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63. On the Homotopy Groups of Spheres

By Mamoru MIMURA,* Masamitsu MORL ** and Nobuyuki ODA**
(Comm. by Koésaku YosIDA, M. J. A., April 18, 1974)

The present note is concerned with the 2-component of the homo-
topy groups of spheres. Let % be the 2-component of the homotopy
group =, (S®). The groups =7, for <22 and all » have been determin-
ed in [6], [8], [9]. (If » is large, n7,; is the 2-component of the i-th
stable homotopy group of sphere spectrum and many data have been
obtained by making use of the Adams spectral sequence.) In this note
we are mainly concerned with the case of small », namely unstable
range.

§1. z7,; for (=23 and 24.

The first purpose of this note is to announce the results on =7, for
1=23 and 24. We completely determine the group structure of z?,,,
and =*,,, for all n, by constructing the generators of =% geometrically.
Our method is the so-called composition method established by Toda
[9]. The basic tool is the EH4-exact sequence
Ay e L T Home L
introduced by Whitehead and James, where E is the suspension homo-
morphism, H is the Hopf homomorphism and 4 is essentially the
Whitehead product [¢,, ]. This enables us to calculate % inductively.

We now summarize the results of our calculation in the following
theorem. The detailed calculations will be given in the forthcoming
paper [7].

Theorem 1.2.%*%

.. and 7, ,, are given by the table below.

(a) = {772 ©&30 ’fll}zzz

={a}=Z,

Ty= {EC—"}@{W ok} = Z,DZg

oy ={vs o £} {0} D{¢s} = Z2,DZ,DZ,

= {vs o £} D{0"}D{e} D{A(D), 4(§)} = Z,DZ,DZ,D(ZDZ,)

T={v0 ﬁlo}@{p/}@{¢7}®{’57 O Vyr—Yr0 Em}e‘){(" 00y ° ﬂ21}®{0'l 0wy}

~ZPZPZ,PZ,PZ,PZ,

= {Vs ° ’311}®{E.5/}@{¢8}@{’38 O Vog— Vg © ’Bll}@{Eal odys° ﬂzz}@{EOJ ° wls}

®{0'§ ° #zz}@{o's ° (Dm}@{as ° 77*/}
~ZPLPL,PL,PL,PZ,PZ,PZ,PZ,

®  Kyoto University.
*#  Kyushu University.
*%#  This result was obtained independently by M. G. Barratt and
M. Mahowald.
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Th= {;59}@{”9 ° ’512}@{%}@{59 O Vy—Yy 0 512}@{03 ° ﬂza}@{% ° wls}
=2, DZDZ,DZ,DZ,DZ,
TR= {plo}@{”m ° '313}@{9510}@{’510 © V3V ° ’313}6'){“1’10}
M CYASYASYASYA
LAPPES {Pn}@{vn ° En+3}@{¢n}@{‘l’n} =~ 7,§DZDZ,DZ,
for n=11,12,13, 14.
7B =P} Bl o E DB D} B )OI} = 2, B Z,DLDLDLDZ,
5= {01} D{vsq 0 710} {1} D{ 1o} D{E* }D(Ev* } D{el}D 73}
~ 2, DZDZ,DZ,DZ,DZ,DZ,DZ,
o= {01} P{v17 0 Koo} D{1} DV} D{EH} DB} = Z 1wDZDZ,DZ,DZ,DZ,
7= (P} Bl o Fu) DI D1} Bt} ~ ZuD LB LDL.DE,
T 23= (P} PV © Br i} DB} DV} = Z,DZD Z,DZ,
for n=19, 20, 21.
Tpe2s= {pn}@{yn ° En+3}@{¢n} = ZIG@ZB@ZZ .fOT n=22, 23.
7= {p.} Doy o k) DI} Dt} = 2,/ DZDZ,DZ
Theas™ {pn}@{”n ° /En+3}@{¢n} =~ ZIB@ZB@ZZ fO’i" n> 25.
Tp={poa}=Z,
= {53}@{103 o 020}@{5/ ° ’513} =Z,DZ,DZ,
T3= {54}®{124 ° ‘721}@{E5/ ° ’514}@{”4 Nz ° ’Es}@{w og’o i}
SV ASSYASYACYACYA
73y = {0s}D{ 25 © 022} DP1vs 0 95 0 £} Dy 005 0 k1s} = Z,DZ,DZ,DZ,
TeH= {66}®{pﬁ °o 23} @{”s ©00y° ’Cw}@{zc/}}®{6’e}@{4 (A0 7731)}@{A (50 7731)}
=~2,DZ,PZ,DZPDZ,DZ,DZ,
75 ={0}D{f; © 0,}D{v; 0 09 0 £} DL} D{TD{0” 0 21} D{0” 0 W14 0 750}
~Z2,®2,D2,DL,BD0.D2,D7,
73 ={0e}D{ 25 © 02} D{v3 0 011 o1} D{L} D{T}D{E 0’ 0 15} D{E 0’ 0 w350 93:}
Dfas 0 215} DP{03 0 722 © 1125} D{ 5 0 w1y © £15}D {05 0 i} D05 0 9*’ 0 731}
~2,P2,PZ,PZ,PZ,PZ,DZ,PZ,DZ,DZ,PZ,PZ,
T3= {59}@{119 ° 0'26}@{6{)}@{0'9 ° ﬂ16}®{03 O %ag © ﬂz4}®{0'9 OVig© 1519}@{09 o efs}
=7, PZ,DZL,DZL, DL, DL,DZ,
”§2= {510}@){.010 © 027}@{510}69{510}@{4’4021} = Z2®Z2®Z2®Z4@Zsz
T ={0.}D{f ° 0.} D1} D(e} = Z2,DZ,DZ,DZ,
T 0= {0} D{y © 0117} D{T}D{8,} = Z2,DZ,DZ,DZ, for n=12,13.
w38 = {01} D{ 0 0} D01} P(6}D{*} = 2,82,D2,DZ,DZ,
TH= {515}®{ﬂl5 ° 0'32}69{5{5}@{515}®{EC*}@{#*/} =2, 9Z,DZ,DZ,DZ,DZ,
i = {016} D{ 116 0 030} D{71a} D {21} DIEC*}D{E p1* }D{ 5} Do 0o} Do 9o}
=~ L,PZ,PL,PL,PL,PZ,PL,PZ,PZ,
i1 ={0:}D{1r 0 0} D{T D} D1t 0 xa} DIl 0 I3}
Y ASVASYASYASYASYA
ﬂig = {513}63{.313 °a 35}@{5 ;s}@{dd 37} = Zz@z Z@Zz@z 16
= {01} © 036} D%} = Z,DZ,DZ,
T 2= {0} Pl © O} = Z2,DZ, for n=20, 21.
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Ti= {522}@{922 o0 39}@{A V45} =72, DZ,DZ,

