Recursion for Poincaré polynomials of subspace
arrangements

Géry Debongnie*

Abstract

A subspace arrangement A in C™ is a finite set {xy, ..., x, } of vector sub-
spaces. The complement space M(A) is C" \ U,c4 x. When each subspace
is an hyperplane, it is also known as an arrangement of hyperplanes. In
that case, it is known that the Poincaré polynomials of M(.A) is connected
to the Poincaré polynomials of the complements of the deleted arrangement
A" = A\ {x0} and of the restricted arrangement A” = {xoNy|y € A’} by
the nice formula

Poin(M(A),t) = Poin(M(A’),t) + t Poin(M(A"),t).

In this paper, we prove that for a subspace arrangement, there is a long exact
sequence in cohomology which connects M(.A) to M(.A") and M(.A"). Using
it, we can extend the above formula to arrangements with a geometric lattice,
and to some other specific arrangements.

1 Introduction

A subspace arrangement .4 in C" is a finite set {xo, ..., x,} of vector subspaces.
The complement space M(A) is C™ \ Uyc 4 x. In general, this is a complicated
space. An interesting way to understand this space is to consider the deleted
arrangement A" = A\ {xo} and the restricted arrangement A” = {xoNyly €
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A’}. Sometimes, the topology of the space M(.A) can be linked to the topology of
M(A’") and M(A").
For example, when A is an arrangement of hyperplanes, we have the formula
(see [3])
Poin(M(A),t) = Poin(M(A"),t) + t Poin(M(A"), t).

This formula inductively turns the computation of the Betti numbers of M(.A)
into a simple exercise. In this paper, we shall generalize this formula to some
larger classes of arrangements. For those arrangements (which includes the ar-
rangements of hyperplanes), we have :

Poin(M(A),t) = Poin(M(A'),t) + t2codimx—1poin(M(A"), t).

To obtain this relation, an important step is to prove that there always exists a
long exact sequence

oo — H1(M(A"),Q) — H1(M(A),Q) — HI~9e8(x0) (M(A"), Q)
— HTT(M(A'), Q) — HT(M(A),Q) — -

where deg(xp) = 2 codim xy — 1.

Our computations are based on a rational model D(.A) for the complement
space. We describe it in section 2.

The third section is the most technical. Its aim is to prove the existence of
the long exact sequence mentioned above. The idea is to consider the injection
j: D(A") — D(A), and to prove that the quotient % is quasi-isomorphic to
D(A") up to a shift of degree. The long exact sequence follows directly. It also
follows that the Euler characteristic of M(.A) is always zero (assuming that A is
not empty).

Finally, the last section is about Poincaré polynomials. The two main results,
theorems 4.3 and 4.9, state that if A has a geometric lattice, or if x is a separator
(see section 4 for a definition), then

Poin(M(A),t) = Poin(M(A’),t) + t4¢8% Poin(M(A"), ).

Note that this is not true in general. A counterexample is given in section 4.

2 Rational model

To each subspace arrangement A = {x1,...,x,} in C", we associate a rational
model D(A) that is a commutative differential graded algebra. This model has
been described by Feichtner and Yuzvinsky in [4].

First, let us establish an useful notation : the notation {x;,...,x; } < simply
means thati; < -+ < i,.

Now, let us define the model D(A). As a vector space, D(A) = ®,c4Q[0]
is the 2"-dimensional rational vector space generated by the subsets of A. A
grading is given by

deg(c) = 2 codim¢ No — ||,
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where No is the intersection of each subspace of ¢ and || is the number of ele-
ments of ¢. The multiplication is simply defined by

o {(_1)Sgn€(ﬂ)au T if dego + degt = deg(c U T),

otherwise,

where 0,7 C A and €(c, 7) is the permutation that, applied to o U T (with the
obvious linear order x; < --- < x;), places elements of T after elements of ¢.

