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18. On a Pseudo-Runge-Kutta Method of Order 6
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(Communicated by Késaku Yosipa, M. J. A., Feb. 12, 1982)

1. Introduction. The present paper is concerned with the nu-
merical solution of the initial value problem :
1.1 {?/,=f(95: Y)

Y(Xo) =Y.

In his paper [6], the author has proposed some new method of
Runge-Kutta type, and we have seen that there exists an r-stage
Pseudo-Runge-Kutta method of order 742 for r=2, 3.

Recently he has derived some improvements for this. See [7].

In this paper we shall give a four-stage method of order six based
on this improved method. We include also a numerical result to com-
pare our formula with the Huta formula of order 6.

Detailed proofs and related results will appear elsewhere.

2. Numerical method. We consider the Pseudo-Runge-Kutta
method, i.e.

(2.1 Yns1=Ya+VYn—Yn )+ @y 1y Ty Yuo1s Y 3 1)
D(Z o1y By Yro1s Y3 B) = g w.ky,

where
ko= (@0 1y Yn) k=20 Yn)s
= (a0l U+ 0 — V) + 1 2 DR ),

3

B (0t @ Yok 60— Ua) + R 3]0, ),
4

= (2t 0y Vot A=V )+ R Y diR)-

In the above formula (2.1), the value ¥, is to be an approximation
to the value y(z,) of the solution of (1.1) for x,=2x,+nh.

Throughout the paper, the coefficients a,(i=1, 2, 3, 4), b(i=0,1,2),
¢(1=0,1,2,3) and d,(i=0,1,2,3,4) are constrained by the following
conditions :

2 3
(2.2) Q= Z‘:) b, a;= Z(:, Cy»p Q= Z::) dt 0= a, a4, 0,5 1).
= i= i=
Assume that y,—z(x,)=0(h"), where z(x) is the solution of the
initial value problem z’'=f(, 2), 2(x,_)=%,.,. Using the same nota-

tions as in [6], Taylor expansion for (2.1) is
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Y= Uak Ao+ AT+ WAL, T+ AT

+ %h‘(BlTa-}-Bz 7,4+ B, f2T+3B,ST)

+ %hﬁ(CITH— 6C,TS*+4C,T*S+3C.f,,Q+C.f,T°

+Co f3T*+Co f3T+Co f, TS)
+ Elv‘he(DlT5+DzTS3+D3T2S2+D,T“S+D5fwT2T

+DQR+D,TP+D,f, T+ D, f;T°+ Dy /3T + Dy f,T
+ Dy f S yQ@+ Dy [, TS*+ Dy f;TS+ Dy f, T%S) + O(R"),
where {A;}, {B;}, {C.} and {D,} are some constants to be determined.
The method (2.1) is of order 6 if

(2-3) A1=1, Az= —;—; A3=A4=is Bt:"‘}l—(i:l, 2, 3, 4):

=ow

Ci=-%1;,-(i=1,-~-,7), D=21(=1,...,7,12, .. .15),

[=2]

DB=%’ Ds=§, D1o=2’ Du=‘g—-

We consider the case w,=0. From (2.3) we have
2.4 a=-L., a=1, v= %1(139—80«/§ )

7 — 85—
wy= 5 (54-31V3), w,=7(15-8V3),

w,= %{6— V3), by=—(20i+3a}),

_224+43) 243
32a,+1) 9

_ —@+8)2+3a)  ¥3 1

' 90,20, 4 1)(a,+1) 9 '3’

_@+v8)1+3a)  4V8 2 . 2443
9a,(20,+1) 9 3" " 9ay(202+3a,+1)°

7 2 6a,+4
d =6(8«/ 3'-~—___), d=_b%0utd g 67,
° 6 20,+1 23 +-8a2+1 +

12 6ai+4a,—2
d,=16—12v 3 — 8%t ad,—2
* t oa+1  2ai+3ai+ta

-2 5
= 203+ 3ai+a, d‘—54<1 ﬁﬁ)'
3. Computational results. Computations are done in double pre-
cision arithemetic on the FACOM M-200 of Kyushu University.
The following is a comparison of the errors incurred by using the

b1=a3+a§, b2=az(a2+ 1)2’ Co _1’
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sixth order Huta method and the method (2.4) with various a, to solve
Y =—y+a*, y(0)=3, whose solution is y(x)=exp(—x)+2—2x+ 27
h=1/2%

r=2.00 x=4.00 =6.00
Exact solution........... 0.2135E 41 0.1101E 42 0.2600E 42
Error for Huta method...0.7703E€ —11 0.8358F—11 0.8412F —11
Frror for the formula (2.4)

a,=0.7.......... —0.2756E —10 —0.7578E' —11 —0.1442E —11
a,=05.......... —0.2631E—10 —0.7235E'—11 —0.1367E—11
@=03.......... —0.2443E —10 —0.6721EF—11 —0.1261E—11

Remarks. (1) In the table, the value y, necessary for the evalu-
ation using the formula (2.4) is computed by Huta formulas.

(2) The Huta formula is of eight stage step process, while ours
is of four stage step process.

Acknowledgements. The author wishes to express his hearty
thanks to Prof. M. Sakai of Kagoshima University and Prof. S. Huzino
of Kyushu University who read the manuscript and suggested numer-
ous improvements. He would also like to express his sincere thanks
to Prof. S. Tanaka of Yamanashi University for his invaluable sug-
gestions, criticism and advice.

References

[1] G. D. Byrne and R. J. Lambert: Pseudo-Runge-Kutta methods involving
two points. J. ACM., 13, 114-123 (1966).

[2] G. D. Byrne: Parameters for Pseudo-Runge-Kutta methods. Comm. ACM.,
10, 102-104 (1967).

[8] J. C. Butcher: A multistep generalization of Runge-Kutta methods with 4
and 5 stages. J. ACM., 14, 84-99 (1967).

[4] F. Costabiles: Metodi Pseudo-Runge-Kutta di seconda spacie. Calcoco., 7,
305-322 (1970).

[5] A. Huta: Contribution & la formule de sixidéme ordre dans la Methode de
Runge-Kutta Nystrom. Acta Fac. Rerum Natur. Univ. Comenian. Math.,
2, 21-24 (1957).

[6] M. Nakashima: On Pseudo-Runge-Kutta Methods with 2 and 3 stages (to
appear in Publ. RIMS, Kyoto Univ.).

[71 A modification of some Pseudo-Runge-Kutta Methods (to appear).

[8] M. Tanaka: Pseudo-Runge-Kutta methods and their application to the
estimation of truncation error in 2nd and 8rd order Runge-Kutta methods.
Joho Shori, 10(6), 406-417 (1969) (in Japanese).

On the application of Pseudo-Runge-Kutta methods. Rep. Comt.

Center, Univ. Tokyo, 4, 119-128 (1971-1972).

[91]




