No. 5]

Proc. Japan Acad., 88, Ser. A (2012) 75

Construction of a Hermitian lattice without a basis of minimal vectors
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Abstract:

It is known that infinitely many imaginary quadratic fields allow Hermitian

lattices which are generated by minimal vectors but have no basis of minimal vectors. In this
article we construct systematically such Hermitian lattices over other imaginary quadratic fields.
These lattices are binary and unimodular. This construction requires specific non-principal

ideals.

Key words:

Kim and the author [4] found two types of
binary free Hermitian lattices which are generated
by their minimal vectors, but are not generated by
any 3 minimal vectors. It was a variant of Conway-
Sloane’s answer [1].

However, it has not been analyzed how the
Hermitian lattices were constructed yet. In this
article, we show the structure of those lattices and
construct other lattices of the same property.

Let F denote an imaginary quadratic field
Q(y/—m) with m squarefree positive integer. Let O
be the ring of algebraic integers in FE. Then,
O = Z[w], where w=+/—m if m =1,2 (mod 4) or
W:HT\/T”imeS (mod 4).

A Hermitian lattice is an O-module equipped
with a Hermitian map. In general, every Hermitian
lattice L can be written as

L= .A1V1 + A2V2 + -+ Anvna

where A; ideals in O and v; vectors in F ®¢ L.

Those coefficient ideals A; and generators v;
are not uniquely determined, but the product
[TA: = A1 As--- A, is an invariant of L, which is
called the Steinitz class [2]. That is, if

L= Alvl + AZVQ + -+ A’n,vn
= Biw; + Bowy + - -+ + Bywy,
then [ A; and [] B; are equivalent in the ideal class
group CI(E). Thus if we can find specific non-
principal ideals whose product is principal, we can

construct a free lattice generated by more vectors
than its rank.
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Let A be an ideal in O. Choose the smallest
positive integer a in A and the smallest positive
integer ¢ such that b+ cw belongs to A for some
integer b. Then, a and ¢ are uniquely determined
and b is uniquely determined with 0 < b < a. Since ¢
is chosen to be the smallest, if rw € A for some
integer r € Z, then r should be divisible by c.
Similarly, if s 4+ tw is in A, both s and ¢ are divisible
by c.

Let (a,b+ cw) denote the ideal generated by a
and b+ cw. Similarly, let [a,b+ cw] denote the Z-
module generated by a and b + cw. The above choice
of a, b and ¢ guarantees that A= (a,b+ cw) =
[a,b+ cw]. Now, we may assume c=1, since
Av = (L A)(ev).

This situation yields the following lemma,
which was stated partially in [5, Lemma 1].

Lemma 1. Let a and b be positive integers.
Then Z-module [a,b+ w] becomes an ideal if and
only if a divides N(b+ w), where N () stands for the
norm map.

Proof. Tt is enough to prove that [a,b+w] D
(a,b+w) if a|N(b+ w).

Let x and y be arbitrary integers. Note that

(z +yw)a = (z — yb)a + ya(b + w)
and
(z + yw)(b+ w)
= —yNOb+w)+ (z + by + (Trw)y) (b + w),
where Tr(-) stands for the trace map.
Both are in [a,b + w]. We are done. O
We need a non-principal ideal of the form

(a,b+ w), so that the ideal satisfies the condition
N(a) = N(b+w). If a positive integer m is
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squarefree and m # 3 (mod 4), the condition Putting
_ c i 22
N(a) = N(b+w) implies m =a*—0b" and thus g = €A, @ =rag+ 5B € Ay,
m =1 (mod 4). — peA B tah e A
Lemma 2. Let m be a positive squarefree y1="m L P2 = pa2T R 2
integer and m =1 (mod 4). Assume that m= and

a’? — b with 0 < 2b < a. If A is an ideal generated
by a and b+ w, then N(a) > a® for every a € A and
thus A is not principal.

Proof. Thanks to Lemma 1, we can consider A
as a Z-module [a,b+ w]. For arbitrary integers x
and v,

N(za+y(b+w)) = (za+y(b+ w))(za +y(b +))
= a’2% + 2abxy + V2P + yPm
alaz® 4 2bxy + ay?)

a(2a+/ x?y? + 2bxy)
a’|ayl,

since a > 2b. [l

If a positive integer m is squarefree and
m =3 (mod 4), the condition N(a) = N(b+ w) im-
plies m = (2a)? — (2b+ 1)

Lemma 3. Let m be a positive squarefree
integer and m =3 (mod 4). Assume that m =
(20)* — (204 1)* with 0 <2b+1<a. If A is an
ideal generated by a and b+ w, then N(a) > a® for
every a € A and thus A is not principal.

