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Makoto MAEJIMA and Yohei UEDA

Keio University

Abstract. A probability distribution 1 on RY is selfdecomposable if its characteristic function 7(z), z € RY,
satisfies that for any b > 1, there exists an infinitely divisible distribution pp, satisfying 71(z) = (b~ 12)5}(z). This
concept has been generalized to the concept of «-selfdecomposability by many authors in the following way. Let
a € R. An infinitely divisible distribution © on RY is «-selfdecomposable, if for any » > 1, there exists an infin-

itely divisible distribution p, satisfying 7i(z) = (>~ '2)"* B (z). By denoting the class of all a-selfdecomposable

distributions on RY by L@ R?), we define in this paper a sequence of nested subclasses of L@ (R4, and investi-
gate several properties of them by two ways. One is by using limit theorems and the other is by using mappings of
infinitely divisible distributions.

1. Introduction

Let Z(RY) and I(R?) be the class of all probability distributions on R? and the
class of all infinitely divisible distributions on R?, respectively, and let o RY) = {u €
IRY): [pa(ogh [x)"u(dx) < oo} for m € N and fg(R?) := Tiog! (R?), where |x|
is the Euclidean norm of x € R and log" |x| = (log|x|) Vv 0. The terminology of a-
selfdecomposability was introduced in Maejima and Ueda [13]. This is a generalization of
selfdecomposability. Here i € Z2(R?) is said to be selfdecomposable if for each b > 1 there
exists p, € P (RY) satisfying 71(z) = (b~'2)pp(2), z € RY, where [i(z), z € R?, stands
for the characteristic function of i € Z(R?). These p;, automatically belong to 7 (R?). We
denote the totality of selfdecomposable distributions on R? by L(R?). It is well known that
L(RY) c I(RY). Our generalization of selfdecomposability is as follows.

DEFINITION 1.1 (Maejima and Ueda [13]). Let @ € R. We say that u € I(R?) is
a-selfdecomposable, if for any b > 1, there exists pj € I (R?) satisfying

(1.1) i) =ab ' mz), zeRe.

We denote the totality of a-selfdecomposable distributions on R¢ by L@ (R?).
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Note that L© (Rd) = L(Rd). And L(_”(Rd) is the class of all s-selfdecomposable
distributions on R?, which is sometimes written as U (R?) and was studied deeply by Jurek,
(see, e.g., Jurek [4, 5, 9] or Iksanov et al. [3]). Also, the classes L (R?), ¢ € R, and similar
ones were already studied by several authors. Jurek [6, 7, 8], and Jurek and Schreiber [10]
studied the classes %5 (Q), B € R, of distributions on a real separable Banach space E, where
Q is a linear operator on E with certain properties. These classes are equal to L{*) (R?) if
B = —a, E = R% and Q is the identity operator. As to these classes, they studied the
decomposability and stochastic integral characterizations, although some results are only for
the case that Q is the identity operator. However, since, for 0 < o < 2, L) (Rd) contains
all a-stable distributions and any . € L'¥ (R¢) belongs to the normal domain of attraction of
some «-stable distribution, we adopt the parametrization in Definition 1.1. For details on this
history, see Maejima and Ueda [13].

L(R?) is characterized by, for example, radial components of Lévy measures, a stochas-
tic integral representation, and the relation to Ornstein-Uhlenbeck type processes, (see, e.g.,
Rocha-Arteaga and Sato [16]). By Maejima and Ueda [13] and others, these characterizations
of L(R?) were generalized to L@ (R?).

As to nested subclasses of L(RY), the following are known, (see, e.g.,
Rocha-Arteaga and Sato [16]). Define nested subclasses L, RY,m € Z, of L(RY) in the
following way: u € Ly, (R?) if and only if for each b > 1, there exists p, € L;,—1 (R%)
such that 7i(z) = (b~ '2)pp(z), where Lo(R?) := L(R?). Since, by definition, L,,(R?) D
Lyt (R?), these are called nested subclasses. Besides, we introduce an operation (-) in the
following way: Let H ¢ Z(R%). We say that u € Z(R?) belongs to Q(H) if there exist
sequences {X,} of R?-valued independent random variables, {a,} C (0, 00), and {c,} C R?
such that {£(X,),n € N} C H,{a,;'X;, 1 < j <n;n e N}is infinitesimal, and

n
E(anIZXj +cn> — WU as n— o0,
j=1
where £(X) means the law of a random variable X. Then it is known that Lo(RY) =
Q(ZRY) = QURY)) and L, (RY) = Q(Lu—1(RY)) for m € N so that L, (R?) =
Q"I (Z2RY)) = Q" (I(R?)) for m € Z,, where Q™11 () denotes the m + 1 times itera-
tion of the £(-)-operation. On the other hand, if we define a mapping @ by

o
d(u) = ﬁ(/ e"dX,“”) , ME Ilog(Rd)a
0

where {X,(“ ),t > 0} is a Lévy process on R? with € I(R?) as its distribution at time
1, then it is known that for m € Z., L. (RY) is realized as the range of the m + 1 times
composition of @, namely, R(P™*!) = L,,(R?), where the domain of @+ is L+t (RY).

Furthermore, the limit Loo (RY) := limy— 00 L (RY) = My L (R?) is known to be equal
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to S(R?), which is the closure under convolution and weak convergence, of the class of all
stable distributions. Namely,

lim Q"N P2RY)) = lim Q"I (RY)) = lim K@) = Loo(R?Y) = S(RY) .

The following were already done as to nested subclasses of L@ (RY), @ € R. Jurek
[9] studied nested subclasses of L<_1>(Rd), Maejima and Sato [12] found the limit of the
nested subclasses of L@ (R?), —1 < a < 0, defined by mappings, and Maejima et al. [11]
investigated nested subclasses of L@ (R?), & < 2, in terms of mappings. However, the study
on nested subclasses of L!*)(R?),« € R, in terms of limit theorems and mappings is not
completed yet and the purpose of this paper is to do it.

Maejima and Sato [12] proved that the limits of several nested classes defined by stochas-
tic integral mappings are identical with m. Then a natural question arose. Can we find
mappings by which, as the limit of iteration, we get a larger or a smaller class than W?
Sato [22] constructed mappings producing a class smaller than m and Maejima and Ueda
[15] found mappings which produce a larger class than m In Theorem 4.6, we will see
that stochastic integral mappings associated with classes L*)(R?), « € (0, 2), make smaller
classes than m as the limits of the ranges of their iteration, which is the same iterated
limit as that of Sato’s mappings above. Also, in Corollary 4.2, we see a result about nested
classes of L@ (R?) based on H C I(R?) with certain properties instead of (Rd ), which
enable us to find the iterated limit of some other stochastic integral mappings, (see Remark
4.3 and Maejima and Ueda [14]).

