3b  —(14a* — b%) 4ab3 642b% 4a3b a* 0 0
0 0 bt 4ab’ 6a%b% 4a3b a* — 14b* —56ab>
0 0 0 bt 4ab® 6a2b?  4a3b ot — 14p*
—a* 0 0 0 b 4ab® 6d202  4d3b
—4a3b —a* 0 0o 0 b 4dab? 6a%b?

Therefore o7 is bijective if and only if (a* + 2a3b +2a?b* — 2ab? + b*)* (a* — 2a°b +
2a°b? + 2ab® + b*)* £ 0.
(ix) By (7.11), we have
210 = C14x0y% 228 2%y = —14x5y5 — xy?,
(7.20)
p10 = _14xty6 — x8y2,

For i = 8§, by (7.20), the matrix representation of og with respect to the basis (7.0) is

2a¢b a> 0 0 0 0 0 —b?
b2 2aba® 0 0 0 0O O
0 b»22aba® 0 0 0 0
—1442 0 b2 2aba® 0 0O O

8]

a
0 0 0 b%2aba® 0 —14b%
0 0 0 b22aba®> 0O
0 0 0 0 0 b?2ab a2
00 0 0 0 b 2ab

Therefore oy is bijective if and only if (a* + 2a3b +2a?b* — 2ab’ + b*)? (a* — 2a°b +
2a°b? + 2ab® + b*)? £ 0.
(x) Fori =9, o9 is bijective obviously.
By (i)~(x) , we get (1).
(2) Forl < i < 11, we get the same polynomials g; as in Theorem 6.1(1). Thus we
have the same B(g;) (1 <i < 11) as in Theorem 6.1 (2). d

8. The Lefschetz elements for G;;

We recall that the group Gy of order 240 contains a binary icosahedral group of order
120 as a subgroup of index 2. In this section we give a characterization of the strong Lefschetz
element of the coinvariant algebras of G2». Let G = Go»:

1 4 _ 2_ .3 1 2_ 4 4 -
G:<_i(n2 773 n n4>’_<n n n3 >> =),
V5 \ = =) V5\1-n n’-y
The invariant algebra of G is

SW% =cxMy + 11x0y0 — xy —(x20 + v20) +228(x 1y — X7y 1%) — 494x 10710y,
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By (3) in 3.2 and Table 1, we have
(1 — 112)(1 — 120
(1-1)?
1420 +32 4483 45 4605 + 705 4+ 87 + 98 + 1007 + 1110 120!

Psvyg (1)

4o 1267 1120 1 1062 + 9672 + 817 + 7124 + 6% + 5670 + 4477

+3% 27 4170

We choose a basis of S(V)g

{Lox, 2 oy, y2, 07, %y, xp?, 7, 2% oy )y ? 0h 0wty By ot ),
X0y, a2 o 3yd Py xS, 0 T a0y, 0Pty eyt a2y 00 T a8 Ty 0y,

xy xy xy xy xy y x xyxy xy x5y4x4y5xy xy xy Yo, 9. x10,

3
xy,xy x7y xy xy xy xy XY xy y ll,xloy,xgyz,x8y3,x7y4,xy,

Oy0,xtyT 38 x2y9 a0y x 12 1y 31032 1933 18yt 2 7y5 x5 y7 xty8 4330
x2y10 y11’y12 )C13 X y’x y X y )C y )C y )C y )C 2, x3y10 x2y“ Xyl2,y13,

x14 X! y,x y %! y x10y4 x9y5 x5y9 x4y10 3y11 xzylz,xyn,y”,xls %! y x13y27

510 KAl (3 213 14 15 16 14.2 13 .3 12 4
xyxyxyxy yxyxyxy,y,xxyxyxyxy,

3x2 14 15 16 17 14.3 13

1,4 12,)C3 y o ,Xy .,y ,X )C y,)C y Xy, X y X y )Cy

xllyS’x5y y XY y

x4y13, x3y14, x2y15, xy16, y177 x18, x17y, x16y2, x15y3, x14y4, x13y5, x5y13, x4y14, x3y15

x2y16 xyl7’y18 xl9 x y x y x16y3 x y x y x5y14 x4y15 x3y16 x2y17 xy18’

y19 X! y X! y x17y3 x16 y %! y o y 15 x4y16 x3y17,x2y18,xy19 y20 x20y %! y ,

5 16 4 17 318 42,1 20 20,2 17.5
xyxyxyxy Xy yyxygyxy xyxyxyxyxy
3 3
x4y18,x y x2y20 y21 x21y2 x20y3 19 y x y 0 y 4y19 x3y20 2y21,x21y ,
5 19 420 43,21 (2 21 4 5 20 42l 3,22 22,4
xyxyxy ynyxy xyxyxyxy XYL Xy Ly,

x21y5’ x5y21’ x4y22’ x3y23’ x23y4’ x22y5’ x5y22’ x4y23’ x23y5’ x5y23’ x4y24’ x24y5’ xSy

x5y25 } (80)

