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Abstract

We prove that from among simple multiveblen configurations only com-
binatorial Grassmannians can be embedded into a Desarguesian projective
space. The class of regular multiveblen configurations which are projectively
embeddable is determined.

Introduction

The class of multiveblen configurations was introduced in [11]. The aim of this
note is to determine which multiveblen configurations can be embedded into a
Desarguesian projective space (comp. [14] (and [5]) for more information on con-
tigurations in projective geometry).

The Veblen (or Veblen-Young) configuration is a well known classical (6, 43)-con-
figuration of projective geometry!. Sometimes it is also called a Pasch Configura-
tion, though the original Pasch configuration originates in ordered (Euclidean)
geometry, while no geometrical order is involved in the definition of the Veblen
configuration. A multiveblen configuration (in short: MVC) is a partial Steiner
triple system (i.e. a partial linear space with the lines of size 3, cf. [13]), whose
construction generalizes the construction of the Desargues configuration and of
the 103G-configuration of Kantor consisting in completing three Veblen config-
urations on three concurrent lines by a single new line (see Figure 1). Loosely

Formally, it consists of four pairwise intersecting lines, no three concurrent, together with the
corresponding intersection points.
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speaking, a multiveblen configuration M = M}p$ (shorter: 9t = M,,>6)) can be vi-
sualized as a system of (5) Veblen configurations on n concurrent lines of the size
3 (through a point p) completed by another multiveblen configuration § (of the
form $H = Mn_zbﬁ’ , or by some “combinatorial Grassmannian” §)), whose lines
join “second points of intersection” in the corresponding Veblen configurations.
This verbal presentation does not characterize 9t uniquely; the additional param-
eter P, a graph on n vertices is used to make the definition correct and we write
M = M}ye,9 (cf. 1.1).

The class of multiveblen configurations contains, in particular, structures
which generalize the Desargues configuration considered as a perspective of two
triangles, and which can be visualized as a perspective of two n-simplices in a
projective space. These structures can also be represented in a pure combinato-
rial way as combinatorial Grassmannians Go(n + 2) (cf. [10]).

In a sense, a multiveblen configuration was invented as a solution of a (rather
technical) problem to construct and classify sufficiently regular configurations in
which any two lines through a given (fixed) point yield a Veblen configuration.
This was the idea of constructing structures defined in [11], of the form Mﬁ%ﬁ
with arbitrary §. A huge variety of the obtained structures® forced us to restrict
ourselves in the paper to the case when $) is again a multiveblen configuration,
or a combinatorial Grassmannian. In essence, equivalently, we could require that
$isa MVC, a point, or a line of size 3. In any case the multiveblen configurations
seem interesting on their own, due to their simple and well visualizable internal
structure, and close connections with the (classical) Veblen configuration. Since
the Veblen axiom is a fundamental axiom of projective geometry, multiveblen
configurations can be considered as, loosely speaking, locally projective (for a
system of pairwise not collinear points). Then the question which of them are
“really” projective i.e. which can be realized in a (Desarguesian) projective space
seems natural.

Clearly, both combinatorial Grassmannians and the 103G configuration can be
embedded into a projective space. In our note we prove that these are the only
simple MVC (i.e. those 9t where §) is a combinatorial Grassmannian) which can
be projectively embedded. The problem to characterize all the projectively em-
beddable MVC is much more complex because the class of all MVC contains con-
figurations of various quite irregular structure. We distinguish the class of reqular
MVC and prove that in this class, besides combinatorial Grassmannians exactly
one new series of projectively embeddable structures appear; configurations in
this series generalize the 103G configuration.

1 Notation

First, we briefly recall the definitions of the structures considered in the paper.
Let X be a nonempty set and k be an integer; we write ¥4 (X) for the family of
k-element subsets of X. Two graphs on X are especially important (cf. [16]):

the empty graph Nx = (X, ®) and the complete graph Kx = (X, #2(X)).

2See e.g. [12] for a detailed discussion of the case when the degree 1 of p is 4 — there are at least
11 distinct isomorphism types of such structures.
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Frequently, only the type of a graph will be needed; we write K, for the type of
Kx where |X| = n, and similarly N, for the type of Nx. In what follows we shall
also frequently identify a set P C #,(X) with the graph (X, P). If P C §,(X)
and Y C X we write P A Y for the graph P N §,(Y). Given an ordering x1, ..., X,
of the elements of X we write

L, for the type of the linear graph (X, {{x1, x2}, {x2,x3}, ..., {xn_1, x4} }).

