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Abstract

For a Banach algebra A, we introduce and investigate weak amenability
of A with respect to a character. We give some necessary conditions for the
weak amenability of A with respect to a character and describe a class of
Banach algebras that are not weakly amenable with respect to characters.
Finally, we give examples of Banach algebras which are weakly amenable
with respect to characters but neither weakly amenable nor amenable with
respect to characters.

1 Introduction

An important result by Johnson [10] is that a locally compact group G is amenable
if and only if the group algebra L!(G) is amenable as a Banach algebra; that is, the
first cohomology groups H'(L!(G), X*) vanishes for all Banach L!(G)-bimodules
X. This equivalence does not remain true for the convolution semigroup algebra
¢1(S) of a discrete semigroup S.

Lau [16] introduced and investigated a weaker property on F-algebras, called
left amenability, by relativizing amenability to the identity element of the dual
W*-algebra. Recall that an F-algebras is a Banach algebra £ which is the unique
predual of a W*-algebra M and the identity element u of M is a character on £;
later, in Pier [27], F-algebras were called Lau algebras. In fact, the Lau algebra £
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is said to be left amenable if H(£; X*) = {0} for all Banach £-bimodules X with
the left action defined by I - x = u(l)x foralll € £ and x € X see also [6], [14],
[15], [17], [19], [20] and [21]. Lau [16] proved that £!(S) is left amenable if and
only if S is left amenable.

The class of Lau algebras includes the Fourier algebra A(G) and the group
algebra L!(G) of a locally compact group G, as well as the measure algebra M(S)
of a locally compact topological semigroup S; see Lau [16]. It also includes the
Fourier-Stieltjes algebra B(G) of any topological group G; see Lau and Ludwig
[19].

A considerable generalization of the concept of left amenability was intro-
duced by Kaniuth, Lau and Pym [12] (see also Monfared [22]) for a Banach alge-
bra A with respect to an arbitrary character ¢ on .4; in fact, the Banach algebra
A is called ¢-amenable if H!(A; X*) vanishes for all Banach A-bimodules X for
which the left module action of A on &’ is defined by a - x = ¢(a)x fora € A and
x € X. For some related works on amenability of Banach algebras with respect
to a character, see [1, 2, 5, 13, 23, 24, 25, 26].

Moreover, the notion of weak amenability for an arbitrary Banach algebra was
introduced and studied by Johnson [11]; the Banach algebra A is called weakly
amenable if H!(A, A*) = {0}, where the dual space A* of A is equipped with
the Arens module structure; see also the recent works [7, 18].

Our goal in this work is to introduce and to study weak character amenability
of a Banach algebra .A as a new notion of amenability. In Section 2, we show that if
A has a bounded left approximate identity, then A is weakly character amenable;
however the converse is not true. In Section 3, we will focus on a special class
of module extension Banach algebras to characterize their derivations; we also
use this result to give a class of Banach algebras that are not weakly character
amenable. We finally compare the notion of weak character amenability with
some different versions of amenability.

2 Weak character amenability

Let A be a Banach algebra and let X be a Banach .A-bimodule. Then the dual A"
of X, has an Arens .A-bimodule structure defined by

foralla € A,x € X and A € X'*.
A derivation of A into X'* is a linear mapping D : A — X’* such that

D(ab) =D(a)-b+a-D(b)
foralla, b € A. For each A € X*, the mapping ad : A — X* defined by
adpy(a) =a-A—A-a

is a derivation, called the inner derivation associated with A.
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Let Y be a Banach right .A-module and ¢ € A(A) U {0}, where A(A) is the
spectrum of A consisting of all characters from A into the complex numbers. We
denote by oY the Banach A-bimodule ) such that the left action satisfies

a-y =@y

foralla € Aandy € Y. Then (y)))* is also a Banach .A-bimodule with the natural
dual actions.

We always consider A as a Banach right .A-module with the actions obtained
from the multiplication of A. Then 4.4 is a Banach A-bimodule with the left and
right actions

a-x=¢(a)x and x-a=uxa

for all a, x € A, respectively. Moreover, (y.A)* is a Banach A-bimodule with the
left and right actions defined by

a-f=af and  f-a=g(a)f
foralla € Aand f € A*, respectively; hereaf € A*is defined by (af)(b) = f(ba)
forallb € A.

Definition 2.1. Let A be a Banach algebra and let ¢ € A(A) U{0}. We say that A is
weakly ¢-amenable if

H'(A, (pA)") = {0}
We also say that A is weakly character amenable whenever A is weakly ¢-amenable for

all p € A(A) U {0}

In the following, we introduce a large class of weakly character amenable
Banach algebras.

