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Introduction

All manifolds considered here are unoriented compact smooth manifolds with or without
boundary. G denotes a finite abelian group, and G-manifolds mean manifolds with smooth
G-action.

Let m > Obeaninteger. Let P and Q be m-dimensional compact G-manifolds with
boundary, and ¢ : 3P — 9 Q be a G-diffeomorphism. Pasting P and Q along the boundary
by ¢, we obtain a closed G-manifold P U, Q after rounding acorner. If ¥ : 9P — 9Q isa
second G-diffeomorphism, we obtain a second closed G-manifold P Uy, Q. The two closed
G-manifolds P U, Q and P Uy Q are said to be obtained from each other by cutting and
pasting (Schneiden und Kleben in German). Two m-dimensional closed G-manifolds M and
N are said to be cut-and-paste equivalent, or SK -equivalent to each other, if thereis an m-
dimensional closed G-manifold L such that the digoint union M + L isobtained from N + L
by afinite sequence of cuttings and pastings. Thisisan equivaencerelation on 9, the set of
m-dimensional closed G-manifolds. Denote by [M] the equivalence class represented by M,
and by 9% /SK the quotient set of MMS by the SK -equivalence. M /SK becomes a semi-
group with the addition induced from the digoint union of G-manifolds. The Grothendieck
group of MY /SK is called the SK-group of m-dimensional closed G-manifolds and is de-
noted by SK&. Thedirect sum SK¢ = @D,,- o SKS becomes a graded ring with multiplica-
tion induced from cartesian product, with diagonal G-action, of G-manifolds.

In Komiya[13] we dealt with the case in which G is of odd order, and obtained a neces-
sary and sufficient condition for that, for agivenu € SK,S and aninteger t > 0, u isdivisible
by ¢,i.e., u = tv for somev € SKS.

In the present paper we will deal with the case of G = Zj, the cyclic group of order
2. Using aresult in Komiya [12], we will obtain a condition for a closed Z,-manifold M to
decomposein the sense of S K -equivaenceinto the product N x L of two closed Z,-manifolds

N and L. Infact, for givenu € SK22 and v € SK22 withn < m, we will obtain a necessary
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and sufficient condition for the existence of an element w € SK,i'in such that u = vw in
SKZ2

NOTE. The SK-group of (noneguivariant) closed manifolds was introduced and ob-
served by Karras, Kreck, Neumann and Ossa [8]. We refer to this book for basic properties
and general results on the SK-group. The notion of this group naturally extends to equivari-
ant manifolds for any compact Lie group. For the case of finite abelian group we also refer to
Kosniowski's book [16]. Hara[1], [2], [3], Hara and Koshikawa [4], [5], [6], Hermann and
Kreck [7], Komiya[9], [10], [11], Koshikawa[14], [15] are also relevant to our present work.

1. Linear equations

Since SK72 isthe Grothendieck group of 9t22/SK, any element v € SK2 iswrittenin
theformv = [M] — [N] forsome M and N € 93152. Let MZ2 denote the fixed point set of
M, and M?? the i-dimensional component of MZ2 for 0 < i < n. Then M?2 is the digjoint
union of M?2,i.e, M? = o, M. Define x (v) = x (M) — x(N), where x () denotes
the Euler characteristic. For any integer i, define

()= | KM =N 0<i<n
XWI= 0 otherwise.
x (v) and x; (v) are well-defined, namely independent of representatives M and N.

For given two elements u € SK,%2 andv e SKnZz (n < m), we consider the problem:
When does v divideu, i.e., u = vw for someelement w € SK,?_,,? To consider this problem,
define the following (m + 2)-tuples of integers:

a(v)=(x(v),0,0,...,0),
a;(v)=(0,...,0, xo(v), x2(v), ..., xm—j(©))
e e’
j+1
for0 < j <m —n. Thesevectorsgivean (m + 2) x (m — n + 2)-matrix

A(U) = (a(v)tv aO(U)Ia al(v)tv LR} amfn(v)t) ’

where a(v)’, a;(v)" denote the column vectors corresponding to a(v), a;(v), respectively.
Then we get a system of linear equations with integer coefficients and with indeterminates
X, X05 X1, -+ s Xm—n-

x X (u)
X0 xo(u)
A(v) x1 =] x@ (%)

Xm—n Xm ()
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A solution of this system of linear equations, (x, xg, X1, - - ., Xm—n) = (b, bo, b1, ..., by—n),
is caled admissible, if the following (i)—(iv) are satisfied:
(i) b,bo,b1,..., by, aedlintegers,

(i) b=0if m —nisodd,
(iii) b; =0ifiisodd(0<i <m—n),and
(iv) b=)"""5"b mod2.