The structure

G (X) = (92(X), 93(X), ) = (92(X), {92(Y): Y € 93(X)}, €)

is referred to as a combinatorial Grassmannian (cf. [10], [11], [9])>. Then G, (|X|)
is the type of Ga(X) —itis a ((3), , (3);)-configuration (n = |X|; generally, a
(vy by )-configuration is a configuration with v points of degree r each and b lines
of size k each), so it is a partial Steiner triple system. In particular, G,(5) is the
Desargues configuration (cf. [7]).

Construction 1.1. Let $ = (¥3(X), £) be a partial Steiner triple system and P
be a non-oriented graph without loops defined on X. We take any two distinct
elements p1,p2 ¢ X and put p = {p1, p2}, X’ = X U p. Consider the following
tamilies of blocks:

£r = {{pupb it Apaityie x},
L= {{GiAnih i)} i€ X i#) (i} ¢ P,
L= {{ih i b G (pe i) P2 b} i € X, (i) € P

The structure (§,(X’), LU L1 U Ly U L3) will be denoted by Mé’(bpsﬁ and it will
be called the multiveblen configuration with center p, consistency graph P defined on
X, and axial configuration §). A multiveblen configuration is simple if it has a com-
binatorial Grassmannian as its axial configuration.

A particular role is played in the sequel by the structure

— NP
B(X) = MXDNXGZ(X).
We write B(n) := B(X), where | X| = n, for short. O
It is easy to note that
M@’(DKXGZ(X) = Gy(XUp).

The structure U° := B(3) is the 103G-configuration of Kantor (cf. [6]); in the
paper this one will also be called the Veronese configuration.* The line G(X) of

3Classical Grassmann space, as considered in geometry, is an incidence structure defined over
the lattice of subspaces of a projective space, cf. [15]. Its points are the k-dimensional subspaces
(k > 1is a fixed integer) and its lines are the pencils. If k 4- 1 is less than the dimension of the space
then an equivalent structure is obtained when we adopt the (k 4 1)-dimensional subspaces as the
lines (and inclusion as the incidence). Passing to the lattice of subsets of a set X and replacing
dimension by cardinality we define, by analogy, the combinatorial Grassmannian G (X).

4This terminology may be justified by the fact that 2° is isomorphic with one of the combinato-
rial Veronese spaces, cf. [9], [8] (Which on the other hand, generalize classical projective Veronese
spaces, cf. [15], [3]). In general, (see [11, Prop. 6]) the incidence structure B () is isomorphic to
the dual of a suitable combinatorial Veronese space (i.e. isomorphic to V;(3) dual to V,(3) in the
notation of [9]).
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0° = B(X) is referred to as the axis of T°.

The Desargues Configuration The 103G configuration
(the Veronese Configuration)

Figure 1: Three Veblen configurations may yield two 103 configurations.

Fact 1.2. If yisa ((3),_, (5)5)-configuration then M5, is a ("3, ("3 5)-confi-
guration.

The construction of the structure M’;(DPF_) can be visualized in a more geomet-
rical vein, which is more convenient in the analysis of the obtained configura-
tions. Let us adopt the notation of 1.1. Next, write

a; = {pl,i}, b, = {pg,i} fori e X

and
c; =z forze §9(X), C={c::ze(X)}.
Step A The set p is an arbitrary “abstract new point”.
Step B Through p we have the lines L;, and the points a;, b; on L;, for every i € X.

Step C We have a subset P of #,(X) distinguished, and after that

if {i,j} € P: we draw lines A;; = a;,a; and B;; = b;, bj; the point cy; ;, is
common for A; j and B; Jr

if {i,j} € 92(X) \ P: wedraw lines G;; = a;, bj; the point ¢{i,j} is common
for G;; and Gj;,

for every {i,j} € ©,(X). Itis seen that the point p and the points a;, b;

(i € X) have degree n, while (up to now) ¢; with z € §,(X) has degree 2.

Moreover, the number of the points c; is (5).

The quadruple of lines (L;, Lj, A;j, B ;) ((Li, Lj, Gi, G;;) resp.) with any

distinct 7,j € X yields a Cla551cal Veblen Conflguratlon
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Step D Let §) be any ((3),_,, (5);)-configuration. Finally, we identify the points
c; constructed above with points of § (under some bijection 7y) and, con-
sequently, we group the points c; into (3) new lines obtained as coimages
of the lines of $ under 7.

The resulting configuration will be written as Mfg%ﬁ. If the point set of § is

,(X) it is natural to put v: cf; ;4 — {i,j}; comparing with 1.1 we see that
P& o~ P

The above interpretation justifies the term multiveblen used to name structures of

the form MQDPS’_).

