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Abstract: An iterated tower of number fields is constructed by adding preimages of a base

point by iterations of a rational map. A certain basic quadratic rational map defined over the

Gaussian number field yields such a tower of which any two steps are relative bicyclic biquadratic

extensions. Regarding such towers as analogues of Z2-extensions, we examine the parity of 2-

ideal class numbers along the towers with some examples.
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1. Introduction. Let � be a rational map

of prime degree p which is defined as the rational

function �ðxÞ 2 kðxÞ over a number field k. Let

fbng0�n2Z be a sequence of algebraic numbers such

that �ðbnþ1Þ ¼ bn for all n � 0. For a finite extension

K=kðb0Þ, we obtain a sequence

K � K1 � K2 � � � � � Kn � � � � � K1 ¼
[
n�1

Kn;

where Kn ¼ KðbnÞ for each n � 1. The number field

Kn is contained in a Galois extension Kð��nðb0ÞÞ of

K. If � is ‘post-critically finite’, i.e., the orbits

f�nðcÞg0�n2Z of any critical points c of � are finite,

then the number of primes of K ramifying in

Kð��1ðb0ÞÞ=K is finite ([1,5]), and such iterated

extensions have been constructed and studied in

various situations (see e.g. [2,3]).

If Kn=K is a cyclic Galois extension of degree

pn for all n � 1, then K1 is a Zp-extension of K,

i.e., GalðK1=KÞ is isomorphic to the additive group

Zp of p-adic integers. For example, K1=K is the

cyclotomic Z2-extension if �ðxÞ ¼ x2 � 2 and b0 ¼ 0.

The growth of the p-parts of the class numbers

along a Zp-extension K1=K is described by

Iwasawa’s class number formula ([9]), and such

a formula has been extended to some non-Galois

towers ([4,11] etc.) and p-adic Lie extensions

([6,12,15] etc.). One of the most important con-

jectures in Iwasawa theory is Greenberg’s conjec-

ture ([7]) which states that the p-parts of the class

numbers are bounded along the cyclotomic Zp-ex-

tension of a totally real number field. Analogous

problems can be also considered for iterated exten-

sions K1=K by post-critically finite �, as in [17]

where the case of �ðxÞ ¼ x2 � 2 has been considered.

In particular, it is a basic problem to find many

iterated extensions K1=K such that the T -ideal

class number of Kn is not divisible by p for all

sufficiently large n and for a finite set T of primes of

K ramifying in K1=K. For a finite set T of primes

of a subfield of a number field F , the T -ideal class

number jClT ðF Þj of F is the order of the T -ideal

class group ClT ðF Þ ¼ ClðF Þ=h½w� ; wj
Q

v2T vi, which

is the quotient of the ideal class group ClðF Þ by the

subgroup generated by all classes of prime ideals

w lying over T .

In this paper, we consider iterated extensions

K1=K by a rational finction

�ðxÞ ¼ ðixÞ þ ðixÞ
�1

2
¼ i

2
x� 1

x

� �
ð1Þ

of degree p ¼ 2, which is defined over the Gaussian

number field QðiÞ, where i ¼
ffiffiffiffiffiffiffi
�1
p

. The map � is

post-critically finite, and comes from an endomor-

phism of the elliptic curve E : y2 ¼ x3 þ x with

complex multiplication by Gaussian integers Z½i�
(see Remark 3.3). Then, regarding K1=K as an

analogue of a Z2-extension, we examine the parity

of jClT ðKnÞj along the tower of iterated extensions

fKng1�n2Z. The main result is the following theo-

rem, which can be seen as a partial refinement of

[5, §5] in a special case. Put a condition CðbÞ:
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f
ffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � 1
p

;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
bðb	 1Þ

p
;
ffiffiffiffiffiffiffiffiffiffiffi
b	 1
p

;
ffiffiffi
b
p
g \ kðbÞ ¼ ;

for each algebraic number b. We denote an abelian

2-group by its type.

Theorem 1.1. Suppose that i 2 k and

�ðxÞ ¼ i
2 ðx� 1

xÞ. Let b0 2 k be an algebraic integer

satisfying Cðb0Þ. Put kn ¼ kðbnÞ for n � 0. Put K ¼
kð

ffiffiffiffi
b0

p
Þ, and put Kn ¼ knð

ffiffiffiffi
b0

p
Þ for n � 1. Let T be a

set of primes of k lying over 2. Then the following

statements hold true for each n � 1.

