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On a Fluctuation Identity for Multidimensional Lévy Processes
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1. Introduction.

Fluctuation identities for one-dimensional Lévy processes, often called Wiener Hopf
factorizations, were investigated by many authors (e.g. Baxter and Donsker [1], Rogozin [9],
Gusak and Korolyuk [5], Pecherskii and Rogozin [8], Borovkov [3], Greenwood and Pitman
[4], Skorohod [11, §4.3 and 4.4], Sato [10, Chapter 9], Bertoin [2, Chapter VI]). There are
several types of identities, for instance, those concerning supremum processes mainly and in-
cluding ladder processes too. We are particularly interested in those given by Pecherskii and
Rogozin [8], involving supremum processes, and developed in Sato [10, Chapter 9]. Our aim
is to give some extension of their results to multidimensional Lévy processes. Our problem
might be discussed from the view-point of Millar’s general results ([6] [7]) on the decomposi-
tion of Markov processes at splitting times but detailed computations would be needed to ar-
rive at our result. In this paper, we employ an elementary method starting from random walks;
it may be a straightforward extension of the method developed in Sato[10, pp. 333-345] but
we emphasize that there is a crucial point concerning a careful definition of X" (H ~(¢)*) and
X" (H™T(t)*) (see §2 and Lemma 5.4). Another emphasis is that a relevant choice of an ap-
proximating compound Poisson process much simplifies the argument of deriving the result
for general Lévy processes from that for compound Poisson processes (see (5.2) and Lemma
5.4; compare it with the arguments of [11, pp. 207-213] and [10, pp. 342-345]). The method
of approximation is, in the sense of analysis, the same as the well-known method, often called
Yosida’s approximation, in the theory of semigroups of linear operators which makes use of
a bounded operator e "' (¢ 717 — A)~! A to approximate an unbounded infinitesimal generator
A ([12]).

2. The main result.

Given a Lévy process X (¢) taking values on Rd, d > 2, with X(0) = 0, we denote by
X'(r) and X" (¢) the first and the other components of X (), respectively, and so X (¢) can be
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expressed as
X=X, Xx"1)

where X'(¢) is a one-dimensional Lévy process and X”(¢) is a (d — 1)-dimensional Lévy
process. The sample paths of these Lévy processes are assumed to be right continuous and
have left limits. We write a Vv b (resp. a A b) for the maximum (resp. minimum) of a and b
and set

M'(t) =sup{X'(s): 0 <5 <t},
H™ () =inf{s € [0,1]: X'(s—)V X'(s) = M'(1)},
HT(t) =sup{s € [0,1]: X' (s—) Vv X'(s) = M' (1)},

X"(H™ () if X'(H™(1)=M'(),
X"(H-—) if X'(H-()—) =M@,

X"(H™(t)%) : defined similarly

X"(H (H)%) = {

M=) =M't), X"(H™ (1)%)),
M*(@t) = M'@t), X"(HT (t)%)).
In order that X" (H ~ (¢)*) is well defined, X" (-) should be continuousat H~ (¢) if X' (H~(t)—) =

X'(H™(t)) = M'(¢t), a.s. This will be proved in Lemma 5.3.
In this paper u, v and w are always expressed as

u=E+ig', g, v=@+in, in"), w=¢+i¢, ig"

with &, &, n, 1, ¢, ¢’ e Rand €7, 5", ¢ € R4, (i = «/=1). &, 1 and ¢ are often denoted
by Niu, Niv and R w, respectively. The notations u - M and (¢, X”') stand for the inner
products in C¢ and in R¢~!, respectively.

Our theorem is then stated as follows.

THEOREM 1. LetX(t) = (X'(t), X" (t)) be a d-dimensional Lévy process with X (0) =
0(d = 2), and set

2.1) AD)=u-M )+ w- MT@t) — M (1))

+v- (X)) =M (1) —aH (1) = BHT (1),
2.2) B(t) = e TP g XD 1 X' (1) > 0}

4o B Eei € XO) _ 1. X () = 0)

+e ME{Y XD —1; X'(1) < 0}

+ {7 e _ e PUX (1) > 0)