Organization of this paper is as follows. In Section 2, we explain necessary notation
and give some preliminaries. In Section 3, we study nested subclasses of L@ (R?) in terms
of a limit theorem. In Section 4, we investigate nested subclasses of L (R?) in terms of a
mapping of infinitely divisible distributions, by using the results in Section 3. In Section 5, a
supplementary remark is mentioned.

2. Notation and preliminaries

In this section, we explain necessary notation and give some preliminaries.
Throughout this paper, we use the Lévy-Khintchine representation of the characteristic
function of i € I(R?) in the following form:

—~ 1 . / ] ’
u(z)zexp{—5<z, Az>+z<y,z>+/Rd (e'“””— 1 - I’flifz>v(dx>}, zeR?,

where (-, -) is Euclidean inner product on R¥ respectively, A is a nonnegative-definite symmet-
ric d x d matrix, y € R?, and v is a measure satisfying v({0}) = 0 and fRd(|x|2 ADv(dx) <
00. v is called the Lévy measure of u € I(RY). We also call (A, v, y) the Lévy-Khintchine
triplet of w and we write it = ft(4,v,) When we want to emphasize its Lévy-Khintchine
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triplet. C,(2),z € R?, denotes the cumulant function of i € I(R?), that is, C,(z) is the
unique continuous function satisfying 7i(z) = ¢+ and C,(0) =0. Foru e I (R?) and
t > 0, we call the distribution with characteristic function f(z)" := e'“#®) the r-th convolu-
tion of u and denote it by u!.

Aset H C Z(R?) is said to be closed under type equivalence if £(X) € H implies
L@X +c¢) € Hfora > 0,andc € RY. H c I(RY) is called completely closed in the
strong sense (abbreviated as c.c.s.s.) if H is closed under convolution, weak convergence,
type equivalence, and 7-th convolution for any ¢ > 0. Note that / (R?) and L(R9) are c.c.s.s.,
but S(RY) is not.

Bo(RY) denotes the totality of B € B(R?) satisfying infyep [x| > 0. Let S = {x €
R?: |x| = 1} and we write, for E € B((0, 00)) and C € B(S), EC := {x € R*\ {0}: |x| €
E and x/|x| € C}.

We also use stochastic integrals with respect to Lévy processes. Stochastic integrals with
respect to Lévy processes {X;, t > 0} of nonrandom measurable functions f: [0, c0) — R,
which are fé f(s)dX;,t € [0, 00), are deeply studied in Sato [19, 20], and his way of defining
a stochastic integral with respect to a Lévy process is to define a stochastic integral based
on the R?-valued independently scattered random measure induced by a Lévy process on
R¢. The improper stochastic integral fooo f(s)dX; is defined as the limit in probability of
fé f(s)dXs ast — oo whenever the limit exists.

Using stochastic integrals with respect to Lévy processes, we can define a mapping

@ () =L (/ f(t)dX,(‘”> . weD@)) C IR,
0

for a nonrandom measurable function f: [0, 00) — R, where D(®) is the domain of a
mapping @ s that is the class of u € I (R?) for which fooo f(t)dX,(“) is definable in the sense
above. When we consider the composition of two mappings @ y and @4, denoted by @40 P,
the domain of @4 0 @7 is D(Pg 0 Pr) = {1 € IRY: e D(Py) and Py(u) € D(Py)}.

Also, for a mapping @y and m € N, we denote by <1§;’? the m times composition of @ ¢ itself.

Once we define such a mapping, we can characterize a subclass of I (R?) as the range of & f
R(Py) :=Dr(D(Py)). See also Sato [21].

3. Nested subclasses of the class of «-selfdecomposable distributions defined by
limit theorems and their characterizations in terms of Lévy measures

We start this section with the following definition, which defines a subclass of I (R?)
through a limit theorem.

DEFINITION 3.1. Leta € Rand H C I(Rd). [TS PR is said to belong to the
class Q. (H) if there exist a sequence {u;, j € N} C I(R%) satisfying {ij, j = jo} C H
for some jo € N, a, > 0, 1 oo satisfying a,+1/a, — 1, c, € R, and p, > 0 satisfying
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DPn/ay — 1 such that

n
(3.1) lim [Taj@ e =), forzeR?.
Jj=l1

REMARK 3.2. In Definition 3.1, we assume H to be a subclass of I (R?) because we
need the ¢-th convolution of its elements for t > 0. Due to this assumption, we do not need
the infinitesimal condition, as Jurek [9] remarked. Then, Definition 3.1 is similar to the limit
theorem characterizing the class of selfdecomposable distributions L(R?).

The following is immediately obtained by definition.
LEMMA 3.3. Leta € R. IfHy C H» C I(RY), then Qu(H)) C Qo(Ho).

We can characterize the classes Qo (H) by the decomposability and L (R?) by the
o (+)-operation as follows.

THEOREM 3.4. Leta € Randlet H C I(R?) be c.c.s.s.

() € Qu(H) ifand only if i € I(R?) and for each b > 1 there exists p, € H
satisfying (1.1).

(i) Qo(/(RY)) = LR

PROOF. (i) We first show the “if” part. Let . € I (R?) and for each b > 1 there exists
pp € H satisfying (1.1). Then, it suffices to set 1 := pu € I (RY), mj(z) = //)\j/(jq)(jz)j_a

for j > 2,a, :=n, p, :=n% and ¢, := 0. Indeed, {u;, j > 2} C H since H is c.c.s.s., and
foralln > 2,

n ) 1 n® n ] ( L
[T1ai@ pmers =1 <;Z) 1561 <;Z)
j=1 j=2

implying (3.1).

We next show the “only if” part. For any b > 1, we can take n;, m; € N diverging to co
such that m; < n; and ay, a,;ll — b as] — oo. This is possible, due to the argument in the
proof of Theorem 15.3 (i) of Sato [18]. Then,

-1
m Pny P

ni
: -1
-~ —1 _\Pny ji{cn;,2) __ = -1 -1 P ’<Cm 2my Ay 2
l_[ H’j (anl Z) "l o ( n ) — l_[ H’j (am/ (amlanl Z)) "l o 1 1%n;
Jj=1 Jj=1

n
; —1 —1
o~ — \Cpy—Cm; Am; 4 <
X | | /4j(an[1z)p"1e ( ny ~Cmy Ay Ay Pry Py >,

Jj=mi+1
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where the left-hand side and the first term of right-hand side tend to zt(z) and ﬁ(b_lz)ba as
I — oo, respectively, by virtue of the uniform convergence of the characteristic functions.
Since j1(z) is the limit of the sequence of infinitely divisible distributions, 4 is also infinitely
divisible and thus 72(b~'z)?" # 0 for all z € R?. The second term of the right-hand side
converges to 11(z)/ ;’I(b_lz)ba which is continuous at z = 0 and therefore the characteristic
function of some probability measure pp. Then, (1.1) holds. Furthermore, since {u;, j >
jo} € H and H is c.c.s.s., we have pp € H.

