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24. Holder Conditions for the Local Times of Certain
Gaussian Processes with Stationary Increments

By Norio KoNo
Institute of Mathematics, Yoshida College, Kyoto University

(Communicated by Kosaku YosSIpDA, M. J. A., June 14, 1977)

1. Let {X(t,w); —oo<t<oo} be a path continuous centered sta-
tionary Gaussian process with the spectral density function f(2) given
by

nla F(“+1/2) 2 2)— (@ +1/2)
JQA)=a T(ITZSI’—(a)—(z +a?) , 0<a<l/2.
Then owing to Berman’s result [2], there exists the local time y(x, ¢, »)
of X(t, ») which is jointly continuous in = and ¢t almost surely. For
the local Holder conditions of this local time, Davies [3] has proved the
following :
0<e<lim ni-+(log log 1/h)" Sl

for almost all w.

We will extend his result to more wide class of Gaussian processes
with stationary increments. We will give not only a local Holder con-
dition but also a uniform Hélder condition with respect to the upper
bound. As for the lower bound, it is still open problem for our class.

2. Let {X(t,0); 0<t<1} be a path continuous centered Gaussian
process with stationary increments: E(X(t)—X(s))’=d*(t—s)). We
assume the following :

(1) o(x) is a non-decreasing continuous nearly regular varying
function with index a, 0<a<1, i.e. there exist two positive constants
¢ and ¢/, and also a slowly varying function s(x) such that

cxs(x) <o(x)< c'x*s(x),

(2) x/a(x) is non-decreasing,

B) o(x) is differentiable for x>0 with the derivative ¢’(x) such
that

d@)<po@)/x, p<1, x>0.
(4) Denote by A,, the correlation matrix (r; )i -.:
) [C.(AES (R EA RS UR) |
' o(ti_ti—l)a(tj—tj-—l)
for a partition 0=¢,<t,<...<t,<1. Then there exist a positive con-
stant ¢, and a positive integer n, such that
det A,,>c
holds for any partition of [0, 1] and any n>n,.

’l:,j:]., ""271"
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We notice that if ¢*(x) is a differentiable and concave nearly regular
varying function with index 0<2x¢<1, then all conditions (1) to (4) are
fulfilled. By Berman’s result (Lemma 6.1 of [1]), our conditions (1)
and (4) garantee the existence of jointly continuous local time (z, ¢, ®)
for almost all w.

Theorem. Under the conditions (1) to (4),

(i) im |1I"(X(t), t+h, (1))—1]!(X(t), t, (D)l Sc4< + 00 a.s.,

nio hja(h/loglog1/h)
oy e |, TRy @) — (2, T, o)
) o /log log 1)1y =~ T o0 &8
(ili) Iﬁ '\]/‘(.’X), t, w) —"P'(w’ S, w)l < cs< 4+ o a.8.
s ie [6—sl/o((t—s|/log 1/[t—s)

3. First we prove the following lemma.

Lemma. Let o(x) be a function satisfying the conditions (1) to
3). Then

1,,=j 1 / [T o(t;—t,-)dt,- - -dt, (£,=0)
0<t1< e <tn<h j=1
ot/ [Lou1n)
<= (1 nli).
<d—prn! JIRE)
Proof. Changing the variables ¢,---,t, of integration to

Uy, + + -, Uy, Such that
uy;=t;—t;_) [ (h—7%;_), 2<ji<n

and
ul = tl / h,
we have

1 1 n
I,=hr L- . L I, (== oty A=ty - A=)t it
By the assumption (8) and integration by part,
r du,, < 1
0 o(U,(1—2y_p)- - A—u)h) = A—Po(A—Uy_p)- - - A —u)h)
By induction if we get the inequality :