(a) knþ1=kn�1 is a ½2; 2�-extension.

(b) Knþ3=Kn is a ½2; 4�-extension unramifid outside

2.

(c) If Knþ2=Kn is totally ramified at any prime

lying over 2 and 2 - jClT ðKnþ2Þj, then

2 - jClT ðKmÞj for all m � n.

In the proof of Theorem 1.1, the notation K0

denotes either k or K according to whetherffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b0ðb2

0 � 1Þ
p

2 k or not. Then we will see that the

statements (b) and (c) also hold true for n ¼ 0 ifffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b0ðb2

0 � 1Þ
p

2 k.
Remark 1.2. For b0 2 k, the conditions

Cðb0Þ and
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b0ðb2

0 � 1Þ
p

=2 k are satisfied if and only

if kð
ffiffiffiffi
b0

p
;
ffiffiffiffiffiffiffiffiffiffiffiffiffi
b0 þ 1
p

;
ffiffiffiffiffiffiffiffiffiffiffiffiffi
b0 � 1
p

Þ=k is a ½2; 2; 2�-extension.

If
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b0ðb2

0 � 1Þ
p

2 k, then the condition Cðb0Þ is

satisfied if and only if kð
ffiffiffiffi
b0

p
;
ffiffiffiffiffiffiffiffiffiffiffiffiffi
b0 þ 1
p

Þ=k is a

½2; 2�-extension. The point ðb0;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b0ðb2

0 � 1Þ
p

Þ is a

kð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b0ðb2

0 � 1Þ
p

Þ-rational point of the elliptic curve

E0 : y2 ¼ x3 � x.

2. Proof of Theorem 1.1.

2.1. Preliminaries. Suppose that � is defined

as (1), and k is a finite extension of QðiÞ. For b 2 Q,

we have �ðb0Þ ¼ b if and only if b02 þ 2bib0 � 1 ¼ 0,

i.e.,

b0 ¼ �iðb	
ffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � 1
p

Þ ¼
ffiffiffiffiffiffiffiffiffiffiffi
b� 1
p

	
ffiffiffiffiffiffiffiffiffiffiffi
bþ 1
p

1þ i

 !2

:

Then kðb0Þ ¼ kðb;
ffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � 1
p

Þ. Note that 2i ¼ ð1þ iÞ2.

Lemma 2.1. Assume that i 2 k and that the

condition CðbÞ is satisfied for b 2 Q. Let b0 and b00

be algebraic numbers such that �ðb0Þ ¼ b and �ðb00Þ ¼
b0. Then kðb00Þ=kðbÞ is a ½2; 2�-extension containing

three quadratic subextensions kðb;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
bðb	 1Þ

p
Þ, kðb0Þ.

Moreover, the condition Cðb0Þ is also satisfied.

Proof. Let

fðxÞ ¼ x4 þ 4bx3 þ 2x2 � 4bxþ 1 2 kðbÞ½x�

be the numerator of �2ðxÞ � b ¼ fðxÞ
�4x3þ4x. Note that

�ð� 1
xÞ ¼ �ðxÞ. Since �ðb00Þ ¼ b0 and �ðb0Þ ¼ b, we can

easily see that the four roots of fðxÞ are

b00; �
1

b00
;

b00 þ 1

b00 � 1
; � b

00 � 1

b00 þ 1
;ð2Þ

and hence kðb00Þ=kðbÞ is a Galois extension and

½kðb00Þ : kðbÞ� � 4. Moreover, one can directly show

that

b00 þ
b00 þ 1

b00 � 1
þ 2b

� �2

¼ 4bðb� 1Þ;

which implies that
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
bðb� 1Þ

p
2 kðb00Þ. Since the

condition CðbÞ is satisfied,

kðb00Þ ¼ kðbÞð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
bðb� 1Þ

p
;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
bðbþ 1Þ

p
Þ

and Galðkðb00Þ=kðbÞÞ ’ ½2; 2�. Thus we obtain the

former statement.