(i) This is an immediate consequence of the part (i) that we have just shown and the
definition of L{*)(R?). O

The following holds from Theorem 3.4.

COROLLARY 3.5. Let H(# ¥) C I(RY) be c.c.s.s. Then, Qa(H) is the class of all
Gaussian distributions on R¢, and fora > 2, Q4 (H) is the class of all §-distributions on RY.

PROOF. We first prove that ,(H) includes the class of all Gaussian distributions if
o = 2, and all §-distributions if « > 2. Indeed, if H(# ¥) C I(RY) is c.c.s.s., then JTS

1/n

H exists and for all y € RY, 8y = limyoop' /" %8, € H since H is c.c.s.s. If p is

Gaussian, then for each b > 1, there is ¢, € R¥ satisfying [i(z) = ﬁ(b’lz)b2e"<“b’z>. Also,
if « > 2 and u is a §-distribution, then for each b > 1, there is ¢;, € R¢ satisfying [1(z) =
ﬁ(b_lz)bae[(cb'z>. Noting that §., € H, we have the assertion.

We next show that Q, (H) is included in the class of all Gaussian distributions if & = 2,
and all §-distributions if « > 2. By Lemma 3.3 and Theorem 3.4 (ii), we have Q,(H) C
L (R4). Note that L‘“(R?) is equal to the class of all Gaussian distributions if @ = 2, and
all §-distributions if @ > 2, (see Maejima and Ueda [13]). d

For0 < B < 2, 8 (RY) stands for the totality of S-stable distributions on R?. Let
SRY) = Ugpe0.2 SpRD.

COROLLARY 3.6. Let0 < a <2. Then, Qq ({8, : y € RY}) = Su(RY).

PROOF. Note that i € Sy (R?) if and only if for each b > 1 there exists ¢, € R?
satisfying 71(z) = 71(b~'z)?" ¢!‘»2) Then, Theorem 3.4 (i) implies the statement. O

For o < 2, let

Co(RY) := {u = ftay) € IRY): lim r“/ v(dx) =o} )
[x|>r

r—>0o0

Note that Cu (RY) = I(RY) ifa < 0. Ifo < 2, 4 € Co(R?) and H isc.c.s.s., then, u € Qu(H)
can be characterized by a limit theorem slightly different from Definition 3.1 as follows.

THEOREM 3.7. Leta <2 andlet H C I(R?) be c.c.s.s. Assume p € Coy(R?). Then,
w € Qq(H) if and only if there exist a sequence {uj, j € N} C H, a, > 0, 1 oo satisfying
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dng1/an — 1, ¢, € RY, and p, > 0 satisfying pn/ay — 1 such that

n
. ~ 1 n ilcnz) o~ d
ngr&nuj(an Preltns) = fi(z), for zeR?.
j=1
PROOF. The “if” part is trivial by Definition 3.1.
Let us prove the “only if” part. If & = p(a,,y) € Qu(H), then for each b > 1,
there exists pp € H satisfying (1.1) by virtue of Theorem 3.4 (i). Then, it suffices to set

0@ = b1 (G+ D)™ ay = n, p, == n* =0ifae <0,andc, :=n*" 1y +
n% fpax {(L+1x1)71 = (1 + |nx |}~ 1}u(ndx) 1f0 < a < 2. Indeed, {1j,j € N} C H
since H is c.c.s.s. and

" j+1 (/%)a
[ 17 o = HP(/H)//( » )
j=1

(1+1 )(Hl)a ﬁ("niz)(”il)a
A(./ )(/) B I’I(%

-1l

which tends to 7i(z) asn — oo, ifa@ < 0. If0 < o < 2, we have

i(z,x)
1+ |x|?

1 .
n”Cu(n_lz) —i{cp, 2) = —En‘)‘_z(z, Az) +n® /d <e’<“) —1- ) v(ndx).
R

For any bounded continuous function f: R? — R vanishing on a neighborhood of 0, it
follows that

lim n“/ f@)vndx) =0,
R4

n—oo

since 1 € Co (R?). Recalling that v(B) > n*v(nB) for B € B(R?) from (1.1), we have

lim lim n“*Z(z,Az)ana/ (z, x)*v(n dx)
e{0n—>00 x| <e
< lim n%%|(z, Az)| + lim (z,x)*v(dx) =0.
n—0o0

€ |x|<e
Then, it follows from Theorem 8.7 of Sato [18] that lim,_, oo Z(n " '2)" e~/(2) = 1. Thus
BN )
()

nw
Hum g)Prelln) = = — (),
ﬁ( z) e—ifen2)

asn — 0. O

By
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Corollaries 3.5, 3.6 and Theorem 3.7 yield the following.

COROLLARY 3.8. (i) Leta € (—o0,0]U (2, 00). Then, for all c.c.s.s. H C I(RY),
Q,(H) C H.

(i1) Leta € (0,2]. Then, there exists a c.c.s.s. H C I(Rd) satisfying Qo (H) ¢ H.

(ili) Leta € (0,2). Then, forall c.c.s.s. H C 1(R?), Qu(H) NCy(RY) C H.

PROOF. (i) Ifa <0,and H C I(Rd) is c.c.s.s., then Theorem 3.7 implies Qqu(H) C
H.Leta > 2andlet H C I(RY) be c.c.s.s. If H = @, then Qu(¥) = . Assume H #= 0.
Then Corollary 3.5 implies Qu(H) = {8, : y € R} C H.

(ii) See Corollary 3.6.
(iii) See Theorem 3.7. U

We are ready to define nested subclasses of L) (R?) by using the 9 (-)-operation. Let
Hc IR anda € R.Form =0,1,2,..., 00, we denote the m times iteration of Q¢ (-) by
Q4 (), namely,

Qy (H) = Qa(Qa(. .. (Qu(H))...)),

m

where QO(H) = H, and Q°(H) = (,,_; Q% (H). By Corollary 3.8 (ii), it is not always
true that Qa (H) C Qg (H)(= H). However, it will be seen in Proposition 3.10 (iii) that
if H C I(R?) is c.c.s.s., then QT (H) € Q7(H),m € N, so that limy_.o Q7 (H) =
Moy QU (H), if we regard Q" (H) as a sequence with m € N.

For0 < o < 2, let

Io(RY) = {u e I(RY): / x| u(dx) < oo} )
Rd

We first prepare the following lemma.

LEMMA 3.9. Let0 < a < 2. Suppose € L' R?). Then, for allb > 1, pp in
Definition 1.1 satisfies pp, € I,(RY).