Theorem 2.2. Let A be a Banach algebra. If A has a bounded left approximate identity,
then A is weakly character amenable. In particular, the unitization A* of A is weakly
character amenable.

Proof. For ¢ € A(A) U {0}, suppose that D : A — (4.A)* is a derivation and
let (e ) er be a bounded left approximate identity for A. For v € I, define the

functional f, € A* by
fy(a) := (D(a), ey)

for alla € A. The bounded net (f,),er € A" has a subnet (fg)ger converging to
a point f in the weak™- topology of A*. Then for each a,b € A,

(ads(a),b) = (af)(b) — P(a) ()
£(ba) — p(a)£(b)
= lim f5(b0) ~ 9(@) 5 0)

— Hm(D(bn) ¢5) — 9(a) (D0,
= 1i£n<D(a),eﬁb>

= (D(a),b).

This means that D = ady which completes the proof. n
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The following example shows that Theorem 2.2 does not remain valid for all
Banach algebras with approximate identity (not necessarily bounded).

Example 2.3. Let 4 be a Banach algebra without right identity such that A is
isometrically isomorphic to the dual space .A*. Then A is not weakly 0-amenable;
indeed, the identity map

I:A— (0./4)*

is a derivation which is not inner. In particular, the discrete Banach algebra ¢2(IN)
of all sequences of complex numbers a := (a(n)) with

lall, := <i1!a(n>|2> <o

endowed with pointwise product is not weakly 0-amenable. Note that /2(IN) has
a left approximate identity.

In the sequel, we investigate the relationship between weak ¢-amenability of
A and the 2-nd Hochschild cohomology group of A with coefficients in C. We
first state some preliminary results and notations.

Let A be a Banach algebra and let X’ be a Banach A-bimodule. Then the space

k

n=1

LKA, X) = {T : 1| A— & :Tisbounded and k-linear}

becomes a Banach .A-bimodule, through
(a-T)(ay,...ar) :=a-T(ay, ..., ax)
and

(T-a)(ay,...,ar) : = T(aay,..., a;)
k=1

+ Z(—l)jT(a,al,...,ajaj+1,...,ak)
=1

+ (=DT(a,aq, ..., ap_1) - a.

forall T € Lk(A, X)anda,ay, ..., a; € A; for more details see [28]. Now, consider
the operators

oL LY (A X)) — L2(A X)

and
0 L2(AX) = [3(A X)

with formulates
(515)(611,612) i=ay-Sapy — S(alaz) + S(al) - ay,

(52T) (ﬂl,az, 03) =a - T(az,ﬂg) — T(alaz, 03) + T(ﬂl,ﬂzﬂg) — T(al,ﬂz) /%
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forall T € L?(A,X),S € L' (A, X) and a1,a3,a3 € A. Then the 2-th Hochschild
cohomology group of A with coefficients in X is defined by

H%(A, X) := Z?(A, X)/N?(A, X),

where
N?(A, X) := ran(d')

and
Z%(A, X) := ker(5?).

Let C be the Banach space of complex numbers. We denote by ¢Cy the Banach
A-bimodule endowed with the actions defined by

a-A=0 and A-a=¢(a)r

foralla € A, A € Cand ¢ € A(A) U{0}. In Theorem 2.2, we show that A is
weakly ¢-amenable for all Banach algebras .4 with a bounded left approximate

identity. In the following result, we extend that result to a considerably larger
family of Banach algebras; that is, Banach algebras A for which H?(A,)Cy) = {0}
forall ¢ € A(A) U{0}.

Theorem 2.4. Let A be a Banach algebra and let ¢ € A(A) U {0}. Consider the follow-
ing statements

(a) A has a bounded left approximate identity.

(b) H2(A, C,) = {0}.

(c) A is weakly ¢p-amenable.
Then we have (a) = (b) = (¢).

Proof. That (a) implies (b) follows from the fact that H2(A, X*) = {0} for all
Banach A-bimodules X with the right module action x-a =0 (a € A, x € X);
see [10], Proposition 1.5.