Since ½kðb00Þ : kðb0Þ� ¼ 2, we have
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b02 � 1
p

=2
kðb0Þ. Recall that b02 þ 2bib0 � 1 ¼ 0. Since

Nkðb0Þ=kðbÞðb0ðb0 	1ÞÞ ¼ �Nkðb0Þ=kðbÞðb0 	1Þ ¼ 	ð1þ iÞ2b,
and since

ffiffiffi
b
p

=2 kðbÞ by the assumption, we haveffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b0ðb0 	 1Þ

p
=2 kðb0Þ and

ffiffiffiffiffiffiffiffiffiffiffiffi
b0 	 1
p

=2 kðb0Þ. Note that

kðb00Þ ¼ kðb0Þð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b02 � 1
p

Þ ¼ kðb0Þð
ffiffiffiffiffiffi
bb0
p
Þ. If

ffiffiffiffi
b0
p
2 kðb0Þ,

then kðb00Þ ¼ kðb0Þð
ffiffiffi
b
p
Þ, in particular kð

ffiffiffi
b
p
Þ=kðbÞ is

a quadratic subextension of the ½2; 2�-extension

kðb00Þ=kðbÞ. This implies that kð
ffiffiffi
b
p
Þ ¼

kðb;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
bðb� 1Þ

p
Þ or kð

ffiffiffi
b
p
Þ ¼ kðb;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
bðbþ 1Þ

p
Þ, i.e.,ffiffiffiffiffiffiffiffiffiffiffi

b� 1
p

2 kðbÞ or
ffiffiffiffiffiffiffiffiffiffiffi
bþ 1
p

2 kðbÞ. This is a contra-

diction. Therefore
ffiffiffiffi
b0
p

=2 kðb0Þ. Thus the latter state-

ment is also obtained. �

Remark 2.2. Since �2 is defined over Q,

fðxÞ is defined over QðbÞ. Put gðxÞ ¼ 	 ffiffiffi
x
p

. Then

g�1ðxÞ ¼ x2, and a conjugate

ðg�1�gÞðxÞ ¼ �
1

4
x� 2þ 1

x

� �

is also defined over Q.

2.2. Field theoretic part. Unless otherwise

noted, we may suppose that b0 2 k is not necessarily

an algebraic integer.

Lemma 2.3. If Cðb0Þ is satisfied, then for all

n � 0, CðbnÞ is satisfied, and knþ2=kn is a ½2; 2�-
extension containing three quadratic subextensions

knð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
bnðbn 	 1Þ

p
Þ, knþ1 ¼ knð

ffiffiffiffiffiffiffiffiffiffiffiffiffi
b2
n � 1

p
Þ.

Proof. We obtain the statement by using

Lemma 2.1 inductively. �

Throughout the following, we assume that

Cðb0Þ is satisfied. Recall that Kn ¼ knð
ffiffiffiffi
b0

p
Þ for each

n � 1, and put

N0 ¼ f1 � n 2 Z j
ffiffiffiffi
b0

p
2 kng

¼ f1 � n 2 Z jKn ¼ kng:
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Note that n 2 N0 if n � minN0.

Lemma 2.4. If n � 1, then Knþ1 ¼Knð
ffiffiffiffiffi
bn
p
Þ.

In particular, Kn ¼ kn and knþ1 ¼ knð
ffiffiffiffiffi
bn
p
Þ for all

n 2 N0.

Proof. Recall that knþ1 ¼ knð
ffiffiffiffiffiffiffiffiffiffiffiffiffi
bn�1bn
p

Þ for all

n � 1. Then Knþ1 ¼ Knð
ffiffiffiffiffiffiffiffiffiffiffiffiffi
bn�1bn
p

Þ. If
ffiffiffiffiffiffiffiffiffi
bn�1

p
2 Kn for

n � 1, then Knþ1 ¼ Knð
ffiffiffiffiffi
bn
p
Þ and

ffiffiffiffiffi
bn
p
2 Knþ1. Sinceffiffiffiffi

b0

p
2 K1, we obtain the claim by induction. �

Lemma 2.5. Knþ3=kn is a Galois extension

for each n � 0.

