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Abstract

In this paper we study the problem of decomposing a Holder continuous
k-grade multivector field F} on the boundary I' of an open bounded subset
Q in Euclidean space R" into a sum Fj = F,;Ir + F, of harmonic k-grade
multivector fields F; ,;t in 0y =Qand Q- = R"\ (QUT) respectively. The
necessary and sufficient conditions upon Fj we thus obtain complement those
proved by Dyn’kin in [20,21] in the case where F}; is a continuous k-form on
I'. Being obtained within the framework of Clifford analysis and hence being
of a pure function theoretic nature, they once more illustrate the importance
of the interplay between Clifford analysis and classical real harmonic analysis.

1 Introduction

As is well known, a k-vector in R™ can be interpreted as a directed k-dimensional
volume. Such entities were first considered by H. Grassmann in the second half of
the 19-th century. He thus created an algebraic structure which is now commonly
known as the exterior algebra (see [10]). At about the same time, Sir W. Hamilton
invented his quaternion algebra which a. o. enabled him to represent rotations in
three dimensional space. In his 1878-paper, W. K. Clifford united both systems into
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a single geometric algebra named after him (see [11]).

Clifford analysis, a function theory associated with the Dirac operator, has be-
come an autonomous mathematical discipline since the 1980’s. It comprehends
several other analytic theories that have been developed for solving problems in
higher dimensional space. For more detailed information, we refer the reader to
[7,23,24,26,29,30] and the many references therein.

For a survey on recent research in Clifford analysis and its applications, we refer to
[6,31,33,37]. In a series of papers (see e.g. [13,18,19,32,36]) one can find historical
notes on Clifford analysis.

It was shown in [34] how Clifford analysis can be used to describe boundary values
of harmonic fields which are in one-to-one correspondence with a subclass of Clifford
algebra valued functions. In [21] E. Dyn’kin studied the following problem: Given
an open bounded domain €2 of R” with C'-boundary I'" and a continuous k-form w
on I', under which conditions can one represent w as a sum w = wy + w_, where
the forms w4 are harmonic inside €2 and outside €, respectively? The proof of the
necessary and sufficient conditions given in [21] Theorem 2, is essentially based on
an asymptotically harmonic extension of w to the whole of R™. In [20], the case of
harmonic vector fields, i.e. the case k = 1, was already dealt with.

As harmonic k-forms and monogenic k-grade multivector fields are intimately re-
lated to each other (see §2.2), the previous problem formulated by Dyn’kin for
k-forms may as well be outlined for k-grade multivector fields. This idea suggests
the problem to be posed within the framework of Clifford analysis. It is exactly this
view-point which underlies the writing out of the present paper.

2 Preliminaries

We thought it to be helpful to recall some well known, though not necessarily fa-
miliar, basic properties in Clifford algebras and Clifford analysis such as: geometric
properties resulting from multiplication in Clifford algebras (§2.1); the equivalence
between the (d,d*) Hodge-de Rham system for k-forms and the monogenicity of
k-grade multivector fields (§2.2); results about the Cauchy transform in Clifford
analysis (§2.3).

2.1 Clifford algebras and multivectors

Let R%" (n € N) be the real vector space R" endowed with a non-degenerate
quadratic form of signature (0,n) and let (e;)}_; be a corresponding orthogonal
basis for R®™. Then Ry, the universal Clifford algebra over R%", is a real linear
associative algebra with identity such that the elements e;, j = 1,...,n, satisfy the
basic multiplication rules

2 _ s .
ej_—l,j_l,...,n,
€i€j+€jei:07 Z;’é]

For A = {i1,...,i} C {l,...,n} with 1 < i3 < iy < -+ < ip < m, put e4 =
€i €y -+ - €, , while for A =0, eg = 1 (the identity element in Ry ,). Then (e4 : A C
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{1,...,n}) is a basis for Ry,. For 1 < k < n fixed, the space Rgz of k vectors or
k-grade multivectors in Ry ,,, is defined by

