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On the Boundary Value o a bounded analytic
Function o several complex Variables.
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Mathematical Institute, Tokyo University.

(Comm. by S. ILKEYA, M.I.A., May 12, 1945.)

1. Let f(z) be regular and bunded in z[<l. Then (i) (Fatou.)1)

liraf(z)=f(e) exists almost everywhere on zl --1, when z tends to e non-

tangentially to z -----1. (it) (F. and 1W. Riesz.)) If the boundary value f(e)
vanies on a set of positive measure on zl --1, then f(z)=--O. (iii) (SzegS.)’)

If f(z), 0, then log lf(d)l is integrable on [zl =1.
We will show that an analogous theorem holds for a bounded regular func-

tion of several eomplex-varmbles.

I.t z=e, w=e be points on z 1, o 1 respectively. Then the pair

(d, e*) can be considered as a point on a torus (0<8<2r, 0<92r) and

the measure of a measurable set E on 9 is defined by

"qnE=.f_fdOdg, so that qnO=4r’. (1)

Then the following theorem holds:

The (i) limf(z, u,)=f(e, e*) exi almost eve,’ywhere on , oten z--e’,
w-." .tangentiatly to z 1, Iol 1 ,’espectively. (ii) Ifthe bounda.y
value f(e, e) zunish,s on a set of positive measu’e aa , hen f(z, w)=--O.
(iii) Iff(, w) O, then log f(e’, eo) s nteg’abt, on #.

Since I have proved (i) in the former paper, I will prove (it) and (iii)..
We remark that i f(z, o) is bounded in z < 1, zo < 1 and f(eo, e) gM
amost eveywh o , th f(, o) =<M t < 1, w < 1.

Fo, lt z <R< 1, 01 <R< 1, the

,l,. (R R. eas O’ O + .)(R"- RO eo

(o<.<, o-<0<) (9.)

(.1) P. Fatou" S6ries tr.i.gonomtriques et sries de Taylor, Acta Math. 10 (1906).
(2) F. und M. Riesz: Uber die Randwerte einer analytischen Funktion. Compte rendu

du quatrime congre..dee mathematiciens scaudinaves (1916).
(l) G. SzegS: Uber die Raudwerte einer analytischen Funk’tion. Math. Ann.

(1921),
(4) M. Tsuji: On Hopf’s ergodic theorem. Jap. Journ. Math. 19.
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so that for R-1, we have by Lebesgue’s theorem,
2 2

A,, ,)= o-,- co, {e’-e} +,,)(- m{’-}+’)
hence

2. Proof of (ii).

) on a se g of iive mre on O. Then by gomff’s hrem, ere

=f(e*, e*) unifory on o, t here exists a mfible

[f(Re/, Re/’)l<:.,m,+e<M *or (O, q)e E0.
We put

(8, )--Max.(log (m+ e), log If(Re’, Re")) ).

Then zo(8, p) is continuous and

(o, ,) o(+) on eo.
Let for

We }lave

1 f F(O’, q’)(l--a)(l--/)dS’d/
4 (I--2R cos (O’-- O) + .o.)(R,_ 2Rp cos (9,’- q,) +/)

Let

/, upper limit (z, w). (9)

Since u(z, w) is bounded and log If(z, "w)) <.log M, we have

We will prove that

Let (z,,, w,,) be points in z[ _<R, wl <R, such that z,,-+z0, w,c.).Wo and
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(z,., .w.)--p. Then Zo R, o Rand(, oo)=, that f(zo, wo) 0.

(i) If < R, wo <R, then f(z, w). 0 in z-- 8, w-- Wo , where

thtl-1, I---o on! <R, I <R
rtive]y. Then (z, w) a harmoc function of z and
w--wo8, that (z, w) ., then (z, w) valu Z--Zo8,
w--ml , which are grr than (, Wo):p, which nc the defla-

tion of Hence (z, w)comt.: Since by (6), (8), (Rd’,
we have p0.

(ii) Next repose tt <R, wo =R. We wri u(z, w) the fo"
2

)=- -n-(c-e) +-*
where

Ce,-)=f Ce, ’)Cn-)a
R’-Re C’-)+f

S UC, w)FC, o) owo=R’,

R*-2R- ( --)+

fC,.) o i - ,whe is sm ,h, --1 i
1" .SC, *) hmoi i I--, C,.) o,.,h

Cz, m) vu in z- g, which ar graran Czo, m),wh
eoncrac deflation of . Hence (z, wo).= Since CRe*o,)
0, we have 0.

Cu) w o, 1-, I.I=o C), Ca).
enoe0 in c, m cha

o IIC, -OI (, ’) n, I n,
hence by C7),

Making e-->0, we have

Or

ICo, o)l-M -. Cll)
Hne if J’C**, e)=O on a t E of positiv measuro on , then fCo, o)=o.
From this wo ndud that fC2, w)=o. For, if fC, w)o, lt fCo, wo)* o
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(1o i< 1, I

is rard und in [z] < 1, w[ < 1 and i da vue vahes on

a t of sive meure on , m that F(O, O)=f(, w0):O, which ntra-

eth Hence f(z, v) O, q.e.d.

3. Poof
tf(z, w) O, then ter a mitable linear trormation, we maye

tf(O, 0)*0 d If(z, v) <1 [z <1, Iv[ <1.
](, #)I >o on a t E Then by Egoro’s trem, there

exis a olos set

=f(eB e) norm]y on o, so tha for a stab]e R<I,
](R’, R’,) , o (, ) e E (1)

F(, )=.(o,, ](R’ R")I) (o<<), (1B)
then F(, ) ontuo and sinoe [f(z, )] <, 0<<,

[[ F(’, )(-)(R--p)d’d
(g--R"o (’-)+)(--2Rp oos (--)+f)

(0’<’< 1, 0p<R<l)
Then b (10), (1),

] If(o, o) u(o,

By (ii), mE4= for e+ O, so that mieO, we ve
log I](o, o) - If(e", e")ldSd. (15)

ence ] If(, e’) is inrable o @, q.e.d.

Silarly we can prove"

em’e, 2. Le f(z,, ..., z,,) be regda,r ang housed in z, < 1, ...,
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tangentially to[zl 1 ’esjgeaively. (ii) If
’ahes a set ofostre measu’e on O, then f(z ,..., z)O. (iii) If