Proof. Recall that � 1
bnþ1

is the conjugate of

bnþ1 over kn. Then there exists � 2 GalðQ=knÞ such

that b�nþ1 ¼ � 1
bnþ1

. Since knþ3=knþ1 is a Galois

extension, the conjugate of knþ3 over kn different

from knþ3 itself is k�nþ3 ¼ kðb�nþ3Þ. Therefore

k�nþ3knþ3 ¼ knþ3ðb�nþ3Þ is a Galois extension of kn.

Since �2ðb�nþ2Þ ¼ bn, we have b�nþ2 2 fbnþ2;� 1
bnþ2

;
bnþ2þ1
bnþ2�1 ;�

bnþ2�1
bnþ2þ1g (see (2)). If b�nþ2 is either bnþ2 or

� 1
bnþ2

, then b�nþ1 ¼ �ðb�nþ2Þ ¼ bnþ1, which implies a

contradiction that knþ1 � kn. Therefore b�nþ2 ¼
bnþ2þ1
bnþ2�1 or b�nþ2 ¼ �

bnþ2�1
bnþ2þ1. Then ðb�nþ2Þ

2 � 1 ¼
	 4bnþ2

ðbnþ2
1Þ2 . Since b�nþ3 ¼ �iðb�nþ2 	
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðb�nþ2Þ2 � 1

p
Þ,

k�nþ3knþ3 ¼ knþ3ð
ffiffiffiffiffiffiffiffiffi
bnþ2

p
Þ � Knþ3 by Lemma 2.4.

Since ½Knþ3 : knþ3� � 2, we have Knþ3 ¼ k�nþ3knþ3

if
ffiffiffiffiffiffiffiffiffi
bnþ2

p
=2 knþ3. Suppose that

ffiffiffiffiffiffiffiffiffi
bnþ2

p
2 knþ3. Since

kjð
ffiffiffiffiffiffiffiffiffiffiffiffi
bj�1bj

p
Þ ¼ kjþ1 � knþ3 for any nþ 2 � j � 1,

we have
ffiffiffiffiffiffiffiffi
bj�1

p
2 knþ3 if

ffiffiffiffi
bj

p
2 knþ3, and henceffiffiffiffi

b0

p
2 knþ3 by induction. Then Knþ3 ¼ knþ3 ¼

k�nþ3knþ3. Therefore Knþ3=kn is a Galois extension.

�

By Lemma 2.3, knþ1ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
bnþ1ðbnþ1 þ 1Þ

p
Þ is a

subextension of knþ3=kn of degree 4. Since

bnþ1 ¼
ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
bnþ1ðbnþ1 þ 1Þ

p
Þ2 � 1

1� 2bni
;

one can easily see that the minimal polynomial offfiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
bnþ1ðbnþ1 þ 1Þ

p
over kn is

x4 þ anx2 þ cnð3Þ
¼ x4 þ ð4b2

n þ 2bni� 2Þx2 þ bnð1þ iÞ2:
Then

cnða2
n � 4cnÞ ¼ 4bnðb2

n � 1Þð1þ iÞ2ð2bn þ iÞ2ð4Þ
� bnðb2

n � 1Þ mod ðk�n Þ
2:

Lemma 2.6. The following three statements

are equivalent:

(a) N0 6¼ ;.
(b) 1 2 N0, i.e., N0 is the set of all positive rational

integers.

(c)
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b0ðb2

0 � 1Þ
p

2 k.

Proof. (a) ) (b): Put n0 ¼ minN0. Suppose

that n0 � 3. Then Kn0
¼ kn0

which is a Galois

extension of kn0�3 by Lemma 2.5. Since
ffiffiffiffi
b0

p
=2 kn0�1

and
ffiffiffiffi
b0

p
2 kn0

, we have kn0�1 \Kn0�3 ¼ kn0�3 and

kn0
¼ Kn0�1. Since kn0�1=kn0�3 is a ½2; 2�-extension,

kn0
=kn0�3 is a ½2; 2; 2�-extension. In particular,

kn0�2ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
bn0�2ðbn0�2 þ 1Þ

p
Þ=kn0�3 is a ½2; 2�-extension.

