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46. On the Boundary Value of a bounded analytic
Function of several complex Variables.

By Masatsugu TSUJI
Mathematical Institute, Tokyo Umiversity.
(Comm. by S. KAKEYA. M.LA., May 12, 1945.)

1. Let f(z) be regular and bounded in |z| <1. Then (i) (Fatou.)”
lim f(2)=f(e*) exists almost everywhere on |z | =1, when z tends to ¢* non-
tangentially to |z| =1. (ii) (F. and M. Riesz.)® If the boundary value f(¢®)
vanishes on a set of positive measure on | z| =1, then f(2)=0. (iii) (Szegs.)”
1f f(z) £ 0, then log | f(€®) | is integrable on |z | =1.

We will show that an analogous theorem holds for a bounded regular func-
tion of several complex-variables.

Let z=¢®, w=¢" be pointson | z| =1, | w| =1 respectively. Then the pair
(¢®, €*) can be considered as a point on a torus @ (0=<0=<2w, 0=<@<27) and
the measure of a measurable set E on @ is defined by

mi= [ [dodp, so that mO=1r". €D

Then the following theorem holds:

Theovem 1. Let f(z, w) be regular and bounded in |z| <1, |w|<L.
Then (i) lim f(z, w)=f(e", €*) exists almost everywhere on 6, when z—>¢®,
w—> " non-tangentially to |z| =1,|w| =1 respectively. (ii) If the boundary
value f(e®, ) vanishes on a set of positive measure on 8, then f(z, w)=0.
(iii) If f(2, w) %0, then log|f(e®, €*)| is integrable on 6.

Since I have proved (i) in the former paper,” I will prove (ii) and (iii)..
We remark that if f(z, w) is bounded in |z| <1, |w| <1 and | f(€®, €*) | <M
almost everywhere on 8, then | f(z, w) | <M in|z| <1, |w| <1.

For, let |z| < R<1,|w| <R<1, then

J(z, w)=f(re®, pe®)
=4 j ﬂf% J(Re”, Re®)(R*—1*)(R'—p*)d6'dg’
" 4n® J J (R*—2Rr cos (6 —0) + 1 )(R*—2Rp cos (9" — @) +p°)

(0=r<R,0=p<R) 2
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so that for R~ 1, we have by Lebesgue’s thesrem,

-1 S e® )(1—1")(1—p*)d¢'dg’
G w)= ff a-2r 005(0’ 0)++*)(1—2p cos (@' — @) +0°) ’

hence
2% 2%

M " (1—-)(1—p*)do'de’
G w)l= 4#5[;/ (A—2roos (0'—0)+ 7)1 —2p00s (@' — @) +7)

2, Proof of (ii).
Suppose that | f(z, w) | <M for | 2| <1, |w| <1 and | f(€*, €*) | <m(<
M) on aset E of positive measure on 8. Then by Egorofi’s theorem, there
exists a closed sub-set E, of E, such that mE,=mE ~e>0 and lim f(re®, re®)
=f(€®, €*) uniformly on E, so that there exists a suitable R <i:1mch that
| f(Re®, Re®?) | <m+e<M for (6, p)€E,. (3
We put
F(0, p)=Max.(log (m+¢), log | f(Re®, Re®)) | ). (4)
Then F(6, p) is continuous and

F(6, p)<log M on 6 —E,

F(6, p)=log (m+¢) on E,. (5)
Let for |z| <R, |w| <R,
u(z, w)=u(re®, pe*)

27 2%

__1 f f F(0, ¢ Y(R =) R—p")dd'dp’ .
2 (R°—2R cos (' — 6) +1°)(R*— 2Rp cos (@' — @) +p*)

We have
“(Re®, Re®)=F(0, p)= log| f(Re*, Re*®)|, (6
1(0, 0)= , @)d0dp= , pJdbdep
1 mE,
F(o didp< 1 . ?
tos !_;o (6, ) dfdp = log (m+e) o
_ mkE,
+1og M.(1 - ) <))
Let

(2, w):log]f(z, 'w)l —u(z, w), ( Izl =R, l'wl =<R), (8)

p=upper limit @(z, w). 9
z|<R |w ZR

Since u(z, w) is bounded and log | f(z, w)) | <log M, we have u< 0.
We will prove that x=20.
Let (2., w.) be points in | z| <R, |w| <R, such that 2,~>2, w,—~>w, and
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@ (2, wo)>pe Then|z | <R, | wo| <R and @(zo, wo) = p, so that f(zo, 1) =+ 0.
G) If || <R,|w| <R, then f(z, w)+0in |z2—2| <8, |w—w, | <8, where
8 is taken so small that|z— 2| <8, | w— wy | <& are contained in | z| < R,| w| <R
respectively. Then @(z, w) is a harmonic function of z and w in |z—z| <8,
| w—wy=_8, so that if @(z, w) * const., then P(z, w) takes values in | z—z | <§,
| w—wy | <8, which are greater than @(z,, w,)=p, which contadicts the defini-
tion of u. Hence @(z, w)=const.=u Since by (6), (8), ?(Re®, Re®)=<0,
we have p=<0.