Finally, let us define a differential d: D(A)* — D(A)*™'. For o = {x;,...,
Xi,}<, let Jo = {j € [r][x;; € cand N (0 \ {x;}) = No'}. Then the differential is
defined by the formula

do =) (=1)(c\ {x;}).

j€o
3 Deleted and restricted arrangements

3.1 Technical lemmas

Let A = {xo, x1,..., X, } be a subspace arrangement in C". Consider the deleted
arrangement A" = A\ {xo} and the restricted arrangement A" = {xoNy|
y € A'}, viewed as an arrangement in xq & C2dim~o,

In this subsection, we prove that there exists a quasi-isomorphism of degree
1 — 2 codim x

— D (A) ~ 1
: — D .
D(A) (A")
Let us define an equivalence relation in A’ : x; ~ x; if and only if xo N x; =

Xo M x]-.
Before constructing a map D(A)/D(A’) — D(A"”), we construct a map
¢: D(A) — D(A"). Foro C A, we let
0 ifxo 0
p(c) =<0 ifxo € cand Jy # z € o such thaty ~ z
Uyeo\ {1 {x0 Ny} otherwise

This map is not multiplicative but it commutes with the differential, as shown
by the following lemma.

Lemma 3.1. The map ¢: D(A) — D(A") defined above commutes with the differen-
tial.

Proof. Since ¢ has odd degree, we must have pd = —dg. Letc C A. If xg € 0,
then we have dp(c) = 0 = ¢(do). If xg € 0 and there exists y # z € o withy ~ z,
then dg(c) = 0 and

do =d{xo,y,z,%i,...,%,} =a(c\{x0}) + {x0, 2, xi,..., %}
_{x()/y/xill" xlr}—i_za] ( \{xll >/
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where a and the &; can be 0 or &1. So, by definition of ¢, we have : ¢(do) = 0.

Finally, we consider the case where xy € ¢ and there isno y # z € ¢ such
that y ~ z. In that case, let ¢ = {xg,x;,...,%; } and denote by | the set ] =
{j|V(o\ {xi]}) = Vo}. We have

¢(do) = ¢ <«X (\ {xo}) + ;(—1)141(,\ {xif}>
j€
= Z(—l)j+1{xo N Xip, oo X0 N xir} \ {xO N xij}/
j€]
ng(O') = d{xo N xil, oo X M xir}

— Z(—l)j{xo N Xy, X0 N, 1\ {xo N,
i€l

So, the map ¢ commutes with the differential d. n

The map ¢ is clearly surjective and satisfies ¢j = 0, where j is the injection
D(A’") — D(.A). So ¢ induces a surjective morphism of complexes
—. D(A) "
i ——~ — D .
We will show that this map induces an isomorphism in cohomology. For that, we
introduce the set :

E={(y,z) e A/ x A' |y ~zand y # z}.

If the set E is empty, then @ is injective and is an isomorphism. Otherwise,
for every (u,v) € E, let I, , be the vector subspace of D(A)/D(A") generated by
the elements {x, u, Yirroos y]-y} —{x0,9, Yirro - ,yjr} and {xo,u, 0, Yirroos y]-y} with
yi € A\ {xo,u,v}. Let V =Y, p)ek Luo-

The technical part of this section is contained in the following three lemmas.

Lemma 3.2. In D(A)/D(A’), we have V = ker ¢.

Lemma 3.3. For every (u,v) € E, d(lun) < I,u so I, is a subcomplex of
D(A)/D(A"). Also, the complex I,, , is acyclic.

Lemma 3.4. The vector space V is acyclic.

Lemma 3.4 does not trivially follow from lemma 3.3. There is no reason for a
cocycle a to decompose as a sum of cocycles a, , € I, ». The problem comes from
the fact that I, , N I, needs not be empty.

These three lemmas give us the following proposition.
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Proposition 3.5. The map ¢: D(A)/D(A") — D(A") is a quasi-isomorphism.
Proof. By lemma 3.2, we can factorize @ as shown in the following diagram.
D(A)
D(A)

|
D(A)
D(A"®

— . DAY

A

1%

where @ is the quotient map. Since V = ker ¢ and ¢ is surjective, ¢ is an isomor-
phism. By lemma 3.4, the map p is a quasi-isomorphism, which implies that ¢ is
a quasi-isomorphism as well. n

Let us prove these lemmas.