To show that (b) implies (c), consider the short exact sequence

Y00 = g A 5 A8 55 () = 0

of Banach A-bimodules, where i is the natural embedding and ¢« (a,A) = A for
alla € Aand A € C. The sequence }_ is admissible; that is, ¢ has a bounded
right inverse. Hence its dual }_* is admissible; see [3], Theorem 2.8.31. We there-
fore have a long exact sequence which contains the subsequence

o= HY(A, (pA)*) = HY(A, (pA)*) = H2(A,0Cyp) — ...
by Theorem 2.8.25 of [3]. Let ¢* € A(.A?) denote the character defined by
¢ (a,1) = p(a) + A

foralla € Aand A € C. Suppose that D : A — (¢Aﬁ)* is a derivation and
extend derivation D to a derivation D¥ : A% —» ((Pﬁ Ab)* given by

D¥(a,A) := D(a)
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foralla € Aand A € C. Since A* is weakly character amenable, D is inner and
H (A, (pAT)") = {0},

But H?(A, ¢Cy) = {0} and so
H'(A, (pA)") = {0};

that is, A is weakly ¢-amenable. m

LetQbeasetandlet /1(Q) = {a: Q — C||la||1 ;= Lseq |a(s)| < oo}. Then
(1(Q)) with respect to the pointwise operations and the norm ||.||; is a Banach
algebra. We have

Q) = {ps:s € ),
where ¢ € /1(Q)* is the functional defined by
¢s(a) = a(s)
for all a € £1(Q)). Let us recall that ! (Q) has no bounded left approximate iden-
tity if () is infinite.
We continue this section by the following result which shows that the state-

ments (a) and (b) in Theorem 2.4 are not equivalent.

Proposition 2.5. Let () be a set. Then H?({1(0)),0Cy) = {0} for all p € A(L}(Q)) U
{0}.
Proof. Fix s € Q) and consider ¢s € A(£1(Q))). We know that
H((Q),0Cp,) = HY(1(Q), 1 (11(),oC,,))
by Theorem 2.4.6 of [28]. Also, we have
H'(¢1(Q), L (£1(Q),0€y,)) = H (£1(Q), £1(Q)"),
where £1(Q)" is a Banach ¢! (Q)-bimodule with the following module actions
a-f=0, f-a=af—f(a)ps
foralla € /1(Q) and f € £1(Q)". Therefore, it is sufficient to prove that
H'(£1(Q), 1()") = {0}
For this end, let D : £1(Q)) — £*(Q)” be a derivation and define
g(t) := —(D(er), er)
for t € ), where ¢; is defined on Q by e;(u) = 1 for u = t and e¢(u) = 0 for all
u € Q with u # t. Then g defines an element of ¢! (Q)* and we have
0 = D(esen)
= e-D(ey) + D(et) - ey
0+euD(et) — (D(et), eu) s
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for all t,u € Q) with t # u. Now, choose t,u € Q \ {s} with t # u, and note that

(D(et),eu) = 0. @
A similar argument gives
(D(es),er) = 0 te Q) ()
(D(et),es) = —(Dler),er)  teQ\{s}. ®)
For each a € ¢1(Q), note that a can be written as
a= Y a(t)e
tec(a)

where
c(a) = {t € Qla(t) # 0}.
On the one hand, it follows from (1), (2) and (3)

(D(a),b) = (D( ), a(u)e), ) b(v)es)

uec(a) vee(b)
= (Z); ( )b(u)a(u)<D(€u)zeu> + Z(: )b(S)a(u)<D(eu),es>
uec(a)Nc(b uec(a
= ), Db(wa(u)(D(eu) eu) — Y bls)a(u)(D(eu), eu)
uec(a)Ne(b) uec(a)
for all a,b € £'(Q)). On the other hand, we have
(a-g—g-a)(b) = —g(ba)+ ps(b)g(a)

—g(ba) +b(s)g(a)
— ) b(a(u)g(u) + Y bls)a(u)g(u)

uec(a)Ne(b) uec(a)
= ). bwa()(Dle),eu) — Y bls)a(u){D(ew), eu)
uec(a)Ne(b) uec(a)

foralla,b € £}(Q). Thus D(a) = a- g — g - a; that is, D is inner. It follows that
H'(¢1(Q),£1(Q)") = {0},

and therefore,
H?(£1(2),0Cy,) = {0}

A similar argument shows that H2(¢1(Q),oCy) = {0}. ]

As a consequence of this result together with Theorem 2.4, we have the
tollowing result which shows that the converse of Theorem 2.2 is not valid.

Corollary 2.6. For each set ), the Banach algebra ¢!(Q) is weakly character
amenable.

It is still an open question whether the converse of the implication (b) = (c)
in Theorem 2.4 holds.