By (3), we have
ffiffiffiffiffiffiffiffiffiffi
cn0�3
p 2 kn0�3 (see e.g. [10, Cor-

ollary 2.2.4]), i.e.,
ffiffiffiffiffiffiffiffiffiffi
bn0�3

p
2 kn0�3. This contradicts

the validity of Cðbn0�3Þ by Lemma 2.3. Therefore

n0 � 2 if N0 6¼ ;. Suppose that n0 ¼ 2. Thenffiffiffiffi
b0

p
2 k2, and hence kð

ffiffiffiffi
b0

p
Þ=k is a quadratic

subextension of the ½2; 2�-extension k2=k. Sinceffiffiffiffi
b0

p
=2 k1, i.e., kð

ffiffiffiffi
b0

p
Þ 6¼ k1, we have either

kð
ffiffiffiffi
b0

p
Þ ¼ kð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b0ðb0 þ 1Þ

p
Þ or kð

ffiffiffiffi
b0

p
Þ ¼

kð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b0ðb0 � 1Þ

p
Þ. Then

ffiffiffiffiffiffiffiffiffiffiffiffiffi
b0 þ 1
p

2 k or
ffiffiffiffiffiffiffiffiffiffiffiffiffi
b0 � 1
p

2 k.
This contradicts to the condition Cðb0Þ. Thus we

have n0 ¼ 1 2 N0.

(b) , (c): We have
ffiffiffiffi
b0

p
2 k1 if and only if

kð
ffiffiffiffi
b0

p
Þ ¼ kð

ffiffiffiffiffiffiffiffiffiffiffiffiffi
b2

0 � 1
p

Þ, i.e.,
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b0ðb2

0 � 1Þ
p

2 k. �

By Lemma 2.6, we have K1 ¼ k1 ¼ k0ð
ffiffiffiffi
b0

p
Þ 6¼

k0 if N0 6¼ ;. Put

K0 ¼
k0 if N0 6¼ ;;
k0ð

ffiffiffiffi
b0

p
Þ if N0 ¼ ;:

(

Then km \Kn ¼ kn and Km ¼ kmKn for any m �
n � 0. By Lemma 2.3, we obtain a diagram

K+
n K+

n+1

Kn Kn+1 Kn+2 Kn+3

K−
n K−

n+1

for all n � 0, where K	n ¼ Knð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
bnðbn 	 1Þ

p
Þ.

Lemma 2.7. The following two statements

hold true:

� If N0 6¼ ;, then knþ3=kn is a ½2; 4�-extension for

each n � 0.

� If N0 ¼ ;, then Knþ3=Kn is a ½2; 4�-extension for

each n � 1, and

K3 ¼ K0

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b0ðb0 � 1Þ

p
;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð
ffiffiffiffi
b0

p
þ 1Þð

ffiffiffiffi
b0

p
� iÞ

q
;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð
ffiffiffiffi
b0

p
� 1Þð

ffiffiffiffi
b0

p
þ iÞ

q �
:

Proof. By Lemmas 2.4 and 2.5, Knþ3=Kn is a

Galois extension of degree 8 for each n � 0. Since

½Kþnþ1 : Kn� ¼ 4, the polynomial (3) is irreducible

over Kn. If n � 1, Knð
ffiffiffiffiffiffiffiffiffiffiffiffiffi
b2
n � 1

p
Þ ¼ Knþ1 ¼ Knð

ffiffiffiffiffi
bn
p
Þ

by Lemma 2.4, which implies that
ffiffiffiffiffi
bn
p

=2 Kn and
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ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
bnðb2

n � 1Þ
p

2 Kn. By Lemma 2.6,
ffiffiffiffi
b0

p
=2 k ¼ K0

and
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b0ðb2

0 � 1Þ
p

2 k0 ¼ K0 if N0 6¼ ;. Hence
ffiffiffiffiffi
cn
p ¼

ð1þ iÞ
ffiffiffiffiffi
bn
p

=2 Kn and
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cnða2

n � 4cnÞ
p

2 Kn for all

n � � (see (4)), where � ¼ 0 if N0 6¼ ;, and � ¼ 1 if

N0 ¼ ;. Therefore Kþnþ1=Kn is a cyclic extension of

degree 4 (see e.g. [10, Corollary 2.2.4]) if n � �. This

implies that Knþ3=Kn is a ½2; 4�-extension for all

n � �. In particular, we obtain the statement for

N0 6¼ ;. Suppose that N0 ¼ ;. Then x4 þ a0x
2 þ c0 is

also the the minimal polynomial of
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b1ðb1 þ 1Þ