Proof of lemma 3.2. 1t is clear that V C kerp. Let u = Y cjas05 € ker¢, with
as # 0forall s € [ and o5 # 0 if s # t. To prove that u € V, we show that we can
substract elements of V from u until we obtain zero.

e Ifthereexistsas € I such thatos = {xo,u, v, Yir--- y]'r} with xpNu = xpNo
and u # v, then as05 € V and we can substract it from u. Let us repeat this
operation until we obtain a sum ) . ; #4505 without any such os.

o Lett € I'. Then the element 0} is necessarily of the form {xo, x;,,...,x; } <
with xp N Xj; # xo N x;, for j # k. We have

O=9¢ <Z 0(505) = oc,g{xo N Xiyse- X0 N x,-y} + Z 0‘5@(05)-
sel’ sel'\{t}

So, there exists s € I' \ {t} such that ¢(05) = @(0:). This is possible only
if o, = {x0,y1,...,yr} with xo N Xi; = xo NY;. In that case, the difference
0s — 0y can be rewritten as

r
Z ({XO,yl,. . .,y]-_l,y]',xi].H,. . .,xir} — {XO,yl,. . .,y]-_l,xi].,xi].+1,. . .,xir}),
=1

which is clearly in V. We can substract a;(0; — 05) from the sum and we
obtain another sum Y . w505 such that [I”| < |I’|. This process can be
repeated until we obtain an empty sum.

Therefore, u € V and V = ker . [ ]
Proof of lemma 3.3. Let us consider a cocycle
x = Z‘Xi ({x0, u,yilz---,yir} - {XOIU/yilwulyiy})

1
+ Zﬁj{xo, U,0,2j, - .,sz},
j
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with the y; , z;, & {x0,u,v}. We want to show that « is a coboundary. Let

Ki = {k| N {x0/u/yi1/---/yir} = m({xolu’yil""’yir} \ {yik})}’
L] = {k| N {xO/u/U/Zjll""er—l} =

N ({xo0,u,0,2j,...,2, J\{z,.})}-

Since « is a cocycle, its differential is zero and we have
do=Y o Y, (=1 ({xo, v yi ) \ i}
i kek;
- {x()/ o, yill oo /yir} \ {ylk})
t Zﬁf {xo,w,2j,, 02,y = {x0,0,2j0, -, 7, })
—i—Z,B] Yo (1) Y xo,u,0,2), ...,z \ {z;,} = 0.

keL

Looking at the terms without v and using the relation da = 0, we have
Y i Y (- D*xo, v,y )\ {vi,} + Y Bi{xo,u,zj,...,zj, ,} =0.
i kek; j
But we can add a v into each terms of the previous relation. This gives

—Y a4 ) (- D x0, 1,0, iy, yi, 3 \ {yi,} = Z,Bj{xo,u,v,zjl,...,zjr_l}.
]

i kek;

Finally, let w = — Y; a;{x0, 4,0, i, - ., ¥;, }. Its differential is
dw = Z"‘i ({xo0, w,yip,-- i,y —{x0, 0, vip -, i, )
- Z"‘l Z {XOI“ 0 iy Vi b \yi ) =

i keK;
Hence, « is a coboundary and I, , is acyclic. [ ]

Proof of lemma 3.4. Clearly, d(V) C V. Showing that V is acyclic is technical. We'll
do it in three steps. First, we choose a finite number of couple (u;,v;) € E that
have some nice properties. Then, using these elements, we construct a sequence
of vector subspaces Ip C I} C --- C I, = V. Finally, we prove by induction that
all these subspaces are acyclic.