Question 1. Let A be a Banach algebra and let € A(A)U{0}. Does H*(A, oC,) =
{0} when A is weakly ¢-amenable?
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3 A class of non-weakly character amenable Banach algebras

In this section, we introduce a class of Banach algebras which are not weakly char-
acter amenable. For this purpose, let A be a Banach algebra, let ¢ € A(A) U {0}
and let ) be a Banach right A-module. Denote by A @ oY the module extension

of A corresponding to oV that is, the ¢1-direct sum of A and oY as a Banach
algebra endowed with the product defined by

(a,y)(b,y") = (ab, p(a)y’ +y - b)

forall (a,y),(b,y) € AD ¢Y. Then the dual of A @ ) can be identified with the
¢®-direct sum A* x Y* in the natural way

(f, ), (a,y)) = f(a) + Aly)
forall (f,A) € (A® 4Y)" and (a,y) € A® ,). Furthermore,

MA@ Y) ={(¥,0):¢p € A(A)}.

Moreover, the (A & ;))-bimodule actions of ((,,0)(A & ¢Y))* are formulated as
follows

(@ y)(f,A) = (af + Aly)p,a-A)
and
(f, ) - (a,y) = (@(a)f, p(a)A)

where (a,y) € AD Y and (f,A) € A* x ,V7; see [3] and [29] for more details.
The following result characterizes derivations on A @ 4.

Theorem 3.1. Let A be a Banach algebra, let ¢ € A(A), and let ) be a Banach right
A-module. Then D : A® oY — ((4,0)(A @ )" is a derivation if and only if

D(a,y) = (Da-(a) + T(y), Dy-(a))

forall (a,y) € A® ,Y such that
(@) Dy : A — (pA)* is a derivation.
(b) Dy« : A — (o))" is a derivation.
() T: oY — (9A)* is a bounded linear map with
T(y-a) = Dy-(a)(y)¢ +¢(a)T(y),

foralla e Aandy € Y. In this case,
() D is inner if and only if D 4+ is inner and there is A € Y* such that T(y) =

Ay)e forally € Y.
(i) If there is A € Y* such that T(y) = A(y)e, then Dy« = adx.

Proof. Suppose that D : A® oY — ((4,0)A & ¢Y)" is a derivation. Then

D(a,y) = D(a,0) + D(0,y)
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foralla € Aandy € Y. Since D(4,0),D(0,y) € A* x V*, we can define the maps
Dy : A— (oA,

Dy-: A— (,))7,
T:oY — (oA,

and
S: oY — (V)"
such that
D(a,0) = (D 4-(a), Dy~(a)),
and
D(0,y) = (T(y),S(y))
Then

D(a,y) = (Da(a) + T(y), Dy« (a) + S(y)).
For every (a,y), (a',y') € A® ), on the one hand,

D((a,y)(a',y")) =D((ad’, p(a)y' +y -a'))
= (D g+ (aa") + T(@(a)y' +y-a'),Dy(aa") + S(p(a)y’ +y-a')),
and on the other hand
(a,y)(Das(a") + T(y'), Dy«(a") + S(y')) + ¢(a") ((D.a* (a) + T(y), Dy~(a) + S(y))

= (aDy-(a") +aT(y") + Dy(a")(y)9 + S(y')(y)@,a- Dy-(a') +a-S(y"))
+((a")Dy:(a) + ¢(a")T(y), ¢(a')Dy-(a) + ¢(a')S(y"))

Since D is a derivation,

Dy-(aa") + T(g(a)y' +y - a') =aD g (a') +aT(y') + Dy- (@) (y) 9 + S(¥) (y)9
+ (@)D (a) + (@) T(y),

and
Dy-(aa’) +S(g(a)y’ +y-a') =a-Dy-(a") +a-S(y') + ¢(a')Dy-(a) + ¢(a’)S(y')
If we take y = i/ = 0, it follows that

D g (aa') = aD 4+(a") + @(a’)D 4+(a),

and

Dy-«(aa") = a- Dy«(a") + ¢(a’) Dy (a).
If we take a = 4’ = 0, it follows that S(y')(y) = 0 for all y,y¥’ € Y, and hence
S = 0. If we take a =y’ = 0, it follows that

T(y-a') = Dx=(a')(y)o + ¢(d)T(y),



554 R. Nasr-Isfahani — S. Shahmoradi — S. Soltani Renani

and if we take a’ = y = 0, it follows that

T(a-y') =T(p(a)y') =aT(y').

The converse is an easy computation.
To prove (i), in this case suppose that D is an inner derivation. Then there is

(f,A) € (A® 4Y)* such that

D(a,y) = (a,y)(f,A) — ¢(a)(f, A).
Therefore,
Da-(a) +T(y) = af + A(y)e — @(a)f

and
Dy«(a) =a-A— ¢@(a)A.

