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Abstract: We show that the continuous core of any type III free product factor has no
Cartan subalgebra. This is a complement to previous works due to Houdayer—Ricard and
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Boutonnet-Houdayer—-Raum.
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1. Introduction. It is known, see [5, Theo-
rem 1], that a given von Neumann algebra comes
from an orbit equivalence relation if and only if
it has a Cartan subalgebra (i.e., a MASA with
normal conditional expectation, whose normalizer
generates the whole algebra). Hence the search for
Cartan subalgebras in a given von Neumann alge-
bra is thought of as that for hidden dynamical
systems producing the algebra. Therefore, it is im-
portant in view of ergodic theory to seek for Cartan
subalgebras in a given von Neumann algebra.

The aim of this short note is to complement
two recent important works on free product von
Neumann algebras, due to Houdayer-Ricard [8]
and Boutonnet—-Houdayer—Raum [1] establishing,
among others, that any free product von Neumann
algebra has no Cartan subalgebra. The work [1]
generalizes Toana’s previous important work [9] on
type II; factors to arbitrary factors. In the 90s
Voiculescu [24] first proved the absence of Cartan
subalgebras (or more generally diffuse hyperfinite
regular subalgebras) in free group factors by free
entropy. In the late 00s Ozawa and Popa [13]
succeeded in proving its various improved asser-
tions by deformation/rigidity and intertwining
techniques, and a couple of years later Popa and
Vaes made an epoch-making work [15] in the
direction. The works [8], [9], [1] (and thus this note
too) were done under the influence of these two
breakthroughs [13], [15]. See [1,81] for further
historical remarks in the direction.

Let M, M; be two non-trivial (i.e., # C) von
Neumann algebras with separable preduals, and
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©1,p2 be faithful normal states on them, respec-
tively. Denote by (M, ) = (M, p1) * (Ma, ¢2) their
free product (see e.g. [21,8§2.1]) throughout this
note. By [21, Theorem 4.1] the free product von
Neumann algebra M admits the following general
structure: M = M, ® M, with finite dimensional
M, and diffuse M, such that M, can explicitly be
calculated with possibly M = M., and moreover,
such that if (dim(A), dim(Mz)) # (2,2), then M.
becomes a full factor of type II; or III, (A # 0) and
the T-set T(M.) does the kernel of the modular
action t € R — of = o' xof* € Aut(M) itself; oth-
erwise M, = L>*[0,1] ® M>(C). This note is mainly
devoted to establishing the following;:

Theorem 1. If M. is of type III, then its
continuous core M. = M, X, R (i.e., the crossed
product of M. by the modular action t€ R —
o7 € Aut(M,)) with . := ¢ [, does never possess
any Cartan subalgebra.

Our motivations are as follows. It is well-
known that if A is a Cartan subalgebra in a
von Neumann algebra N, then so is A xR =
A® L(R) in the continuous core N = N x,. R with
a faithful normal state ¢y =¢¥ o E on N, where E
denotes the unique normal conditional expectation
from N onto A. The work [1] actually shows only
the absence of such special Cartan subalgebras in
the continuous core M (even when both My, My are
hyperfinite). Hence Theorem 1 is seemingly strong-
er than the original one [1, Theorem A]. On the
other hand, the former work [8] shows the absence
of general Cartan subalgebras in the continuous
core of any type III; free Araki-Woods factor
introduced by Shlyakhtenko [17]; thus the question
that Theorem 1 answers affirmatively was a simple
test of the problem [21,§85.4] asking whether or
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not M, falls into the class of free Araki-Woods
factors when both M;, My are hyperfinite. (See §3
for other related tests.) Next, it is known that the
continuous core M is an amalgamated free product
von Neumann algebra over a diffuse subalgebra
(see [20, Theorem 5.1]), and amalgamated free
products over diffuse subalgebras usually behave
quite differently from plain free products. Lastly,
the structure theory for type III factors (see
[19, Ch.XII]) suggests that a preferable way of
study of type IlII factors is to regard their contin-
uous cores (or more preferably their discrete cores if
possible) with canonical group actions as main
objects rather than their associates.