p
over

K0. Recall that b1ðb1 þ 1Þ ¼ 1� b1ð2b0i� 1Þ. Sinceffiffiffiffi
c0
p ¼ ð1þ iÞ

ffiffiffiffi
b0

p
2 K0, K

þ
1 ¼ K0ð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b1ðb1 þ 1Þ

p
Þ is a

½2; 2�-extension of K0 (see e.g. [10, Corollary 2.2.4]).

Then the octic Galois extension K3=K0 contains

two distinct ½2; 2�-extension Kþ1 =K0 and K2=K0, and

hence K3 ¼ K�0 Kþ1 is a ½2; 2; 2�-extension of K0. In

fact, the four roots of x4 þ a0x
2 þ c0 are

	
i

2
ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a0 þ 2

ffiffiffiffi
c0
pp
	

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a0 � 2

ffiffiffiffi
c0
pp
Þ

¼ 	i
�
ð
ffiffiffiffi
b0

p
þ i�1

2
Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð
ffiffiffiffi
b0

p
þ 1Þð

ffiffiffiffi
b0

p
� iÞ

q

	 ð
ffiffiffiffi
b0

p
� i�1

2 Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð
ffiffiffiffi
b0

p
� 1Þð

ffiffiffiffi
b0

p
þ iÞ

q �
;

and hence K3 ¼ K�0 ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a0 	 2

ffiffiffiffi
c0
pp
Þ. Thus we obtain

the statement for N0 ¼ ;. �

2.3. Number theoretic part. We shall

consider the ramification and the class number

parity. We denote by OF the ring of integers in a

number field F , and by O�F its unit group.

Lemma 2.8. If b0 2 Ok, then;

� k1=k is unramified outside primes dividing

2ðb2
0 � 1Þ.

� k2=k1 is unramified outside primes dividing 2b0.

� kn=k2 is unramified outside 2 for any n � 3.

Proof. Recall that

b2
n þ 2bn�1ibn � 1 ¼ 0

for all n � 1. Then bn 2 O�kn if bn�1 2 Okn�1
. There-

fore bn 2 O�kn for all n � 1 if b0 2 Ok. Since

knþ1 ¼ knð
ffiffiffiffiffiffiffiffiffiffiffiffiffi
b2
n � 1

p
Þ ¼ knð

ffiffiffiffiffiffiffiffiffiffiffiffiffi
bn�1bn

p
Þ;

we obtain the statements. �

Lemma 2.9. Assume that b0 2 Ok. Then the

following two statements hold true:

� If N0 6¼ ;, then kn=k is unramified outside 2 for

any n � 0.

� If N0 ¼ ;, then Kn=K1 is unramified outside 2

for any n � 1, and K1=K0 is unramified outside

primes dividing 2ðb2
0 � 1Þ.

Proof. Since K4=K1 is a ½2; 4�-extension by

Lemma 2.7, Kþ2 =K1 is a cyclic extension of degree

4, which is unramified outside 2b0 by Lemma 2.8.

Since Kþ2 =K2 is unramified outside 2 by Lemma 2.8,

any prime v not dividing 2 does not ramify in

Kþ2 =K1. Hence K2=K1 is unramified outside 2. By

Lemma 2.8, Kn=K1 is unramified outside 2 for any

n � 1. If N0 ¼ ;, then k1 \K0 ¼ k and K1 ¼ k1K0.

Hence we obtain the statement for N0 ¼ ;. Suppose

that N0 6¼ ;. Then k1 ¼ kð
ffiffiffiffiffiffiffiffiffiffiffiffiffi
b2

0 � 1
p

Þ ¼ kð
ffiffiffiffi
b0

p
Þ by

Lemma 2.6, and hence k1=k is unramified outside

2ðb2
0 � 1Þ and unramified outside 2b0. Since

Okðb2
0 � 1Þ þOkb0 ¼ Ok, k1=k is unramified outside

2. Thus we obtain the statement for N0 6¼ ;. �

We need the following result, which is a part of

[17, Theorem 2.1] or [13, Proposition 1].