Without loss of generality, we can assume that x1, . . ., x,, are numbered in such
a way that equivalent spaces (for ~) are consecutive. Let A;, ..., A, be the equiv-
alence classes on A’ :

.A1 = {le,. . .,x]‘2_1}<,

AZ = {szl cee Ixj3—1}</

Aq = {x]'q,. . .,qu+1_1}<,
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where j; = 1and j;11 — 1 = n. Let A; be the first class with more than one ele-
ment and  (ug, vp) = (%}, Xj11) € E, (uy,v1) =
(4o, Xj42), - -+, (g, v0) = (4o, %j,,-1)- Let Ay be the next equivalence class with

more than 1 element and (41, 0741) = (%}, Xj41), (U2, 0042) = (X, Xj12), - - -
We can do this until we have a sequence (u;,v;)o<i<; C E with the following

properties : V = Y/_ I, 0, and vy & {19, v0,u1,01,...,Up_1,0¢_1}.
Let Ip = Iy, and I; = Zl o lu;v;- We just defined an increasing sequence

Iuo,UOZIogIlg"'gIY:V'

Lemma 3.3 shows that Ij is acyclic. Suppose I;,_; acyclic and let us show that
Ip =11+ I, is acyclic as well.

Let us start by proving that every element of I, can be written as a sum
a1 +ar +dw whereay € Ip_y, a2 € Iy, w € Iy_1 and there is no v, in any of the
terms of «;. It is sufficient to see that it is true for every element of a generating
sequence of Iy 1 :

o Leto = {xo,u;,v;,...} € ;1. Ifvy € cand uy € o, then o = 0+ o + d(0).
Ifvyeocanduy ¢ o, thend(cU{uy}) = o+ (cU{uy}) \ {vs} + S where
S is a sum with {uy, vy} in each term, which means that S is in I, ,. It
shows that we have the required decomposition o = £(c U {u,}) \ {vs} £
S +d(cU{uy}), for an appropriate choice of signs.

o Leta = {xo,ui,yjl,...,yjs} — {XOIUi/yjlr---/ij} € Iy_1. If we have v, €

{3/]‘1/ .. .,y]-s} and uy & {ij .. .,yjs}, then consider w = {x, Ui, Yiy - - .,yjs} U
{ue} — {x0,vi,Yj, -, Yj .y U{ue} € I—1. Asin the first case, we obtain a
proper decomposition from dw.

Now, we can show that every cocycle in I, is a coboundary. Let « € I, such
that do = 0. Since Iy = Iy_q + I;;,»,, we can write & = &1 + ap + dw with a; €
Ip_1,a2 € Iy, 0, w € Iy and no vy in any term of a1. The vector a; is a sum

2 = Zr)/l ({XO/ uflyill .. -/yis} - {XOI Ué/]/ilz .. -/yis})
1

+ Zﬁ]-{xo, Ug, 00, Zjys e 1 Zjo o )
j

For appropriate sets K; and L; (as in lemma 3.3), its differential is

d(Xz —Z')’z Z {x0/u€/y11/ . /yis} \{ylk}

i kek;
—{x0, 00, Vi, -, Yi} \ Vi })
+ Z‘B] {XO, Up,Zjye-e ’Zfs—l} — {XO, 04, Zjyy - - ’st—l})

+ Zﬁ] Z k+1{x0’ g, 04, Zjs -0 Zj o ) \ {25}

keL
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But there is no term in &y containing v, and day + day = 0. So, looking at the
terms with ©, and v, in day, we deduce that

Zﬁf Y (D) o, 007) 07 P\ {23} = 0.

keL

Hence the terms in day with only v, are such that

> v 3 (D0, vy v \ i + B0, vz, 0z, ) = 0.
]

i kek;

And this relation stays true if we replace vy by u,. So, we just proved that day = 0,
which implies that da; = 0 as well. By the induction hypothesis, there exists a
w1 € Iy such that dw; = & and by lemma 3.3, there exists a w, € 1,5, such
that dwy = ay. So, & = d(w1 + wy + w). The vector subspace I, is acyclic and the
proof by induction is complete. n

3.2 A long exact sequence in cohomology

With the results proved in the previous section, it is fairly easy to prove the fol-
lowing theorem.

