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Abstract. A homogeneous almost Kihler manifold M of negative curvature can be identified with a solvable
Lie group G with a left invariant metric g and a left invariant almost complex structure J. We prove that if g is an
Einstein metric and G is of Iwasawa type, then J is integrable so that M is Kihler, and hence is holomorphically
isometric to a complex hyperbolic space of the same dimension.

1. Introduction

An almost Hermitian manifold M = (M, ¢, J) is called homogeneous if the group of
almost complex isometries acts transitively on M. If the fundamental 2-form @ of M defined
by @(X,Y) = g(X, JY) is closed, then we call M an almost Kdhler manifold. The purpose
of this paper is to study the geometry of homogeneous almost Kéhler manifolds of negative
curvature.

It is proved by Heintze [4] that if M is in particular a homogeneous Kéhler manifold of
negative curvature, then M is holomorphically isometric to a complex hyperbolic space CH"
of the same dimension. On the other hand, it has been known, for instance in [1], that there
are many examples of homogeneous almost Kihler manifold which are not Kihler. How-
ever, in conjunction with the Goldberg conjecture [2], it seems plausible that a homogeneous
almost Kihler Einstein manifold of negative curvature is necessarily Kihler, and hence is
holomorphically isometric to a complex hyperbolic space.

By a result of Heintze [4] we know that a homogeneous almost Kihler manifold M of
negative curvature can be identified with a connected solvable Lie group G with a left invariant
metric (, ) and a left invariant almost complex structure J on G. Also, recall that a simply
connected solvable Lie group G is said to be of Iwasawa type if its Lie algebra g with inner
product (, ) satisfies the conditions: (i) the orthogonal complement a of n = [g, g] is abelian,
(ii) for any A € a, the adjoint representation ad A : g — g is symmetric with respectto (, ),
and (iii) for some Ag € a, ad Ag|n : n — n is positive definite.

Then we can prove the following
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THEOREM 1. Let (G,{, ),J) be a homogeneous almost Kdhler Einstein manifold
of negative curvature. If G is of Iwasawa type, then (G, ( , ), J) is Kdhler, and in fact is
holomorphically isometric to a complex hyperbolic space (CH", go, Jo)-

It should be remarked that by a result of Heber [3, Theorem 4.10], there exists, under
the asumption of Theorem 1, a simply connected solvable Lie group G’ of Iwasawa type such
that (G’, (, )) is isometric to (G, {, )). However, we do not know in general if (G’, (, ), J)
is to be almost Kihler.

2. Preliminaries

Let M = (M, g) be a homogeneous Riemannian manifold of (strictly) negative curvature
K < 0. Since M is simply connected ([5]) and admits a solvable Lie group of isometries
acting simply transitively on M ([4]), we can identify (M, ¢g) with a simply connected solvable
Lie group G with a left invariant metric ( , ). We denote by g the Lie algebra of G defined
by left invariant vector fields on G, and by n = [g, g] the derived algebra of g. Note that n is
nilpotent, since g is solvable.

For X, Y € g the covariant derivative Vx Y € g is given by

WY=hKﬂ+U@JL
2
M 1
UX.Y) == ((ad X)'Y + (adY)*X),

where ad is the adjoint representation of g and * denotes transpose with respectto (, ). Asa
result, the curvature tensor R(X, Y)Z = [Vx, VylZ — V|x,y|Z is determined by the bracket
product, so that we have

3
(RCX, V)Y, X) = U X, V) = (U (X, X), UY, V) = ZIIX, Y12
(2) { {
—-EQXZ[X,YH,Y)—-E(UC[YPXH,X)~
The curvature condition K < 0, where K(X,Y) = (R(X, Y)Y, X), implies that the
orthogonal complement of n in g is one-dimensional, that is,

g =n® R{Ap}

with a unit vector Ay € g orthogonal to n. Moreover, if we denote by Do and Sy the symmetric
and the skew-symmetric part of ad Agly : n — n, respectively, then Dy and Dg + [Dg, So]
are both positive definite (see Heintze [4] for details). Note that, since A is orthogonal to n,
(ad X)*Ag = O for all X € g. Then it follows from (1) that if X € n, then

3) VagAo =0, Vu,X =8X, VxAg=—-DpX.

