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Introduction

Let A be a Cohen-Macaulay semi-local ring of dimension d, I an ideal
of definition of A and P(I, t)=32, MI"/I**)t* the associated Poincaré
series where A( ) denotes the length of A-module. Then P(I,¢) is
of the form e(1—t)%—ed—t)"¢+---+(—1) "¢, ,(1—t)""+(—1)%" +
(=1D%Pt+-- - +(—1)%'t". The coefficients e, (0<k=<d) are the so called
normalized Hilbert-Samuel coefficients of I with e;=e{ +e{+ -+ +e.

Since ¢, <d+;§—1)=<’cgd), the Hilbert-Samuel function MA/I"*) of I

equals eo(n;l’_d>—el<n ;'l_il;1>+ ce. +(—1)”’“‘1ed_1<ni'_1>+(—1)"ed for each
n>r. We say that e(1—t)™¢+---+(—1)"¢_,1—£)" and (—1)%e®+
el't+---+e{’t") are respectively the principal part and the polynomial
part of the Poincaré series. In this paper we assume that A/P is infinite
for each maximal ideal P, which guarantees the existence of superficial
elements. A superficial element 2 of I is said to be stable if I: x=I*
for all n>1. We say that a sequence of d elements «,, -+, z, of I is an
I-superficial (resp. a stable I-superficial) sequence, if «, mod. (z,, - - -, Ti_y)
is a (resp. stable) superficial element of I/(x,, ---, x,_,) for each k (1 <k=d).
For an I-superficial sequence wx,, ---, x;, there exists m>0 such that
@y <o, ) ["=I"*. We evaluate m in section 1.

Now in case d=1, I is said to be stable if it satisfies one of the
following equivalent conditions.

(1) NA/I*) is a polynomial in n for all »>0.

(ii) «I=1I* for some x in I.

(ili) P, t) is of the form e, (1—t)"'—e, (see [6]).
In the case of dimension d>1, the theory of stable ideals can be extended
in two directions. One is about the ideals such that (z,, ---, z,)I=1I* for
some &, ---, &, in I. The other is about the ideals satisfying the above
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condition (i). We are mainly concerned with the latter case. So we define
the stability of I as such. First we define the superficial saturation of
a decreasing sequence of ideals belonging to I. Then the sequence of
ideals thus obtained has a stable superficial element and has the same
associated Hilbert-Samuel polynomial. Therefore we get some information
about the coefficients of the polynomial part of P(I, t) by comparing them.
In section 2, we show that this method is especially useful in dimension

2. As an application, we give another proof of K. Kubota’s result ([5])

that, if the Hilbert-Samuel polynomial P(n) equals eo(n+(‘il_1>+

A,(A/I)(n}'fi'l), then A(A/I**)=P(n) for all n=0.

REMARK 1. An ideal I in A is called open if m*cI for some n>0,
where m is the Jacobson radical of A. In [14] Lemma 6, we assumed
implicitly that the open ideal I is contained in m. Therefore we assume
in this paper that I is an ideal of definition.

REMARK 2. The definition of Cohen-Macaulay ring is that of Nagata
[8]. Therefore we assume that all maximal ideals of A have the same
rank.

§1. Superficial saturation.

LEMMA 1. Letx, :--, x, be elements of I. Then the following state-
ments are equivalent.

(i) The sequence x,, ++-, x, 18 A-regular.

(ii) A/(zy, ---, w,_l)ﬁA/(azl, <o, X,_1) 18 imjective for each 1 (115 7).

Qi) (A @ > 2e))RAr ZES (A, -+, 20 )RAp is ingjective for
each © (1=1=7r) and each maximal ideal P in A.

iv) Ap/(xy, -+, ;) ﬂAP/(xl, <., X,_y) 18 tnJective for each i (1=i1=7)
and each maximal ideal P wn A.
(v) ht, (x, ---, x)=7r for each maximal ideal P in A.

ProOF. (i) is equivalent to (ii) by the definition. (ii) is equivalent
to (iii) by [1] Proposition 3.9. Since the functor @A, is exact, (iii) is
equivalent to (iv). (iv) is equivalent to (v) by [7] Theorem 31.

LEMMA 2. Let I be an ideal of definition of A and x, ---, x; be
elements of I such that (x, ---, 2)I™=I""" for some m>0. Then the
sequence x,, * -+, Xz 18 A-regular.

PROOF. Let P be a maximal ideal of A. Then we have d=ht, (IAy)=
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ht, (I"*"Ap) < ht, (x,, - -+, ) Sht,,(JA;) =d. Hence ht, (z, -, x;) =d.
By Lemma 1, z, ---, 2; is an A-regular sequence.