Theorem 3.6. Let A = {xo,...,X,} be a subspace arrangement in C", A" = A\
{x0}, A" ={xoNy|y € A'}. Then, there exists a long exact sequence in cohomology :

- = HI(M(A),Q) — HI(M(A),Q) — HT () (M(A"),Q)
— HT"H(M(A'),Q) — HT(M(A),Q) — -
Proof. From the short exact sequence
0— D(A") — D(A) = D(A)/D(A") =0,

we obtain a long exact sequence connecting the cohomology of those complexes.
By proposition 3.5, we have a quasi-isomorphism ¢: D(A)/D(A") — D(A").
From this, we obtain the promised long exact sequence. n

3.3 Euler characteristic

The long exact sequence in cohomology of theorem 3.6 is quite powerful. In this
subsection, we give a first application : the Euler characteristic of M(.A) is always
zero for any non-empty arrangements.

Corollary 3.7. Let A be a subspace arrangement in C". Then, the Euler characteristic
of M(A) is 1if A is empty, and 0 otherwise.

Proof. If A is empty, then M(A) = C™ is contractible and x(M(A)) = 1. If
| Al =1, then M(A) = C™\ {x} for some vector subspace x. So, M(.A) has the
homotopy type of an odd-dimensional sphere and x(M(.A)) = 0.
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By the universal coefficient theorems (in homology and cohomology), we have :
b;(M(A)) = dim H'(M(A),Q), where b;(M(.A)) is the ith Betti number of M(A).
The long exact sequence in cohomology from theorem 3.6 gives us the follow-
ing formula : x(M(A)) = x(M(A)) + (=1)%80)x(M(A")) = x(M(A')) —
X(M(A")). Now, let us prove by induction on |A| that x(M(A)) = 0. Suppose
that this is true for arrangements with # or less subspaces. Let .4 be an arrange-
ment with n 4+ 1 subspaces and x € A. Since |A’| = |A| —1and 1 < |A”| < |A],
by induction, x(M(A)) = x(M(A")) — x(M(A")) =0-0=0. ]

Note that this is only true for complex subspace arrangements. Clearly, if
B is the real arrangement with one point in R3, then M(B) ~ S? and its Euler
characteristic is 2.

4 Poincaré polynomials

4.1 Inductive formulas

In subsection 3.3, we actually proved a formula to compute inductively the Euler
characteristic of the complement spaces :

X(M(A)) = x(M(A) + (=1)980 5 (M(A)).

In practice, it turns out that this formula is irrelevant since the Euler characteristic
is zero anyway. But the idea is interesting, and can (sometimes) be applied to a
finer topological invariant : the sequence of Betti numbers, or more precisely, the
Poincaré polynomial

Poin(M(A), t) = ¥ bi(M(A))t.
i=0
In some cases, we have a nice inductive formula.

Proposition 4.1. Let A = {xo,...,x,} be a subspace arrangement in C", A’ = A\
{x0}, and A" = {xoNyly € A’'}. Then the following conditions are equivalent :

1. Poin(M(A),t) = Poin(M(A’),t) + t9e8(x0) Poin(M(A"), 1),
2. the long exact sequence of theorem 3.6 splits into short exact sequences

0— H1(M(A"),Q) — H1(M(A),Q) — HT~de0)(M(A"),Q) -0,

3. the injective map D(A") — D(A) induces an injective map H*(M(A"),Q) —
H*(M(A),Q).

Proof. 1t is an easy consequence from the long exact sequence in cohomology,
from theorem 3.6. u
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Proposition 4.1 does not hold in general. Consider for instance the arrange-
ment A = {hg,hy,hy} in C° where hy, h; and hy are defined by the equations
z1 =25 = 0,21 = zp = z3 = 0 and z3 = z4 = z5 = 0, respectively.