PROOF. Letb > 1. Denoting the Lévy measures of u and p; by v and vy, respectively,
we have that v, (B) = v(B) — b®v(bB) for B € Bo(R?) by (1.1). Then, it follows that

/ |x|vp(dx) =
|x|>1

— Z ba(k‘H) (bk bk+1]S) bav((bk+1 , bk+2]S)}

oo oo

Ix|%vp(dx) < Y p¥*FDy, (b, p*HS
/xe(b" bk-H] Z ( )

k=0 k=0

i bO{(k+]) (bk’ bk+1]S) _ ba(k+2)v((bk+], bk+2]S)}
k=0
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= lim {b*v((1, b1S) — b*" (", b"H2]5))
n—>oo
<b%v ((1,bh]S) < 00.
This implies u € I, (Rd), due to Corollary 25.8 of Sato [18]. a

We now prove several properties of Q7 (H).

PROPOSITION 3.10. Let H C I(RY) be c.c.s.s. Then, we have the following.
(i) Fora e Randm €{0,1,2,..., 00}, Q¥ (H) is also c.c.s.s.
(i) Fora € Randm € Z4, n € Qg""l(H) if and only if € I(R?) and for each
b > 1 there exists pp € QU (H) satisfying (1.1).
(iii) Let o € R. Then, QU (H) is decreasing in m € N with respect to set inclusion,
namely,

(3.2) QM(H) D> Q"Y(H) for meN.
(iv) Leta € R. Then Q3°(H) is invariant under the Q3°(-)-operation, that is,
Qo (QF(H)) = QF(H) ,

which is equivalent to that w € Q3°(H) if and only if p € I(RY) and for each
b > 1 there exists pp € Q5° (H) satisfying (1.1).

(v) Letm € {0,1,2,...,00}. IfQu(H) C H forall @ € (0,2], then QU (H) is
decreasing in o € R with respect to set inclusion, namely,

(3.3) DZ’} (H)D DZ’Z(H) for a; < ay.

PROOF. (i) Let us show the statement for m € Z, by induction. The case form = 0
is obvious. Assume that Qg{”_l(H) is c.c.s.s. Then, Theorem 3.4 (i) yields that u € Q) (H)
if and only if & € I(RY) and for each b > 1 there exists p, € Dgl’l(H) satisfying (1.1).
By using this decomposability, it is easy to see that Q7 (H) is c.c.s.s. Thus Q7 (H) is c.c.s.s.
for all m € Z.. Recalling that the intersection of c.c.s.s. classes is again c.c.s.s., we have the
assertion for m = oo.

(ii) Noting (i), we can apply Theorem 3.4 to the class Q7' (H) in place of H.

(iii)) We first show the case for « € (—o0, 0] U (2, 00). It follows from Corollary 3.8
that Q4 (H) C H. Then Lemma 3.3 yields (3.2). We next show the case for « € (0, 2).
Suppose that m € Nand u € QZ}“ (H). Then it follows from (ii) that for each » > 1 there
exists pp € Q" (H) satisfying (1.1). Then u € L' (R?) and hence pp € I,(R?) C Co(R?)
by Lemma 3.9. Therefore p, € QU (H) N Cy (RY) C Dg'_l(H) by Corollary 3.8. Then it
follows from (ii) that . € QF (H). Thus (3.2) holds. We finally show the case for « = 2. If
H =0, then QU (H) = ) for m € N and thus (3.2) is true. Let H # . It is sufficient to show
that

(3.4 forallm € N, Q5 (H) is the class of all Gaussian distributions .
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Let us show this statement by induction. If m = 1, the assertion is Corollary 3.5. Assume
that the assertion is valid for m. Then Q’Z"'H(H) =9 (Qg1 (H)) = H(pn € ZZRY):
w is Gaussian}), which is equal to the class of all Gaussian distributions on R¢ by Corollary

3.5. Then the statement is true for m + 1. Therefore the statement is true for all m € N.

(iv) It follows from (iii) that Q' (H) D Q5°(H) for all m € N. Then, Lemma 3.3
entails that Q7 (H) > Qq (Q3°(H)) for all m € N. Therefore Q3°(H) D Qo (QF(H)).
To prove the converse inclusion, let © € Q°(H). Then p € QZ'H(H) forallm € Z4.
Therefore it follows from (ii) that for any b > 1 there exists p, ;, € QU (H) such that
@) = ab )" pup). Since u € I(RY), (b~'2)*" does not vanish. Therefore
Pm.b(2) = i(z)/1E(b~'2)®", which is independent of m. Denoting it by o5 (z), We have
Pooy € QU(H) for all m € Zy, namely, poop € (oo QW(H) C QP (H). Then
W E Qy (Dgo(H)) by Theorem 3.4. Hence Q5°(H) C Qg (Dgo(H)).

(v) Note that Qu(H) C H for all « € R by Corollary 3.8 (i) and the assumption. Let
us show the statement for m € Z by induction. The case for m = 0 is trivial. Assume that
the assertion is valid form — 1. If u € lez(H), then, by (ii), for each b > 1 there exists

Pb € Qg"z_l (H) satisfying (1.1) for a in place of «. Noting that »*2 — b*1 > 0, we have

fiz) = g~ )" @™ " " By (2)}

By (iii), we have u € Qg’z (H) C Qg"z_l (H). Then, the assumption of induction entails that
W, pp € Q(’X";l(H) C QZ'I_I(H). Since Qg’l_l(H) is c.c.s.s. from (i), the distribution with
characteristic function (b~'2)?** ="' 5, (z) also belongs to le;l (H). Hence p € Qq, (H)
by virtue of (ii). Therefore the statement is true for all m € Z. . Taking the intersection under

m € N of the both sides of (3.3), we have the assertion for m = co. O

For H ¢ Z(R%), we write H for the closure of H under weak convergence and convo-
lution. Some facts related to the class of stable distributions are the following.

PROPOSITION 3.11. Let H C I(R?) be c.c.s.s. andm € {1, 2, ..., oo}

() Ifa <0and H D S(RY), then Q" (H) D S(RY).

(i) If0<a<2and H D Uﬁe[a,z] Sﬁ(Rd), then Q' (H) D Uﬁe[a,2] Sg(RY).

(iii) Ifa =2and H # 0, then Q7' (H) is the class of all Gaussian distributions.

(iv) Ifa >2and H # 0, then Q) (H) is the class of all 8-distributions.

PROOF. Letpu € S(R?). Then, there exists B € (0, 2] such that for each b > 1 there is
¢p € R satisfying 7i(z) = i(h~'2)?" ¢!»?) Noting that & < B and letting

(3.5) Po(2) 1= b~ P e en )

we have (1.1). Since u € S(RY) C H and hence p, € H, it follows that i € Q4 (H). Then,
looking at (3.5) and taking into account that Q4 (H) is c.c.s.s., we have pp € Qy(H), which
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implies u € Di(H ) by Proposition 3.10 (ii). Iterating this argument, we have u € QU (H)
for all m € N. Therefore QI (H) D S(R?) for all m € N. Since QN(H) is c.c.s.s., it follows
that 97 (H) > S(RY) for all m € N. Thus QX (H) = (>, Q" (H) > S(RY).
(i) Itis proved in a similar way to (i).
(iii) For m € N, what we have to show is (3.4) itself, which is already shown. For
m = 0o, we have that Q5°(H) = Mirzs QY (H)={ne Z(RY): 1 is Gaussian}.
(iv) For m € N, the statement can be proved in the same way as that for (3.4). For
m = 00, it is proved in the same way as (iii).