2. Lemma

Inthis section wewill recall from Komiya[12] the definition of the S K -group of families
of submanifolds.

Let P be an m-dimensional compact manifold. For any i withO < i < m, let P; bean
i-dimensional compact submanifold of P suchthat 9P; = P,NodP and P, NP; =W ifi # j.

Wewrite P = (P; Py, Pp_1, ..., Po) for afamily of such submanifolds, and call this an m-
dimensional family. Thisismodeled on afamily of aZ,-manifold and its fixed point sets. For
another such family O = (Q: O, Om—1. ..., Q0),letg : 9P — 30 be a diffeomorphism
which restricts to a diffeomorphism ¢; = ¢|dP; : dP; — 9Q; for any i. Then we obtain a
family of submanifolds of a closed manifold

ﬁUwQZ(PUw Q;PmU(pm Qma'~-7P0U(p0 Qo)

Let v : 9P — 0Q be another diffeomorphism which restricts to a diffeomorphism ; :
oP; — 0Q; forany i. We obtain another family

P Uy Q= (PUy Q; Py Uy, Om, ..., PoUy, Qo).

The two families P U, Q and P Uy, Q are said to be obtained from each other by cutting and
pasting. Let 9/ be the set of m-dimensional family of submanifolds of closed manifolds.
Two families M, N € 9t/ are said to be SK -equivalent to each other, if thereisan L € M7
such that M + L is obtained from N + L by afinite sequence of cuttings and pastings, where
M + L isthedisjoint union of M and L, i.e.,

M+L=(M-+L;My+Ly,..., Mo+ Lo)

for M = (M; My, ..., Mo) and L = (L; Ly, ..., Lo). The quotient set 9t /SK by this
S K -equivalence becomes a semigroup with the addition induced from the disjoint union
of families. The SK-group of m-dimensional families of submanifolds is defined as the
Grothendieck group of Mt /SK and is denoted by SK7 . Any element x € SK iswritten
intheformx = [M]—[N]forsomeM = (M; M, ..., Mo), N = (N; Ny, ..., No) € M.
Define x (x) = x(M) — x(N) and x; (x) = x(M;) — x(N;) for0 <i < m.
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We have a natural correspondence smff — imf,f which assigns to a Zp-manifold M €
MZ2 the family (M; Mz, . ..,Mgz) e M7 . Thisinduces a homomorphism 7 : SKZ
SK.

The following lemmais proved in Komiya[12, Theorem 4.2].

LEMMA 2.1. An element x € SK,,J,lr is in the image of n if and only if x(x) =
Yo xi(x) mod 2

3. Main result
The main result in this paper is the following:

THEOREM 3.1. Foru e SKZ2andv € SK22 (n < m), there exists w € SK,?_,, such

that u = vw in SKfZ, if and only if the system of linear equations (x) has an admissible
solution.

PrROOF. Assume u = vw. Thenwe see x(u) = yx)x(w) and x;(u) = Zisz
x;j (W) xk(w). Thisimplies

(x, X0, X1, . . . s Xp—p) = (x (W), xo(w), x1(w), ..., Xm—n(w))

is an integral solution for the equation (x). Moreover, this is admissible from the
facts that the Euler characteristic of an odd-dimensional closed manifold is zero and that
xX(M)=3Y. o X(Mizz)(z x (M#2)) mod 2 for aclosed Z,-manifold M.