THEOREM 7. (1) Theelementl = ax+by € S1(V)¢ is the strong Lefschetz element
if and only tf]_[lzil gi 7 0, where g; is a polynomial in a, b given by

gi(a,b)=a,

g2(a,b)=b,

g3(a.b) = a® +ab — b?,

gala.b) =a* +b7,

g5(a, b) = a* — 3a3b + 4a%b* — 2ab> + b*,
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g6(a, b) = a* +2ab + 4a*b* + 3ab> + b*,

g7(a, b) = a* — 3a°b — a?b* + 3ab’ +b*,

gs(a, b) = a* +2a%b — 6a%b* — 2ab> + b*,

go(a. b) = a® +4a"b + 7a%b% + 247D + 15a*b* — 2a°b> + 72200 — 4ab” + b3,

gio(a, b) = a® —d7b +7a%% + 740 — 7a°b° + 70260 + ab” + b® ,

g11a, b) =ad —a®b% + a*b* — a?b® + b8,

g12(a, b) = a® +4a’b + 17a%0% + 224> + 5a*b* — 22a°6° + 17460 — 4ab” + b8,

g13(a,b) = a® — 6a’b + 17a%b* — 184°b> + 25a*b* + 1846 + 17a%b0 + 6ab” + b3,

g14(a, b) = 56a%0 — 9341147 b° 4 57854194°°510 — 7679416954 b1

+3616437090a*0520 — 1115321265947 b — 9286142171063 + 1115321265944 b3

+ 3616437090025 + 76794169547 b+ + 5785419a10b°0 + 93411a° 6% + 5660,

g15(a, b) = 21a% + 12442407 > + 1093945407050 — 958371204 513

+ 3443405315a*06%0 + 691309095647 b% + 18005759264a°0530 — 6913090956427 b

+ 3443405315025 + 9583712000 b + 1093945441070 — 1244240 b3 + 2160,

gi6(a, b) = 781a%0 — 16863647757 + 1430621940510 — 934343682044 15
+65281931715a*05%0 — 7663017218447 b + 233257966040 b0 + 766301721844 b3
+65281931715a205%0 4 934343682042 b% + 1430621944000 + 1686364° b>° + 78160,
g17(a, b) = 781a%0 — 285663647 b> — 47778064750 — 12582476820a* b3
+30096011715a*05%0 — 2636746521844 b — 3389117713964°°5°0 + 2636746521844 b3
+30096011715a205% + 1258247682047 5*5 — 477780640670 + 28566364 b + 78160,
g18(a, b) = 781a%0 + 983379647 b + 693195954a°0b 10 + 27094937404 b13

+ 196213766595a*0 620 + 6193890585364 b2 + 13712635353564°05°0 — 6193890585364 b>°
+ 196213766595a%0 b0 — 270949374043 b+ + 693195954a105°0 — 983379647 1> + 78150,
g19(a, b) = a® — 18447 b + 18493407510 — 119249604* b3

+ 84005495a*0 520 — 958966444 b?> + 3416857643530 4 9589664442 1>

+ 8400549542050 + 11924960 1> b+ + 1849344106°0 + 1844755 + 90,

g0(a, b) = 781a'20 + 1056728412 b5 + 16906184044 10510

+ 3351725614324 99 b1 + 360489148712264 90520 — 36954709716088084° >

+ 1300537258269192364°0 530 — 15948689487486575124%° b>> + 8098914234602656899430 50
— 5824418933856860288a7° b+ + 307375299489177581044701°° + 117588990721739637124% 1>
+ 38124609592305613676a%05%0 — 11758899072173963712a> b9 + 30737529948917758104a°° b70

+ 5824418933856860288a* 577 + 8098914234602656899a0 p80 + 15948689487486575124 h33
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+ 130053725862919236a°0 5% + 36954709716088084>° %> + 36048914871226a%0 510

— 3351725614324 5% + 16906184044 0570 — 105672847 b1 + 781520 ,

91 (a, b) = 781a'20 — 37434408413 b7 + 2866952144441 10510

— 40185085915924'%% 51 + 2312206169589064' %520 + 133230159864814324%° b2

+ 48303953499524°0 30 + 10934019189574237684%% 3> + 8911688602181278851450 50

— 74863050767566013568a7° b+ — 21436724021848920936a 0 b°° + 96989209532481420844845° b2
— 544495324964301526164a%0 b9 — 9698920953248142084484° % — 214367240218489209364°° b70
+ 748630507675660135684% b7 + 8911688602181278851a*0580 — 109340191895742376843 b

+ 4830395349952195244°0 %0 — 133230159864814324%° b%5 + 231220616958906a20 510

+ 40185085915924a 13 5105 1 286695214444 05110 4 3743440847115 + 7815120 .