Theorem 1 and [22, §§2.4] altogether show that
the continuous/discrete cores of any ‘type III free
product factor’ have no Cartan subalgebra. Con-
sequently, this note completes the study of proving
the absence of Cartan subalgebras for arbitrary free
product von Neumann algebras, though what is
new is the combination of technologies provided in
[8], [1] with Proposition 2 provided below.

2. Proof. Keep the notation in §1. As em-
phasized in §1 the question here is about an
amalgamated free product von Neumann algebra
over a diffuse subalgebra. The amalgamated free
product in question arises from the inclusions
M; Xgo R D Cl X4 R, i =1,2, see [20, Theorem
5.1]. Hence the next simple observation, which itself
is of independent interest, plays a key réle in our
discussion below. In what follows, for a given
(unital) inclusion P D @ of von Neumann algebras
we denote by A p(Q) the normalizer of @ in P, i.e.,
all unitaries v € P with uQu* = Q.

Proposition 2. Let N be a von Neumann
algebra with separable predual and ¥ be a faith-
ful mnormal positive linear functional on it. Then
the normalizer N (Clx,R) of Clx.R=
Cl1®L(R) in N = N %, R sits inside Ny X, R =
Ny @ L(R), and hence N 3 (C1 %, R) is evactly the
unitary group of Ny® L(R). In particular, if the
centralizer Ny, is trivial, then C1 %, R is a singular
MASA in N.

Proof. The discussion below follows the idea of
the proof of [11, Theorem 2.1], but the key is the so-
called modular condition instead. Let p:R ~
L*(R) be the ‘right’ regular representation, i.e.,
pr = Ay, t € R, with the usual ‘left’ regular repre-
sentation A:R ~ L*(R). It is standard, see
e.g. [3, Theorem 3.11], that N x,s R D C1 %, R is
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identical to (N ® B(L2(R)))" ®A® 5 c1® L(R),
which is conjugate to

(1) (N&B(LA(R))™ “M) 5 €18 L*(R)

by taking the Fourier transform on the second
component, where L*(R) acts on L*(R) by multi-
plication and the v, t € R, are the unitary elements
in L>(R) defined to be v;(s) := €', s € R. Hence it
suffices to work with the inclusion (1) instead of the
original inclusion. )

Let u € (N® B(L*(R)))" ®A"R) pe a unitary
element so that «(Cl® L*(R))u* = C1® L*(R).
By [4, Appendix IV] (together with a trick used
in the proof of [10,Theorem 17.41] if necessary)
one can choose a non-singular Borel bijection «a:
R—R in such a way that u(1® flui* =1®
(foa)=1®u.fu, for every fe€L®R),
where  (uqg)(s) = [(dm o o™ /dm)(s)]*g(a™ (),
g€ L*(R) with the Lebesgue measure m(ds) =
ds. Set w:=u(l®u}), a unitary element in
(N®@B(L*(R)))N(C1® L*(R)) = N® L*(R) by
[18, Theorem IV.5.9; Corollary IV.5.10], since L*(R)
is a MASA in B(L*(R)). Since (0! ® Adv,)(u) =
u, for every t€R one has w= (0! ®@id)(w)(1®
eit((‘)—a’l(‘))); hence

@ (Vi) = (1@ 0Dy,

Since the standard Hilbert space H := L?*(N) is
separable (see e.g. [25, Lemma 1.8]), we can appeal
to the disintegration

[$5)
H& LA(R) = / H(s) ds,
(3) e
N®L°C(R):/ N(s)ds
R

with the constant fields H(s) = H, N(s) = N (see
e.g. [4,Part I, Ch. 3, §4; Corollary of Proposi-
tion 3]). Thus we can write w:fff w(s)ds and
choose s+— w(s) as a measurable field of unitary
elements in N (see e.g. [4, Part II, Ch. 2, p. 183)]).
By the identification (3) we observe that

(0} ®id)(w) = (A ® Dw(A;" @ 1)

52

-/ " Atw(s) A" ds = [ o) as

R R
where Ay is the modular operator associated with
1. Therefore, the identity (2) is translated into

® ®
/ Uf(w(s))ds:/ et (‘9)_‘“)w(s)ds.

