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Let A=(4,) (»,2=0,1,2,--+) be an infinite matrix whose elements
are real numbers and let f(x) be an integrable function periodic with
period 2, and its Fourier series be

(1) f(ac)~.—% a,+ i‘ (a, cos vx+b, sin vzx).

v=1
The Fourier series (1) is said to be A-summable to a(x), if the series
(2) a,(x) =_;-aozo,,+ i Ay(a, cos vx+b, sin px)

v=1

converges for all » and
(3) lim a,(®)=a(x) exists.

If the convergence of both (2) and (8) is uniform in z, it is said to
be uniformly A-summable to a(x).

Concerning the A-summability of Fourier series of all continuous
functions, J. Karamata [1] has established the following

Theorem. A mecessary and sufficient condition that the Fourier
series of all contimuous fumctions be uniformly A-summable to f(x)
s that

1) }Lljg Lo=1  for every v,
2) JI1E @ d=M,  (n=0,1,2,-"),
0
where Kmn(t)——-é—zon+ ézm cosvt and M, is independent of m, and
3) f "ldE(t)|=0Q1)  for dll m,
where 0

R ()= lim f K, (t)dt.
0

In this note, we shall prove L, -analogues (p=>1) of this theorem.
For the proof we use the following theorems [2]:

Theorem A. A mnecessary and sufficient condition that {1,} be a
sequence of uniform convergence factors of Fourier series of all func-
tions belonging to L, (p>1), is that

JIE®ra=00) (1o,
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where K,(t)=2,+ ﬁ A, cos vt, and —115 +%= 1.
v=1

Theorem B. A necessary and sufficient condition that {A,} be a
sequence of uniform convergence factors of Fourier series of all func-
tions belonging to L, is that

K, (t)=0()
uniformly in both n and t.

1. In the case p>1, we get the following

Theorem 1. A mnecessary and sufficient condition that the Fourier
series of all functions belonging to L, (p>1) be uniformly A-summable
18 that

1) limg,, exists for every v,
and
2) there exist functions K,(t) belonging to L, such that

Kn(t)~% Aont+ g_.: Ay, COS VT

and
f ﬂl K,(t)|'dt=0() for every n,

where }1; +%= 1.

Proof. Let f(x) be a function in L, and its Fourier series be

f (x)~% oco+§l (a, cos yx+b, sin vx).

By Theorem A, the series
%A olon+ g 2y,(ay cos vz+b, sin vx)

converges uniformly for every m, if and only if

(4) [ 1K)t = M,
where K,,(t) is the uth partial sum of the series
(5) —;—20,,+ i::,zm cos vt

and M, is independent of u. By (4), the series (5) is the Fourier
series of a function K,(t) in L, (cf. [3, p. 79]). Since f(x) and K,(t)
belong to the conjugate classes respectively, we get the Parseval
formula (cf. [3, p. 88])

1 f i Sfle+ K, ()dt= 1 Aolon+ i‘ (@, cos vx+b, sin vx).
T ) 2 v=1

We shall now consider the linear functionals on L,:

an="= ["rorwa.
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By a well-known theorem, those linear functionals A,(f) converge, if
and only if

1) the norms of A4, are uniformly bounded, that is

(6) [iE@rat=M (=12,
and i

2) {A,} converges for every element of the base {cos kx}, that is
(7) A, (cos kx)=2,, converges.

By the Riesz theorem (38, p. 1537, (4) is a consequence of (6).

Thus we have proved that the conditions (6) and (7) are necessary
and sufficient for the uniform convergence of (2) and the convergence
of (8). It is easy to see the uniform convergence of (3) under the
condition (6) (cf. [2]), and hence the theorem is proved.

2. In the case p==1, we get similarly the following

Theorem 2. A mnecessary and sufficient condition that the Fourier
series of all functions belonging to L be A-summable, is that

1) lim A, exists for every v,

nHyo0

2) | Kun(®) | = M,
and
3) there exist bounded functions K,(t) such that

Kt~ %zo,ﬁ- il A, COS vt

and | K,(t)| <M uniformly in both n and t.

Proof. Let f(x) be a function in L with Fourier series (1). By
Theorem B, the series

—;—aolw—i— % (@, cos vz +b, sin vx)
v=1

converges uniformly for every #, if and only if
(8) | Kun(®) | = M,
By (8) the series

lxo,,+ i Ay, COS VT
2 V=1

is the Fourier series of a bounded and measurable function K,(2).
Since f(x) and K,(x) belong to the conjugate classes respectively, we
get by a well-known theorem (cf. [3, p. 88]),

% f " Fe+ 0K, (b)dt = ; Zosto4 S 4,.(a, COS v+ b, Sin ).
v=1
Consider now the linear functionals on L:

an=1 [(rorwma.

Then we may find similarly as in the proof of Theorem 1 the necessary
and sufficient condition that A4,(f) converges for every f, that is:
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1) | K| =M
and

2) 2., converges as n—>o for every k.

Thus we can complete the proof as in §1.

3. Using above results, finally, we shall give some sufficient
conditions for Fourier series of all functions belonging to L, (p>1)
and L to be uniformly A-summable.

Corollary 1. If a matriz A=(4,) satisfy the following condi-
tions:

1) lim A,, exists for every v,

2) 4,40 (v>o0) and )01 < M uniformly in n,
V=0

then the Fourier series of all functions belonging to L, (p>1) are
uniformly A-summable.

Corollary 2. If a matriz A=(,,) satisfy the following condi-
tions:

1) lima,, exists for every v,

n-»0 m 1
2) 2= tnal=0() (umeo)
uniformly in n,
3) izmocV:O(l) untformly in both n and x,
=0

then the Fourier series of all functions belonging to L are uniformly
A-summable.

In fact, we can prove by the Hardy-Littlewood theorem [3, p.
21371, that the condition 2) in Corollary 1 leads the condition 2) in
Theorem 1, and using a theorem of Szasz [4] slightly modified, that
the conditions 2) and 3) in Corollary 2 lead the conditions 2) and 38)
in Theorem 2. We shall omit their detailed proofs.
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