]

We now define Lm (Rd) the nested subclasses of L@ (R9). Define Lf,‘f ) (R%) by
QU (I(RY)) fora € Rand m € {0,1,2,...,00}. Take into account that L (RY) =
L (R?). Noting that Q, (I (R?)) c I(R?) for all @ € (0,2] and I(R%) > S(R?), we have
the following two propositions immediately from Propositions 3.10 and 3.11.

PROPOSITION 3.12. The following hold.

(i) Fora e Randm € {0,1,2,. oo} L,g‘;l)(Rd)isccss

m+1 (Rd) ifand only if u € I(Rd) and for each
b > 1 there exists pb € Lm (Rd) sansfylng (1.1).

(iii) Leta € R. Then L (Rd) D Lerl (Rd)form eZ,.

(iv) Leta € R. Then, 9, (Loo (Rd)) R, namely, u € L (R?) if and only

(i) Fora € Randm € Z+,,u, e L

if 1 € I(RY) and for each b > 1 there exists p, € L' (RY) satisfying (1.1).
() Letm e {0,1,2,...,00}. Then L (R?) > L% (R?) for ay < as.
PROPOSITION 3.13. Letm €{0,1,2,...,00}.
() Ifa <0, then L (Rd) S S(RY).
() If0 <a <2, then L RY) > Upecra.y S8RD).
(i) Ifa =2, then L (Rd ) is the class of all Gaussian distributions.
) Ifa > 2, then L (Rd) is the class of all 5-distributions.

We next characterize L (Rd) in terms of Lévy measures. For m = 0,
Maejima and Ueda [13] proved the following.

THEOREM 3.14. Let a« < 2. Then, i € I(R?) with Lévy measure v belongs to
Lg)‘> (RY) if and only if

v(B) = /)»(dé)/oo 1p(r&)r " 'ke(r)ydr, B € BR?\ {0},
S 0

where ) is a probability measure on S and kg (r) is right-continuous and nonincreasing in
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r € (0, 00) and measurable in & € S, and for all € € S,

/ (rz/\l)r_a_lkg(r)drzf (Ix12 A Dv(dx),
0 R

which is independent of §. If v # 0, then this A is uniquely determined by v, and this kg (-) is
uniquely determined by v up to & of A-measure 0.

For characterizations of L,(ff) (Rd), we need some preparation.

DEFINITION 3.15. Leta < 2. For u € L(()a)(Rd) with Lévy measure v # 0, we
call kg¢(r) in Theorem 3.14 the k-function of v (or w). If v = 0, then we define the k-
function of v (or w) as the zero-function. And we call the function /¢ (1), u € R defined by
he(u) := kg (e™) the h-function of v (or ).

For f: R — R, we introduce the difference operator as follows:

Al f(u) = Z(—l)”j(’;)f(u—i—je), forueR, ¢>0and ne€Z, .
=0

Form € Z,, f: R — Ris said to be monotone of order m if A? f(u) > 0 forallu € R,
e>0andn=0,1,2,...,m. f: R— Rissaid to be absolutely monotone if f is monotone
of orderm forallm € Z.

The following four statements are proved by similar arguments to those in Section 1.2 of
Rocha-Arteaga and Sato [16], originally done in Sato [17], so we omit their proofs.

THEOREM 3.16. Suppose o < 2.
(i) Letm € Zi. Thenp € LY (R?) if and only if w € LY (R?) and the h-function
hg(u) of p is monotone of order m + 1 inu € R for A-a.e. § € S.

(i) pe LS RY) ifand only if 1 € LY (RY) and the h-function he (u) of w is abso-
lutely monotone in u € R for A-a.e. § € §.

LEMMA 3.17. Leta < 2and(0 < ¢ < oo. A function hg (u) is absolutely monotone
inu € R and measurable in & € S and satisfies

o0
/ (6—2“ A 1) e (uw)du = ¢

—00
forall & € S if and only if

he = [ e,
0,2)N[e,2)

where I is a measure on (0,2) N [«, 2) for each & € S satisfying

1 1
-+ >—— | I:dp) =
/(O,Z)O[a,2)<,3 2_ﬁ> gdp)=c
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and I't (B) is measurable in & € S for every B € B ((0, 2) N [e, 2)).

THEOREM 3.18. Leta <?2.
(i) Ifune Lé? (RY) with Lévy measure v, then

v(B) = / r@p) / hp(dE) / T e ldr, B eB®R(0)),
0,2)N[e,2) N 0

where I' is a measure on (0, 2) N [«, 2) satisfying

1 1
—+—|I'{d ,
/(O,Z)m[a,z) <,8 T 13> (dp) < o0

and Ag is a probability measure on S for each B € (0,2) N [a, 2), and Lg(C)
is measurable in B € (0,2) N [«,2) for every C € B(S). This I' is uniquely
determined by . and this g is uniquely determined by p up to B of I"-measure 0.

) Ifue I (R?) with Lévy measure v is expressible as in (i), then u € Lg;) (RY).
THEOREM 3.19. (i) Ifa <0, then L (RY) C S(RY).

(i) If0 <o <2, then LY R € Uperan) SsRD).

Combining this theorem with Proposition 3.13 with m = oo, we conclude

THEOREM 3.20. (i) Ifa <0, then L' (R?) = S(RY).

(i) If0 <a <2, then LY RY) = Upca.0) SpRY.

To conclude this section, we go back once to the case for a general c.c.s.s. H C I(R?).

THEOREM 3.21. Let H C I(R%) be c.c.s.s.
() Ifa <0and H D S(RY), then Q°(H) = S(RY).
(i) If0 <o <2and H > gy SpRY. then QP (H) = Upern) SpRD).
PROOF. We only prove (i), since (ii) is similarly proved. Proposition 3.11 yields that
QX(H) D S(RY). Using Lemma 3.3 repeatedly, we have Q"+ (H) c Q'+ (I1(R%) =
LY R form € Z;. Hence Q°(H) C L% (RY) = S(R?) by Theorem 3.20. Thus we have
QF(H) = SRI). -
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4. Nested subclasses of the class of «-selfdecomposable distributions in terms of
mapping

For « € R, Maejima et al. [11] defined mappings @, : D (®y) — I (RY) by

—1/a
£(/ (1 +at)1/°‘dX,(“)), whena < 0,
0

o0
@.1) Pu() = £ ( / e—fdx,“”) , whena — 0.
0

o
E(/ (1+at)_1/“dX,(“)), whena > 0.
0

Due to Theorems 2.4 and 2.8 of Sato [21], the domains D (®,) are as follows, (see also p. 49
of Sato [21]).