That is, Dy~ = adp, T(y) = A(y)¢ and

Da-(a) = af —¢(a)f.

The converse of (i) and the statement (ii) are obvious. [ |

As a consequence of Theorem 3.1, we have the following result. First, for a
Banach space £, we denote by ,& 0 the Banach A-bimodule obtained from & by

putting

foralla e Aand ¢ € €£.

Corollary 3.2. Let A be a Banach algebra, let ¢ € A(A), and let £ be a Banach space.
Then D : A ® o€, — ((p,0)(A® (,,S(P))* is a derivation if and only if

D(a,&) = (Da+(a) +T(¢),0)

foralla € Aand ¢ € & such that
(@) D4+ : A — (9 A)* is a derivation.
b)T: (,,Eq) — (o A)* is a bounded linear map such that for eacha € Aand § € &,

¢(a)T(¢) = aT(g).

In this case, D is inner if and only if D 4+ is inner and there is A € &£* such that
T(E) = A(l)e forall§ € &,

Let £ be a Banach space and let « € £*\{0}. Then £ with the multiplication
¢¢' = w(g')¢ for all , ¢’ € £ is a Banach algebra which is denoted by Alg, (£). It
is easy to see that

A(Alg,(£)) = {a}.

Proposition 3.3. Suppose that & is a Banach space with diim(E) > 2. Then Alg,(€) ®
«(Alg,(E)*)q is not weakly («,0)-amenable.
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Proof. Suppose to the contrary that Alg, (&) @ «(Alg,(€)*)s is weakly
(a,0)-amenable. Let I : Alg, (£)* — Alg,(£)* be the identity mapping and
define

D : Alg,(€) @ a(Alg,(€)")a — (00 (Alg, (€) @ o(Alg, (£))a))
given by
D( f) = (1(f),0)
forall ¢ € Alg (£) and f € Alg (£)". Then D is a derivation. By Corollary 3.2,

there is my € Alg, (£)** such that f = mg(f)a forall f € Alg, (£)*. It follows that
£* is generated by {a} which is a contradiction. |

Theorem 3.4. Let A be a Banach algebra and let Y be a Banach right A-module. Then
D: A® oY — (0,0 (AD0Y))* is aderivation if and only if

D(a,y) = (Das(a) + T(y), Dy-(a) + 5(y))

foralla € Aandy € Y such that
(@) D g+ : A — (pA)* is a derivation.
(b) Dy- : A — (o))* is a derivation.
(© T:9Y — (0.A)* is an A-bimodule homomorphism.
(d)S: oY — (0V)* is an A-bimodule homomorphism.
In this case, D is inner if and only if D 4« and Dy« are inner, T = 0and S = 0.

Proof. The proof is similar to the proof of Theorem 3.1. n

At the end of this section, we start making a comparison between some differ-
ent versions of amenability related to weak character amenability.

Remark 3.5. (a) Character amenability implies automatically weak character
amenability. The converse of this statement is false. For an example, let G be
a locally compact group and let M(G) be the measure algebra of G. Since M(G)
has an identity, it follows that M(G) is weakly character amenable by Theorem
2.2. Moreover, it is known that M(G) is weakly amenable if and only if G is
discrete; see Theorem 1.2 of [4]. Also, M(G) is character amenable if and only if
G is discrete and amenable; see Corollary 2.5 of [22]. So, in the case where G is
non-discrete, M(G) is weakly character amenable, but neither weakly amenable
nor character amenable.

(b) Let us remark that amenability implies character amenability and weak
amenability. But the converse is not true. For example, consider the C*-algebra
B(H) of all bounded operators on an infinite-dimensional Hilbert space H. In
fact, every C*-algebra is both weakly amenable and character amenable; see [9]
and [12]. Moreover, a C*-algebra is amenable if and only if it is nuclear. So, we
only need to recall from [8] that B(H) is not nuclear.

(c) Let N denote the natural number and consider the Banach algebra ¢2(IN)
of all sequences a := (a(n)) of complex numbers with

o
2
lally =) la(n)]” < oo
n=1
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endowed with the pointwise product. Then ¢?(IN) is weakly amenable by
Example 4.1.42 (iii) [3], whereas in Example 2.3, we have shown that /?(IN) is
not weakly character amenable.

We complete the following schematic diagram that illustrates the implications
between weak character amenability and some related notions of amenability.

Here “~” indicates the fact that there is a counter-example to the relevant impli-
cation.
amenability
def def
3.5(b)  3.5(b)
character amenability weak amenability

3.5() 3.5(a)
def 3.5(¢c)

weak character amenability
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