+ {em AP _ e MyP{X/(1) = 0).
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Then we have
R 1 o dt
(2.3) / e ME{e"D}dr = —exp {/ B(t)—} )
0 A 0 t

forany X, o, B, u, v and w satisfying the following condition:
A>0,a>0,8>0 and u=(+i&, ig"),
(2.4) v=m+in,in"), w= (¢ +it’,it") with
§<0,7=0,§,7.¢¢eR and & 0" ¢" R
The identity (2.3) can be rewritten in a slightly better form. We set
Ay =u-M~(t) —aH ™ (1)
+w-(MF (@) — M~ (1) — B(HT (1) — H™ (1))
+v-(X(1)—M* @) -y — H (1),
B(t) = e MO EXD _ 1. X'(1) > 0}
+ {e” A0 _ =My prx/ (1) > 0}
4o OB gl X)L X () = 0}
+{eT W — e P{X (1) = 0)
+e I EEVXD 1 X' (1) < 0}
+ e M — e PIX (1) < 0},
and introduce an exponential random time 7 with mean 1/A and independent of {X (¢)}.

COROLLARY. (i) Forany y > 0 and any A, o, B, u, v, w satisfying the condition
(2.4) we have

2.5) E{e?D) = exp {/Oo E(z)?} ,
0

(i1) The three random vectors
U= M~ (T),H (T))
V=M"T)-M (T), H*(T) — H™(I))
W =(X(T)—-M¥T),T - HY(T))

are independent.
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3. The case of random walks in R?.

In this section we prove a theorem for random walks in R? which is analogous to Theo-

rem 1.

Let{S,, n > 0} be arandom walk in RY, d > 2. 1tis expressed as S, = ZZ:] Xk, So =
0, where X ’s are i.i.d. random variables in R?. As in §2 we use the expression S, = (S), S))
where S, = Y}_, X, and S/ = Y "}_, X} are random walks in R and in RY~!, respectively.
S, is often written as S(n), in particular, when 7 is replaced by certain random variables such
as H,, H, etc. We set

M), = max{S; : 0 <k <n},
H =min{¢: 0<¢<n, S,=M,},
Hf=max{€: 0<¢t<n, S;=M,},
M, =S(H,)=(S'(H,), S"(H,)) = M,, S"(H,)),
M, = SH) = (S'(H). S"(H) = M,, S"(H)).
The following is a random walk analogue of Theorem 1.

THEOREM 2. Letu = (§ +i&, i&"), v=m+in, in”), w= (¢ +i', it") with
Nu=£& <0, Nv=n=>0, and set

(3.1 Ap=u-M; +w- (M —M)+v- (S, — M),
(3.2) B, = (srp)"Efe*S" —1; S, > 0}
+ (sp)"E{e" 50 —1; 8! =0}
+s"E{eVS" —1; 8, <0}
+ {(srp)" —s"}P{S), > 0}
+ {(s0)" = s"}P{S,, = 0}.

Then for any s, r and p satisfying |s| < 1, |r| < 1 and |p| < 1 we have

s n A" H): HnJr — — -1 . ﬁ
(3.3) Zs E{e’ i pH'y = (1 —5) exp<zn>.

n=0 n=1

Evidently both sides do not depend on ¢ and ¢'.

For proving the theorem we employ the same method as in Lemma 45.6 of Sato [10,
p- 336]. We set

Ty =min{n >1: S, >0}, Tyo=min{n>1: S, >0},

T-=minfn>1: 8, <0}, To=min{fn>1: S, <0},
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fsw) =) " s"E{e"S"; T_g > n},

n=0

o
g,(0) =Y s"E{e"S; Tyo > n},
n=0

(e.¢]
he(w) =Y s"E{e”S: Ty > n, S, =0},

n=0

X n

v (u) = expz %E{e“'s"; S, > 0},
n=1
o0 s"

Y, (V) = expz IE{e”'S”; S, <0},
n=1

X o
N o an
Cs(g‘”) :epo;E{el(i ,Sn); S1/1 —0}.

n=1

LEMMA 3.1. Forls| <1, |r| <1, |p| <1, Mu =& <0and Rv=n=>0, we

have
(34) Forp@hsp(w)g () = s"Efe’rrth phi'y.
n=0

PROOF. Let0 <m < £. Then
(3.5) Efe¥Sem Ty > ¢ —m, S,_,, =0}
= E{e"Stm; §, <0 (0<Vk<€—m), S, , =0}.

