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Abstract
We consider the generalized Wirtinger inequality
1/p

T 1/q T
(/ a,u|q> <C (/ alp|u/|lﬂ> )
0 0

with p,g > 1, T > 0,a € L'[0,T], a > 0, a # 0 and where u is a T-periodic
function satisfying the constraint

T
/ alul1%u = 0.
0

We provide the best constant C > 0 as well as all extremals. Furthermore, we
characterize the natural functional space where the inequality is defined.

1 Introduction and main results

Wirtinger type inequalities are of interest in various areas of analysis and math-
ematical physics, including the Wulff theorem [3], quasiconformal mapping the-
ory [8], p-Laplacian systems [11]. In view of their applications, they received a
considerable attention in recent years. See, e.g., [1, 2, 4, 9, 14] and the references
therein.
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In reference [14], the following weighted Wirtinger inequality is considered:

27 27
/ au? < C/ a tu'?, 1)
0 0

where 2 > 0 and u is a 27r-periodic function satisfying fozn au = 0. By a tech-
nique introduced in [13], the sharp value of the constant C > 0 is a key ingredi-
ent in [14], which is used in order to obtain a sharp Holder estimate for two-
dimensional, divergence-form, elliptic equations with unit determinant coeffi-
cient matrix. Such equations are closely related to quasiconformal mappings and
Beltrami equations, see [8, 15]. In this context, the coefficient a, which is related
to the coefficient matrix of the elliptic equation, naturally satisfies the assumption
a,a”! € L*[0,27]. By the diffeomorphism y = 27( 027[ a)~1 [, a(t)dt, inequal-
ity (1) reduces to the case a = 1, which is the standard Wirtinger inequality. Thus,

2
we obtain C = ((27‘()_1 Ozn a) . Moreover, the extremals are given by u(x) =

asin (@71 [ adt + 6) for somea # 0and 6 € R, whered = (27) ! 027[ adt. Such
a value of C suggests that inequality (1) should hold true in the more general case
a € L1(0,27). This fact was established, among other results, in [4]. Furthermore,
in [5] the best constant C > 0 in the more general inequality

27 21
/ alulf < C/ al =P |u'|P ()
0 0

is given. Here, a € L'(0,271),a > 0,a Z0and uis a 27t-periodic function satis-
tying fozn alu|P~2u = 0. We note that the proofs in [4, 5] are based on an approxi-
mation argument involving truncations, which does not allow to characterize the
extremals.

In this note we consider the following generalized Wirtinger inequality

T 1/9 T 1/p
(/ a|u|‘7> <C (/ al_P|u’|P) (3)
0 0

where p,g > 1, T > 0,a > 0,a # 0,a € L'[0, T] and where u is a T-periodic
function satisfying fOTa|u|‘7_2u = 0. When p = g, (3) reduces to (2). We note
that, although the underlying reason for which inequality (3) holds is a rescaling
argument, the rigorous analysis is not obvious under our general assumptions
on 4. Indeed, 2 may vanish on a set of positive measure. In fact, one of our
problems is to identify a natural space X where inequality (3) is defined. In the
space X we can characterize all extremals in terms of generalized trigonometric
functions [7, 9, 10, 11]. Then, we show that X includes the natural weighted
Sobolev spaces defined in the usual way, by approximation by smooth functions
or by distributional derivatives. We show that for some particular choices of g,
such weighted Sobolev spaces may be strictly included in X'.
More precisely, we define:

X
X:{u:[O,T]—HR: EIUGW;g;(]R)suchthatu(x):LI< L /a)},
0

T
Joa

where Wﬁgﬁ(]R) = {u € W'P(R) : uis T—periodic}. With this notation, we have:
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Theorem 1.1. Let p,g > 1and T > 0. Leta € L'[0,T],a > 0,a # 0. Then, the
following Wirtinger inequality holds:

1/p

T 1/q . T
</ a’,/,’ﬂi) Sﬁl/p H/qC(P,q) </ al_plu’|p) 4)
0 0
for every u € X such that
T
/a]u]”’_zu:&
0
whered = T~1 fOTa and
1 1/q 1/p* 1/p—1/q 1 1 -1
o= B Q) ()]

Throughout this note, for every p > 1 we denote by p* = p/(p — 1) the
conjugate exponent of p. Moreover, B(«, ) denotes the Beta function

(a, B) = / t*~1(1 - t)P~1dt = B(B, )

foralla,p > 1.
In Section 2 we show that X is a Banach space and we compare it to the
weighted Sobolev spaces, as defined in the usual ways. More precisely, setting

T
A= {u € CY(R) : uis T—periodic and / a7 PP < —|—oo} ,
0
we show that || - || defined by

T 1/q T
Jull = () alult) " ()t
0 0

is a norm on A (recall that we allow a to vanish on a set of positive measure). We
define # as the closure of A with respect to || - ||. We show that H C X". Finally,
we compare X with the space

1/p

T
W= {u c L0, T) : /0 a'"P|u'|P < +oo and u(0) = u(T)} ,

which was considered in [4, 5]. We show that WW = &, so that the assumption
uell [0, T], which is needed in order to define the distributional derivative of u,
but does not seem natural in (3), is actually not restrictive. We also show that for
particular choices of a, we may have H # )V, unlike what happens in the usual
Sobolev spaces, see [12]. It follows in particular that Theorem 1.1 holds for all
functions belonging to the traditional weighted Sobolev spaces.