Let J be a left invariant almost complex structure on G, and suppose J is skew-
symmetric with respect to ( , ), thatis, (, ) is a Hermitian metric with respect to J. Then
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(G, {, ), J) is called a homogeneous almost Kihler manifold if the fundamental 2-form @
defined by @ (X, Y) = (X, JY), X, Y € g, is closed, that is,

“) ([X,Y),JZ)—([X,Z],JY)+ (Y, Z],JX)=0

for X, Y, Z € g. Furthermore, if J is integrable, then (G, (, ), J) is called a homogeneous
Kéhler manifold.

Finally, (G, (, )) is called an Einstein manifold if the Ricci curvature Ric of (G, (, )) is
proportional to the metric, that is, Ric(X, Y) = c¢(X, Y) for some constantc and any X, Y € g.

3. Proof of Theorem

Let (G, (, ),J) be a homogeneous almost complex manifold of negative curvature,
and g the Lie algebra of G. Then the left invariant metric ( , ) and the left invariant almost
complex structure J of G induce the inner product (, ) on g and the skew-symmetric operator
J : g — g, respectively. Recall that g is decomposed into the direct sum g = R{Ag} & n,
where n = [g, g] is the derived algebra of g and R{A¢} denotes its one-dimensional orthogonal
complement.

Let 3 be the center of n, b = 3% the orthogonal complement of 3 in n. If (G, (, ), J) is
Kihler and of negative curavature, then it is known that (g, (, ), J) satisfies the condtion

3 =R{J Ao},
3) [Ao, X] =2X + SoX, [Ao, JAol =2)1J Ao,
[X, Y] =20(JX,Y)JAy, [X,JA0]l=0,
for any X,Y € b and some . € R (see Heintze [4]). On the other hand, in the case when
(G, {, ), J) is almost Kdhler, we have the following

PROPOSITION 2. Let (G, {, ), J) be a homogeneous almost Kihler manifold of nega-
tive curvature. Suppose that (G, { , )) is Einstein and G is of Iwasawa type. Then (g, {, ), J)
also satisfies Condition (S) (with So = 0).

PROOF. Take a non-zero vector Z € 3. By Condition (4) with Z, JZ and A, we obtain
6) ([Z,JZ],JAp) =(ad Ap(Z), Z) +(ad Ag(J Z), JZ) = (DoZ,Z) + (Do J Z,J Z) .

Since Dyg is positive definite, the right hand side of (6) is positive so that [Z, JZ] # 0.
Since Z € 3 C n, this implies that JZ ¢ n. Hence (JZ, Ap) # 0, implying that 3 is a 1-
dimensional subspace of n. Moreover, 3 is ad Agp-invariant, since 3 is the center of n and ad Ag
is a derivation. Hence there exists a positive real number A > 0 such that ad Ag(Z) = 2AZ
forany Z € ;.

From Condition (4) with Ag € g, ¥ e nand Z € 3, we have

((ad Ag +21id)Y, JZ) =0,
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where id denotes the identity map of g. Since (ad Ag+ 22 id)|, is non-degenerate, this implies
that [n, JZ] = 0 so that JZ € R{Agp}. Hence Z € R{J Ap}. Since Z € j is arbitrary, we have
3 =R{JAo}.

Since G is assumed of Iwasawa type, ad Ag|n is symmetric with respect to (, ), that is,
ad Ag|n = Dg. Then it follows from Condition (4) with X, Y € b and A that

@) ([X,Y], JAg) = ((DoJ + JDp)X,Y).
Recall that Dy = ad Ag|y leaves 3 = R{J A} invariant, and hence also its orthogonal com-
plement b = 3 of 3 in n. Multiplying 2 to this equation, we then obtain
2M((DoJ + J D)X, Y) =2X([X, Y], JAop)
= (2ALX, Y1;, JAo) = ([Ao, [X, Y151, J Ao)
= ([Ao, [X, Y]], JAo) = ([[Ao, X], Y], JAo) + ([ X, [Ao, Y], J Ao)
= ((DoJ + JDo)DoX,Y) + ((DoJ + J Do) X, DoY),

®)

where [X, Y]; denotes the component of [ X, Y] in 3.

We now consider the restriction Dg|p of ad Ag|ly = Do to b, and let u; > 0 be the
eigenvalues of Dy|p with eigenspace b; fori = 1, --- , s. Without loss of generality, we may
suppose 41 < M2 < --- < pg. Note that if X € b;, then for any Y € b; we obtain from (8)
that

9 {20 — (i + )i + nj))(JX, Y) =0,
which implies that for each u; there exists a unique eigenvalue ;= that satisfies
(10) 2% — (i + pix) =0.