Since (X1, X2, -+, X¢—») is identical in law to (X,,+1, Xm+2, - -+, X¢), the joint distribu-
tion of Sy, S;(1 <k < € —m), S,_, is the same as that of S¢ — Sy, Spiar = Su(1 <k <
¢ —m), S, —S,,. Therefore (3.5) is equal to
E{ewc=Sm); ) — S, <0 (0<Vk <t—m), S,— S, =0}
= E{ew =5, §/ > 8 (m<Vk<1{), S, =S5}

Similarly, by using the law identity of (X1, X2, -+, X;—¢) and (X¢4+1, Xe42, -+ , Xn) we
have

EfeVSi=t; Tog>n — L) = E{eVS¢; §; <0 (1 <Vk <n—1¢)}

= E{e"®750; §) > 8 (¢+1<Vk <n))}.
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Moreover again by using the law identity of (X1, X2, --- , X;) and (X, Xin—1, -+, X1) we

have
E{e"S"; Tg > m} = E{e"%; S, > 8, 0<j<m—1).

Therefore, for |s| < 1, |y| <1, |p| <1, Ru <0, Ryv>0andw = (¢ +i¢’, i") we

have

Fsrp@hgp(w)g,(v) =Y (srp)" Efe"Sn; T_g > m)

m=0
[eS)
. Z(sp)f—mE{ew-Szfm; T, > {—m, Séfm =0}
L=m

o
. Zs"_[E{e”'S”*Z; Tio >n— L}

n=¢(
= Z s p E{e S S, > 87 (0<Vj <m—1)
0<m<{l<n<oo
CEfe S ! > 5 (m < Vk <€), S, =S}
CEfeV S0 5 > S, (641 < VK < n))

= > smptE(en S S Swv(Si=So,

0<m<{l<n<oo
Sl/ﬂ >S} O<Vj<m-—-1), S:n ZS]/( (m <Vk <),
Sy, =S, ;> S, (L+1<Vk <n)
— Z SnrmpfE{eu-Sm-‘rw'(Se—Sm)-‘rv'(Sn—Se); H =m, H:_ =0}
0<m=<f<n<oco

o0
- g+
= Zs"E{eA”an oy
n=0

This proves the lemma.

LEMMA 3.2. Forls| <1

(3.6) fsu) =y ) on {Nu <0},
(3.7 gs() =y, (v) on {Nv >0},
(3.8) hs(w) = ¢ (§") for w= (¢ +i¢', if").

PROOF. Fixing s and £” (|s| < 1, &” € RY™") we regard f;(u), g,(u), hs(u), v (u)
and y, () as functions of z = & + £’ alone and denote them by Js,67(2)s 95.£7(2), hs g7 (2),
y;“g,/ (z) and Vs_s” (z) , respectively. Now suppose Rju = & = 0 for the time being. Then by
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putting v =w = u and r = p = 1 in (3.4) we have

fs@hs g, ) =Y s"Efe" ) = {1 —sEE")} ™!

n=0

X n
= exp[— log{1 — sE(e"51)}] = exp E S—E(e“'S”)
n
n=1

= ey y ),
or equivalently
(3.9) fg7@hs g7 (2) g5 60(2) = €)Y, e (@Y (@) on {Rz =0},
and hence

foer@ sy @)

(3.10) -
Voer@  hegr (9560 ()

on {Rz =0}.

Moreover, for fixed s and £” (|s| < 1/2, €” € R?~1) the left hand side of (3.10) is bounded
and continuous on {iz < 0} and holomorphic in {#z < 0}; the right hand side of (3.10) is
bounded and continuous on {§iz > 0} and holomorphic in {fz > 0}. Therefore the function

the left hand side of (3.10) on {91z < 0},

11 =
(.11 9(2) {the right hand side of (3.10) in {9z > 0},

is holomorphic and bounded in the whole C and hence equal identically some constant c. The
constant ¢ must be 1 because we can easily prove that f; ¢#(z) — 1and y;“g,/ (z) > lasz=¢&

(so z is on the real axis) — —oo. Therefore ¢(z) = 1 and this implies f; g7 (z) = Vs+§” (z) on

{Mz <0} and hy ¢ (2) g, 60 (2) = Cs (é”)ysfs,, (z) on {Rz > 0}, or what is the same thing,

(3.12) fi@) = yr) for|s| < 172 and Ryu <0,
(3.13) hs(0)g,(v) = cs(m")y, (v) for|s| < 1/2and Rv > 0.