A multiplied multiveblen configuration (more precisely: a multiplied simple mul-
tiveblen configuration) is any structure of the form

k 2 1
Mm = M@k_l%k_l. .. (M@}l b, (M§O>POG2(XO))), (1)
where p/ are two-element sets, the set Xy and the p/ are pairwise disjoint, X; =
XU pf forj=1,...,k and Pjisa graph defined on X; forj=0,...,k—1.
In most parts we shall consider a “standard” representation of the structure
defined by (1) taking Xy := {1,...,m} (m > 2) and p/ := {m +2j,m +2j — 1}.
The structure 9 of the form (1) is a simple multiveblen configuration if k = 1.

Let P/, P" be two graphs on a set X. We write P’ &~ P” if and only if there is a
sequence py,, ..., Uy, of maps (x1, ..., xs € X) such that the composition py, ... py,
maps P’ onto P and every px; switches connections with the vertex x;: xj, y are
connected in ptx].(P) if and only if they are not connected in P, for an arbitrary
graph P and y € X.

Fact 1.3 ((cf. [11, Prop. 9])). If $ is any partial Steiner triple system defined on the set
©2(X), p is a two-element set disjoint with X, and P', P" are graphs defined on X then
P’ =~ P yields Mi%,ﬁ = MQDP,,.@.

A suitable converse variant of 1.3 is also provable:

, , 1 2
Theorem 1.4. Let |X| > 5. If there is an isomorphism of M; Dpl.sﬁl onto M};( DPZS’_)Z
which maps p1 onto p2 then 1 = $ and then there is a graph P3 such that P; ~
Ps = Py If Mibple(X) =L DPZGZ(X) then there is a graph Ps such that
P1~P3 =P

A detailed classification of the simple multiveblen configurations MQDPGz (X)
with |X| < 5 is presented in [11]. One result of that investigations will also be
used here:

Fact1.5. Let P bea graphonaset Y and X € ©4(Y). Then P A X ~ Ny, P A X ~ Ky,
or’PAX= L4.
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2 Projective embeddings

In what follows by a projective embedding of a configuration & = (S, L) or an
embedding of K into a projective space 3 we mean an injective map which associates
with the elements of S points of 8 and with the elements of £ lines of B and
which preserves (in both directions) the incidence (comp. [4]). As a rule, in the
sequel we consider only embeddings into Desarguesian spaces.

Clearly, Ga(n) = Mn_sznisz(n — 2) has a standard projective embedding
into PG(n,2) (much interesting information on projective embeddings of the struc-
tures G, (n) can also be found in [2]).

Now, we continue some remarks concerning projective embeddings of the
structure U° = B(3) given in [9].

Fact 2.1 ([9, Prop. 5.3]). If U° is embedded into a projective space P then U° lies on a
plane of °B.

Lemma 2.2. Let us assume that the configuration 0° is embedded into a projective space.
Then the lines a;, aj and b;, bj meet on the axis of °0° for every 1 < i < j < 3.

Proof. From [9, Prop. 5.3], U lies on a projective plane IT and one of the following
holds:

a) There are lines A, B of I1 such that aq, a,, a3 lie on A and by, by, b3 lie on B.
b) There is a conic § in IT such that the 4; and the b; lie on S.

In the corresponding cases we prove our claim as follows:
a) Let {i,j, I} = {1,2,3}. From the Desargues theorem applied to the trian-
gles (a;,b;,a;) and (b;,a;,b;) we infer that the lines a;,a;, b;, b; meet on the line

¢(i1y, ¢{1,jy, Which is the axis of U°.

The point p is the pole of the axis L of ° conjugated under S i.e. it is the
center of the harmonic homology f with axis L, which leaves § invariant. Since f
interchanges the lines a;, a i and b;, b]-, these lines meet on the axis of f, as required.

m

Proposition 2.3. Let P be a graph on n-element set X, let Y € $4(X) such that
PAY ~ Lyor PAY =~ Ny. Then there is no projective embedding of the structure
ME’(DPGZ(X) (in short: oanDPGz(n)).S

Proof. 1t suffices to prove that there is no projective embedding of the structure
B = M?LZ’?,A}DP,Gz({l,Z, 3,4}), where P’ = Ly = {{1,2},{2,3},{3,4}} or
P' = Nyip34)- It is seen that B contains two U°-configurations Vi, ), with the
common center p spanned by the lines Ly, L3, L1 and Ly, L3, L4 respectively.
Suppose that ‘B is embedded into a projective space. From 2.1, V;,V; lie in
corresponding planes I1;,II, which now have two distinct lines L, L3 in com-
mon; thus I'Ty = I, =: I'l. Let M; be the axis of V;. From the definition, M; passes
through ¢, 31 and from 2.2 we get that M; passes through the common point of

the lines a3, a3, by, b3. Consequently, M; = M, which does not hold in ‘B. ]

°Note, that in the case of P = Nx Proposition 2.3 is also a direct consequence of [9, Theorem
5.10].
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The following technical lemma will be useful in the sequel.