(ii) Next suppose that [z0| <R, |w,| =R. We write u(z, w) in the form:

27
_ 1 U, w)(RP—+*)de’
uz )= of R —2Rros(0—0)+r7 ’

where

S_ 1 [ F(68, o R —p)ig'
Uo, ) 2 ;,/'R"—2Rp0015(¢'---¢)+,o2 )

Since U(8, w)-> F(6, ¢,) for w>w,= Re",
1 (B, p)(R=r)

27 J R—2Rroos(0 —0)+1
Hence u(z, w,) is a harmonic function of z in [z| <R. Since f(z, wo)+0,
f(zw) %0 in| z—z | <8, where § is ta'ken so small that | z—z,| <38 is contained
in|z| <R. Since @(z, wo) is harmonic in | z2—2 | <8, if @(z, wy)=E const., then
@(z, wy) takes values in | z—z, | <8, which are greater than @(z,, w,) = u, which
contradicts the definition of u. Hence @(z, wy)=const.=pu. Since @(Re*,R™?)
=0, we have p<0.

(iii) We have u<0, if | 2| =R, | wy| =R from (6), (8).

Hence p=<0 in any case, so that

log | f(z, w) | Su(z, w) in |z =R, |w| <R,

hence by (7),

log | £C0, 03| <u(0, 0)< log(m-+¢) 222+ 10g 3(1-222). (10)

u(z, wp)=

Making e->0, we have

or
mE__ y_ mE
[fC0,0) | =m 4= M "4, v

Hence if f(e®, ¢*)=0 on a set E of positive measure on 8, then f(0, 0)=0.
From this we conclude that f(z, w)=0. For, if f(z, w)FO0, let f(z, w,)+0
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(l2] <1, |w| <1). Put F(z w)=f( 12:-;:2" 1'w++£:; ). Then F(z, w)

is regular and bounded in | 2] <1, |w| <1 and its boundary value vanishes on
a set of positive measure on @, so that F(0, 0)=f(z, w,)=0, which contra-
dicts the hypothesis. Hence f(z, w)=0, q.e.d.
3. Proof of (iii).
Let f(z, w) £0, then after a suitable linear transformation, we may assume
that f(0,0)=+0 and | f (2, w) | <1 in|z| <1, |w| <1
Let [ f(€®, €?)| =2¢>0 on a set E. Then by Egoroff’s theorem, there
exists a closed sub-set B, of E, such that mE,=mE—e>0 and lim f(re”®, re*®)
=f(e*, ¢*) uniformly on E, so that for a suitable R<1, !
| f(Re®, Re*®) | =€ for (6, p)€E,. a2)
Let
F(6, p)=Max.(loge, log| f(Re®, Re®)|) (0<e<1), (13)
then F(6, @) is continuous and since | f(z, w)| <1, 0<e<1,
F(0, $)<0 on 8 —E,, F(0, p)=Ilog|f(Re", Re®)| on E,. (14)
Let

u(z, w)=u(re®, pe®)=
27 27
1 f f F(0, Y B—r)(R'—p")df dp’ .
4r* 00 (R2-2R’l' CO8 (0’—0) +’l’2)(R2—2RP CcOo8 (¢'—¢) -|-p2)
(0=r<r<1, 0=p< R<1)

Then by (10), (14),
log| (0, 0) | <u(0, 0)=—L__ [ [ F(6, p)itag+ 2 [ [F(o, p)avip=

4’ dar

©-E,
2o { 1081 fCRe", Re%) | d0ie
Since for R—>1, log | f(Re®, Re*) |—>log|f(e®, ) | uniformly on E,,
log | /0, 0)| <L, { log| f(¢®, ¢*) | dodap,
By (ii), mE— 47" for e—> 0, so that ma..king €—> 0, we have
log 70, 03| < L f Jrog1 (e, ey 1dbdp. (15

Hence log | f(e*, ¢**) | is integrable on, 8, q.e.d.

Similarly we can prove:

Theorem 2. Let f(z, ..., 2,) be regular and bounded in |z | <1, ...,
|za] <1 Then (i) lim f(ziy ..., 2,) =f(€*s, «.. , €°n) exists almost everywhere
on an n-dimensional torus 0(0=<60,<2m, k=1, 2, ..., n), when z—>e*% non-
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tangentially to | z | =1 respectively. (ii) If the boundary value f(e*y, ... ,6%n)
vanishes on a set of positive measure on 8, then f(z, ... ,2z,)=0. (iii) If
JCziy oor y 22) £0, then log| f(€*y, ... , ) | is intgrable on 6.