Since all the functions in (3.12) and (3.13) are holomorphic functions of s in {|s| < 1}, (3.12)
and (3.13) hold for |s| < 1. Finally to prove (3.7) and (3.8) we notice that (3.13) yields

9,(v) (")

3.14 =
( ) ys (V) hs(v)

depends only on s and 1"

(v=m+in',in") withn > 0),

and it is easy to see that the left hand side of (3.14) tends to 1 as n — oo. Therefore the
common value of (3.14) must be equal to 1 identically, so (3.7) and (3.8) hold. The proof of
lemma is finished.
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The proof of Theorem 2 is completed as follows. By Lemma 3.1 and Lemma 3.2 we
have

ZS”E{CA'l”H;pH;r} = fsrp(u)hsp(w)gs(v) = Vstp(u)csp(f//))/;(v) s
n=0

and it is not hard to verify that the last term equals the right hand side of (3.3).

4. The case of compound Poisson processes.

When X () is a compound Poisson process, Theorem 1 can be derived from Theorem 2
in the same way as in Theorem 45.5 of Sato [10, p. 335].
A compound Poisson process { X (¢)} can be expressed as

4.1 X(1) =Sz@n, t=0,

where {S),} is a random walk in R? with Sy = 0 and {7 (¢)} is a Poisson process with intensity
c; it is assumed that {S,} and {7 (¢)} are independent. Let 0 < 7] < 72 < --- be the jumping
times of {rr(¢)} and let rp = 0. Then 7, — 7,—1, n > 1, are exponential random variables with
mean 1/c. Let A(¢) and A, be defined by (2.1) and (3.1), respectively. We have the following
relations. If 7, <t < 7,41, then

4.2) w(t)=n, X(t) =Sy, M'(t) =M,

if H <n,

T+
4.3 H (t)=1, , H Hi+1
@.3) @) tH, @) {t if H,j'_—n,

(4.4) M~ (t)=M,, M @t)=M", Al)=A,—aH (t)—BH ().

Therefore, for any A > 0, « > 0, 8 > 0 and for any u, v, w satisfying Rju = & <
0, Mjv =n > 0 we have

o0
(4.5) / E{e MTA0) gt
0
et 00
= Z./o E{efMJrA(’); T, <t < Tyy1}dt
n=0

& 00
- +
= E / E{e MTAn—aH-O=pHTD). ¢ ¢ < 7,1 )dr,
0
n=0
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(4.6) E{e MTAn—aH O-PHY®D, ¢ ¢ ¢ 1)

’
= E{fe Mt ¢ <t < 1,41, HY <n)

" E{eferArAZ(’); T, <t < Tpyl, Hrjr =n}
(with A, = oty + frpr and A1) = aty- + 1)
= Z E ef)nl‘+A(WI,€,ﬂ)*aTm*ﬁfZ+l- T << Tntl
) Hn_ =m, Hrj_ =/

0<m=<t<n—1

_ _ _ 1 < Tyt
E M4A(m,n,n)—at,—pt. Tn < n+
+ ¥ fe o B e
0<m<n
(with A(m, €,n) = u - S +w - (S¢ — Sp) +v - (Sy — Sp))
= Z E{eA™tm. H= = m, HY = }E(t;m, £, n),

0<m=<{<n

where

E{e_)"_“f'"_ﬁ”“; T, <t < Tyy1} for  <n-—1,

E(t;m,¢,n) =
‘E{e_()‘ﬂs)’_‘”m; Ty <t < Tpy1) for £ =n.

On the other hand we have, forO <m < ¢ <n — 1 withn > 1,

%)) /oo E(t; m, ¢, n)dt
0

Tn+1
Y
Tn

_ lE{e—aTm—ﬁfm-l—)»Tn _ e—afm—ﬁfz+1—)~fn+|}

_ lE{e—aTm—ﬁfm-l —ATy VE{1 — e—)»(T;H-] —Tn)}

Y
— 1 E{efarm*ﬂrurkrn}
A+c

— ! E{e*(k+a+ﬁ)tm }E{e*()\‘i“ﬂ)(fprl*fm)}E{e*)h(fn*fé+l)}
A+c

1 c m c l+1—m c n—_{—1
:X+C<X+o¢+,3+c> (A+ﬁ+c> <X+c>

= ) () ()
A+ B4+c\A+a+B+c A+ B+c A4c)

371
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and similarly, for 0 < m < n withn > 0,

4.8) / E(t; m,n,n)dt
0

= () () ()
A+ B+c\AFa+BHc r+B+c A+c

withé =n.