Lemma 2.4. Let P be the graph on the n-element set X such that P X\ A ~ Kj for every
A € 953(X). Then P =~ Ky and M,;>,Ga(n) = Ga(n +2).

Proof. Suppose that P = @; then P A A ~ N3 which contradicts assumptions.
Thus there is an edge (say e = {1,2}) of P. For arbitrary i € X\ e, since
P A(eU{i}) = K3, either {1,i},{2,i} € Por{1,i},{2,i} ¢ P. Letus set

Xt :={i: {1,i} e P} and X" := {i: {1,i} ¢ P}.
Observing triples {i,j,1} withi,j € X \ e we get

ijeXtori,je X~ = {ijleP
ieXt,jex = {ij}¢P.
The composition of all the maps y; withi € X~ transforms P onto Kj,. n
Now we are in a position to prove a first important result:

Theorem 2.5. Let P be an arbitrary graph on n (n > 4) vertices such that
B :=M,>,Ga(n) Z Go(n +2). Then B cannot be embedded into a projective space.

Proof. Let X = {1,...,n} be the set of the vertices of P. From the assumption and
2.4, there is A € §3(X) such that Py := P A A % Ks and thus Py =~ N3. Without
loss of generality we can assume that A = {1,2,3} and

Po={{1,2},{1,3}} or Py = @.

Applying y1, if necessary, we assume that Py = {{1,2},{1,3}}.

Observe A’ = AU {4} and P’ = P A A". Note that a graph equivalent to
K4 defined on A’ is one of the following: K4, a triangle C3 embedded into A’, or
consisting of two disjoint edges. Restriction of no one of them is the path Py and
thus P’ =~ Nyor P’ =~ Ls. Inany case from 2.3 and 2.3 we get that the substructure

My, Go(A’) of B cannot be projectively embedded. ]

The result of 2.5 can also be read as follows:

Corollary 2.6. Let B be a simple multiveblen configuration with point degree at least
4. Then B can be embedded into a projective space if and only if B is a generalized
Desargues configuration (a combinatorial Grassmannian).

A direct analogue of 2.6 for multiplied multiveblen configurations does not
hold.

Proposition 2.7. The structure

— 156} — 134}
M = M55 415 B(2), where B(2) = M{LZ}DN{LZ} G2({1,2}).

can be embedded into a Desarguesian projective space if and only if P is equivalent to the
linear graph {{1,2},{1,3},{2,4}}. If M is embedded into a projective space then as, ay
and b, by pass through cq 5y as well.
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Proof. From the definition, the following triples

Vi == {{3,4},{1,3},{1,4}}, Vo= {{3,4},{2,3},{2,4}},
Vs = {{1,2},{1,3},{2,4}}, vi:= {{1,2},{1,4},{2,3}}.

are the lines of the Veblen configuration B(2).

Let D; be the restriction of 91 spanned by the lines L;, L3, L4 for i = 1,2. Then
D; is either a Desargues or a Veronese *J° configuration with the axis V;.

Let us assume that 9t is embedded into a projective Desarguesian space ‘L.
For every two distinct i1,ip in {1,2,3,4} we have in 9t a Veblen configuration
inscribed into the lines L;, L;, and the point cy; ;1 is the point of intersection
of the corresponding lines of 1. Let us denote by C?iuiz} the intersection point

(considered in ‘B) of the lines
— 4, biz, bil,aiz when {il,iz} € P and of
= iy, iy, bil’ biz when {il,iz} ¢ P.

The point ¢y 5y is determined by the structure of B(2) as the intersection point
of the lines c(q3y,¢241 = V3 and c(q4y,¢(23) = Va. In any case two possibilities
arise:

(a) C{l,Z} | ai,an, bl/ bz (1e {1,2} - P), or
(b) C{1,2} | ﬂl,bz, bl,ﬂz (1e {1,2} ¢ P)

Step 1:  Assume, first, that D; and D, both are Desargues configurations.
Without loss of generality we can assume that the given Desargues configura-
tions represent a perspective of the triangles (a1, b3,a4), (b1,a3,bs) — in D; and
(a2,ba,a3), (by, a4, b3) —in D,. Consequently, in this case

{1,4},{2,3} arein P, {1,3}, {3,4}, {2,4} arenotin P.
Let us analyze the two possibilities (a) and (b).