In order to characterize the extremals for (4), we use generalized trigonometric
functions, which we now briefly define. See [7, 9, 10, 11] for more details. Let
p,q > 1. The function arcsin,, : [0,1] — R is defined by

ingg() = [
arcsing, (o) = 0 (=P
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Then, we have
1 11 T
arcsingg(1) = —B (—,—) = A
AN 2
The function arcsing, : [0,1] — [0, 722] is strictly increasing and its inverse func-
tion is denoted by siny,;. The function siny, is extended as an odd function to the
interval [—71,4, 7p4] by setting sin, (t) = siny, (77 —t) in [71p5 /2, 7Tp4], sing, () =
— siny,(—t) in [—71p4,0], and to the whole real axis as a 271,;—periodic function.
The function {(t) = singp+(74p+t) is the unique solution of the initial value prob-
lem:

(!u’|p_2u’)’+%(!u!"‘2u)20, u(0) =0, w'(0)=1

and it satisfies:

/ /
1€ :inf{ Il : u € WHP(R) \ {0}, uis 2 — periodic (6)

12114 ]l
1
and/ lu|72u :0}
-1

=C '(p,q),

where C(p, q) is the constant defined in (5). Moreover, any minimizer for (6) is of
the form u(t) = a&(t + ) for some a« # 0 and § € R. It should be mentioned
that the existence of the minimum in (6) and the explicit value of C(p,q) were
obtained in [2] in a more general setting, and further generalized in [1].

At this point, we can state the sharpness of Theorem 1.1.

Theorem 1.2. Let u € X. Then u satisfies inequality (4) with the equal sign if and only
if u is of the form

X
u(x) = a singp- (nqp* %/0 adt + 5) ’ (7)

0
for some a € R\ {0} and for some 6 € R.

The remaining part of this note is devoted to the proofs of Theorem 1.1 and
Theorem 1.2.

2 Some weighted Sobolev spaces
2.1 The space W
The following space was considered in [4, 5]:
W= {u c LYo, T]: /OTal_p|u’]p < 4o0and u(0) = u(T)} ,

where 1’ denotes the distributional derivative of 1. We first check that W is well-
defined.
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Lemma 2.1. Let a € L'[0, T] and let f : [0, T] — R be a measurable function. Then,

INEA |f|pa1_p)1/;7(/;0)@_1)/5

Proof. The proof follows by the Holder inequality. ]

In view of Lemma 2.1, we have that u’ € L]0, T] for all u € W. It follows that
u is absolutely continuous. In particular, the periodicity condition u(0) = u(T) is
well-defined. When p = g, it was shown in [4, 5] that Theorem 1.1 holds for all
u € VYV by an approximation argument. A natural question is whether one can
define a suitable functional space for inequality (4) which does not require u €
LY[0, T]. Indeed, this condition is only used to define the distributional derivative
of u, and does not seem natural for (4).

In what follows, we consider some other natural functional spaces.

2.2 The space H

For k > 0, let Cé‘)er(IR) denote the space of C* functions defined on R which are

T-periodic. Lets > 1,b € LY[0,T],b > 0and b # 0. Let | - |55 be the seminorm

defined on Cper(R) by
T 1/5
() o)
0

T
A= {u € Clloer(]R) : /0 al PP < -I—oo}.

For each u € A we define

T, 1/p
e =lulst ([ o)

Lemma2.2. Leta,b € L'[0,T], a,b > 0,a,b # 0. Then, || - |45 is a norm on A.

|u

Let

Proof. We need only prove that ||u||, s = 0 implies u = 0 for every u € A. To this
end, we observe that ||u]|;,; = 0 if and only if [} blu|* = 0and [, a'~7|u'|P = 0.
Then, since a’~? > 0 a.e. in [0, T], it results ' = 0 a.e. and therefore, since 1’ is
continuous, u’ = 0. It follows that 1 = ¢ = const. From fOTb > 0, we conclude
that fOT blul® = ¢* fOT b = 0 and therefore ¢ = 0. ]

We denote by H,, s the closure of A with respect to the norm || - || 5.
Proposition 2.3. Lets,s > 1, bbc L'(0,T), b,b>0andb,b % 0. Then
Hy,s = Hy;- C L7[0, T

as sets of functions.
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Proof. Letu € H; 5. We note that fOT |u/| < oo. Indeed, by Lemma 2.1, we have:

T T Ve, o7 \P-D/p
[t (e ) fa) ®
0 0 0
T N (P=D/p
<l ([a) <

Let u, € Cl..(R) be a Cauchy sequence in H;s. Then, fOT bluy, — uy|* — 0 and

per
T 1_ .

fo al=Plul, — ul,|P — 0, as m,n — oo. Furthermore, by (8) with u = u, — u,, we

have

(p—1)/p

T T 1/p T
[l <( [ @) ([a) o

E={xe0,T]: b(x) >0}

We observe that the seminorm | - |, ¢ restricted to the functions defined on E de-
fines an ordinary weighted Lebesgue space L; (E). Then u,|g converges in L; (E)
and there exists a subsequence u,, which converges a.e. in E. Let xo € E be such
that u,, (xo) converges. By the fundamental theorem of calculus, for ally € [0, T

we have uy, () = un, (x0) + xyou;k, Un, (y) = uy, (x0) + sz) uy,, and consequently

Let

() =t () =t 0) =, (0) + [, ).

It follows that

T
Sup 1t () = b, ()] < Jit, (x0) = 10, (x0)| + [ Juh, =1, | 0
yelo,T] 0

as h,k — oco. Therefore u,, is a Cauchy sequence in L®[0, T] and there exists
v € Cper(R) such that u,, — vin L*[0, T]. We now prove that the whole sequence
u, converges to v in L*[0, T]. To this end, let Uy, and Uny, be subsequences of u,,
such that

Uny,, — U1 Uny,, — V2,

with v1,v; € C[0, T]. We have:
T 1/5
(o)
0

T S
(/0 b|”nh,1 - u”h,2| )
T 1/s T 1/s
</0 b|u”h,l - vl|s) - (/0 b’uﬂh,z - U2|S) :

. T T T
Since fo blu,, — tin,,I° — 0, fo bluy,, —o1]* — 0, fo bluy,, —va* — 0 we

1/s

T
obtain fOTb|Ul — vp|* — 0. That is, /0 blv; — v2]° = 0 and consequently v; = v,

in E. We have proved that any convergent subsequence of u, converges to v in
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L*(E). We conclude that u, — v in L*(E). We fix xo € E. By the fundamental
theorem of calculus, for all y € [0, T| we have u,(y) = u,(xo) + sz) uh, um(y) =

um(x0) + [ Jz) u!, and therefore

0n(y) = tn(y) = 0n(x0) = o (x0) + [, = ).

It follows that, for all y € [0, T7:

T
() = 1 ()] < it (0) = 0 ()| + [y = | .

Equivalently,

|un — timlleo = sup |un(y) — um(y)| — 0
ye(0,T]

as m,n — oo. We conclude that u, is a Cauchy sequence in L*[0, T| and u,, — v
in L*[0, T] for some continuous function v. At this point it is readily seen that u,
is a Cauchy sequence in H; .. Indeed, we have:

T _ T
[ Bl =l < it =l [ 5.
0 0
We conclude that a Cauchy sequence in H s is also a Cauchy sequence in H; .
Therefore, as sets, Hy, = Hj; . [ |
In view of Proposition 2.3, we set
H = Hys

forany b € L'[0,T],b > 0,b # 0 and for any s > 1.

3 Proof of Theorem 1.1 and of Theorem 1.2

Leta € L'[0,T],a > 0,a # 0 and let p > 1. We consider y : [0, T] — [0, T] defined
by
X
y(x) =7 ! / a(t) dt,
0

where @ = T~! fOT a. The function y is well-defined, nondecreasing, absolutely
continuous and differentiable a.e. We denote by WFl,’e@ the set of functions in

WLP(IR) which are T-periodic. For every U € W;’J; we define u(x) = (YU)(x) =
U(y(x)). By taking difference quotients, we see that u is differentiable a.e., and

W (x) = U (y(x) ")

for almost every x € [0, T|. We recall the following general version of the change
of variables formula, see, e.g., [6], Theorem 9.7.5, p.245.
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Lemma 3.1 ([6]). Let g be a nondecreasing absolutely continuous function on [, B] and
let f be integrable on [g(«), g(B)]. Then, (fog)g’ € L[, B] and

/f(fog)g’ = /;(f)f

1/
X = 1~Ij(vvpe;17r)~

We set

Lemma 3.2. The mapping ¥ : W;gi — X is an isomorphism of Banach spaces.

Proof. In view of Lemma 3.1, we have:

T T
/ alul? dx =5/ U\ dy )
0 0
T T
/ al =Pl |P dx =a+ " / \u'|P dy. (10)
0 0
We note that & is complete with respect to the norm || - ||, 4 defined in Section 2.