Proposition 2.10. Let S be a finite set of

primes of a subfield of a number field K, and let T

be a subset of S. Let K00=K be a cyclic quartic

extension, which is unramified outside S and totally

ramified at any primes lying over S. Let K0=K be

the unique quadratic subextension of K00=K. If

2 - jClT ðK0Þj, then 2 - jClT ðK00Þj.
Suppose that b0 2 Ok. By Lemmas 2.7 and 2.9,

Knþ3=Kn is a ½2; 4�-extension unramified outside 2

for any n � �, where � ¼ 0 if N0 6¼ ;, and � ¼ 1 if

N0 ¼ ;.
Lemma 2.11. Suppose that n � �. Assume

that Knþ2=Kn is totally ramified at any primes lying

over 2 and 2 - jClT ðKnþ2Þj. Then Knþ3=Knþ1 is

totally ramified at any primes lying over 2 and

2 - jClT ðKnþ3Þj.
Proof. Since Knþ2=K

þ
n is ramified at any

primes vj2, the cyclic quartic extension Knþ3=K
þ
n

is totally ramified at any vj2. Hence Knþ3=Knþ1 is

totally ramified at any primes lying over 2. Since

2 - jClT ðKnþ2Þj, we have 2 - jClT ðKnþ3Þj by Propo-

sition 2.10 for the cyclic quartic extension

Knþ3=K
þ
n . �

Suppose that n � �. By using Lemma 2.11

recursively, we see that 2 - jClT ðKmÞj for any m �
n if Knþ2=Kn is totally ramified at any primes lying

over 2 and 2 - jClT ðKnþ2Þj. By combining Lemmas

2.6, 2.7, 2.9 and this fact, the proof of Theorem 1.1

is completed.

3. Examples. The following result by

Iwasawa ([8]) is also useful to find examples.

Proposition 3.1. Let K0=K be a quadratic

extension ramified at only one prime v. Put T ¼ ; or

T ¼ fvg. If 2 - jClT ðKÞj, then 2 - jClT ðK0Þj.
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Suppose that � is defined as (1).

Example 3.2. Put b0 ¼ 	i, and put k ¼
QðiÞ. Since b0ðb2

0 � 1Þ ¼ 	ð1þ iÞ2, we haveffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b0ðb2

0 � 1Þ
p

2 k. Then

k2 ¼ Qði; b2Þ ¼ Qði;
ffiffiffiffi
b0

p
;
ffiffiffiffiffiffiffiffiffiffiffiffiffi
b0 þ 1

p
Þ ¼ Qð�8;

ffiffiffiffiffiffiffiffiffiffi
1þ i
p

Þ

is a ½2; 2�-extension of k ¼ QðiÞ which is unramified

outside 2 and totally ramified at 1þ i. Hence the

condition Cðb0Þ is satisfied (see Remark 1.2). By

Lemma 2.7, knþ3=kn is a ½2; 4�-extension unramified

outside 1þ i for any n � 0. By applying Proposi-

tion 3.1 for kn=kn�1 recursively, we see that k1=k
is totally ramified at 1þ i, and that 2 - jClðknÞj for

any n � 0.

Remark 3.3. Note that

�i�ðixÞ ¼ i

2
xþ 1

x

� �
¼ �ð1þ iÞ�2 xþ

1

x

� �

is a PGL2-conjugate of �. Put �ðxÞ ¼ i�ðixÞ. Then

�ðxÞ is the x-coordinate of the endomorphism ½1þ i�
of the elliptic curve E : y2 ¼ x3 þ x with complex

multiplication by Z½i� and the j-invariant 1728

(see [16, p. 111, Proposition 2.3.1]). Since

�nðxÞ ¼ ð�1Þnð��ÞnðxÞ ¼ ð�1Þnð�i�iÞnðxÞ
¼ ð�1Þnþ1i�nðixÞ;

we have ð�1Þnþ1i��nðb0Þ ¼ ��nðib0Þ, and hence

kð��nðb0ÞÞ ¼ kð��nðib0ÞÞ. Since ��3ð1Þ ¼ f	1;	ig
and �ð	1Þ ¼ 	i, we have ��n�3ð1Þ ¼ ��nð	1Þ [
��nþ1ð	1Þ. If b0 ¼ 
i as in Example 3.2, then

kð��nðb0ÞÞ ¼ kð��nð	1ÞÞ ¼ kð��n�3ð1ÞÞ

contains the ray class field QðiÞð�2j� 2 ��n�3ð1ÞÞ
of QðiÞ modulo ð1þ iÞnþ3 (see [16, p. 135, Theorem

5.6]).