Ad (a): Applying several times the Desargues axiom we get c}

{3/4},C{112} | V3, V4

and thus the equality C??” 4} = C{1,0) Must hold.

Ad (b): From the Desargues axiom applied to the triangles a1, by, b3 and by, a3, a3
we obtain L(C{1’2}, C{113}, C{213}), which giVQS C{2,3} | V3. Thus C{Lz}’ C{2,3} | V3, V4
yields, contradictory, V3 = Vj.

Step 2: Next, assume that D; is a Desargues configuration and D; is a Vero-
nese configuration. Without loss of generality we can label the points on the lines
L; in such a way that D; represents the perspective of the triangles (a1, a3, b4) and
(b1,b3,a4), and D, contains the closed hexagon (ay, by, a3, b, a4, b3). In this case

{1,3}isin P, {2,3},{3,4},{2,4}, {1,4} arenotin P.

Let us analyze the two possibilities (a) and (b).

Ad (a): Note that the points a1, a3, by are not collinear (otherwise an extra inci-
dence by | a1,a, holds in 90t) and, analogously, by, by, a4 are not collinear. From
the Desargues axiom we have L(c1 5,24}, ¢{14}), 80 €{24) | V4 which gives
Vs = Vy.

Ad (b):  Since by J ay,as the points ay, a3, by are not collinear. From the Desar-
gues axiom we infer that L(c(; 31, ¢{23},¢{12}); then cp 3y | V3 and thus V3 = V.
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Step 3: Finally, let us assume that D; and D; both are Veronese configura-
tions. From 2.2 we get that c (34}, c?3 1 | V1, V,, which yields a contradiction.

Therefore, only in the case analyzed in Step 1 we can expect that 9t can be
embedded into a projective space. On the other hand, let 3 be the projective
3-space over a field with characteristic # 2 and let § be a scalar with g # 1, —1. It
is a matter of a simple computation that the following map embeds 9t into :

p— [1,0,0,0],
a1 — [1,1,-1,1], a0 — [1,1,1,1], a5 —> [1,1, -1, —1], as — [1,1,1, —1],
by — [1,B,—B,Bl,ba—> [L,B,B, Bl bs — [1, B, —B,—Bl,ba — [1, B, B, —B],
cr1y — 0,0,1,0, ¢p3 — [0,0,1,1], ¢y 4y — [0,0,1, 1],
¢y — [1+ 6,28, —26,0],
coar = [1+B,2B,2B,0],cq34y — [1+ B,2p,0, —28].

provided that P consists of the edges {1,2}, {1,4}, and {2,3}. ]

Let Ry be the projectively embeddable (154203)-multiveblen configuration
constructed in the proof of 2.7. Itis evident that Ji4 is not isomorphic to G, (6), the
second projectively embeddable (154203)-multiveblen configuration. A picture
of MRy is presented in Figure 2.

Generally, investigations on general (iterated) multiveblen configurations are
much more complex. The main reason is that a representation of a multiveblen
configuration 91 in the form (1) is not unique in the sense that 9t does not deter-
mine k, nor | Xy|, nor the P;. Let us point out three simple examples. Let p, g, 7 be
pairwise dis]omt two-element sets.

;UqDKpUq (M Gz(p)) pUq Px g Ga(pUq)
—kin(1)is not determined by the configuration 9.
Mg, B(P) = Mg, (Mey Galp)) = My, Ga(p Ug)
(cf. [11 Prop. 18]) —a multlveblen configuration M, defined in 1.1 does
not determine its consistency graph P and its axial configuration ).

q ~
o (MPDNPGZ(P)) = ;Uqpruq@(p) #

* Gz(p Ugqu 1/) M;Uq (MZDKPG2(p))
even though N, ~ K. This yields, in particular, that even 1f P, ~ P the
two structures MYy . > MX P G2(Xp) and M | P, M[;(ODP(,),GZ(XO) may stay
nonisomorphic (comp. 1.3).

r
pUq

Let us say that a multiveblen configuration 90 is regular if and only if it can
be represented in the form (1), where P;_1 = P; A X;_1 fori =1,...,k—1. To
determine possible projective embeddings of regular multiveblen configurations
we use intensively the following lemma, which follows from 2.7 and 2.3.

Lemma 2.8. Let M = M[;(Up P, (M; GZ(X)) where | X| > 2, p,q are two-element
sets such that X, p, q are pairwise dzs]omt Prisa graphon X Up, and Py = P1 A X.