R R
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This implies, by e.g. [4, Part II, Ch. 2, §3, Corollary
of Proposition 2], that there exists a co-null subset
S of R so that for every s € S one has o} (w(s)) =
€@ ()= (s) for all rational numbers ¢ and hence
for all ¢ € R by continuity. Therefore, for all s € S
t — o’(w(s)) has an entire extension o?(w(s)) =
(@' ($)=9)4y(s) so that by the modular condition,
e.g. [19, Exercise VIIL.2.2], we have

9(1) = plwls) w(s)) = (o (w(s)u(s)")
= O u(s)uls)) = e (1),

implying that a7'(s) =s and w(s) € Ny. Thanks
to [4,Part II, Ch. 3, §1, Theorem 1] we conclude
that

® 0

u=w= / w(s)ds € / Ny(s)ds = N, ® L*(R)
R R

with the constant field Ny(s) = Ny. This immedi-

ately implies the desired assertion. O

Let wus start proving Theorem 1. In what
follows, Tr stands for the canonical trace on M=
M %, R, which the so-called dual action scales.
(See [19,Ch. XII].) We need to recall a central
notation of intertwining techniques, initiated by
Popa, in the present setup. Let P,Q be (not
necessarily unital) von Neumann subalgebras of M
such that Tr(1p) is finite and Tr [, still semifinite.
We write P Iy Q if there exist a non-zero projec-
tion ¢ € @ with Tr(g) finite, a natural number n, a
(possibly non-unital) normal x-homomorphism 7
from P into the n X n matrices over ¢Qq, and a non-
zero partial isometry y as a 1 X n matrix over 1]’)]\2(]
such that zy = yn(z) holds for every z € P. See
[8, Lemma 2.2], [1, Lemma 2.3] (due to Vaes) for its
equivalent conditions. The main, necessary ingre-
dients from [8], [1] are in order.

(I) Assume that both My, My are hyperfinite. As
pointed out in [8,885.2] Theorem 5.2 of the same
paper still holds true in the present setup. The proof
is basically same, and finally arrives at the main
argument in the proof of [7, Theorem 3.5] re-organ-
izing several arguments from [13], [14]. However,
one has to replace [8, Theorem A] and [8, Theorem
4.3] (with the ‘free malleable deformation’) by
[16, Theorem 4.8] and the proof of [2, Theorem 4.2]
(with Ioana—Peterson—Popa’s original malleable
deformation), respectively. Hence the consequence
becomes as follows. Let p € C1 x,» R be a non-zero
projection with Tr(p) finite. Let P C pMp be a (not
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necessarily unital) hyperfinite von Neumann sub-
algebra. If P ﬁﬁ M; = M; X R (— M canoni-
cally) for all 4, then ./\f1 T (P)" is hyperfinite.

pMlp
(This statement requires only the assumption that
M (or M.) has the weak® completely bounded
approximation property instead of the hyper-
finiteness of Mj, M,. See [12, Theorem B].) Then,
[1, Proposition 2.7] with the hyperfiniteness of
My, My gives the necessary consequence: If
Nl,,ﬁh,(P)” has no hyperfinite direct summand,
then P jﬁ Cl %, R.

(IT) Assume that either My or My has no
hyperfinite direct summand. Let p € Cl X, R be a
non-zero projection with Tr(p) finite, and let P be a
unital regular hyperfinite von Neumann subalgebra
in pMp. Then, [1, Proposition 2.8, Theorem 5.1,
Lemma 5.2] altogether show that P =5; C1 % R.

As explained in [22,§§2.1] we may and do
assume M = M, after cutting M by a suitable
central projection of either M; or My if necessary.
Moreover, when M, is not hyperfinite, the same
trick enables us to assume that M; indeed has no
hyperfinite direct summand.

