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60. On One-parameter Groups of Operators.

By Masanori FUKAMIYA.
Mathematical Institute, Osaka Imperial University.
(Comm. by M. FUJIWARA, M.LA., July 12, 1940.)

1. Theorem. Let E be a separable Banach space, and let {U.},
(— o <t<< o) be a one-parameter group of operators on E to E such
that: () | U;l=1, (2) U.U,= U, for any t,s, (3) f(Ux) is measur-
able in t for every xzeE and for every feE. Then there exist the
operators R, (resolvents) and A, which satisfy the following properties:
(1) R, is defined for every complex number 2, with J,.(z) 30,
(2) R, is a bounded, linear operator on E to E, and |R,|
< 1
T | @) ]

3) (:—7?) R,R,=R,—R,, for every z 2 with 5,()X0,
Fnl?) 0,

(4) R,x=0 implies =0, for any z;

(5) A is a closed linear oparator on E to E, whose domain
D(A) is dense in E, and

(A—zI)-R.=1I, ,,(A——zI)=I (in D(4)),
(6) For any xeD(A), ILO U‘ x=A-x.

We will prove these results, followmg the method of M. H. Stone.”
Recently similar facts were obtained by I. Gelfand.”? But the method

is completely different from ours.
2. Proof: Let ¢(r;2) be defined by

peia)=o " e (fm(z)#O)

—e A2
={° T>O(.7m(z)>0) ={ W >0 o (a0 <0).
e 0
Then
3 1 — * . iAt
(1) 5 =[ #esa)eae,

(i) =) gle; Dglo—c; D)de=hlo; D= (o3 2)

(ifi) ¢(c; 2)=¢(—r;2).
We define FI(f) by
F(N=|"te; f Uade, feB, weE and Fn(a) %0.

1) M. H. Stone, Linear Transformations in Hilbert Space, 1932, Chap. IV, V;
Annals of Math., 33 (1932), pp. 643-648.
J. von Neumann, Annals of Math., 33 (1932), pp. 567-573.
2) Gelfand, C.R.U.R.S.S., 25 (1939).
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As a functional on E, F(f) is weakly continuous for every 2z
(#mz)%0). For, if f,—f weakly in the sense that f.(x)—f(z) for
every xe¢E, then |f,| < M for some M (independent of %), and the func-
tions of v: f,(Ux) are uniformly bounded. Consequently ¢(r;2z)=

Ja(U.x) are uniformly integrable in (—o0, o). As f(U.x)—f(U.x)
for all 7, it follows

Fif) = pie; £l U de — F(H)=|"gle; 2 f (U0 e

Therefore, by a theorem of Banach, there exists an x,¢E such that

F(f)=f(x,), for any feE. We define R, by x,=R..
Evidently R, is defined and additive over the whole E, and

2=/ "tes < 11zl
1f(R,-2)| ]j_f( . ) f (Ua)d ‘g o

1
<
and IR N = 7@

R, is linear. For 2,7 with £.(2) %0, $.(z) %0,
FRR)= |9t ) f(UR) dt

=["at|"pis; D tts )1 (Uerirr s

=[7waa| s D 9—s: 2105,
and by (i), 2,
(2—2) f(R.R,x)=f(Rx)—f(R.2) .
If R, =0, for certain z; with £,(21) %0, then by virtue of (2),
Rax=0 for all z(Fm(2) aFO), and

0=f(Ra)—f(Ra)= [ f(Um)e e dt, 2=E+ig, 730,

As f(Uyg) is continuous in ¢,
Sf(Ux)=0, for all t; in particular, f(Ug)=f(x)=0,

and, as this holds for all feE, we must have x=0.

3. Proof (continued). The operator A.

i) Definition. Let 2z be a complex number, with %.(2) 30, and
let A take y=R,x into x+%R,, -z, where « is any element of E:

y=R,x, Ay=x+zR.2x.

Then the domain D(A) of A is everywhere dense in E. For, if this

is not the case, then there exists an feE such that f3 0 and f(z)=0
for any xeD(A). Thus we have f(R,x)=0 for all xeE, and con-
sequently, for F.(2) >0, and for any z<E,
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0=1(BUa) =4[ ¢ (U.Un)dr=ie| s=f (V) ds,

for every t, and we have, for all ¢, f(Ugz)=0.
As z is any element of E, we have f=0.

ii) R(A—zI)y=(A—2I) Ry=y, (y=R, 7).
In fact, for y=R.,x,
R(A—zl) y=R.(v+2zR.x—2R.2x)
and (A—2I)-Ry=A(R,(Rx)) — eR.R.2)

=Rux+%R, Rx—2 -R,R.x.
Consequently,
R.(A—z2I)-y=(A—z2I)-Ry=Rx+(2%-2) R.R,x

=Rx+(R.2—Rx)=R,x=y.

iii) A is additive (evident).

iv) A is closed. Let y,=R.2.,—Y, AYpn=2%,+2%R,2.,—y. Then
Un=AYn—2Yn—>Y— 2y (=2), and Ay,=x,+2R. >, —>2+2R,x Con-
sequently, A-R,x=x+2zR,x; this proves the closedness.

v) The domain of A is independent of each choice of z:

For, if 20— A, 20— A’ (—is the sense of the definition), then, at first
D(A") < D(4). In fact, for any y'=R,x, take y=R,xeD(A) Then,
y—y R, x— Rx=(2—2) R, R.x. Asy, R,y e¢D(A), and D(A) is linear,
¥ =y—(—2)R.y eD(A). By symmetry, we have D(A’)=D(A).

On the other hand, we have

R(A—z)=I, R.A'—zD=I (in D(4)=D(4"))

and R(A—A)=0, therefore A=A’ (cf. (4)).
vi) lim-Zt=Ly—A.y, for yeD(A).
t>0 t
Let y=R,-x, and S£,.(2)>0, say.

A U‘—IRZO-x)=§Z(U,m) et (520

=[x [+ [

Sef(fo) Ple—t; 2)—¢(r; 2) 5
0 t

= §' F(U.2) L —tt; 2 g,

1(° N
5 S (U glo; 2o



No. 7.] On One-parameter Groups of Operators. 265
im L (AT, do
tl—gol ‘? S—{( t+ax) ¢(‘71 ZO)
=tim 1 (" #0090 20 do
>0 ) _;

=f(Ug)-¢(0; 2)=f(x) .
We have

tim U, t” R.,2)=f()+2f B.2)=F(49),

by definition.