Example 3.4. Put b0 ¼ 	i, and put k ¼
Qði; ffiffiffi

q
p Þ with an odd prime number q. By Propo-

sition 3.1, the class number of Qð ffiffiffiffiffiq�p Þ is odd, where

q� ¼ ð�1Þ
q�1

2 q � 1 (mod 4Þ. By Example 3.2, the

conditions
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b0ðb2

0 � 1Þ
p

2 k and Cðb0Þ are satisfied

(see Remark 1.2), and knþ3=kn is a ½2; 4�-extension

unramified outside 2 and totally ramified at any

primes lying over 2 for any n � 0.

If q� � 5 (mod 8Þ, then 2 does not split in

k=Q. By Proposition 3.1 for k=Qð ffiffiffiffiffiq�p Þ, the class

number of k is odd. By applying Proposition 3.1 for

kn=kn�1 recursively, we see that 2 - jClðknÞj for any

n � 0.

Put T ¼ f2g. By using PARI/GP ([14]), one

can see that 2 - jClT ðk2Þj if q � 7 (mod 16Þ and q <

100 (i.e., q 2 f7; 23; 71g). Then k has two primes

lying over 2. By Lemma 2.11, 2 - jClT ðknÞj for any

n � 0.

Example 3.5. Put b0 ¼ 3i and k ¼
Qði;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b0ðb2

0 � 1Þ
p

Þ ¼ Qð
ffiffiffiffiffiffiffiffiffiffiffi
�30i
p

Þ ¼ Qði;
ffiffiffiffiffi
15
p
Þ. Then

we obtain the following results by using PARI/GP

([14]): The condition Cðb0Þ is satisfied (see Remark

1.2), and the prime 1þ i of QðiÞ splits in k=QðiÞ.
Moreover, k2=k is totally ramified at the two primes

of k, and 2 - jClT ðk2Þj for T ¼ f2g (see Figure 1). By

Lemma 2.11, 2 - jClT ðknÞj for any n � 0.

On the other hand, suppose that b0 ¼ 2� i and

k ¼ Qði;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b0ðb2

0 � 1Þ
p

Þ ¼ Qði;
ffiffiffi
5
p
Þ. As seen in Exam-

ple 3.4, the class number of k is odd, and 2 does not

split in k=Q. Then 2 - jClðknÞj for all n � 0, by

Lemma 2.9 and the recursive use of Proposition

3.1.

Example 3.6. Put k ¼ QðiÞ. For b0 2
f3i; 2� i; 1þ 4i; 6� i; 3þ 2ig, we obtain the follow-

ing results by using PARI/GP ([14]): The condition

Cðb0Þ is satisfied and
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b0ðb2

0 � 1Þ
p

=2 k.
If b0 ¼ 3i, K0=Q is totally ramified at 2, and the

unique prime of K0 lying over 2 splits in K1=K0.

Moreover, assuming GRH, K3=K1 is totally rami-

fied at any primes lying over 2, and 2 - jClT ðK3Þj
for T ¼ f2g. By Theorem 1.1, 2 - jClT ðKnÞj for any

n � 1 under GRH.

If b0 2 f2� i; 1þ 4i; 6� ig, 2 does not split in

K1=Q and jClðK1Þj ¼ 1. If b0 ¼ 3þ 2i, then 2 does

not split in K2=Q, jClðK1Þj ¼ 2 and jClðK2Þj ¼ 1.

By Lemma 2.9 and the recursive use of Proposi-

Fig. 1. PARI/GP for Example 3.5.
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tion 3.1, we see that the class number of Kn is odd

for any n � 2.

Remark 3.7. We have not yet found any

example of b0 and k such that 2 - jClðKnÞj and Kn

has at least two ramified primes lying over 2 for all

sufficiently large n � �.
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