Indeed, for a given u;, if we have no eigenvalue p; satisfying 2A — (u; + ;) = 0, then we
see from (9) that J X = 0 for any X € b;, contradicting that J is non-degenerate.

It follows from (9) together with (10) that J(b;) = b;+=. Moreover, by our choice of the
order of 1;’s, we conclude from (10) that i* = s — i + 1 and hence

(11) Wi =2A— po—it1, I=1,---,s.
Now, note that we obtain from (3)

VagAo =0, Va4, X =0, VxA)=—-DpX

for X € n, since ad Ag is symmetric. Let (xk, ..., XZ} be an orthonomal basis of by for
k =1,---,s. Then the Ricci curvature Ric(Ag, Ap) of (G, (, }) in the direction Ay is given
by

s Ik
Ric(Ao, Ao) = Y Y (R(XF, Ao)Ao, X}) + (R(J Ao, Ag) Ao, J Ag)
k=1 i=1
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s -
=D 2 = Vixk ag A0 XF) + (= Visag.a0 40, J Ao)
k=1 i=1

N
- —ZZ DXk, X¥y — (D3 J Ao, J Ao)
k=1 i=1

= —Tr D§|p — (D3J Ao, J Ao) .

On the other hand, since from (7) we have (ad X)*J Ao = (DoJ + JDg)X for X € b, it
follows from (1) that

VyaX =VxJAg = (=1/2)(DoJ +JDg)X, Vja,JAo=21Ap.
Substituting J X for Y in (8), we also have
2M{((DoJ + J D)X, JX) = —((DoJ + JDy)’ X, X).

Therefore, the Ricci curvature Ric(J Ag, J Ap) in the direction J Ag is given by

s Ik
Ric(J Ag,J Ag) = (R(Ao, J Ag)J Ao, Ao) + ) Y (R(X}, J Ag)J Ao, X[)
k=1 i=1
s Ik
= (= Visa0.40140, JA0) + ) D (Vyk VingJ Ao = Vi,V J Ao). X7)
k=1 i=1

Ky A
—(D§J Ao, JA))+ D > ( x4 (2hAo) — —(DOJ + JDo)*x¥, Xk)>
k=1 i=1

s
—(D}J Ao, J Ao) +ZZ( 20(DoX¥, Xk)—i—k ((DoJ + J Do) X¥, JXk))
k=1 i=1

1 1
= —(D(Z)JAO, JAo) —2ATr Dglp +A§ Tr Do|p +A§ Tr Dolp
—(D2J Ao, J Ag) — A Tr Dol .
Hence we have

(12) Ric(J Ag, J Ag) — Ric(Ag, Ag) = Tr(D3p) — A Tr(Dolp) -

Recall that by is the eigenspace of Dy with eigenvalue py, so that we have DOX]]‘. =
ukX]]‘.. Hence, noting (10) and (11), the right hand side of (12) reads as

Tr(Do|b>—ATr(Do|b)—ZZ( DX, Xf) = MDoXF, X[))
k=1 i=1
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N

Ik N
= ZZ(M% —Apk) = Z(M% = Ak
k=1i=1

k=1

N

1 N
2 2
kE I(Mk — Al + 5 kE_l(Mk — M)k

1
2
N

1 -
5 2 = Ml + 5 Y (@0 = s k) = A2h = ke ))s ket
k=1 k=1

1 N 1 N
5 2 = Al + 5 Y (@ = k) = M2h = )i
k=1 k=1

1

N
= 5 D = i+ @ = i) = M2 = i)
k=1

N
= (u =Mk,
k=1

since ug = 2A — pg—k+1 and Iy = I;_g41. Consequently, we obtain
N
(13) Ric(J Ao, J Ao) — Ric(Ao. Ao) = D (1t — 2l .
k=1

Since (G, (, )) is assumed Einstein, we have Ric(Ag, Ag) = Ric(J Ag, JAp). Hence it
follows from (13) that

s

> (=0 =0,

k=1
from which we have A = uj for j =1,--- , s, that s,

Dolp = Aid g .
Since Dy = ad Ag|n is a derivation of n, for any X, Y € b we have
Do[X, Y] =[DoX, Y]+ [X, DoY] =2A[X, Y].
Hence [X, Y] € 3, so that [n, n] C 3. Therefore it follows from Condition (4) that
[X,Y]=AMJIX,Y)JAp.