I(RY), whena <0,
Log(RY), whena =0,
I,(RY), when0<a<1,
IRY, whena =1,
I9RY), whenl <a <2,

{do}, wheno > 2,

@((Pa) =

where

Ig(Rd)z{ueIa(Rd): /l;dx,u,(dx)=0}, for 1 <o <2,

T
Il*(Rd) = {M = lL(A,y) € Ilo(Rd): lim 1 t_ldtfl xv(dx) exists in Rd} .
x|>t

T—o0

As to the ranges SR(®,, ), Theorem 4.6 of Maejima et al. [11] says the following.

L (RY), whena < 0,

LOY(RY)y, whena =0,

LR NCy(RY), whenO<a <1,
4.2) UCHER SRR

LORHNCFRY), whena =1,

LORHNCIRY), whenl <a <2,

{00}, when o > 2,
where

CiRY) = {’7(35,7) e L'VRYHNC(RY): V(B) = /X(dg)/oo 13(r&)r ke (r)dr
S 0
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1 - 00 r2 -
li tdt | €x(d —dk ists in R? and equals 7 | ,
6%1/2 /Sé ( 5)/0 272 £(r) exists in an equasy}
CORY) = CuRHYNIPRY), forl <a <2.

Now, we characterize @]} (H N i)(cbg’)) with a c.c.s.s. H C 1(RY) using the results in
the previous section. Note that, for o < 0, D(P}') = I(R%), m e N, since D(P,) = I (RY).
However, henceforth we do not treat the case for > 2, since it is obvious that @ ({5o}) =
{80} for all m € N.

THEOREM 4.1. Let H C I(RY) be c.c.s.s., and let m € N.
(i) Whena <0, 92 (H) =QI'(H).
(i) Whena =0, d (HND(P)) = Q) (H).

(i) When0 <o <1, @ (H ND(PM)) = Q7 (H) N Cy(RY).

(iv) Whena =1, ®0" (HND (@) = Qf'(H) N C;R).

(V) Whenl <a <2, 0" (HND@M) = Q"(H) NCIR).

PROOF. (i) Itis proved in a similar way to (v).

(ii)) We prove the statement by induction. The case for m = 0 comes from Lemma 4.1
of Barndorff-Nielsen et al. [1] and Theorem 3.4 (i) with & = 0 of this paper. Now assume that
the statement is valid for m —1 with m > 2 in place of m and let us prove @' (H N @(QD(’)")) =
QF (H). If we put H' := &¢ (H ND(Pp)), then it is equal to Qo(H) by the statement
for m = 0 and thus it is c.c.s.s. Applying the assumption of induction to H’ instead of
H, we have that CD(’)"*I (cbo (HND(Pp)) N 33(@8171)) = Q' (H). Since it is easy to see
that @y (H N D(PDgp)) N Z)((P(T’I) = (H N i)(c%")), it follows that @' (H N @(qﬁ(’)ﬂ)) =
Qi (H).

(iii) Itis proved in a similar way to (v).

(iv) We prove the statement by induction. Let us prove the case for m = 1. We first
show that @ (H N D(P1)) C Qi1(H)N CT(R‘J). If u e @ (HND(Py)), then u = @1 (o)
for some o € H ND(P1). We have, forany b > 1 and z € R,

b—1
cu(z)—bcu(b—lz)zf Cro ((1+t)_1z)dt=Cpb(z),
0

b—1
o = L (f (1 +t)1dx§“°)) .
0

Since H is c.c.s.s., pp € H for all b > 1. Then it follows from Theorem 3.4 (i) that u €
Q1(H). Since u € R(P)) C CT(Rd), we have u € Q((H) N CT(R‘J). We next show that
@1 (HND(®1) D Q(H)NCFRY). If p € Qi (H)NCRY), then u € LI (R NCF(RY)

where
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and hence u© = @ (ug) for some pg € ®(P1). On the other hand, due to Theorem 3.4 (i), for
each b > 1, there is pp € H satisfying (1.1) with @ = 1. Then, it follows that

.1 _
4.3) cuo(z)z%lbjfo Cuo (1 +1)"'2)dt

1 1
=i —{c —bC (b }:1' ().
o n(2) u(b™z) o oy (2)

This entails uo € H since H is c.c.s.s. Then u = ®@1(up) € @1 (H ND(P1)). Therefore
the case for m = 0 is proved. Now assume that the statement is valid for m — 1 withm > 2
in place of m and let us prove @' (H N D(®")) = QT (H) N CF(R?). We first show that
o (H N Z)(cbi")) Cc QMH)N CT(R‘J). If u e @ (H N Z)(q){")), then u = &{" (o) for
some o € HN @(@{"). We have, forany b > 1 and z € RY,

b—1
Cu(z) —bCu(b™'2) =/O Con1(09 (1 +072)dt = Cp, (2),

where
b—1 m—1
pp = ﬁ(/ (1 th)’ldxt((p1 (“0))).
0

Since CD;"*I(,uo) IS 9'1"71 (H) N C}(RY) by the assumption of induction and D’lﬂfl(H) is
c.c.s.s., we have pp € Q’I"_I(H) for each b > 1. Then, u € QY (H) due to Proposition
3.10 (ii). Since p € R(P}") C R(P1) C CF(RY), we have u € Q' (H) N CFRY). We
next show that ®" (H ND(®}")) > QP (H) NCFRY). If u € QF(H) N CjRY), then
pn e LYRY N CrRY) since QT (H) € Q' (I(RY) = LS{I(Rd) c LD(R?). Hence
w = D1(up) for some o € ®(P1). On the other hand, due to Proposition 3.10 (ii), for
each b > 1, there is p, € Q7' (H) satisfying (1.1). Then, (4.3) holds. Since Q7' (H) is
c.c.s.s., o € Q7' (H). Noting that o € D(®1) = I} (R?), we have o € Q7 '(H) N
I¥RY). since Q" '(H) ¢ Q" 'U®RY) = LIV, RY) < LIV (RY), we have that pg =
140(Agv0.y0) € L (RY) N C1(R?). Therefore vy has the polar decomposition as follows:

o
vo(B) = f ho(dE) /0 13(ré)r ko (r)dr, B € BRY\{0}),
S
where ko £ (r) is right-continuous and nonincreasing in 7 € (0, c0) and measurable in & € S,

and satisfies lim; _, o ko,e(r) = O for each £ € S. Then Lemma 5.1 and its proof of Maejima
etal. [11] yield that

1
vo(B) = / v~ B)s2ds, B e BRI\ {0) / (xP A kD)1 (dx) < o0,
0 R4
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with
© d
vi(B) = —/ko(dé)/ 15(ré)r~'dkog(r), B e BRY\{0}).
N 0

Taking into account that pg € *(Rd ), we have fRd xuo(dx) = 0, which is equivalent to that

x|x|? /1 _ / sx|sx|?
= — dx s~ “ds dx
Y0 /Rd1+|x|2 vo(dx) = A i 11 [sx v (dx)

2
p
:/O sds/sg?)»o(dé)/o 1_i_vdko,fg(i’)-

This yields pg € CT(Rd) and hence ug € Q'lnfl (H)N CT(R‘J). By the assumption of in-
duction, we have g = QD;"_I(;LZ) for some py; € HN Z)(@f"_l). Then u = @1 (ug) =
D (u2) € D (HND(D).