Assume that O has a projective embedding. Then the following holds:
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We see that while G;(6) repre-
sents a perspective of two tetra-
hedrons (cf. [10]), the con-
figuration 94 also represents
a perspective, a perspective
of some kind of two 4-tuples
(611, an,as, 04) and (bl, bz, b3, b4)
A perspective of the same type
can be seen with the point ¢34,
as the perspective center.

A\‘%“gr Note also that the Desargues

/ , : : !
‘ § 7S axiom applied to this config-
\!2§4ﬁ uration forces the line which

0
.,)'//A\ joins intersection points of the
/AN
|

lines in pairs (ay,a3,a3,a4) and

(b1, b3, by, by) to pass through p.

Cp

Figure 2: The projectively embeddable (154203)-multiveblen configuration s,
constructed in the proof of 2.7.

(1) |#2(X) \ Po| <1 (i.e. either Py is the complete graph Kx or it is Kx with exactly
one edge deleted).

(i) If |92(X) \ Po| = 1 then |X| < 3.
(iii) One of the following three conditions holds:

1. P1 contains p and every pair {s, t} withs € pand t € X,
2. Py contains p and {s,t} ¢ P; foreverys € p, t € X,
3. p &Py {io,t} & Prand {iy, t} € Py forevery t € X, where p = {iy,ir}.

In every one of the above three cases either Py ~ Kxyp or Py is equivalent to Kx
with one edge (taken from (X)) deleted.

Keeping in mind the equality Gy(X U p) = MQDKXGZ(X) we see that every
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combinatorial Grassmannian G;(X) can be presented in the form (1), where ei-
ther |Xy| = 2 and then the series (1) begins with a single point G2(Xy) = G2(2),
or | Xo| = 3 and then (1) begins with a single line G,(Xp) = G2(3).

Let n > 2 be an integer. We define the regular multiveblen configuration R,
as follows. If n = 2k for some integer k then we take m = 2, if n = 2k + 1 we set
m = 3; in both cases we obtain n = m +2(k — 1). Letq = {1,2}, X = {1,...,m},
pl = {m+2j—1,m+2j}forj=1,...,k inparticular, p* = {m + 2k — 1, m + 2k}.
Let P = @(XUplu...upF1\{g}. If m =2then Py := P A X = Nx;if m =3
then Py ~ Nx. LetusputP PAXUptU...Upl) for0 < j < k. We set

1
R, Mé’(uplu R ( (Jvt;upl%l (M &, G2(X)) . )
In particular, R, is simply B(g), Rz = B(3) is the Veronese configuration U°, and
(up to an isomorphism) Ry is the configuration on Figure 2, defined in the proof

of 2.7. In general, R, is a ((”gz)n (”;2)3)-Configuration. Intuitively, we can write

%n+2 — MHDPH_‘ISR”.

Construction 2.9. Let X = {1,2,3},r = {1,2}, p' = p = {4,5}, > = q = {6,7},
and let P; = ©,(X U p) \ r be a graph on X U p; let Py = P; A X. Evidently
Py ~ Nx and thus My := M GZ(X) = 9° is a Veronese configuration. By

definition, R = MXUp P,

with characteristic unequal to two and let B,y be two scalars such that ¢, #
1,—1,0and v # 2, —2. Let us consider the following map F defined on the points
of 9‘{51

my. Next let 3 be the projective 3-space over a field

7 [1,0,0,0, ¢ =p=clas— [1+526,0,—26],

al — [1/ 1/_1/ 1]/ bl — [1/,81 _,B/,B]/ az — [1/,81,81,3]/ bz — [1/ 1/ 1/ 1]/

b4 — [1/ 1/ _1/ _1]/['14 — [1/,81 _ﬁ/ _,B]/ b5 — [1/,81 ﬁ/ —'B],[l5 — [1/ 1/ 1/ _1]/
/{12} = C{lZ} — [O O 1 O]

aZ—C{24}>—>[0011] bl—C{15}l—>[001 1]

ﬂl = C{l,4} — [1 +‘B 2‘3 2‘3 0] bé = C{Z,S} — [ +‘B,2‘B,2‘B,O],

as — [1,yu,u, 'zyﬁu] by — 1, Joe, 70l 3)
where u = P Gy VRl g s

setpu:=pu—v, A:=pv—u, f/:=F—1, w:=p(u—0o) (then f(v —u) = —w)
C/{1,3} =cpig) (i, B'yuv + w, p'uv — w, ' yuv + wj,

C{{2,3} =y > (A Blyuo — w, Bluv — w, flyuv — wj,

a3 = 34— [A, Blyuv — w, luv + w, flyuv + wj,

by := c(35) — [, Byuv + w, p'uv + w, Blyuv — wl.