(See the end of §3 for the notation.)

(2) We take an icosahedron in R3. Put Z-axis on a diameter of S* passing through
2 vertices of the icosahedron and Y -axis on a diameter of S* passing through 2
centers of edges of the icosahedron which is perpendicular to Z-axis. Then the sets
B(gi), which are the inverse images of t(g;) (1 < i < 13) under the stereographic
projection, are given as follows (see the end of §3 for the notation) :

(i) B(q1), B(g), B(g3), B(95), B(ge) are the twelve vertices of the icosahe-
dron.

(i) B(g4), B(gs), B(g11), B(g12), B(g13) are the thirty points of S* corre-
sponding to the centers of the edges of the icosahedron.

(i) B(g7), B(g9), B(gi0) are the twenty points of S* corresponding to the cen-
ters of the faces of the icosahedron.

PROOF. (1) Since Ig = (XY + 11X°y% — Xy — (X0 4+ y20) 4 228(xy> —
X3y 1) — 494 x'10y10)  we have

x11y+11x6y6—xy11=0, 8.1)

—(x20 4 320y £ 228(x Py — x2y15) — 494x10y10 = ¢ (8.2)

For later use, we prepare several relations. By (8.1), we have
1
x0y0 = =ty —xylh. (8.3)
By (8.2), (8.3), we have

1
x20 =20 4 228(x15y% — xOy10) + 494544 . H(x“y —xy'h

3002

T()CISyS _x5y15). (8.4)

204
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By (8.3), (8.4), we have

1
x“y“:—ﬁxy(xlsys—xsyls)
1 11 20 20
=T s T
1 21 21
= —3002(x y+xy).
Moreover since
1
Ayl = _H(x16y6 — X516

1 1 1
_ <_x10.ﬁ(xlly_xyll)_i_ylo.H(xlly_xyll)>

11

1
_ m(ley Tyl = 2xllylly

we have

1
11,11 21 21
_—123(x y+xy).

Therefore by (8.5), (8.6), we have

Xyl = 2y 2l

By (8.3), (8.7), we have

1
1636 — _ L (x21y _ xl1y10y
11
1 o
[
= ny B
1
X016 — (11l 20y
11
:xyzl.
Therefore we have
1 1
x16y6 — x6yl6 — _szly — nyZI )

Multiplying (8.8) by x° and using (8.7), we have

x26y — x21y6 — x6y21 — xy26 =0.

(8.5)

(8.6)

(8.7)

(8.8)

(8.9)
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Therefore by (8.7), (8.9), we have

xiyj =xjyi =0, i,j>11

and
xiyl =x/yi =0, i>26, j>1 or i>21, j>6.
Since x2'y = —xy?!, we have
P YA R

By (8.8), we have

o . . 1 . . 1 . .
xtyJ — x1+10 j—10 _ _Hxl-i-lS J=15 _ HXI_SY'H_S . i>6, = 16,

o . . 1 . 4 1 . .
x’y] — xl*lO Jj+10 _ _Hxl+5y175 — Hxl*lSyj+15 . 0> 16, ] >6.
It follows from (8.4), (8.10), (8.13), (8.14) that

300 273x25_iy5, y30—i — —273x5y25_i )

By (8.3), we have

. 4 1 j ‘ i j
xlsﬂyloﬂ _ E(_11x2071y57] +x57ly20*1), 0<i,j<4,

xlO—inS—j _ L(xzo—in—j + 11x5—iy20—j)’ 0<i,j<4.
122
It follows from (8.4), (8.16), (8.17) that

11 . .
B = 6_1(—142x5*’y20 +1501x%°77y), 0<i,j <4,
. 11 . .
y2571 — _5(142)‘.20))571 + 1501x5y2071) , O S l,J S 4
By (8.3), we have

xlO—inO—j — _11_1(x15—iy5—j _x5—iy15—j) , 0< i,j <4,

335

(8.10)

(8.11)

(8.12)

(8.13)

(8.14)

(8.15)

(8.16)

(8.17)

(8.18)

(8.19)

(8.20)

By using (8.10), ..., (8.20), we get the matrix representations of p;,i = 0, ..., 15.

But we omit the details for brevity’s sake.

(2) Forl <i <21, we have the following :

G pggsge =a''b+ 11a°° — ab'!
998911912913 = —(@*° 4+ b%°) + 228 @b’ — a*b) — 4944'p1°

7190910 = (@ + b°0) + 522(a®b° — a°b*) — 10005(a*b'0 + ') .
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These polynomials are generators of the invariant algebra of the binary icosahedral
group ([5], chap. 2). The sets of zeros of these invariants correspond to the set of
vertices, the centers of the edges and the centers of the faces of the icosahedron
respectively. O
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