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170. Uniform Conwvergence of Fourier Series. III

By Masako SATO
Mathematical Institute, Tokyo Metropolitan University, Japan
(Comm. by Z. SUETUNA, M.J.A., Nov. 12, 1954)

1. Introduction. S. Izumiand G. Sunouchi® proved the follow-
ing theorems concerning uniform convergence of Fourier series:
Theorem 1. If

F&—ft= O(I/IOgTF?T_> as 1, >

then the Fourier series of f(t) comverges uniformly at t=u.
Theorem II. If

fO—fth= o(l/loglogl L 1

and the nth Fourier coefficients are O((log n)*/n) for a>0, then the
Fourter series of f(t) converges uniformly at t=u.
In this paper, we treat the case that the order of f(¢)—f (')

is o<1/<log |71'tT—) )(1 >a>0), o /<log logxﬁ—}, 7> >(a>0) and

more generally o(l/(log”,c it 1t'| ) >
2. Theorem 1. Let 0<a<l1. If
FO—f ()= o<1 / <log o ) ) &, #'~0)

and the nth Fourier coefficients of f(t) is of order O(¢“=™"In), then
the Fourier series of f(t) converges uniformly at t=0.
Proof. We assume that z,—0 and f(0)=0.

Siw)= - [(LF @+ F )] S ¢+ o(1)

=1 f " f e ] +o(1)

Hllogm)® /

) as t,t'—>x

=L+ T+ K]+0Q),

say, where B is the least number >1 such that 2n]|e*¢™" then it
is sufficient to prove that s,(x,)=o0(1) as n—>oo,
Since f(x) is continuous, we have I=o(1).

1) S. Izumi and G. Sunouchi: Notes on Fourier analysis (XLVIII): Uniform con-
vergence of Fourier series, T6hoku Mathematical Journal, 3 (1951).
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1= [ @+ F @01 R gy
- ks /m
27t /n -2
- Pz[f(xn+t+1“1>+f<x,,-t—l] mntdt
o k=0 n t+ o
n
where p=¢® ™" By the first mean value theorem, for =/n <6
= 2m/n,
J=—25 (=1F [f(xn—l-ﬁﬂ‘)) +f (= ﬁﬁ-e)}
=0 nO -+ kar n
—2 6022 ] H 2k ) 2k+1 )}
= T, +—m+6)—flx,+ )
o k=0 2k+1 LL f < n m f< n ™

+{f<xn gf—w 0) f(w~2—]‘;bt-1~7f*0>}]+0(1)

1 G221 B 1
:O(‘(log n)* & W)_°<(log 0y log p)=o(1).

We next prove K=o0(1). Now

oo T
K=23>a, cos anf cos vt ﬂln—tdt,
v=t meb Qogmf, ¢

taking absolute value

IK1§2§IG~,I}fﬂ sin(n+u)t—:sin(n—u)t dt

e dogm)d/,,

n

oo g
=Sa 2| Gin@tsine-dt
T

nebllog n)% /'2

=1

<

i 1
<23a, | —" _ t  4o).
=220l iy +o(1)
It is sufficient to prove that
n—1 -]
P | Sl & el KK ]=o().

ebdogm* [ T g ) v=n+l y—19

Now

e(log W n—1 6(log v)% )

_ A al . 5 (e % S
K= > > (§ v(n —-y) v= Enz/;':vﬂ v(n—v)

v n—y V= E"‘/”]'!'ln—‘l)

-1
( (log n)'~* _ gllogmd logn gdogma)
n n
2

a
E=( 3+ S)lal_o(e 5 1 4 5 o)
VEntl v—.m+1 yv—mn n Vintl y—79,  v=2n+l y2/2

6(108 n)® )
n

—0 (Jgg 7 glogme |
n

Accordingly we have
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K:O( n__. 198",@‘???5@1); 0 <_,._l‘lg;7‘_>:o(1).

ghlogm® n gBQogm¥—dogm®

Thus we have s,(x,)=0(1) as n—>oo.
3. Theorem 2. Let a>1. If

S(©® f(t'):t><1/ (log logl i 1 t';>a> (t, '~0)

and the nth Fourier coefficients of f(t) ts of order (e®="¢™%In), then
the Fourier series of f(t) converges uniformly at t=0.
Proof. As in the proof of Theorem 1, we may assume z,—0
and f(0)=0.
ne(Bloglogmd®[,

sn(xn)z—ql:[ f "y f . ) ]+o(1)

w/n e oglog n)? /n
SESY SNAY SERE))
i

say, where B 1is the least number >1 such that |ePdosls™* jg
odd. Then we have I=0(1) and