Using the model D(.A), we compute the Poincaré polynomials of M(.A), M(A")
and M(A"):

Poin(M(A),t) = 1+ 13 4 2£° + 215,
Poin(M(A'),t) =1+ 28 + 5,
Poin(M(A"),t) = 1+ 28 + %,

So, they don't satisfy the relationship described in proposition 4.1, with deg(xo) =
deg(hg) = 3.

However, Orlik and Terao proved in [3] that the arrangements of hyperplanes
always satisfy the properties of proposition 4.1. In the next two subsections, we
will prove that some classes of arrangements have that property as well, namely
the arrangements with a separator and the arrangements with a geometric lattice.

4.2 Arrangements with a separator

The following definition is a generalization of the concept of separator found
in [3]. This is probably the simplest condition for the long exact sequence to split.

Definition 4.2. Let A = {xo,...,x,} be a subspace arrangement. We say that x;
is a separator if N{xq, ..., xn} # N({x0, ..., xn} \ {x;}).

As shown by the next theorem, deleted and restricted arrangements with re-
spect to a separator have the desired property.

Theorem 4.3. Let A = {xy, ..., x,} bea subspace arrangement in C", A" = A\ {x¢},
and A" = {xoNyly € A'}. If xo is a separator, then the long exact sequence of
theorem 3.6 splits and we have

Poin(M(A),t) = Poin(M(A'), t) + t9¢8(%0) Poin(M(A"), t).

Proof. 1t is sufficient to show that the injective map j: D(A’) — D(.A) induces
an injective map j*: H*(D(A’)) — H*(D(.A)). Let us define a map k: D(A) —
D(A’) of cochain complexes by k() = 0if xg € o and k(0) = o if xg € . This
map commutes with the differential :

o If xo & 0, then dk(c) = kd(0),

e if xg € 0, thendk(c) = 0and kd(0) = a(c \ {x0}), with « = 0 if and only if
N(c \ {x0}) # Vo, which is the case because x is a separator.

So, the map k is a map of chain complexes and induces a map k*: H*(D(A)) —
H*(D(A’)). Obviously, we have k*j* = id, which implies that j* is injective.
Since the sequence of theorem 3.6 is exact, it splits as required. n



Recursion for Poincaré polynomials of subspace arrangements 49

4.3 Arrangements with a geometric lattice

To each subspace arrangement .4, we can associate an important combinatorial
tool : its lattice L(.4), which is the set of all intersections of elements of .A.

The set L(.A) is ordered by reverse inclusion : x < y if and only if x O y. We
define on the poset L(.A) two operations, V and A, which makes it a lattice :

xVy=xNy,
xAy=nN{z€L(A)|xUy Cz} € L(A).

When we have a lattice, it is useful to consider the rank function, rk: L(A) —
IN.

Definition 4.4. The rank rk(x) is the length r of a maximal chain C" < x; < - -- <
xr = x of maximal length. The rank of C" is rk(C™) = 0.

For the rest of this section, we will be particularly interested in arrangements
with a geometric lattice.

Definition 4.5. The lattice L(.A) is geometric if, for every x,y € L(A), we have :
rk(x) +rk(y) > rk(x Ay) + rk(x V).

It is well known that arrangements of hyperplanes have a geometric lattice
(see [3] for a proof).

Let us mention two interesting combinatorial results. First, Goresky and
MacPherson described the linear cohomology structure of the complement space.

Theorem 4.6 (Goresky-MacPherson). Let A be a subspace arrangement in C™. Then

I:IZ(M(‘A)) = @ FIZcodim(x)—Z—i(A(O/ x))/
xeL(A)\{C"}

where A(0, x) denotes the order complex of the interval [C™, x| in L(A).

On the other hand, Folkman (theorem 4.1 in [1]) proves that if L is a geometric
lattice with 0 and 1 as smallest and largest element, then the homology of its order
complex A(L) is

0 ifi #rkL -2,
Hi(A(L)) - {Z|y(0,1) ifi =rkL —2,

where yi: L x L — Z is the Mcebius function, defined recursively by the relations :

u(x,x) =1 ifxelL,
Yze[xy] u(x,z) =0 ifx,y,z€ Land x <y,
u(x,y) =0 otherwise.