Suppose, on the contrary, that there exists a
Cartan subalgebra @ in M. Let g€ Clx, Rbea
non-zero projection with Tr(g) finite. Since Tr [,
must be semifinite (see e.g. [18,Lemma V.7.11])
and @ diffuse, we may and do assume, by conjugat-
ing @ by a unitary, that ¢ falls in ). Remark that
C := Qq is also a Cartan subalgebra in q]\~4q (see
e.g. [23,Lemma 4.1 (i)] and [8,Proposition 2.7]).
Here, we have known by [21, Theorem 4.1] that
M = M, is a non-hyperfinite factor of type III, and
hence it is standard, see e.g. [1,Proposition 2.8],
that q]\7[ g has no hyperfinite direct summand.
Applying the above (I) or (II) to p:=¢q and P :=
C we have C jﬂ C1 %, R. Then a contradiction
will occur once we prove the next general lemma,
which holds true for arbitrary von Neumann
algebras M and enables us to avoid the ‘case-by-
case’ proof of [8, Theorem D (1)] (see the proof of
Proposition 4).

Lemma 3. Letpe M be a non-zero projec-
tion with Tr(p) finite, and let A be a MASA in
p]\Zp. If either the centralizer M, is diffuse or
Npﬂp(A)N has no type I direct summand, then
A 25 Cl % R.

Proof. Choose a MASA D in M,. It is plain to
see that if M, is diffuse, then so is D. By [8, Prop-
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osition 2.4] (or Proposition 2) B:=D X, R=
D &® L(R) becomes a MASA in M. Suppose, on the
contrary, that A by Clx»R (QNB) Since A and
B are MASAs in pMp and M, respectively,
[8, Proposition 2.3] with its proof ensures that
there exists a non-zero partial isometry v e M
such that w* € A, v've B, v'Av= Bv*v and
Avv* 2~ Cl1 x4 R. Choose a maximal, orthogonal
family of minimal projections ey, es,... of D (n.b.,
this family is empty when M, is diffuse). Set
ep:=1—73",., ex, and then Dey must be diffuse or
eo =0. Then two possibilities occur; namely
v(er ® 1) # 0 for some k > 1 or not. We first prove
that the former case is impossible thanks to
Proposition 2, while the latter case can easily be
handled thanks to [8, Proposition 5.3].

Assume first that w:=v(ey ® 1) # 0 for some
k> 1. In this case, Npﬁp(A)// has no type I di-
rect summand. Remark that e, ®1 € D® L(R) =
B. Thus w*Aw = Bw*w C w*w(M X, R)w*w =
wrw(epMey, X0 R)w*w, where we define ¢, :=
© looate, SO that o] =07 [z, for every t € R be-
cause e, € D C M,. Note that Bw*w = (Dej X4

R)w'w = (Ce, @ L(R))w*w = (Ce Xy R)w*w.

By the hypothesis here N =~ = (Aww")" =
ww*(/\/p}\j[p(A)")ww* (see e.g. [8,Proposition 2.7])

is non-commutative, and hence the normalizer of
(Cei, Xpea R)w*w in wrw(epMey, X e R)w*w does
not sit inside (Cei Xyv. R)w*w itself. By e.g. [23,
Lemma 4.1 (i)] one observes that (eyMey),, =
(Cek)/ N (ekMek)%_ = (Dek)' N (ekMek)%_ = (Dek)/ n
exMyer, = (D' N M,)e, = Dej, = Cey.. Therefore, by
Proposition 2, Ce; X, R is a singular MASA in
exMey X R, and thus by e.g. [8, Proposition 2.7]
again so is (Cej, Xy R)w*w in w*w(epMeyX ye.
R)w*w, a contradiction.

We then treat the remaining case; namely
v(er ® 1) = 0 for all k > 1, that is, v*v < ey ® 1. This
case was essentially treated in the proof of
[8, Theorem D (1)]. One has (Dey® Clygy)v v C
Bv*v = v* Av = pq, A0V* jﬁ Cl xR so that
(Dey & ClL(R))U*’U jﬂ C1l %o R holds. Set N :=
Dey @ ey Meg of M, a diffuse von Neumann sub-
algebra of M. Since v'v<ey®1 and v'v € B=
D& L(R), one easily sees that v*v falls into N’ N M
via the canonical embedding N C M — M %, R =
M. By [8,Proposition 5.3] we obtain that
(Deg ® Clpr))v'v (= Nv'v) A5, Cl e R, a con-
tradiction. Hence we are done. O
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3. Remarks. The next free product coun-
terpart of [8, Theorem D (1)] holds thanks to
Lemma 3.