Bloglogmd® 1 pi1yn

J="3 CF @t )+ f (@ >Js—i“g??-dt
kx/n
*[:c/“i})( 1)"[ (xn+k—”+t>+f(wn %——tﬂ:—rg—;—du

n
where £=¢%delem*  Applying the first mean value theorem,

J=— 2522( £ [f(wn+k—"+0>+f<wn—k7’r—0ﬂ

= nh+ b
— 2y gt [ (ot Bmr0) = (ne 2 me0)]
+{f(xn—%7r 0> f(x,,—— 2";—;1 w—H)H +o(1)

1 (£-2)/2 1 1
- = £)=o(1
O((loglog’n)“ = 2k+1) 0<(loglogn)“ 8 > o(D)-

We shall next prove that

K-—=2 i a, cos uxn/ﬂcos y¢ St dt=o(1).
=1 /m t
Now

K1 < 5 1a| 7 EE+F a0 0) g

w¥/n

< n
—vEsllav!wE

[ sina+»)t+sin (n—u)t)dt\
TE/u
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n—1 oo
a §U=in—y vimtly—n
= 2 2K+ K] +0(1)
T &
say, then
(L"ﬂj i 1 > I av — 0 < (log‘ n)l_ae(loglogn)a_i_ lqgl?'_ e(loglogn)a\,
s =En/~3+1 —y n n )

( 2 + E ) lay | zo(logn e(loglogm“_}.iao_glogy?i),
V=n+1 n

vl y—n n
Accordingly we get

Ke 0( n  logn- e:oglogn)a >: o(1),

ghtlog log m)®

Thus the theorem is proved.
4. Theorem 3. If

ro=r@r=o(1/%(, 1, ) ©#-0

and if f(x) is of class $(n)? then the Fourier series of f(t) uniformly
at t=0, where ¢(n)=0(n), Y(n)=log (n0(n)/p(n)) and 6(n) are mono-
tone increasing to infinity as n—>co.

Proof. As in the proof of previous theorems we assume zx,—>0
and f(0)=0. We put

Sn(ﬂ?n)—f%[ of m+ f se<n>/¢<n>+ f ) -l+o(1)

w/n BOm)/#(m)

= LI T+ K] +o(),

where 8 is a real number =1 such that Bné(n)/w¢(n) is an odd
integer. Then we have I=o0(1), and

I fzw/n {Bnm)/ﬁ?@}—g[ P (xn+ . ko ) n f(wn—- e ke >:J sinnt dt

o/ k=0 kvr
n
=—25] CD (0,457 1.6) 41 (0, 27 —6)] (im0t

. 1 €—=2/2 1 _
~o( 4 2 apr1) "

where (=pgné(n)/wp(n). We next prove K=o(1l). By the second
mean value theorem

2) A function f(x) is said to be of class ¢(n) if
Ja‘bf(x+t) cos nt dt=0 (1/4(n))

uniformly for all », n, a, b with b—a=<2x. Cf. J.P. Nash: Rice Institute Pamphlet
(1953); M. Satd: Proc. Japan Acad., 30 (1954).
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_ ¢(n) f [F(@n+8)+f (2, —18)] sinnt de

0( ) BO(n)/B(m)

where B0(n)/p(n)<n»=<m. Since f bf(x +t)sinnt dt=0(1/$(n)), we have

(e 1\
=0(5m 5 )~

This completes the proof of Theorem 3.
Corollary 1. Let O0<a<l1. If

£t f(t')—o(1/(1ogloglt1t,]>°) (&, #'~0)

and if f(x) is of class p(n)=mn/e®t™?, then the Fourier series con-
verges uniformly at t=0.
This follows from Theorem 3, putting

e
"’(u-t'[ B e )
¢(n) — n/6(10glogn)°" 0(%) — e(B 1)(log log m)a (B > 1).
Corollary 2. Let a>0 and k be an z’nteger =>8. If®

ro-f@nr=o(1/(tog 1))

and if f(x) is of class $(n)=n/e" ™", then the Fourier series con-
verges uniformly ot t=0.

I wish to express my gratitude to Professor S. Izumi for his
suggestions and encouragement.

8) log(loga)=logz, log, (log2)=logy1X (k=2).