LEMMA 3. Let x, be a superficial element of I. Then there exists
elements «,, +++, x; of I such that x, ---, 2, 18 an I-superficial sequence
and (x, -+, x)I™=I"*" for some m>0.

PROOF. By induction on d, the proof proceeds just as the one given
in [14] Lemma 6.

LEMMA 4. Let «, ---, x; be an A-regular sequence in I. If a is in
(@ + =y )" I™: x, then a 8 a homogeneous polynomial of degree r—1 in
I, - -, x4

ProOOF. Using the condition (x) of [7] (15.B) repeatedly, we know
that a is a homogeneous polynomial of degree r—1 in I[x,, ---, x,].

LEMMA 5. If (x,, -+, x;)I=1I® for some x,, +-+, x; in I, then 2z, -+ -, 2,

18 a stable I-superficial sequence.

Proor. Since x,, ---, x; is A-regular by Lemma 2, the lemma follows
from Lemma 4.

LEMMA 6. Let x, be a superficial element of I. Then there is an
wnteger $>0 such that I*: x,=I"""' for each n>s.

PrOOF. Let >0 be an integer such that (I":x,)NI"=I"" for each

n>r and x,, -+, x; be an I-superficial sequence such that (x, ---, x,)["=
I+t for some m>0. Put s=m-+r. Then, for each n>s and each a in
I": z,, we have ax,e I"=(x,, -+, 2,)"I*". By Lemma 4, a is in I". Thus

a is in I*.

PROPOSITION 7. Let x be a superficial element and s the least integer
8>0 such that I":x=I"" for each n>s. Then s is independent of the
choice of the superficial element x.

PrOOF. Let x, y be superficial elements of I and s(x) and s(y) the
least such integers respectively for « and y. Let n>s(x). Then, for any
z in I":y, we have yzx*¥' ¢ I"**", Hence zx** e I"**¥~', Thus ze "
Therefore I™: y=I""", which means s(x)=s(y). By the change of the role
of x and y, we get s(x)=s(¥).

We denote this s by s(I).

COROLLARY 8. If I has a stable superficial element, then any super-
fictal element of I is stable.
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Let m(I) be the least integer m=0 such that A(A/I") is a polynomial
in » for each n>m. If m(I)>0, then m(I) is the degree of the polynomial
part of the Poincaré series P(I, t). We say that I is stable if m(I)=0, in
other words, if the polynomial part of the Poincaré series P(I, t) is a
constant.

PROPOSITION 9. Let « be a superficial element of I ,_Z=A/(x) and I=
I/(x). Then s(I)=max{m()+1, m)}. If m(I)+1<m(I), then s(I)=m(I).

ProOF. Let N,=xANI". Then we have the exact sequence 0—
zA|/N,— A/I*— A/I"—0. Hence

(%) MA/I") =Nz A/N,) +\A/T") .

Let m(N) be the least integer m=0 such that A(xA/N,) is a polynomial
in » for each n>m. (i) Assume that m(I)<m(). Then we know that
m(N)=m(I) by (+). Since AxA/N,)=nN@A+I"/I")=\(A/I": x))=NA/IY)
for each n>s(I) and both A(xA/N,) and N\(A/I"') are polynomials in »
for each n>m(I), N(xA/N,)=\A/I"") for each n>m(I). Hence I x=I"*
for each n>m(I). Thus s(I)<m(N)=m(I). (ii) Assume that m()=<m(I).
Then from (x), m(N)<m(I). Since A\(A/N,)=n(A/I": x))=NA/I*") for
each n>m(I)+1, we have I": x=I*"'. Thus s(Z/)<m(I)+1. Finally sup-
pose m(I)+1<m(I). Then m(N)=m(I) by (x). Assume that s(I) <m(N).
Since m(N)—1=s(I), we have I":x=I"" for each n>m(N)—1. Hence
MxA/N,)=n(A/I""") is a polynomial in n for each n>m(N)—1 because
n—1>m(N)—2=m(I), a contradiction.

PropOSITION 10. Let z,, ---, x; be an I-superficial sequence, I,=
Iz, ---, x) A=t=d—1) and m=1+max{m(), m(I), ---, mI,_)}. Then
@y - -+, )" =T""

ProOF. If d=1, the proposition follows from [6] Theorem 1.9. Let

d>1 and assume the proposition for d—1. Then (z, ---, x)I"=
I"**mod. x,A. Hence 2, A+ (x,, - --, ) I*DI™*. Since m=s(I), we deduce
that (z, x,, - -, @) [™=1"",

PROPOSITION 11. Under the same assumptions as in Proposition 10,
the following statements are equivalent.