From (4.5)—(4.8) we have
o
(4.9) / E {e*““(’)} dt
0

oo
N S

n=00<m<{<n

e e () ()
A+B+c\A+a+B+c A+B+c Atc

1 . n Ap H- Ht
f— E n n n
HMCZs {enrtin pfhiy
n=0
. c A+B+c A+c
WlthS: ’r:—andp:_
A+c Adta+B+c A+B+c
1 > B
= (1-s""ex —n) by (3.3)),
PRt p(gn (by (3.3))

where B, is given by (3.2).
LEMMA 4.1. Forany® > Oandforanyu = (§ +i&',i&"), v=(+in,in"), w=

(€ +ic' iy withg <0, =0, &.7,¢,¢' eRand&", 0", " € R, we have
o |
(i) / ;e*‘”E{e”"‘(” —1; X'(t) > 0}dt
0
0 n
1
= Z— (L> E{e"5" —1; S/ > 0};
n\6+c
n=1
o0 1 H " "
(i) / Lot pli€ X O) 1 X ) = o)
0
0 n
1 . " "
=Z—(—C ) E@ "5 —1; 8 =0};
on 0+c

o0

1

(iii) / ;e’GIE{e”'X(’)—l; X' (1) < 0}dt
0
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C 1( c >n v-§, /
=y - E{e"5 —1; S <0};
on 0+ c
(iv) /oo le_e’P {X'(t) > 0}dr = il <L)n P{S/ > 0};
o 1 n:ln 6+c " ’
<1 —0t —0't / _
v) /0 ;(e —_e )P{X(t)_O}dt

e¢]

9’+c 1 " c \" ;L
ZE{<9+c) _(9’+c> }P{S”_O}

(0’ is also positive).

PROOF. (i) The left hand side is equal to

e¢]

Tn+1 dt
ZE {/ e e —1H—; 5, > O}
n=0 ™ !
Tn+l dt
Z {/ 9'7} E{e"S" —1; 8, > 0},

which can be identified with the right hand side by virtue of a simple equality

Tl dt 1 c \"
(4.10) E { / —ot } < ) )
0 t 0+c

The equalities (ii), (iii) and (iv) can be proved similarly. As for (v) the left hand side can be
expressed as

o0

{ f Ca —9/’)‘“} Z { f et - _0/’)—}P{S,',=O},

which is equal to the right hand side because of (4.10) and

/ (efgl‘ 70 I)dt 9/ + ¢
Eo1c

The proof of the lemma is finished.
We can now end this section. From Lemma 4.1, (4.9) and (3.2) with

c A+B+c A+c
bl r= bl = 9
A+c rtatBt+ce PTatB+e
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we have

o0
/ E{e-M+A0) g
0

where B(t) is given by (2.2). This proves Theorem 1 when X (¢) is a compound Poisson
prosess.

5. Proof of Theorem 1.

Any Lévy process can be approximated by a compound Poisson process. Our proof of
Theorem 1 for general Lévy processes is based on this approximation. So suppose we are
given an arbitrary Lévy process {X (¢)} in R? with X(0) = 0 and let {X:(t)} be an approx-
imating compound Poisson process which is to be chosen suitably. We are going to give a
considerably simpler proof to Theorem 1 by taking for {X.(#)} a compound Poisson process
which is subordinate to { X (#)} with a suitable subordinator {7 (¢)}.

Let r,é, k = 1,2,---, be independent exponential random variables with mean 1, let
{m(¢)} be a Poisson process with intensity 1 and assume that {X ()}, {r,é, k > 1} and {7 ()}
are independent. Let 7o = O and 7,, = ZZ:] r,é for n > 1. Then the process {T:(¢)}, defined
by T, (t) = €Tz (/¢ for each fixed £ > 0, is a subordinator and we can easily show that

(5.1) for any fixedt > 0, sup |Tz(s) —s| — Oase | 0, a.s.
0<s<t

We also set

(5.2) Xe(t) = X(Te(2) .

Then {X,(¢)} is a compound Poisson process and it is not hard to prove that

(5.3) X¢(t) — X (¢) (in the Skorohod topology)as e | 0, a.s.
Moreover, for each n > 1, the random variable £7,, has the I"-distribution with density
(5.4) Yijen@® = {"Tm)) e, 1> 0.