Proposition 4. If both My, My are hyper-
finite, M. is of type III; and e € M. a non-zero finite
projection, then the normalizer of any MASA in
eM.e generates a hyperfinite von Neumann subal-
gebra.

Proof. We work inside ]\Z, and note that M,

is a direct summand of M with lﬁ =1y ®

1rm®) € Z(M). Suppose, on the contrary, that there
exists a MASA C in eM.e such that NeM'E(C)N is
not hyperfinite. The center of NEAZE(C)// sits inside
C, and thus replacing e with a smaller non-zero

projection in C' if necessary we may and do also
assume that NEME(C)// has no hyperfinite direct

summand. Since MJC is a factor, Cly;, X~ R diffuse
and Tr ¢y, «,. r semifinite, the projection e is
equivalent to a non-zero projection 1y ® ey €
Cly, X, R; hence we may and do further assume
that there exists a projection f =1® ¢y € Cl x,» R
such that Tr(f) is finite and e =13, @ 9 = 1ﬁf
The known fact summarized as (I) in the proof of
Theorem 1 shows C jﬁ C1 %, R, a contradiction
due to Lemma 3. O
Proposition 2 and [8, Remark 5.4] precisely
show that the von Neumann subalgebras generated
by the quasi-normalizer and the (groupoid) normal-
izer of N x,+ R D C1 x4 R are different in general.
Thus one may expect that the continuous core of
any ‘type III; free product factor’ has no regular
diffuse hyperfinite von Neumann subalgebra. This is
unclear at the moment of this writing, but the next
weaker assertion follows directly from [8], [1].
Proposition 5. If M, is of type I1I; and e €
]\Ajc a non-zero finite projection, then e],\\/[/ce has no
regular, hyperfinite type I, von Neumann algebra.
Proof. We may and assume that M = M,
e € C1 x4 R, and that M; has no hyperfinite direct
summand as long as at least one of the M; is not
hyperfinite. If P is a regular hyperfinite type II; von
Neumann algebra of e]\~46, then as in Theorem 1 one
gets P by C1 x4+ R, which is impossible. O
A free product counterpart of [6, Theorem 1.2]
was also implicitly shown in [2] as follows.
Proposition 6. If both M, M, are hyper-
finite, M. is of type III; and e € M. a non-zero finite
projection, then the relative commutant of any type
I, von Neumann subalgebra in eM_ e is hyperfinite.
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Proof. Suppose, on the contrary, that there
exists a type II; von Neumann subalgebra N of
eM.e = eMe (since M, is a direct summand of M)
such that N’NeMe is not hyperfinite. One can
choose a non-zero projection z € Z(N'NeMe) so
that P:=(N2)NzMz= (N'NeMe)z (see ec.g.
[23,Lemma 4.1 (ii)]) has no hyperfinite direct
summand. By [2, Theorem 4.2] P'N Mz =5 Mi,
for some iy, but Nz2C P'NzMz e Cl x, R is
impossible; hence by [1,Proposition 2.7] P C

— / YA ] L.
NZMZ(P NzMz)" =4, M;,, a contradiction. O

Acknowledgements. The most crucial part
of this work was carried out during the author’s
stay at Hokkaido University in Dec. 4-7, 2013. We
thank Reiji Tomatsu for his hospitality. This work
is supported by Grant-in-Aid for Scientific Research
(C) 24540214.

References

[ 1] R. Boutonnet, C. Houdayer and S. Raum, Amal-
gamated free product type III factors with at
most one Cartan subalgebra, Compos. Math.
150 (2014), no. 1, 143-174.

. Chifan and C. Houdayer, Bass-Serre rigidity
results in von Neumann algebras, Duke Math.
J. 153 (2010), no. 1, 23-54.

A. van Daele, Continuous crossed products and
type I1I von Neumann algebras, London Math-
ematical Society Lecture Note Series, 31, Cam-
bridge Univ. Press, Cambridge, 1978.