(i) I, 1, ---,1,, are stable.

(ii) P, t)=e(1—t)*—e,1—0t)* ¢

(iii) L(A/I"“):eo(n;l"d)—el n f;l) for all n=0.
. wins - (R+d n+d—1 o
iv) NA/IY)=e, d )——e1 d—1 Jor all large n and e =0.
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(v) (@ +--, xy) =1

PrOOF. Assume (i). If d=1, (i) implies (ii) by [6] Theorem 1.9. Let
d>1. By Proposition 9, there exists a stable I-superficial sequence
Xy, *++, £g. Since A, A/N,)=N(A/I""), the equality (x) in the proof of
Proposition 9 implies that P(I, t)=P(l, t)/(1—t). Now (ii) follows by
induction on d. Obviously (ii) is equivalent to (iii) and (iii) implies (iv).
(v) follows from (iv) by [5] Corollary 6 and Proposition 8. Assume (v).
By Lemma 5, x,, + -, x, is a stable I-superficial sequence. Thus P(I,_, t)=
PI,t)/1—-t) A<i=d-—1). Since P, ,t)=e(l—t)"—e, PU,t=
e(1—1)"%—e,(1—t)" ¢, Therefore I, is stable (0=:<d—1).

REMARK. The conditions (i) and (v) of Proposition 11 are independent
of the choice of the I-superficial sequence z,, ---, x;, because the condi-
tions (ii), (iii) and (iv) are so.

DEFINITION. We say that a family of ideals of definition of A,
{J}.5, is a decreasing sequence belonging to I if it satisfies the following
conditions.

(i) J™2J™ for each n>0.

(ii) JWJ"™ccJ"*™ for each n, m>0.

(iii) I"cJ™ for each >0 and I"=J"™ for all large =.

Let {J"™},., be a decreasing sequence belonging to I. Then we say
that P(t) =220 MJ™/[J ")t (JO=A) and H(n)=1(A/J"t") are respectively
the Poincaré series and the Hilbert-Samuel function of {J*},.,. By the
condition (iii), / and {J™},., have the same Hilbert-Samuel polynomial.
Therefore the principal parts of their Poincaré series are the same.

LEMMA 12. If x is a superficial element of I, then x is a superficial
element of IAp for each maximal ideal P in A and s(IAp)<s(I).

PROOF. Since 0—I"'—A5A/I" is exact for each m>s{) by

Lemma 6, we have the exact sequence; O—>I’"‘1AP—>AP£>AP/I”'AI, for
each m>s(I). Thus x is a superficial element of IA, and s(I4,)=s(I).

Let « be a superficial element of I. Then the least integer s(J*)>0
such that J™:x=J"" for each n>s(J*’) is independent of the choice
of x. If s(J™)=1, we say that x is a stable superficial element of the
decreasing sequence {J™},.,. Put I'"=U,., (J"*:a%). As (J"*: ¥ C
(Jinth+0; gk+1) for each k>0 and A is Noetherian, I =I"**; * for all large
k. Obviously J™cI™,

LEMMA 13. I™ 4s independent of the choice of the superficial
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element x.

PrOOF. Let y be a superficial element of I and m>s(I). Then
ax™ e I"*™ if and only if ax™y™e I"***. Hence we have I**™: g™=I**"; y™.

LEMMA 14. I™ 4s contained in the Jacobson radical of A for each
n>0.

PROOF. Assume the contrary. Then there exists a € I'” for some
n>0 which is not contained in some maximal ideal P in A. Since
ax™e€ I**™ for some large m>0, ax™c I"*™A,. As a is not in P, a is a
unit in A,. Hence z™eI**™A,. Let k be an integer such that k=s(l)
and k>n. For any element b of I*"A,, we have bx™cI**™A,. By
Lemma 12, be I*A,. Hence I*"A,cCI*A,. Therefore I*"A,=I*A,. By
Nakayama’s lemma, I*"4,=0, a contradiction.

DEFINITION. We say that the decreasing sequence {I'"},.,, thus
obtained is the superficial saturation of {J"™},.,., Remark that the
superficial saturation is uniquely determined by I. We say that I is
superficially saturated if I"=1. A decreasing sequence {J"™},., is said
to be superficially saturated if J=I" for each n>0.

PROPOSITION 15. Let x be a superficial element of I, {J™}.., a de-
creasing sequence belonging to I and {I'™},., the superficial saturation of
{J™}usoe Then

(i) {I'™}.s0 18 a decreasing sequence belonging to I.

