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Introduction. Let M™ be an n dimensional connected compact
orientable smooth Riemannian manifold. In the previous paper [3]
we showed that the Betti numbers of M"™ with one or two parallel
vector fields satisfy some inequalities. In this note we shall generalize
these results to the case of M™ admitting » parallel vector fields (1=r
<n). A trivial example of such M" is the Riemannian product
T xM" ", where T" is the flat r-torus and M* " is any Riemannian
manifold.

1. Preliminaries. Let 9, be the vector space of harmonic p-
forms on M". dim 4, is equal to the p-th Betti number b,. We
make a convention that 4, ={0} for p >n or p <0 and hence all operators
act trivially on such spaces. Throughout the paper we shall denote
by p any integer.

Let 4 be a vector field on M*. By the natural identification with
respect to the Riemannian metrie, « is identified with a 1-form which
will be denoted by % again. e(u) and i(u) denote respectively the
operators of exterior and interior product by #. For a p-form w, we
have e(w)o=u/\w and

(Z(u)(l))(le ) Xp—l):w(u7 le ) Xp-l)
where X, - - -, X,_, are tangent vectors. These operators satisfy e(u)’
=14(u)*=0. i(w) is an anti-derivation and hence
(1) i(we(w) + e(w)i(u) =1
holds for a unit vector field 4, where I is the identity on p-form.

2. Parallel vector fields. Let u be a parallel vector field on M~.
First we notice that w € 4, implies e(ww € H,,, and {(Ww € H,_;.

Now we assume that M" admits » (1<r<mn) linearly independent
parallel vector fields u,, - - -, u,. Making use of the Schmidt process,
we may suppose that «,, - - -, %, are orthonormal, i.e.,

W)Uy =04 Ak, 7).
a, a0, =0y, -+ -, 0, <7) being integers, let us define
Tayeeay =0 a,) * + +1(Ugy) : Hp—I s
ayan=0Ug)  + - €(Uq,) : H = H i
Lemma. For 1<s<r, we have

s |

(2) I=—kZ]1ilé <Z< 3 (=1D)FE*D2eq calayeay T (=170 ey .
= 150, 5 <apss
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Proof. When s=1, (2) is nothing but (1). Suppose that (2) is
true for s—1. Taking account of (1) and #(u,)e(u,;)=—e(u,)i(u,) for
7+#k, we have

Unslpon s =(— 1D 5oy s 1y)(T505)
=(—-1)(8—1)(3'2)/2”3—1){14—82_:1

(_1)k(k+Deay--akia,l-ua,k}
k=1 15a1<+< ag<s

X (I_esis)7
from which we know (2) to be valid for s.

3. Theorems. Let u, ---, u, be orthonormal parallel vector
fields on M". Putting i(u),=i(w) for any integer p, we consider the
linear mapping i(w), : H,—H,_, and define

HKpu)=Ker i(u,),, ky(u)=dim K, (u,), 1=h<r,

KO =K ,u) N+ NKp(uy), kP=dim K, 1<s<r,
where K =4, and k=0, by convention. Then i(u),| K : K
—9(,_, has the image in K ‘8’

Theorem 3.1. If M admits r orthonormal parallel vector fields

Uy * + +5 Uy, Lhen we have

Ker (i(u,), | KED)=K®, Im (i(uy), | HED) =KDy,
and hence

KE D= HPDHKS,

are valid for s=1, - - -, r and any integer p.

Proof. The first assertion is evident. For the second one, we
take a p-form e AF?, then i(uy),0e K, () NKP=KP,. Con-
versely, let w e X, and we have by virtue of (2)

o=(—1)¢"1"_ e,...0
=i(u)(—1D)e-ve+vrg o ye..) e Im (i(uy),| K5"). Q.E.D.

Thus the sequence {£{}, (s=0,1, - - -, r; p any) of non-negative integers
satisfy
(3) kg0 =R+ kg,

from which it follows that
k=37 (— 1)k =0.
Especially we have o
=33 (—1),_i20,

=0
B =3 (D=3 (~ ¥+ Db, 20

i=0
More generally, by making use of the mathematical induction we can
prove

Theorem 3.2. If M* admits r orthonormal parallel vector fields

Uy =0y Uy (1§7'§n)y then

kY =ﬁ: (_1)1(6’-]-,"&:—1)%7 =0

=0

are valid for s=1, - - -, r and any integer p.
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Corollary 3.3. k{ is independent of the choice of s parallel
vector fields taken from u, - - -, u,.
Corollary 3.4. k=0 for p+s=n+1.
Especially we have
Be="2 (DT =0

1=0
for s=1, ..., 7.
Corresponding to the duality b,_,=b,, the following theorem
about k{” holds, by making use of (3) and the mathematical induction.
Theorem 3.5. If M* admits r orthonormal parallel vector fields
Agr<n), then we have
EQ ,=EP,

for s=0,1, ..., r and any integer p.
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