As in §2 we write X (f) = (X' (1), X" (t)), X:(t) = (X.(t), X (¢)) and consider A(r), B(t),
Ag(t), Bg(t) defined for X (¢) and X, (¢), respectively (see (2.1) and (2.2)). Then an applica-
tion of Theorem 1 for the compound Poisson process { X, (¢)} implies

i A 1 o0 dt
(5.5) / e ME{e?*D}dr = —exp / B:(t)— 1} ,
0 A 0 t
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under the condition (2.4). In the following lemma we set

bg(t; 9) - t_l {eXp (_ . > — o <_£)} ’
1+ 06¢ e

co(t:0) =17 {exP (— o1 ) ~exp (- M )} .
14+ 6¢ 1+ Ae

LEMMA 5.1. Under the condition (2.4) we have

(5.6) /Bg(t)7= / be(t; 2 +a + BE{E XD —1; X'(r) > 0}dt
0 0

o0 . " "

+/ be(t; 1+ BYE(C X' O) _ 1 X/ (1) = 0)dr
0
o0

+/ be(t; ME{EYX® —1; X'(1) < 0}dt
0

+ foo celti A+ o + BPIX' (1) > O)di
0

+1 i+/w (t: A+ B)PIX' (1) = O}dr
T e TSy CEATP o

PROOF. We make use of the expression
(5.7) B.(1) = e  WFTetPI preXe() _ 1. X! (1) > 0} 4 four similar terms.

With 6 = A + o + 8 we have

1
/ ;ef()\+a+ﬂ)tE{eu'xs(t) _ 1’ X;(t) > O}dt
0

o

3
I

n (1 +0e)"E{“XCE™ — 1; X'(e1,) > 0}

M

3
I
-

M

o
n (1 +0e)™" / E{e“X® —1; X'(1) > O}y1/en(t)dt
0

—_

o0
be(t; 2 +a + BE{E XD —1; X'(t) > 0)dr,

Il
S— i

o 1 t n
/ ;e_et el QE{e”'X(””) —1; X'(e7,) > 0}dt
0 n:

375



376 YOZO TAMURA AND HIROSHI TANAKA

where we used the following elementary equalities:

oo 1 t n
/ Lemor=use WL 4y 1 (1 4 gey
o I n!

(5.8) o0
D onT U4 08) " yijen(t) = be(t; 0) .

n=1

The integrals corresponding to the other four terms in the expression (5.7) can be computed
similarly. The proof of the lemma is finished.

From Lemma 5.1 we can obtain a formal proof of Theorem 1 by letting ¢ | 0in (5.4),
but for a rigorous proof we need some lemmas.

LEMMA 5.2 ([10]). Suppose that {X'(t)} is not a compound Poisson process and that
X'(-) #0. Then, foranyt >0, P{H~(t) = HT (1)} = 1.

For the proof see Lemma 49.4 of Sato [10, p. 370].

Next we remark that X" (H ~(¢t)*) and X" (H T (¢)*) are well defined a.s. for each fixed
t. When {X (¢)} is a compound Poisson process the well-definedness was clear from (4.4). In
a general case the well-definedness is supported by the following lemma.

LEMMA 5.3. Foreach fixedt > 0, X" (-) is continuous at H™ (t) almost surely on the
event that X' (+) is continuous at H™ (t). The same assertion holds when H ™ (t) is replaced by
HT ().

PROOF. Since it is clear that X"/ (-) is continuous at H ~(¢) (resp. H T (¢)) almost surely
on the event {H~(¢t) =t} (resp. {H"(t) = t}), we prove the formula

(5.9) P {H_(t) < t and X'(-) is continuous at H ~ (¢) } —0

but X" (-) is not continuous at H ~ ()

and the same one for H*(r) hold. Firstly we consider the case where supy_,_, X'(s) > 0
for any ¢ > 0 almost surely. Foreachn > 1,let 6, x, k = 1,2, ---, be the stopping times
defined by

1
O :inf{s >0: [X"(s) = X"(s—)| > _} ;
n

1
Onk = inf{s > Oni—1: |X"(s) — X" (s—)| > —}, k>2.
n
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Then the left hand side in (5.9) is dominated by
o0 o0
Z P{H™(t) = 0, <t and X’'(-) is continuous at H ~ (¢)}
n=1 k=1