Convers_ely, assume that the equation (%) has an admissible solution
(b, bo, b1, . .., bm—n). We definean (m — n)-dimensional families L and L; (0 <i < m —n)
asfollows:

L=(RP"™ . (,0,....9),
Li=(RP™™"; Li,mfns Lim—n-1,..., Li,O) ,

where RP™~" isan (m — n)-dimensional real projective space, and

L RP! for j=i
nJ @  otherwise,

where R P! is considered as a canonically imbedded submanifold of R P”"~". These families
giveclasses[L]and [L;]1in SK7_ . Definew € SK7_ asfollows:

m—n- m—n

m—n

@ =b[L1+ ) bilLi].
i=0
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Then
m—n m—n ) m—n
X (@) = xi(@) = by(RP"™) = 3 "bix(RP)=b— ) b=0 mod2,
i=0 i=0 i=0
since (b, bo, b1, . .., bm—p) isadmissible and x (RP?) = O or 1. From Lemma 2.1 we have

an dlement w € SK22

m—n

such that n(w) = w. Thenwe see x(w) = x(w) = b and x; (w) =
xi (W) = b; (0 <i <m — n). Considering the product vw € SK,%2 of v and w, we have

X (w)=x ) x(w) = x )b = x(u), and
Xiow)= Y xjxw)= Y xjWbe = xi@w) O<i<m).

i=j+k i=j+k

This shows from Kosniowski [16, Corollary 5.3.7] that vw = u in SKan. O

4, Corollariesand remarks

Let SK, bethe SK-group of n-dimensional closed manifolds,i.e., SK,, = SK,{,l}, where
{1} isthe trivial group. SK, is canonically identified with a subgroup of SKfZ. Under this
identification, for v € K2 we seethat

vE SKy & xo(v) = x1(v) = -+ = xp-1(v) = 0and x, (v) = x (v).
Applying Theorem 3.1 to the case of v € SK,, (C SK/2), we obtain

COROLLARY 4.1. Givenu € SK22 andv € SK, (n < m), v dividesu in SK22,i.e,
there exists w € SK,i'in such that u = vw in SKZ2, if and only if the following conditions
(i)—(iii) are satisfied:

(i) xow) = x1(u) = -+ = xu-1(u) =0,
(i) x@), xn(), xur1(), ..., xm@u) areall multiplesof x (v), and
(i) x () =Yg xi(w) mod 2 (v).

PrROOF. Foru e SK,%2 and v € SK,, the system of equations (x) reduces to

x (W)x = x(w)
0= xo(u)
0= Xn—1(u)

x () xo= xn(u)

X W) Xm—pn = xm(u) .
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We see that the conditions (i)—(iii) are necessary and sufficient for the above equationsto have
an admissible solution. Hence Theorem 3.1 implies Corollary 4.1. m|

REMARK 4.2. When G isafiniteabelian group of odd order, in Komiya[13, Theorem
4.2] we obtained a necessary and sufficient condition for that u € SKS is divisible by an
integert > 0. If weapply Corollary 4.1tothecaseof v = ¢t € SKo, weobtainacorresponding
result for the case G = Z».

REMARK 4.3. Let M be an m-dimensional closed G-manifold, G a finite abelian
group of odd order. It is shown in Komiya [13, Theorem 7.1] that M is equivariantly fi-
bred over the circle ST within a cobordism class, i.e., M is equivariantly cobordant to the
total space of a G-fibration over S* such that the G-action takes place within the fibres, if
and only if [M] € SK,f isdivisible by 2. When G = Z», for aclosed Z,-manifold M to be

equivariantly fibred over S within a cobordism classit is not necessary that [M] € SKA2is
divisible by 2. Indeed, a closed free Zo-manifold M is equivariantly fibred over ST within a

cobordism class, but Theorem 3.1 (or Corollary 4.1) showsthat [M] € SK,%2 isnot divisible
by 2if x (M) # 0 mod 4. See Hara[3] for a necessary and sufficient condition for a closed
Zor-manifold to be equivariantly fibred over $1 within a cobordism class. Also see Hermann
and Kreck [7] for oriented Zo-manifolds.

Finally we consider the S K -group of n-dimensional closed free Zo-manifolds, which is
denoted by SKnZZ( free). Thisis regarded as the subgroup of SKf2 consisting of elements
v e SKZ2 suchthat xo(v) = x1(v) = - - - = xn(v) = O. Applying Theorem 3.1 to the case of
v e SKZP2(free) (C SKf?), we obtain

COROLLARY 4.4. Givenu € SK,i2 andv € SKnZz(free) (C SKfZ), v divides u
in SKfZ, i.e, thereexists w € SK,,Zf,,, such that u = vw in SKfz, if and only if xo(u) =
x1(m) = -+ = xm(u) = 0and x (u) isamultiple of x (v).
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