N A—u)"™ Aty - - s
L f,ﬂ o A—u; - - A—udhy

2F k .
< grlt/ [l @A),

Jj=1
then we have

N A—uy"’ du,- - d
JO JO j=U—}c g(uj(]__uj_l). . ‘(1__u1)h) Un, U~ 1

ok 1/(k+D L
<azgarls *uew)
(1-pP)* k! \Jo 1/(k+1)

A=y )" (1 — cei(1— Nd
At A uh) ,Ul"(( Up_p) A —UDh /AUy,

=J,+J,.
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By the aSS“mpﬁOHS 1), (2), (3) and integrations by part,
== p)%v (1 fl, Q=i -A=wh])

><J‘1/(k+1) dun_k
0 0y (1 =y _g 1)+ - - (L —u)h)

2k / k1 _ o )
S(1—5)"+‘(1!c+1)1\1/ 1T 0@t - A= 1/))

and
< 2
AP o —uy ) - A—u[(k+1))
vac/(/m) 'v’,i_k/ﬁ oWy (A —=Up_z_) -+ - A —u)h/§dv,
j=t

0

< 2
T A-p) k! (B+1—Ep)
It follows therefore that

Ji+J,<

/oty A—wh /).

te i (VA IC R R )

This gives the proof of the lemma.
Now we prove (i) of Theorem. According as Davies [(27) of 3]
and by our lemma, we have

E (X (@©®, t+h, 0)— (X (®), t, 0) [

— (@) o ...IHh (det Az,,)‘m/]z'n[ o(s;—8;_)ds; - -ds,,
¢ ¢ j=1

=0y 1/ 11 atty—t, at,- -t
= (2”03)71 0<t1<e e+ <tan<h le a( I j'l) 1 2n

( fz— h)zn 2n .
= e, dA—p)™ (1/ J1 o ”)’
Since 1/0(1/x) is a nearly regular varying function with index « at
infinity, applying Theorem 1 of [4] to the positive random variable
X=X ®), t+h, 0) —p(X(@), t, )|/ b,
there exists n,>0 such that
P(X>A/o(1]x)) < e *rar
holds for all hxa>n, Setting

p=loglogl/hy = 413 p,—en,
ah,
h 1
P( X (), t+ Iy, 0) — (X (D), £, Ah, (____"‘_n____))<___
W), bt by ) =¥ XD, 1, 0> Al o) )<

holds for large n. Finally, by standard argument using Borel-Cantelli
lemma and non-decreasingness of (z, t, ) in ¢, we have
i v E®), t+hy 0) (XD, 8, 0)| .,
Wi h]o(h/log log 1/h) SGS Fooas.
The proof of (ii) is just the same way as that of (i), so we omit it.
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To prove (iii), using the same argument as above it follows that
there exists my(w) with probability 1 such that for all m>mw) and
k=1,...,2m

[P (2, k2™, @) — (2, (K—1)2"™, v)|
<A2-m /a(_z-'m_'f”i).
m log 2
Since (2, t, ®) is continuous in ¢, we have
[ (2, T, @) — (2, 8, 0)]

gf‘_, qp(x, kf e 279+ k2™, co>—1]r(w, Zk: ;277 + k2™, a))l

k=m Jj=m+1 J=m+1
+ 3 «p(x, PN w)—«p(m, > d2ri e, a))‘

k=m Jj=m+1 Jj=m+1
+‘\P‘($, Ez-m, a))—\b(xy E/Z—m’ (0)]

for
2-mlLt <27 ™, s=k2 ™4 i ;277
J=m+1
t=15'2-m+j§+1 29, ¢, and &, =0 or 1, 0< K —k<1.

By the assumption (1), it follows that
s z—k/a(w)<cz—m/g<_2;":2_“_)
i=m klog2 /™ m log 2
<C'[t—s|/o(t—s|/log 1/|t—s)].
Therefore we have

(=, t, @) —y(, 8, 0)|
|cl-s110 lt—sl/”(lt—SI/IOg l/lt—s]) << +co a.s.

0<¢,8<1
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