=<

WK
WK

P{0,x <t and X'(-) takes a local maximum at 6, ; }

S
I
>~
Il

WK

P {On,k <tand sup X'(s +6ux) < X'(6,) for some & > O}

O<s<e

1k

3
I
Il
-

WK

E|:P{ sup X’(s)fOforsomee>O}; On.k <ti| =0,

O<s<e

n=1k=1

and hence (5.9) holds. Since H~(t) = HT(¢) (a.s.) by Lemma 5.2, (5.9) also holds with the
replacement of H~(t) by H*(¢). Secondly we consider the case where infy_s., X'(s) < 0
for any ¢ > 0 almost surely. We set Y(s) = X((t —s)—) — X(t—) for 0 < s < ¢. Since
the process {Y (s), 0 < s < r} is identical in law to {—X(s), 0 < s < r}, supg,, Y'(s) is
also identical in law to — infg—s .. X'(s) which is strictly positive a.s. Therefore, by a similar
argument applied to {Y(s), 0 < s < t} we can prove (5.9) and the same one for H(z).
Thirdly it remains to treat the case where X’(-) is a compound Poisson process, but in this
case the assertion of the lemma follows immediately from

(5.10) P{H~(¢t) > 0and X’'(-) is continuous at H ()} =0,
' P{HT(t) <t and X’() is continuous at HT(¢)} = 0.

The proof of the lemma is finished.

LEMMA 5.4. For each fixed t > 0, H[ (1), H;'(t), M (t) and M;'(t) tend to
H=(t), HT(t), M~ (t) and M (¢t), respectively, as ¢ | 0 almost surely.

PROOF. The proof of lim, o X/ (H~(1)x) = X" (H ™ (t)*) and lim, o X/ (Ht(1)%) =
X" (H™(t)*) is the most crucial part. To clarify the essential point of our proof we take up the
event
A={0<H ()<t and X (H )—) =M@ > X' (H 1))}
and prove that

H; (t), M}(t) and X/ (H,; (t)*) tend to H ™ (¢), M'(¢) and

5.11
( ) X" (H™(1)*), respectively, as ¢ | 0 almost surely on A .

The other cases can be treated in the same spirit. In the following argument the adverb phrases
"for all sufficiently small ¢ > 0" and "almost surely on A" are needed frequently but often
omitted for simplicity. For instance, the assertion (5.12) below should be read as "for all
sufficiently small ¢ > O there exists n’ < n(e, t) such that M/ () = X'(¢t,), almost sure



378 YOZO TAMURA AND HIROSHI TANAKA

on A." Since {X(-)} and {z,, n > 0} are independent, it is clear that, for each ¢ > 0 and
for any n > 0, H (t) # €1, a.s. on A. Therefore there exists n = n(e, t) such that
&1, < H™(t) < €141 (a.s. on A). Taking into account that the subordinator {7 (-)} takes
values in the (random) set {¢7,,, n > 0} and also noting that H~(f) = H™(¢) a.s. on A (when
X’(-) is a compound Poisson process, P(A) = 0), we can easily see that

(5.12) there exists m < n(e, r) such that M.(t) = X'(eTp) .
Denoting by m (¢, t) the smallest m in (5.12), we now claim that

(5.13) ETn(e,ry —> H (1) as €] 0,

(5.14) H(t) > H () asel0, T.(H (1) =¢€Tpnen <t.

In fact, the proof of (5.13) is easy. To prove (5.14)let 0 < o1 < 02 < --- be the jumping
times of Poisson process {7 (-)}. Then it is easy to see that (5.13) implies

m(e, t) ) Om(e,t) H ()

lim ¢o, = limer, . =
0 D T g e ey mes 1)

and hence €0y, < t for all sufficiently small ¢ > 0. Therefore we have H (1) =
E0m(e,ry — H™(t)as ¢ | 0and

Te(H, (1) = et[n(H, (1)/8)] = T[T (Om(e,)] = ETm(e,r) »

which implies (5.14). From (5.13) and (5.14) we see that T, (H, (¢)) is less than ¢ and tends
to H=(¢) as ¢ | 0, a.s. on A. Consequently

liﬂ)l X (H (1)%) = liﬂ)l X" (T.(H; (1)) = X"(H™()—) = X"(H™ (1)%),

and this proves (5.11). The proof of the lemma is finished.
LEMMA 5.5. (i) Foranyi > Oandu = (i€ ,i&") with& € Rand &" € R4™!