Proof. Consider a Z-module [a,b+ w]. For
arbitrary integers x and v,

N(za+y(b+w)) = (za+ y(b+w))(za + y(b + ©))
= a(az® + (1 + 2b)zy + ay?)
> a(2av/ 2%y + (1 + 2b)zy)
> a’|xy),

AVARLY,

since a > 2b+ 1. O
We wuse the above non-principal ideals to
construct a free lattice. The following lemma shows
such a way, which is an algorithmic version
of [3,81:5], [2, Theorem 2].
Lemma 4. Given a binary lattice L=
Ai1vi + Agvs, there are vectors wi and wo such that

L= OWl + OWQ

if A1 As is principal.
Proof. Assume that L= Ajvy+ Asvy
A = (o, 5;,) 0. If A1 Ay = ~0O, then

paray + qon By +rfios + 8618 =y

and

for some p,q,r,s € O.

Wiy [Tt X2 Vi
()= G )G
one can verify that wy, wy € L and
Vi _ [(®1 2 -1 w1
()=o) )
1y @ Wi
_’Y<y1 gl ><W2>'

a1vy, B1vi, aava, Bove € Owy 4+ Owy

Then

since ajag, ay P2, asfr, asfs € yO. Therefore
L= A1V1 + AQVQ = OWl + OWQ.

O
The main idea of this article is to convert a
binary diagonal lattice with non-principal coeffi-
cient ideals into a binary free lattice. Then, four
vectors generate the lattice, but three of them
cannot generate it.
Theorem 1. Let m be a positive squarefree
integer and m = a® —b* with a odd and b even
satisfying 0 < 2b < a. Choose two integers A and B
such that aA+ 2bB = 1. Then the binary unimodu-
lar Hermitian lattice L with Gram matrix

a(l1+B?) B+ (1+B)(-b++/—m)

B+ (1+ B*)(—b—/—m) a(l+B?) + A
over Q(y/—m) has minimal vectors of squared length
a, s generated by its 8 minimal vectors, but is not
generated by any 3 minimal vectors.

Proof. Let Ay = (a,b+ +/—m) and Ay = (a,b —
v/—m). From Lemma 2 the ideals A; and As are not
principal.

Since ged(a, 2b) = 1, there exist integers A and
B satisfying aA + 20B = 1 and thus A; A3 = aO.

Let vq and vy be vectors with

1
V1-V] =Va-Vy=—,
a

Vi1 Vo = 0.
Then L = A;vi+ Ayve by letting p=A,q=r=
B, s =0 in Lemma 4.

It is clear that L is generated by 8 minimal
vectors
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b+ vV=m)v1, (b= v=m)vs

of squared length a. But any 3 vectors of them
cannot generate L. [l

The condition of @ and b on m can be written as
m=~k{ =1 (mod 4) with 0 < ¢ < k < 3(. Then a =
(k+4¢)/2 and b= (k—¥)/2. For example, when
m =21 =7 x 3, we obtain a Hermitian lattice from
a=5b=2 A=1 B=-1:

10 —5+4+2v-21
-5 —2v/=21 11
which has minimal vectors of squared length 5 but
is not generated by 3 of them.

Theorem 2. Let m be a positive squarefree
integer and m = (2a)* — (2b+1)* with 0 < 2b+
1 <a. Choose two integers A and B such that
aA+ (20+1)B=1. Then the binary unimodular
Hermitian lattice L with Gram matriz

a(l1+B?) B+ (1+B)(-b—1+w)
B+ (1+B*)(-b—1+w) a(l+ B*) + A
over Q(y/—m) has minimal vectors of squared length
a, is generated by its 8 minimal vectors, but is not
generated by any 3 minimal vectors.

Proof. The proof is similar to the above
theorem. Since ged(a,2b+ 1) = 1, there exist inte-
gers A and B satisfying aA 4 (2b+ 1)B = 1. Then,
by letting p = A,g=r = B,s =0 in Lemma 4,

L= (a,b+w)vi+ (a,b+w)vy

+avy, +avsy,

with
1
Vi V] =Vy-Vy = —, V1~V2:0.
a
The minimal vectors are
tavy, £(b+w)vi, Lavy, L(b+w)ve

of squared length a. Any 3 vectors of them cannot
generate L. O
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The condition of ¢ and b on m can be written as
m =kl =3 (mod 4) with 0 < { < k < 3(. Then a =
(k+0)/4and b= (k—¢—2)/4.

One can describe the first type of lattices in [4]
by using the above theorem. That is, from m =
4a> = 1= (2a+1)(2a — 1), if we let b=0, A =0,
and B =1, then the lattice (a,w)vy + (a,w)vy has
Gram matrix

2a —1 42w B 2a v —m
—142w 2a S\ —-v=m 24 )

Remark. The above methods can be applied
to infinitely many imaginary quadratic fields, but
not all such lattices are generated by this method.
For example, the second type of lattices

20+1 /—m
—/—m 2a+1
in [4] is constructed over Q(y/—m) when m = (2a +
1)> =2 for a>2. It is generated by its minimal
vectors of squared length 2a, but they cannot
compose a basis.
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