Consequently, (g, (, ), J) satisfies Condition (5) O

In Propsition 2 we assume that (G, (, )) is Einstein. However, in the proof we only use
this assumption to assure that Ric(J Ag, JAg) = Ric(Ag, Ap). As a result, we also have the
following
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PROPOSITION 3. Let (G, (, ), J) be a homogeneous almost Kihler manifold of neg-
ative curvature. Suppose that G is of Iwasawa type and the Ricci tensor field of (G, (, ))
is J-invariant, that is, Ric(J X, JY) = Ric(X, Y) for X, Y € g. Then (g, (, ), J) satisfies
Condition (5) (with Sy = 0).

Regarding the integrability of the almost complex structure J, we now have

LEMMA 4. Let (G, (, ), J) be a homogeneous almost complex manifold of negative
curvature. If (g, (, ), J) satisfies Condition (5), then J is integrable.

PROOF. By a straightforward computation, we can see that the Nijenhuis tensor of J

NX,Y)=[JX,JY]-J[IX,JY]-J[JX,Y]-[X,Y]

vanishes identically, so that J is integrable.
Indeed, for any X, Y € b and Ao, the Jacobi identity together with Condition (4) yield
that

0 =[Ao, [X, Y]] + [X, [Y, Aol] + [Y, [Ao, X]I
= [Ag, 2M{J X, Y)J Aol + [X, —(AY + SoY)] + [Y, A X + SoX]
= 402(JX,Y)JAg+ 24 (J X, —(AY + So¥))J Ag + 2A(J Y, A X + SoX)J Ag
= 2X((SoJ — JS0)X, Y)J Ag.

Hence we have SoJ — J Sp = 0. Using this identity, we see that the Nijenhuis tensor N (Ao, X)
for X € b and Ag vanishes as follows.

N(Ag, X) = [JAo, JX] — J[Ag, JX] — J[J Ao, X] — [Ao, X]
=—JAJIX + SoJ X) — (A X + SoX)
=—J(SoJ —JSp)X =0.

The vanishing of the other components N(Ag, JAp), N(JAp, X) and N(X,Y) for X,Y € b
of the Nijenhuis tensor can be seen in a similar manner. O

It is shown in Heintze [4] that a connected homogeneous Kihler manifolds of negative
curvature is holomorphically isometric to a complex hyperbolic space . Hence, it follows form
Proposition 2 and Lemma 4 that (G, (, ), J) must be holomorphically isometric to a complex
hyperbolic space. This completes the proof of Theorem 1

It should be remarked that, combining Proposition 3 with Lemma 4, we also have the
following

THEOREM 5. Let (G, (, ), J) be a homogeneous almost Kihler manifold of negative
curvature. If G is of Iwasawa type and the Ricci tensor field of (G, ( , )) is J-invariant, then
(G, (, ), J)is Kdhler, and in fact is holomorphically isometric to a complex hyperbolic space
(CH", g0, Jo).
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Finally, we give an example of a homogeneous almost Kihler manifold of negative cur-
vature which is neither Einstein nor Kéhler.

EXAMPLE 6. Let g be areal Lie algebra spanned by A, X, Y, Z, with the bracket op-
eration defined by

[A, X]=X, [AY]=2Y, [A Z]=3Z,

(14)
[X,Y]=3Z, otherwise =0,

and with an inner product ( , ) for which A, X, Y, Z are orthonormal. We define a skew-
symmetric endmorphism J on g by

(15) JA=2Z, JX=Y, JY=-X, JZ=-A.

Let G be the simply connected Lie group associated with g. By left translations, (, )
and J on g extend to G as an left invariant metric ( , ) and a left invariant almost complex
structure J, respectively. Then it is immediate from (14) that G is of Iwasawa type. Moreover,
from (14) and (15), it is easily verified by a straightforward computation that (G, (, ), J)
has negative curvature and is almost Kéhler, that is, J satisfies Condition (4). However,
(G, {, ), J) is not Einstein, since we have

Ric(A, A) = —14 = —14(A, A), Ric(X, X) = —21/2 = —(21/2)(X, X)

for unit vectors A, X € g. Also, (G, (, ), J) is not Kéhler, since we have
NA,X)=[JA,JX]|—J[A,JX]—J[JA, X]—[A, X]
=[Z,Y]-J[A,Y]-J[Z, X]— X =-3X.
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