A direct though tedious computation shows that the map F embeds A5 into L.
Thus our construction proves that the (21 5 353) -multiveblen configuration Rs can be
embedded into a projective space.

The above embedding can be further extended to an embedding of Ry (its
soundness was verified with the help of Maple V,p #1,—-1,2, -2, %, 7, B, Bo # 1,
and similar); we put:

F(ay) = [1,w1,wo, w3],  F(by) = [1, pws, pw2, pws),
F(bg) = [1, w1, —w2,ws3], F(ae) = [1, pw1, —pw2, pws].
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After that the coordinates of the points F(cy; ;) withi € {6,7} can be directly
computed.

We see that the above procedure can be continued by adding suitable pairs
ag,bg, ag, by, ... ay, box, axx11,boxy1 on lines through g, which should yield an
embedding of PRy, 1 into *P. O

Construction 2.10. Now, we shall extend the embedding of 934 given in the proof
of 2.7 to a projective embedding of Ng. First, we note that the substructure of is
spanned by the points on the lines through g and ay, ay, a4, as is exactly Ry; its
embedding (2) given in the proof of 2.7 differs from that of 2.9 in the ordering of
some symbols in pairs a;, b;.

Let F be defined as in 2.9. Let us write 0i = i forfori < 2and oi = i+ 1
for 2 < i < 6 and let us label the points on the lines of R4 through p® = F(q)
by a;, b; in a standard way. It is a matter of simple (computer-aided) computation
that the map G defined by G(ai) = F(am‘), G(bl) = F(bm‘), G(C{i,j}) = F(C{O'i,O'j})
is an embedding of 9¢ into P.

We see that this embedding can be further extended to an embedding of PRy

to L. O
Finally we obtain our main result

Theorem 2.11. Let 9 be a regular multiveblen confiquration. If 9N can be embedded
into a projective space then either I = Gy (n) or M = R, for some integer n.
Proof. Let M be defined by (1); we define inductively

My := Gy(Xp), M;:= Mfgj_l%j_limj_l,
and then 9 = M. Recall that the structure 9; is defined on #5(X;). Letm = | Xy
and let n > 4 be the degree of a point in 9. From the construction, |X;| = m + 2k;
we have n = (m + 2k) — 2 and thus |X;| = n + 2. From the assumptions, the
graph Py_; determines all the graphs P; with j <k — 1.

Clearly, if 91 can be projectively embedded, its subspace 9,1 can be pro-
jectively embedded as well; continuing we obtain that 9; can be projectively
embedded forevery j =0,...,k—1.

If k = 1 then for m < 4 our claim is evident: 91 is either the Veblen configu-

1
ration G, (4) (m = 2), or the Desargues configuration G,(5) = M;ODKXO G (Xp) =

M3>K3G2(3), or the Veronese configuration ° = M;>y, G2 (3). If m > 4 from 2.5

we get that 9t admits a projective embedding if and only if 9 = G, (X U p) for
some two-element set p.

If k > 1 we apply consecutively 2.8 to determine possible P; for j =0,... k —
2. Assume that there are distinct ip, jo € Xo with X' := {ip, jo} ¢ Po. In view of
2.8 we have m = |Xy| < 3; from 2.7, 2.8, and 2.9 we infer that either 91, is Ry
(m = 2,9 = B(2)) oritis Rs (m = 3, M = U°). In both cases X' ¢ P, for
I > 0but |X;| > 3 so, in view of 2.8, the graph P, has the form #,(X;) \ X’ and
M; = Ry10- (In accordance with 2.9 and 2.10 structures 91, with [ > 2 can be
projectively embedded and after all 9t can be projectively embedded.)
Finally, suppose that there is a pair s := {i, j} of distinct elements of X; such that
s ¢ P for some | > 0 but Py = Ky, for all I’ < . This yields, in particular, that
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My = Go(Xp) for every I’ < [ and thus M) = Gp(X;_q). If | = k—1 from
2.5 we obtain that necessarily M = G,(X;). Assume that/ < k — 1 and have
a look at M, 1. Applying 2.8 we obtain |X;| < 3, which is impossible and thus
731 = KXZ' u

A Starting from another representation of the Veblen configu-
ration

The construction of a multiveblen configuration as defined in (1) can also begin
with the representation of the Veblen configuration §) in the form $ = G;(4) =
(92(X), #1(X), D) (where | X| = 4, cf. [10]). To complete our results we prove

Proposition A.1. Neither My> G (4) nor My, Gy (4) can be embedded into a Desar-
gquesian projective space.