R((f,)z = spang(eq : |A| = k).
Clearly
Ro, = > @RS
k=0
Any element a € Ry, may thus be written in a unique way as
a=lalo + [a]; + -+ [a],

where []; : Ry, — Rgz denotes the projection of Ry, onto Rl&n'
It is customary to identify R with R(()?,)l = R1, the so-called set of scalars in Ry,

and R™ with R(()},)L =~ R%" the so-called set of vectors in Ry,,. The elements of R(%)L
are also called bivectors.
Notice that for any two vectors = and y, their product is given by

TYy=x0y+T Ay

where

1 n
rey = §($Uy+y$) ==y
j=1

is -up to a minus sign- the standard inner product between x and y, while

1
TAY = i(xy —yx) = Z eiei(Ty; — x;y;)
i<j
represents the standard outer product between them.
More generally, for a 1-vector  and a k-vector Y}, their product zY} splits into a
(k — 1)-vector and a (k + 1)-vector, namely:

Yy = [2Yilh—1 + [2Y5]kt1,

where

Vil = ;@;Yk (—1)"Va)
and )
[2Ye]kr1 = 5 (aYe + (=1)*Ys).

The inner and outer products between x and Y}, are then defined by
roYy=[xYy]p—1 and x A Yy = [2Yi]ki1. (1)

For further properties concerning inner and outer products between multivectors,
we refer to [25].
Finally we recall the definition of the conjugation @ — @ and the norm |.| on Ry ,,.
For each j =1,...,n,

€j = —€;
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while for a, b € Ry,

(ab) = ba.
Notice that for any basic element e4 with |A| = k,

ea=(-1)

(k1)
2 ey.

For a, b € Ry ,,, we put B
(a, b) = [ablo = > aaba.
A

An inner product is thus obtained, leading to the norm |.| given by

laf* = [aa)o = _ .
A

2.2 Clifford analysis and harmonic multivector fields

Let 2 C R"™ be open and let f be an Ry ,-valued function in (2, say
fl@) =3 falz)ea, z € Q,
A

all f4 thus being real valued .

Such a function is said to belong to some classical class of functions on (2 if each of
its components belongs to that class.

Furthermore, let D be the Dirac operator in R™:

D= Z ejé?xj.
j=1

Then
D? = —A,

A being the Laplacian in R™.
For f € C1(R2), we define the left and right action of D on f by

Ofa
Df =) ejea=—
%A: J an

and P
D= Ry
f % eae; o,
]7

We say that f is left (resp. right) monogenic in Q if Df =0 (resp. fD =0) in €.
Notice in particular that if f = F' is scalar valued, then DF is the vector valued
function

" OF
DF = e;i—.
jz:; 'O

The action of D on F' may thus be identified with the action of the gradient V on
F.ie. DF may be identified with the classical vector field

oF oF
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If f = F is vector valued, i.e.

F = ZeiFi,
i=1
then the action of D on F is given by
" OF; oF; OF;
DF = — - iei(=L —
;6% +§€€](6mi 8xj)’

i.e., using inner and outer products,
DF=DeF+ DAF.
Clearly, identifying F' with the vector field F' = (Fy, ..., F,), we obtain that
De F = —divF’

and
DA F = curlF".

Consequently, a vector valued function F' is left monogenic if and only if F” satisfies
the system

(2)

divE" =0
curlf” = 0,

known as the Riesz system in R™ (see [38]).

Notice that a vector field F” satisfying (2) in €2 was called by Stein-Weiss a system
of conjugate harmonic functions in €2. As is well known, if €2 is simply connected, a
vector field F” satisfies (2) if and only if F’ is the gradient of a real valued harmonic
function H in €, i.e. F' = VH.

Finally, if f = F} is k-vector valued, i.e.