As a consequence, we have the following proposition :
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Proposition 4.7. If A is a subspace arrangement in C™ with a geometric lattice L(A),
then

Poin( Z V 0 x Zcodimx—rk(x)‘
xeL(A)

Proof. It is almost a direct consequence of theorem 4.6 and the result of Folkman.
The only thing we need to check is the sign of 3(0, x). But a simple property of

the Mcebius function is that (—1)™()(0,x) > 0 (see for example theorem 2.47
in [3]). .

The previous proposition is the key to prove a deletion-restriction formula for
arrangements with a geometric lattice. But we need first an interpretation of the
Mcaebius function in the case of subspace arrangements.

Lemma 4.8. Let A be a subspace arrangement. For u,v € L(A) with u < v, let
Ay ={xe Alu Cx}and S(u,v) = {B C A|A, C Band T(B) = v} (where T(B)
denotes the maximal element of L(B)). Then

puo) = ¥ ()AL

BeS(u,v)

Proof. This lemma is the same as lemma 2.35 in [3] except that .4 is not necessarily
an arrangement of hyperplanes. The proof of [3] is still valid in this case. m

Now, a simple adaptation of the proofs in [3] gives the desired result.

Theorem 4.9. Let A = {xq,...,x,} bea subspace arrangement in C", A" = A\ {xo},
and A" = {xoNyly € A'}. If the lattice L(.A) is geometric, then we have

Poin(M(A), ) = Poin(M(A"), t) + t4¢8(*0) Poin(M(A"), t)
and the long exact sequence of theorem 3.6 splits.

Proof. First, let us notice that for any arrangement A, we have
POin(M(A), t) — erL( A) ]/t(O, x)(—t)2 codim x—rk(x)

— erL (ZBGS 0x) \B|( )2 codimx—rk(x))

— ZBCA |B\ )2 codim T(B)—rk T(B)'

The last equality come from the fact that every subarrangement B C A oc-
curs in a unique S(0,x). Now, separate the sum over B C A into two sums
R’ and R” with R’ the sum over those B which do not contain xy and R” the
sum over those B which contain xj. Clearly, by using the previous equality, we
have R’ = Poin(M(A’),t). So we proved that Poin(M(.A), t) is equal to the sum
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Poin(M(A’),t) + R”. Now, let us compute R".
R — ZerBgA( 1)|B\( )2 codim T(B)—rk(B)

_ ZveL(A“) Z ( )\B|( )2 codim v—rk(v)

BGS(XQ,

_ B\ A, 2 codim v—rk(v
— _ZUEL(A”) BGSZ )( 1)| \ 0|(_t) CO ( )
(x0,0

- ZZJGL(A”) ]J(Xo, (%
= 2eodimx0=1 poin (M(A"), ) = t48%) Poin(M(A"), t).

)(_t)Z(codimv—codimxo) (rk(v)—1)+2 codim(xgp)—1

The third line comes from lemma 4.8 and the last line comes from the fact that
(codim v — codim xp) is equal to the codimension of v, seen in the ambient space
of A”, and that rk(v) — 1 is the rank of v in L(.A”). This complete the proof of the
fact that Poin(M(A), t) = Poin(M(A’),t) + t4e8(x0) Poin(M(A"),t). ]

4.4 Additional results

When we suppose that the arrangement .4 has a geometric lattice and that there
is a subspace xy which is a separator, we have some stronger results. First, let us
prove the following lemma.

Lemma 4.10. Let A = {xo,...,x,} be a subspace arrangement with a geometric lattice
such that xq is a separator and 1 < iy < ... < 1,41 < n. Then the following conditions
are equivalent :

1. \/{xil, .. .,xir} = \/{xil, cees Xiy xiM},
2. VA{x0, Xiy, -, Xiy ) = VX0, Xiy, o oo, Xip X, )

Proof. Clearly, the condition (1) implies the condition (2). Suppose that we have
\/{XO, xil, ey xir} = \/{.XO, xil, ey xir, xirH}.