Proof. Let X = {1,2,3,4} and P be a graph defined on X such that P ~ K4 or
P ~ Ly. Say, P = Kx or P = {{1,2},{2,3},{3,4} }. Consider M = My>,G;(X).

Suppose that 9 is embedded into a Desarguesian projective space ‘B. In any
case P AY =~ Ky, where Y = {1,2,4}. Consequently, {1,2}, {1,4} and {2,4}
are collinear in 8. From the definition of G}(X) the points {1,2}, {1,4}, {1,3}
are collinear as well and thus all the points of G;(X) should lie on one line of 3,
which is impossible. u

Proposition A.2. The structure M4>N4 G; (4) can be embedded into a Desarguesian pro-

jective space.®

Moreover, when M, G*(4) is embedded into a Desarguesian projective space B

then the characteristic of the coordinate field of °B is 2, that is °B satisfies the projective
Fano axiom.

Proof. Write R} := MQDNXGi(X), where X = {1,2,3,4}. Let us start with an
analysis of possible embeddings of R} into a projective space ‘B. As usual we
write ¢} [i} for the common point of 4;, aj, b;, b], which exists in . Observing the

triangles a1, a3, b3 and by, by, a3 of P with the perspective center p we obtain that
the points ¢y 33, ¢1p 3y and cf {10} are collinear; similarly, the points c(q 41, ¢(24},
0?1’2} are collinear, which gives C?l,z} = C(34}- With the same technique we obtain

C{i,]'} = C?i/’]‘/} whenever {i,j, i/,j/} = X. (4)

Therefore, the given points yield an embedding of M%m, i, G2(X) as well — it suf-
f1ces to note that with %( ) X\uforu € 9(X)we obtam Cuy» Cuy, Cug 1S @ line of

G;(X) if and only if cul, iy Ciry 18 @ line of Go(X). And conversely, every projec-
tive embedding of M% i, G2 (X) which satisfies (4) yields a projective embedding
of Rj.

®From a more general perspective, the existence of the required embedding is a conse-
quence of some results on linear completions of multiveblen configurations: M, Gz( ) and

Mypy, G2(4) = G2(6) have the common linear completion: the projective Fano 3-space, cf. [12].
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Next, since c3 4y | a1,a,,as, by, {24} | ap,b4,aq, a3, and C{1,4) | a1, by, ay, a3 the
points ay, ay, a3, by yield in °B a quadrangle with the diagonal points ¢ (1,4}, C{2,4}/
¢(3,4}, which are collinear and thus 3 contains a closed Fano configuration.

Finally, to construct an embedding of R} into a Desarguesian projective space
it suffices to take a closed Fano configuration in a projective space P (thus coor-
dinatized by a field with characteristic 2; to ensure that the procedure works one
can assume that dim(3) > 2), a point p not on a plane that contains this configu-
ration, and an image of this Fano configuration under suitable homology. m

However, no series of projectively embeddable iterated multiveblen configu-
rations may start from G} (4).

Proposition A.3. Let Xo = {1,2,3,4}, pl ={5,6}, X1 = XpU pl, and pz = {7,8}.
2 2 1

Assume that Py ~ Ny,. The structure Mil Dpliﬁi = Mil >p, (Mg’(ODPOG;(XO)) cannot

be embedded into a Desarguesian projective space for any graph Py defined on X.

2 1
Proof. Write I = M} >, (MiobpoGi (Xo)). Suppose that M is embedded into a
Desarguesian projective space ‘B, then from A.2 °B satisfies the Fano axiom, be-
cause M contains R embedded into . Observe the quadrangle cyy 5y, c(16),

{25}, {26} lts diagonal points in ‘P are the following: pl = C(5,6), C{1,2}, and
Cl1y = C(34y thus L(p', c{1,2),¢(3,4})- Analogously we obtain L(p', ¢y 33, ¢1241),
and therefore the point p! is the common point of the lines m and
{13}, C{2,4)- Next, let us observe the substructure 91 of 90 spanned by the lines
that pass through p? and have numbers in Xo; it is embedded into the same pro-
jective space ‘P and it is seen that 91 = Mgfobpl A x,G2(Xo). This yields that (in
particular) P; A Xo =~ Nx,; what is more important, analogous reasoning ap-
plied to the quadrangles ay, a5, by, by and ay, a3, by, b3 gives that p? is the common
point of the lines m and m This finally gives p! = p?, which is
impossible. n
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