(v)  We prove the statement by induction. Let us prove the case for m = 1. We first
show that @, (H N D (D)) C Qu(H)NCIRY). If u € @y (H ND(Dy)), then u = Py (110)
for some o € H N D(P,). We have, forany b > 1 and z € RY,

b*—1)/a
Culz) = b*Cu(b™'2) = /O Cuo (A +an)™V2)dt = Cp, (2),

where

&*=1)/a
Op = c(/ (1 +at)‘/“dx,(“°’> .
0

Since H is c.c.s.s., pp € H for all b > 1. Then it follows from Theorem 3.4 (i) that u €
Qo (H). Since u € R(Py) C CO(Rd) we have u € Qu(H) N CO(Rd) We next show that
Dy (HND(Dg)) D Qu(H)NCAURY). If n € Q4 (H)NCLRY), then € L (RY)NCI(RY)
and hence u = @, (o) for some g € D(Py). On the other hand, due to Theorem 3.4 (i),
for each b > 1, there is pp € H satisfying (1.1). Then, it follows that

) a »*—=1)/a e
(4.4) Cpp() =lim 12 /0 Cuo (1 + an) ™17 dt
— T 1N
_E?ll Ta 1{Cu(z)—b"fcﬂ(b )= llin 1 Cpb(z)

This entails no € H since H is c.c.s.s. Then u = @y (o) € @y (H ND(Dy)). Therefore
the case for m = 0 is proved. Now assume that the statement is valid for m — 1 withm > 2

in place of m and let us prove @ (H N @(@&”)) = QUH)N Cg(Rd). We first show that
oI (HND(PM) C QUH)NCIRY). If p € & (HND(PM)), then o = P (1) for
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some o € H ND(P]). We have, forany b > 1and z € RY,

b%—1)/a

Cu(z) —b*Cyu(b™'2) = /O C(p&n_l(uo)((l +at) V) dt = Cp, (2),

where
b —1)/a o1
o =£(/ a +m)*1/°‘dxt( @ (“0))).
0

Since ¢g'_l(uo) € QQ"_I(H) N Cg(Rd) by the assumption of induction and Qg'_l(H) is
c.c.s.s., we have pp € Qg{”_l(H) for each b > 1. Then, u € QU (H) due to Proposition
3.10 (ii). Since u € R(PM) C R(Py) C CURY), we have € Q7 (H) N CORY). We
next show that & (H ND(®)) > Q"(H) N CIRY). If p € QT (H) N CIRY), then
pn € LR N CIRY) since QT (H) € QI (RY)) = ij‘ll(Rd) c L@9(R?). Hence
w = Py (uo) for some o € ®(Py). On the other hand, due to Proposition 3.10 (ii), for
each b > 1, there is pp € Dgl’l(H) satisfying (1.1). Then, (4.4) holds. Since le’l(H)
is c.c.8.8., (o € Qg["_l(H). Noting that ug € D(®y) = Ig(Rd) C Cg(Rd), we have g €
Dgl’l (H)yN Cg(Rd). By the assumption of induction, we have ug = cbgl’l (m1) for some
1 € HND(@2™). Then j1 = @y (110) = B2 (111) € 2 (H N D(SM)). O

Leta < 2andlet H C I(RY) be c.c.s.s. Then it follows from Proposition 3.10 (iii) and
the theorem above that @7} (H no (@g")), m € N, are nested subclasses of @, (H N D (Dy)).

Using the results in the previous section, we obtain the limit lim;,—, oo @' (H N i)(cbg’)) =
Ny @2 (H ND(P1)) as follows.

COROLLARY 4.2. Let H C I(RY) be c.c.s.s.
(i) Ifa <0and H D S(Rd), then

lim @ (H)=9Q(H) = S(R?).
m— o0
(i) Ifa =0and H > S(R?), then

lim &' (HND(®y)) = Q5°(H) = S(RY).

m—0Q0
(i) 0 <a < 1land H D Upcpa.2) Sp(RY), then
lim &2 (HND(@M)) = QX (H) N Ca(RY)

m—0oQ

= |J Ss®HNC®) = LY RY) nCaRY) .
pela.2]
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(v) Ifa=1and HD Ugep 2 SpRY), then
lim & (HND(@") = Q°(H) NCFRY)
m—0o0
= |J Ss®HNCiRY = LY RY) nerRY).
pell.2]
) Ifl <a <2and H D Upeiy.n) SpRY), then
. 0 pd
lim @) (HND(PY)) = QX (H)NCy(RY)
= J Sp®RHNCIR = LY RH N CIRY.
pela.2]
REMARK 4.3. Let @ be a stochastic integral mapping defined by (2.1). It is a

interesting problem to characterize the limit lim,,— SR(@D?H) as in Maejima and Sato
[12]. Corollary 4.2 can be applied to this problem as follows. Assume that @ ¢ is de-
composed in the form that @y = &4 0 &y = D4 o @, for some o € (—00,2) and
some stochastic integral mapping ®4. Then 9%(@;’?) = o (SR(q)’g") N Z)(@g[")), so that
oI (HND(@M) C R(PY) C R(PY), where H = limy, o0 SR(qb'g"H). If H fulfills

the conditions in Corollary 4.2, then we have lim,,_ o0 9%(@}”1) = limy— 00 R(S7 ). An
example of this application is found in Maejima and Ueda [14]. This is why we consider
nested classes of L (RY) based on not only I(R?) but also general c.c.s.s. H C I(RY).

Let u € Loo(RY) = Lé%) (R9), and let I" and Apg be the measures in Theorem 3.18 with
o = 0. We call I' the I'-measure of u € Loo(RY), sometimes denoted by I'*. We also
write kg for Ag. Foraset A € B((0,2)), let Léo(Rd) denote the class of i € Loo(R?) with

I'* satisfying I'* ((0,2) \ A) = 0. Note that L' (R?) = LI%?(R?) for « € (0, 2) due to
Theorem 3.18.