. Dixmier, Von Neumann Algebras, North-Hol-
land Mathematical Library, 27. North-Holland
Publishing Co., 1981.

. Feldman and C. C. Moore, Ergodic equivalence
relations, cohomology, and von Neumann alge-
bras. II, Trans. Amer. Math. Soc. 234 (1977),
no. 2, 325-359.

C. Houdayer, Structural results for free Araki—
Woods factors and their continuous cores, J.
Inst. Math. Jussieu 9 (2010), 741-767.

C. Houdayer and D. Shlyakhtenko, Strongly solid
II; factors with an exotic MASA, Int. Math.
Res. Not. IMRN 2011, no. 6, 1352-1380.

C. Houdayer and E. Ricard, Approximation
properties and absence of Cartan subalgebra
for free Araki-Woods factors, Adv. Math. 228

(2011), no. 2, 764-802.

A. Toana, Cartan subalgebras of amalgamated free

[3]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

Cartan subalgebras in continuous cores 155

product II; factors, with an appendix joint with
S. Vaes, Ann. Sci. Ec. Norm. Sup., to appear.
arXiv:1207.0054v3.

A. S. Kechris, Classical descriptive set theory,
Graduate Texts in Mathematics, 156, Springer,
New York, 1995.

S. Neshveyev and E. Stgrmer, Ergodic theory and
maximal abelian subalgebras of the hyperfinite
factor, J. Funct. Anal. 195 (2002), no. 2, 239—
261.

N. Ozawa, Examples of groups which are not
weakly amenable, Kyoto J. Math. 52 (2012),
no. 2, 333-344.

N. Ozawa and S. Popa, On a class of II; factors
with at most one Cartan subalgebra, Ann. of
Math. (2) 172 (2010), no. 1, 713-749.

N. Ozawa and S. Popa, On a class of II; factors
with at most one Cartan subalgebra, II, Amer.
J. Math. 132 (2010), no. 3, 841-866.

S. Popa and S. Vaes, Unique Cartan decomposi-
tion for II; factors arising from arbitrary actions
of free groups, Acta Math. 212 (2014), no. 1,

o 141-198.

E. Ricard and Q. Xu, Khintchine type inequalities
for reduced free products and applications, J.
Reine Angew. Math. 599 (2006), 27-59.

D. Shlyakhtenko, Free quasi-free states, Pacific J.
Math. 177 (1997), no. 2, 329-368.

M. Takesaki, Theory of operator algebras. I,
reprint of the first (1979) edition, Encyclopae-
dia of Mathematical Sciences, 124, Springer,
Berlin, 2002.

M. Takesaki, Theory of operator algebras. II,
Encyclopaedia of Mathematical Sciences, 125,
Springer, Berlin, 2003.

Y. Ueda, Amalgamated free product over Cartan
subalgebra, Pacific J. Math. 191 (1999), no. 2,
359-392.

Y. Ueda, Factoriality, type classification and
fullness for free product von Neumann algebras,
Adv. Math. 228 (2011), no. 5, 2647-2671.

Y. Ueda, Discrete cores of type III free product
factors, arXiv:1207.6838v3.

B. J. Vowden, Normalcy in von Neumann alge-
bras, Proc. London Math. Soc. (3) 27 (1973),
88-100.

D. Voiculescu, The analogues of entropy and of
Fisher’s information measure in free proba-
bility theory. III. The absence of Cartan
subalgebras, Geom. Funct. Anal. 6 (1996),
no. 1, 172-199.

S. Yamagami, Notes on operator categories, J.
Math. Soc. Japan 59 (2007), no. 2, 541-555.



	c_rf1
	c_rf2
	c_rf3
	c_rf4
	c_rf5
	c_rf6
	c_rf7
	c_rf8
	c_rf9
	c_rf10
	c_rf11
	c_rf12
	c_rf13
	c_rf14
	c_rf15
	c_rf16
	c_rf17
	c_rf18
	c_add_rf
	c_rf19
	c_rf20
	c_rf21
	c_rf22
	c_rf23
	c_rf24