(ii) {I"™},>, has a stable superficial element.

(1ii) {I"™},s, 18 superficially saturated.

PrOOF. (i) By Lemma 14, I is an ideal of definition of A. Obviously
I™ o> [ for each »>0. Let aelI™ and beI™. Then ax*e I*** and
bx* € I™** for some k. Hence abx* ¢ I**™**, Thus abe I"*™. OQbviously
I"cI™ for each n>0. Let m be an integer such that I'” =I1"*™: x™. Then,
if n=s(I), we have I =1". Thus {I"™},.,is a decreasing sequence belonging
to I. (ii) Let k>1 and acI*®:x. Then axrecI®. Hence ax™* e I**™ for
some m. This implies that a € I*", (iii) follows from (ii).

COROLLARY 16. I has a stable superficial element if and only if
I™=1I" for each m>0.

LEMMA 17 (One dimensional case). Assume that A is of dimension
one. Let x be a regular element of A contained in I, e, the multiplicity
of I and {J™},s, @ decreasing sequence belonging to I. Then e,=N(A/xA)=
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MI [T ) for each m=0. The equality holds if and only if xJ™ =J"+,
If o™ =J"*, then wJ™ =J™*" for each m=n.

PROOF. e,=)\(A/xA) by [6] Theorem 1.9. Since multiplication by =
induces the isomorphism A/J" —xA/xJ™, we have

MA/zA) =\ A2 A) + 0@ Alod W) —\(A/T™)
= M(A/2T ™) —\(A[T™)
— X(J(n)/xJ(n)) zX(J(n)/J(n+l)) .

From this, it is clear that the equality holds if and only if zJ™ =J"V,
Assume that xJ™=J"*, It is obvious that zJ™ cJ"™*" for each m=0.
Let m=n and yeJ™™. Then yx*eJ™"** for some k. As yeJ",
y=w2z for some zeJ™. Thus zz** e J™+¥  This implies that z € J™.

COROLLARY 18. Let A be of dimension one and {J™},., a decreasing
sequence belonging to I. Then all the nmormalized coefficients of the poly-
nomial part of the Poincaré series of {J'™},., are non-negative.

LEMMA 19. Let x be a superficial element of I, {I'™},., the superficial
saturation of {I"},., and (—1) a,+a;t+---+a,t”) the polynomial part
of the Poincaré series of {I'"},5.. Then e,(I™*)=e,(I™*/(x)), ++-, es_,(I™*) =
es_.(I®[(x)) and the polymomial part of {I'™ +(x)/(X)}.s, ©8 of the form
(—1)* "By + b+« + » +b,,,t"™), where e;_,=by++++ +b,p1, Q=b,+by+++++b,.4,
a;=b,+b;+ -+ +b,py, -+, @y =b,+b,.;, @,=b,,. : :

Proor. Let N,=x2ANI"™. Then, from the exact sequence 0—xA/N,—
A/I™ — A/T™ -0, we have 1—£t)PI™, t)=PI*, t), just as the proof of
Proposition 9. Comparing the coefficients, we have the lemma.

PROPOSITION 20. If there exists a stable I-superficial sequence, then
all the normalized coefficients e, (1=<1=d) of the Hilbert-Samuel polynomial
of I and all the normalized coefficients el (0=<i1=<m(I)) of the polynomial
part of the Poincaré series of I are mon-negative.

Proor. This follows from Lemma 19 by using induction on the
dimension of A.

LEMMA 21. Let {J™},., be a decreasing sequence belonging to I and
let a,+at+--:+a,t™ib,+bt+:--+bt' and a¥+art+---+aXt” be respec-
tively polynomial parts of the Poincaré series of I, {J™},.5o and {I™},,.
Then ay+a,+ -+« +a,=b,+b,+ -+ +b,=af+af+---+af for each k=0.

PROOF. Since the Poincaré series of these decreasing sequence have
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the same principal part, the inequality N\(A/I**)=M(A/J**)=N(A/T*HY)
implies the lemma. ‘

§2. Two dimensional case.

THEOREM 22. Let A be of dimension 2 and af +aX*t+---+aXt™ (aX+0)
the polynomial part of the Poincaré series of a superficially saturated
decreasing sequence {I"™},., belonging to I. Then ay>af>--->aX>0.

PrROOF. Let x be a superficial element of I. Then PI™,t)=
P(I™/[(x), t)/(1—t). Now the theorem follows from Lemma 17 and
Lemma 19.

COROLLARY 23. Let A be of dimension d=2. Then e,(I)=0.