LEMMA 4.4. Let0 < a < 2. We have L% (R?) N Cy(RY) = L2 (RY).
PROOF. Letpu € Lé? (Rd) = L([%’z) (Rd) with Lévy measure v. Then,
o0
v(B) = / r“dp) / )\g(dg)/ 15(r&)rP~'dr, BeBRY).
[a,2) S 0
Since

r“/ u(dx):r“/ F“(d,B)/ u_ﬁ_lduzf B~ =P rrwap),
|x|>r [e,2) r [e,2)

it follows from the bounded convergence theorem that

lim r“/ v(dx) = o ' T (o)) .
[x|>r

r—00
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Thus i € Cy(R?) if and only if I'*({a}) = O under the condition y € LY RY) =

L& (R, 0
Using the lemma above, we have the following.

THEOREM 4.5. Let H C I(RY) be c.c.s.s.
(i) If0<a <land HD Upcpa SpRY), then

. 2 d
Jim_ @y (HND@M) =L RY).

(i) Ifa=1land H D Upep 2 SpR?), then

. 1,2) pdy .
lim o' (HND(@)) = {u = WAy € LEPRD:

. 3-B pH1\1-e 1 (dE) —
im MB( L) e [egan =]

(i) If1 <a <2and H D Uperaz SpRY), then

lim @7 (HND(@) = L&Y R NIPRY).

m— 00

PROOF. The statements (i) and (iii) come from Corollary 4.2 and Lemma 4.4.

Let us prove the statement (ii). Suppose u € Lg;z) (Rd) With Lévy measure v. Let
¢ = [ra(x|* A Dv(dx). Note that LGP (RY) ¢ LLPRY) = LY RY) ¢ LORY). Let
and kg (r) be the ones in Theorem 3.14 with « = 1. It follows from Theorem 3.16 and Lemma
3.17 with @ = 1 that

1 1
k = “Br.dp), / <+—)rd =c,
() /m)r wapy . [ (G amg) e =

where I, & € S, are the measures in Lemma 3.17 with « = 1. Choosing a [1, 2)-valued
random variable X and an S-valued random variable Y with joint distribution

(L
P(X edp, Y ed§):=c (/3 - ﬁ)k(di})]‘g(dﬁ)

we have
1 1 \!
Ir'“dp)=c <E + m) P(X €dp), Ag(dg) =P edé|X=p8) "'ae. B

from the uniqueness of I"* and Ag. Since I'*({1}) = 0, it follows that I': ({1}) = 0 A-a.e.
& € S. Then we have

/ i / £2(d8) / k()
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_ _/ tdt/é)»(dé)/ Fg(dﬁ)/ ri=f)
/ it f £A(dE) f (B — DI:(dP) f 1 _Hz 5d

_ / 1 / £A(dE) / B — DI 2Ie(dp) /
e S (1,2) 0

which is, by 3.251.2 in Gradshteyn and Ryzhik [2], equal to

! B—1 (3—/3 ﬁ—1> p—2
/;dr/ék(dé)/l L, 2 B(=—— —— )" rap)
:/dt/i}k(dé})/lz) < i 'B+l>tﬁ 2Ty (dB)
3 3—B B+1\ g0 u
_/g dt/(m)B(—z At )r r (dﬁ)/ssxﬂ(d@

3_:3 ,3+1>1—8/31 / “
) : red M (dE) .
/(1,2) ( 2 2 B—1 (dB) Sé p(d§)

Thus, under the condition u € Lgo’z) (Rd),

1 00 }’2
li tdt Ad ———dk =
;ﬁ}/g fss ( s>f0 ke =

if and only if
3— 1\ 1—¢gf1
lim B( p BT ) ¢ F“(dﬂ)/gxg(dg)z_
el0 1,2) 2 2 ,3 —1 S

This completes the proof due to Corollary 4.2 and Lemma 4.4.
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Letting H = I(R%) in Theorems 4.1 and 4.5 and Corollary 4.2, we have the following

two theorems.
THEOREM 4.6. Letm € Z.
() Whena <0, R(@®"+!) = LI (RY).
(i) When0 <a < 1, R(@"!) = LI RY) N Cy(RY).
(i) Whena = 1, R(@"!) = L)) (RY) N CHRY).
(iv) Whenl <o <2, R(@"H1) = L RY) N CORY),

THEOREM 4.7. (i) Whenao <0,

lim R ) = Lo (RY).

m—00
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(i) WhenO <a <1,

lim K@M+ = L@ (RY).

m— 00

(iii)) Whena =1,

Jim R = {M = H(avy) € LGP RY:

. 3-p pH1\1=¢" R () =
im m)B( B S [egan = -,

@(iv) Whenl < a < 2,

lim R(@" ) = L&D RY) N 1(RY).

m—00

REMARK 4.8. The two theorems above in the case « = 0 are well-known results.
Also, Theorem 4.7 in the case —1 < « < 0 is already proved in Example 3.5 (5) of Maejima
and Sato [12]. Mappings having the same iterated limits as those of &4, « € (0, 2), were
already found by Sato [22].

5. A supplementary remark

Theorems 3.20 and 4.7 have given us the limits of the nested subclasses in terms of limit
theorems and mappings, respectively, where, the forms of the limits look quite dependent on
a. However, if we do not care explicit forms of the classes, we can unify the expressions of
the results into one expression as follows. The first one is a restatement of Theorem 3.20.

THEOREM 5.1. Leta € R. Then L% (RY) = L@ (R?) N S(RY).

PROOF. (iii) and (iv) of Proposition 3.13 assure the statement for« > 2. If @ < 0,
Proposition 3.13 (i) and Theorem 3.20 yields the statement. Let 0 < o < 2. Then

Propositions 3.12 (iii) and 3.20 (ii) yields that L'“(RY) ¢ L@ R?) N S(RY). Let p €
L (R?) N S(R?) with Lévy measure v. Since i € S(R?), we have

v(B) =/ Fﬂ(dﬂ)/xg(dg)/w 15(&)r#7'dr, BeBRY).
0,2) S 0

Since u € L (R?), we have that for all o’ € (0, ), f ! |x|°‘/v(dx) < 00. Then

x>

o0
/ F“(dﬂ)/ B lgr < 0,
0,2) 1

which entails I'*((0, «’']) = 0 for all o’ € (0, ). Therefore I'*((0, «)) = 0. It follows from
Theorem 3.18 (ii) that 1« € L% (R9). O

Using the theorem above, we have the following, which is a restatement of Theorem 4.7.
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THEOREM 5.2. Leta € R. Then
(5.1 lim K@) = R(Py) N S(RI).

m—00

PROOF. If @ > 2, then limy,— oo R(®"H!) = R(Dy) N S(RY) = {8p}. Combining
Theorem 5.1 with (4.2) and Theorem 4.6, we have the statement for o < 2. O

REMARK 5.3. Many known mappings satisfy (5.1), (see, e.g., Maejima and Sato [12]).
However, some mappings do not fulfill (5.1), (see, e.g., Maejima and Ueda [15]).
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