Since xg is a separator, V{xo,...,xx} # V({x0,..., %2} \ {x0}). An easy conse-
quence is that V{xo,x;,...,x;,} # V{xi,...,x;}. Since the lattice is geomet-
ric, we can obtain the maximal chain (longest strictly increasing sequence be-
tween two elements) V{x;,...,x; } < V{xo, x;,...,; } from the maximal chain
C™ < xg. Therefore, we have the two following chains of inequalities :

Vi, b < VAxo, Xy, X b = VX0, Xy, X0 b
\/{le/ X b SVAXG X < VX0, Xy, X

Since the lattice is geometric, all maximal chains between two fixed elements have
the same length (see [2] for a proof). The first line is a maximal chain of length 2,
so the second line has the same length and we have the equality V{x;,...,x; } =

\/{x,-l,...,x,-M}. m
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Lemma 4.11. Let A be a subspace arrangement with a geometric lattice and A’, A" the
deleted and restricted arrangements with respect to xg € A. If xq is a separator, then
there exists an isomorphism H*(M(A’);Q) — H*(M(A"); Q) of Z,-graded vector
spaces.

Proof. Letus defineamap6: D(A’) — D(A") by sending the element {x; , ..., x; }
to {xo N xj,...,x0 Nx,}. It is obviously a surjection. If xo N x; = x9N xj, then
xo Nx; = xo N x; Nxj, and by lemma 4.10, x; = x; N x;, which is impossible (we
always suppose that A does not have two subspaces x and y such that x C y). So,
the map 6 is a bijection.

To show that § commutes with the differential, consider o = {x;,,..., x; } and
let

hi={il<j<rand Vo=V(r\{x})}
Jo={jl1<j<rand V(e U{xo}) = V(e U{xo} \ {x;})}.

We have :

0(do) =) (—1){xoN Xips oo X, 025 1\ {X0 N xi]-}/
j€h

4(0(0)) = ¥ (=1){xo Nxiy oy N b\ {0 N ).
j€J2

Lemma 4.10 shows that J; = ], so 6 commutes with the differential. Therefore,
the map in cohomology H*6: H*(M(A');Q) — H*(M(A”);Q) is an isomor-
phism of vector spaces.

Finally, leto = {x;,,...,x; } € D(A’). Itis mapped to {xoNx;,..., xoNx; } €
D(A"). We have :

dego —degf(c) = (2m —2dim Vo —r) — (2dim xg — 2dim(xg N Vo) —7)
=2m —2dim(xp 4+ Vo) = 2 codim(xg + Vo)

So, 0 decreases the degree by an even number. n

Notice that when the subspace xj is also an hyperplane, the map 6 does not
change the degree. So, we have a stronger result.

Proposition 4.12. Let A be a subspace arrangement with a geometric lattice and A’, A"
the deleted and restricted arrangements with respect to xg € A. If xq is an hyperplane
and a separator, then

Poin(M(A),t) = (1 +t) Poin(M(A"),t).

Proof. Let o C A’. Since xo N Vo # Vo, we have Vo ¢ xp. But xq is an hyper-
plane, so codim(xy + Vo) = 0. Therefore, the map H*6 of lemma 4.11 preserves
the degree and is an isomorphism of graded vector spaces. This implies that
Poin(M(A"),t) = Poin(M(A"), t). Using theorem 4.3, we obtain directly the de-
sired relation. n
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An interesting example is when A is an arrangements of n hyperplanes in
general position (meaning that codim Nyc 4x = Y, 4 codim x). In that case, the
lattice L(.A) is geometric and it is not hard to see that every subspace is a separa-
tor, in every restricted arrangement. So, by proposition 4.12, we can see that

Poin(M(A),t) = (1+1)".

It directly implies that M(.A) satisfies Poincaré duality. It can be shown that
M(.A) has in this case the homotopy type of a product of 1 spheres S'.
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