Proor. Since the Hilbert-Samuel polynomials of {I*},., and {I"},.,
are the same, we may consider {I"*},., instead of {I"},.,. By Lemma 19,
it is sufficient to prove the lemma in the case of dimension 2. Now the
lemma follows from Theorem 22.

THEOREM 24. Let A be of dimension 2 and let I be stable and super-
fictally saturated. Then {I'},., is the only decreasing sequence belonging
to I.

Proor. With the same notations as in Lemma 21, we have a,=b,=as
and a,++--+a,=b,+---+b.,=af+---+af for each k=1. Since a,=0 and
af=0 for each k=1, we have b,=0 for each k=1.

COROLLARY 25. Let A be of dimension 2 and let I be stable and super-
ficially saturated. Then there exists a stable superficial element of I.

PrROOF. By Theorem 24, I*’=1TI* for each k=1.

Let m(J*™) be the least non-negative integer such that J™:g=J"?
for each n>m(J**), where x is a superficial element of I and {J™},,, is
a decreasing sequence belonging to I.

PROPOSITION 26. Let {I™},., be the superficial saturation of a de-
creasing sequence {J™},., belonging to I, m=mJ*) and n=mI*). Then:

(i) If A is of dimension 1, then xJ™t=J"™*? for each superficial
element x.

(ii) If A is of dimension 2, then (x, Y)I" 2 =I"*® for each I-super-
fictal sequence x, y. In particular, +f I is stable and superficially
saturated, then (x, y)I*=1°.
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PROOF. (i) follows from Lemma 17. (ii) Let 2, ¥ be an I-superficial
sequence. Then m(I'*/(x))=m+1. Hence yI™*?/(x)=I"**/(x) by (i). As
% is a stable superficial element of {I™},.,, we have (x, y)I"+? = [n+®

PROPOSITION 27. Let A be of dimension 2 and k a positive integer;
Then the decreasing sequence {I®},., belonging to I* is stable if and only
if E>mI™).

ProoF. Let a,+at,+:-:+a,t™ (a,+#0) be the polynomial part of the
Poincaré series of {I™},,,. Then the polynomial part of the Poincaré
series of {I"®} _ is '

(ao+ tee +ak~—1)+(ak+ cee +azk-1)t+ St .

Now the proposition follows from Theorem 22,

§3. An application.

As an application of superficial saturation, we prove the implication
(iv)=(v) of Proposition 11.

THEOREM 28 (K. Kubota). Let \(A/I)=e,—¢, and >\,(A/If‘+1)=eo<n;z*'d)-—

el(njl_fl_—l—l) Jor all large n. Then (x,, -+, x,)I=1I* for each I-superficial

sequence x,, ¢+ -+, &,.

PROOF. Let x, be a superficial element of I, I=1I/(x,), {I"},., the super-
ficials aturation of {I"},,, and T =I" 4 (x,)/(x,). If d=1, then the theorem
follows from [6] Theorem 1.9. Assume that d=2. Since e(I)=0, we
have 0=e(I*)=eP(I*)=¢P(I™)=--- by Theorem 22. As eP(I™*)=
e (I) and the principal parts of the Poincaré series of {I'"},5, and I are
the same, we have I"=]. By Lemma 19, m(I*)=0. By Proposition
26 (i), 2,]" =I® for some x,€I. Since I?>I* and IV =x,IC?, 2, =1,
i.e. x,J=I"mod. (x). As I is superficially saturated, we have (,, ) [=1°.
Now assume that d>2 and we proceed by induction on d. By Lemma
19, the Poincaré series of {I**'},., is of the form

e(1—8)"%—e,(1—28)* %+« « +(—=1)* " (bo+b,t+ -+ - +b,¢7) ,

where b,+b,4 -+ +b,=e;,_,=0. Since {I™},., and I have the same Hilbert-
Samuel polynomial, e, ,(I)=b,+b,+---+b,=0. As e,—e,=n\A/I)=\A/D),
we can apply the induction assumption to I to know that (&, ---, Z,)]=1I?
for some I-superficial sequence Z,, - - -, Z;. By Lemma 5, %, is a stable
superficial element of I. Therefore each decreasing sequence belonging
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to I coincides with {I"},., by Lemma 21. Thus I =1I" for each »>0.
As e,—e,=\A/D)=\(A/T"), we have b,=0. Therefore e(I*))=b,+b,+
«.++b,=0. Since e?’(I)=0, we know tha I’ =1, namely I is superficially
saturated, because the principal parts of the Poincaré series of {I'},.,
and I are the same. As (x, :--, ;) J=I?mod. (x,) and I is superficially
saturated, we have (z,, - -, x) =1
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