= {523}@{/223 ° 0'40}@{77,} ~ Zz@zz@zz

s = {024} D{ptes 0 0.} D{ET YD} = Z2,DZ,DZ,DZ,

73=1{0:5}D{ s © 0} D{ET} = Z,DZ,DZ,

T 2a=1{0,} P 0 O} = Z,DZ, for n>26.

The namings of elements are given in [9], [8] and [6]. New in-
decomposable elements will be defined in [7] together with complete
calculations.

Remark 1.3. Let ,z{ denote the 2-component of the i-th stable
homotopy group of sphere spectrum. We have shown ,z5={p}®{voi}
D{p} = Z,:PZDPZ, and ,r5,={0}P{gcc}. In [7], it will be shown that ¢
and ¢ are decomposable although ¢; and 6, are indecomposable. (The
decomposability of ¢ was pointed out by J. Mukai.)

§ 2. Unstable periodicity. It will be useful for further calcula-
tion of #7 to formulate systematic phenomenon. The second purpose
of this paper is to indicate the unstable version of the Adams periodicity,
which was first observed by Barratt [3]. We summarize the results on
the periodicity of z% in the following theorem.

Theorem 2.1. Q) =},.,,D{aP}=Z,.

(2) =% has the following direct summands:
(i) (Bs—1)-stem; nl,,;D{aP}=Z,,
Thsvo 2P} = Zs, o540 D (P} = Zy,
My s D {a®} = Z.

(ii) 8s-stem;
ngﬁnj{ﬂs-l.n0088+n—7}zzz for n>3.

(iii)) (8s+1)-stem;
7":t’?ls-mz+13{77n0/1.9--1,7“1""0'8.\r+n—6}"\"Zz for n>2,
Toens1 Mten} =24,  for n>3.

@(iv) (8s+2)-stem;

”gs+n+23{77n°,us,n+l}zzz for n>2.

(v) (8s+3)-stem;

Tases D {730 o, i} = 2y, Tisro D} = Z,y,
ﬂ§s+7D{Eﬂ;}zz4’ Tgssnss 218} = Zs for n>5.

Remark 2.2. We can not show that #}, ,D{a{®’}=Z, is a direct
summand.

The proof of Theorem 2.1 is given by making use of the d- and
e-invariant of Adams [1]. The following corollaries are immediate

consequences from Theorem 2.1.

Corollary 2.3.

) #2,,#0 if n=T7 mod 8.

i) #2,,#0 if n=6,7 mod 8.

iii) #t.,#0 if n=T7 mod 8.
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iv) #t,.#0 if k=5,6,7 and n=4,5,6 mod 8.

v) al.s#0 if n=4,5 mod 8.

Corollary 2.4.

T (SH#0 for n>0.

Theorem 2.1 and Corollaries are corresponding to the results of

Curtis [4], which were obtained by inspection of the unstable Adams
spectral sequence.
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