F.= ) eaFpa,
|Al=k

then, by using the inner and outer products (1), the action of D on F} is given by
DFk:DOFk—i—D/\Fk, (3)

where 1
De [, = §(DFk — (=1)"F,D) = [DF)i1

and ]

DA Fy = 5(DF + (=1)*ExD) = [DF]ps1-
As DFy = F}, D with D = —D and F} = (=1)"5 " F,, it follows that if F} is left
monogenic, then it is right monogenic as well.
Furthermore, in view of (3), F} is left monogenic in Q if and only if F}, satisfies in
Q) the system of equations

{D.szo @

DAF,=0
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A k-vector valued function Fj satisfying (4) in Q is called a harmonic k-grade
multivector field in €.
Now identify the k-grade multivector field F} in €2, where

Fp= > Fpaea,
|Al=k

with the k-form wy, in €2, where

W = Z Fk’AdiL‘A.
|Al=F

Hereby, as usual, for A = {iy,... i},
dra =dx;y N--- Ndz,,.

Furthermore, consider the Hodge-de Rham (d, d*)-operators, where

n 0 n 0
d = o=
;uk%k ;ﬂkaxk
with
pp(l) = dayg, pr(de;) = deg Ndx;,i=1,...,n
and

Then a straightforward calculation shows that for the k-vector field Fj, and its cor-
responding k-form wy, DF), = 0 in Q if and only if (d — d*)wy, = 0 in €, i.e. the
k-grade multivector field Fj is harmonic in 2 if and only if wy satisfies in ) the
Hodge-de Rham system
dwk =0
{ (5)

d*wk =0

In other words, after the identification between Fj, and wy, the systems (4) and (5)
are equivalent.

As is well known, k-forms wy satisfying (5) in € are called harmonic in 2.
Obviously, the systems (4) or (5) reduce to the Riesz system (2) in the case k = 1.
Solutions to one of these three equivalent systems are called harmonic vector fields.
For a more detailed discussion concerning the Hodge-de Rham (d, d*)-opera-

tors and the standard Dirac operator D in R", we refer to [23].

The following lemma will be much useful in the proof of our main result in section
4.

Lemma 2.1. Let u be an Ry ,,-valued C;-function in 0 admitting the decomposition

Then u is both left and right monogenic in § if and only if for each k =0,1,...,n,
[u] is a harmonic k-grade multivector field in €.
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An important example of a function which is both left and right monogenic is
the fundamental solution of the Dirac operator, given by
(0) = 4 7 € R\ {0}
e(r) =——, @ .
A [z["
Hereby A, stands for the surface area of the unit sphere in R”.
In the sense of distributions we have:

De(x —y) =e(x —y)D = 6.(y),

d:(y) being the generalized function in R™ such that for all ¢ € D(R™),

< 0:(y), o(y) >= o(x).

The function e(z — y) plays the same role in Clifford analysis as the Cauchy kernel
does in complex analysis. For this reason it is called the Cauchy kernel in R".
For a more general notion of the Cauchy kernel related to the Dirac operator on a
manifold, we refer to [12].

2.3 Cauchy’s Integral Formula

Throughout this paper, surface integration will be with respect to the (n — 1)-
dimensional Hausdorff measure H"~! in R™. This measure is defined in terms of
the diameters of various efficient coverings and it agrees with ordinary “(n — 1)-
dimensional surface area” on nice surfaces (see [22,27]).

It is well known that some basic results in Clifford analysis rely heavily on Stokes’
formula, which is usually stated on domains with a sufficiently smooth boundary.
The validity of this formula when the boundary is geometrically very complicated
is not at all obvious. Research on the problem of finding the most general form
of Stokes’ formula has much contributed to the development of Geometric Measure
Theory. The concept of the exterior normal v as defined in [22] was crucial in
establishing the following version of Stokes’ formula:

/(p(:c) o v(x)dH" ! (z) = /diwp(a:)dﬁ"(:c).

Hereby Q is an open subset of R™ with boundary T’ such that H" }(T) < oo,
v € C1(QUT) and L™ denotes Lebesgue measure in R”.

Using Stokes’” formula, basic integral formulae in Clifford analysis may thus be ob-
tained (see e.g. [7]). For the sake of completeness, we here recall Cauchy’s Integral
Formula.