©
(5.15) / ;e_“E{|e“'X(’) — 1]}t < 00.
0

(i) Forany ) > 0and6 >0
| ,
(5.16) / ;e_“E{l —e X Ohgr < 0.
0

PROOF. (i) Making use of the fact that a Lévy process has finite absolute moments
of all positive orders if the support of the Lévy measure is a bounded set (e.g. see Sato
[10, p. 159]), we can express the Lévy process Y (¢) := —iu - X(¢t) as Y(¢) = Y1(¢) +
Y2(t) where {Y1(¢)} is a Lévy process with E{|Y] (t)|2} < oo and {Y»(#)} is a compound
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Poisson process independent of {Y;(¢)}. Let T be the first jumping time of {Y>(#)}. Then
P{T <t} =1—e"%, t > 0, with some constant ¢ > 0. Therefore

(5.17) E{e“X®O 11y = E{leM®D —1|; T >t} + E{l’YD —1|; T <1}
< E{|e"® — 1)y 42P{T <1).
Using the elementary inequality |e/* — 1| < |x| (for any real x), we have
E{|e"® — 1)y < E{|Y1(0)|} < const. 1'/? for 0<t <1,
and hence (5.17) yields
E{le*X® — 1} <const. £'/%, 0<t<1.

This implies (5.15).

(i) As in (i), we make use of a decomposition X'(r) = X/ (1) + X}, (t) where {X|(¢)}is a
Lévy process with E{| X ,1 (1) |2} < ooand {X '2 (#)} is a compound Poisson process independent
of {X|(1)}. Let T be the first jumping time of {X/(¢)}. Then

E{l —e X0l < pr1 — e 01X10L 7 5 ) 4 P{T <1}
< E{01X| ()|} + P(T <t} <const.t'/? for 0<t <1,

from which (5.16) follows.

We are now able to complete the proof of Theorem 1 by letting ¢ | 0 in (5.5). By
Lemma 5.4 the left hand side in (5.5) tends to fooo e ME{eA®}dt as e | 0. As for the right
hand side in (5.5), first we rewrite it using Lemma 5.1 and then apply Lebesgue’s dominated
convergence theorem, which is guaranteed by Lemma 5.5. Thus we see that the right hand

side tends to A~} exp{ fooo B(t)#} as ¢ |, 0. This complete the proof of Theorem 1.

References

[1] G.BAXTER and M. D. DONSKER, On the distribution of the supremum functional for processes with station-
ary independent increments, Trans. Amer. Math. Soc. 85 (1957), 73-87.

[2] J.BERTOIN, Lévy Processes, Cambridge Univ. Press (1996).

[3] A.A. BOROVKOV, Factorization identities and properties of the distribution of the supremum of sequential
sums, Theory Probab. Appl. 15 (1970), 359—402.

[4] P.GREENWOOD and J. PITMAN, Fluctuation identities for Lévy processes and splitting at the maximum, Adv.
Appl. Probab. 12 (1980), 893-902.

[5] D. V. GUSAK and V. S. KOROLYUK, On the joint distribution of a process with stationary independent
increments and its maximum, Theory Probab. Appl. 14 (1969), 400-409.

[6] P.W.MILLAR, Random times and decomposition theorems, Proc. Sympos. Pure Math. 31 (1977), 91-103.

[7] P.W.MILLAR, A path decomposition for Markov processes, Ann. Probab. 6 (1978), 345-348.

[8] E.A.PECHERSKIIand B. A. ROGOZIN, On joint distribution of random variables associated with fluctuations
of a process with independent increments, Theor. Probab. Appl. 14 (1969) 410-423.

[9] B.A.ROGOZIN, On the distribution of functionals related to boundary problems for processes with indepen-
dent increments, Theory Probab. Appl. 11 (1966), 580-591.



380 YOZO TAMURA AND HIROSHI TANAKA

[10] K. SATO Lévy Processes and Infinitely Divisible Distributions, Cambridge Univ. Press (1999).

[11] A.V.SKOROHOD, Random Processes with Independent Increments, Kluwer Academic Publ. (1991). [English
translation of the book (in Russian), Nauka (1986)].

[12] K. YOSIDA, On the differentiability and the representation of one-parameter semigroups of linear operators,
J. Math. Soc. Japan 1 (1948) 15-21.

Present Addresses:

Y0z0 TAMURA

DEPARTMENT OF MATHEMATICS, KEIO UNIVERSITY,
HivyosHI, KOHOKU-KU, YOKOHAMA, 223-8522 JAPAN.
e-mail: tamura@math.keio.ac.jp

HIROSHI TANAKA
1-4-17-104, MIYAMAEDAIRA, MIYAMAE-KU, KAWASAKI, 216-0006 JAPAN.