Indeed, in view of (9)-(10), if u, = ¥(U,) € X is a Cauchy sequence, then U, is
a Cauchy sequence in ngi. Then U, — U in Wég; and u, — u = ¥(U). Now the
claim follows by the Open Mapping Theorem. n

In the next lemma we clarify the relations between H, WV and X

Lemma 3.3. There holds:
HCW=2X.

Proof. We first show that % C X. Let u € H. We may assume that u € C1. In the
degenerate case where infa = 0, the function y(x) may have some “flat regions”.
Namely, there may be x/,x” € I, ¥’ < x” such that y(x') = y(x”) = y(x) for
all x € [x/,x"]. In this case, a = 0 a.e. in [x/,x”]. Since fTal_Pu’ < 400, we
derive that u =const in [x/, x”] and in particular u(x") = u(x"). It follows that
U(y) = u(x(y)) is well-defined and continuous and moreover u(x) = U(y(x)).
Furthermore, since x(y) is monotone, it is differentiable a.e. It follows that U is

differentiable a.e. By change of variables, asin Lemma 3.1, U € Wligi andu = YU.
Hence, u € X.

Now we show that W C X. Letu € W. Let x; € [0, T| be a jump disconti-
nuity point for x(y). Then, there exists x, > x7 such that y(x) = y(x1) = y(x2)
for all x € [x1,x2]. In particular, a = 0 for almost every x € [x1,x2] and conse-
quently u’ = 0 for almost every x € [x1, xp]. It follows that u(x) = u(x1) = u(x)
for every x € [x1,xp]. Therefore, the function U(y) = u(x(y)) is well-defined
and continuous. Moreover, consideration of difference quotients yields U'(y) =
u'(x(y))x'(y) for almost every y € [0, T]. We claim that the almost everywhere
derivative U’ is the distributional derivative of U. To this end, let ¢ € C%,er(lR).
Since u’ is the distributional derivative of u, we have

[ ety = [ @)=~ [ uxel (y(x)y () dx
0 y)e\y)ay = 0 Py = 0 ¢y y

=— /OT U(y)¢'(y) dy.
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Hence, u = YU with U € W;g; and therefore u € X.
Finally, we show that X C W. To this end, let U € W;g;(]R) and let u(x) =

U(y(x)). Then, u is continuous and T-periodic. Moreover, by taking difference
quotients, we have that u is differentiable a.e. in [0, T| and the pointwise deriva-

tive is given by
W (x) = W (y(x)y' (%)

for a.e. x € [0,T]. We have to show that u’ is the distributional derivative of
u. Since U’ is the distributional derivative of U, for any y; € [0, T] we have
U(y1) = U(0) + [{"U'(y)dy. Letx; = inf{x € [0,T] : y(x ) = 1} By the
change of Varlables formula Lemma 3.1, we obtain u(x1) = u(0) + f;" /(
Let x; = sup{x € [0,T] : y( ) = y1}. Then y'(x) = 0forall x € (xl,xz) and in
view of (3), we have u(x) )+ [y u/(t)dt forall x € [xl, x7]. Since x(y) only
admits jump dlscontmultles we conclude that u(x) ) + f t)dt for all
€ [0, T]. It follows that u’ is indeed the distributlonal derlvatlve of u In view
of (10), we conclude that u € W. [ |

By the following example we see that for some particular choices of a, the
space H may degenerate to the space of constant functions, and in particular
‘H # W, unlike what happens in the usual Sobolev spaces, see [12].

EXAMPLE 3.1. There exists a € L1 [0,T],a > 0,a # 0 such that

H = {cleer # W.

Indeed, let C C [0, T| be a Cantor set such that |[C| = T/2 = |[0,T] \ C|. Let
a = xc, the characteristic function of C. We claim that H = {c}.cr. To see this,
recall that C and [0, T] \ C are dense in [0,T]. Let u € A, where A is defined
in Section 2. Since a'~? = +4oc0 on [0,T] \ C, we have u’ = 0 on [0,T] \ C. By
continuity, #’ = 0 on [0, T]. It follows that u is constant. Now let u € H. Then,
there exists u, = c, € A such that c, — u with the respect to the norm | - |4
It follows that ¢, is bounded, ¢, — ¢ € R and u = c. We conclude that for this
choice of a, H is the space of constant functions.

Finally, we provide the proofs of our main results.

Proof of Theorem 1.1. Let u € X. Then u(x) = U(y(x)) for some U € W;gﬁ(lR).
The functions u, U satisfy the identities (9)-(10) and moreover:

T T
/a|u|”’_2u:ﬁ/ u|i—2u = o.
0 0

Therefore, using (6) we conclude the proof. n

Proof of Theorem 1.2. Uniqueness of the extremals in W;g;(]R) implies uniqueness
of the extremals of the form (7) in X. ]
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