In what follows we suppose that:

(i) Q is a bounded open domain in R™ with boundary I" such that
HHT) < oc;

(i) Q=9 Q_=R"\ (QUT)

(iii) w is an Ry ,-valued function
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(iv) v(x) is the vector valued exterior normal at = € T'.

Notice that multiplications appearing in the formulae below are performed in Rg,,.

Theorem 2.1 (Cauchy’s Integral Formula). (i) Let u belong to C1(Q2) N C(12).
If u s left monogenic in €2, then for x € €0,

u(@) = [ ely = awlyulm)an ()

r

(ii) Let u belong to C1(Q_) with u(oco) = 0 and suppose that w is continuously
extendable to I'. If u is left monogenic in ), then for x € Q_,

ulw) = = [ ely = wiy)uly)d(y)

T

Cauchy’s Integral Formula applied to a k-grade harmonic multivector field Fj, in
) which is continuously extendable to I' implies that

0= /e(y — ) e (v(y) ® Fi(y))dH"*(y);

Filw) = [{ely =) A (0(y) o Fil)) + ey — 2) o (v(y) A Fuly) aH" ()
0= [ ely =) A (v(y) A Fly)dH™(y). (6)

Of course, the application of the Cauchy Integral Formula to the case of a k-grade
harmonic multivector field Fj in €2_, which is continuously extendable to I'" and is
such that Fi(oco) = 0, leads to relations similar to those in (6).

We end up this subsection with the following results.

Theorem 2.2 (Painlevé). Let u, left monogenic in Q. U Q_, be continuously
extendable to I'. Then u is left monogenic in R™.

Theorem 2.3 (Liouville). Let u, left monogenic in R™, be bounded in R™. Then
u 1S a constant function.

3 Cauchy transforms on AD-regular surfaces

In this section we state some important results related to the Cauchy transform C
on I':

Cu)a) = [ ely = Dwlulm)dH (), = ¢ T,
r
and its singular version, the singular Cauchy transform S (also called the Hilbert
transform) on I':

(Su)(x) = Q/B(y — 2)v(y)(uly) — u(@)dH" " (y) + u(z), v €T,

the integral being taken in the sense of the principal value.
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3.1 Abhlfors-David regular surfaces

We will say that the set E in R” is an (n — 1)-set if H""1(E) < 400, where as above
H™! denotes the (n — 1)-dimensional Hausdorff measure.

The geometric condition H" 1 (E) < +o0 represents a natural condition without any
quantitative estimates on the size of the set E. Among (n—1)-sets, the rectifiable sets
of H. Federer (see [22]) form essentially the largest class where many basic properties
of smooth surfaces have reasonable analogues such as, for example, the existence of
tangent planes (defined in a measure-theoretic approximate way); parametrization
by Lipschitz maps, and an analogue of Lebesgue’s density point theorem. All these
properties are qualitative, without any estimates.

A curve v in the complex plane such that H' () < +o0o can be parametrized nicely
by a Lipschitz function. For (n — 1)-dimensional surfaces (n > 2) one can not, in
general, find such a nice parametrization.

Definition 3.1. A closed set E in R" is said to be Ahlfors-David regular (AD-
reqular) with dimension n — 1 if there exists a constant ¢ > 0 such that

Tt < HHEN Bz, 1)) <er™ (7)

for all x € E and r > 0, where B(x,r) stands for the closed ball with center x and
radius r

The requirement that the set E is AD-regular can be viewed as a quantitative
version of the property of having positive and finite upper and lower densities with
respect to H" L. For further information concerning AD-regular sets, the reader is
referred to [15,16,17,28|.

The AD-regular curves in the plane are closely related with the boundedness of the
singular integral operator

1(@) =2 [ ely = 2)u(y) f(y)dH ).

acting on LP (7).

Based on the works of Calderén [9], Coifman, McIntosh and Meyer [14], David [15]
proved that the LP() - boundedness of this singular integral operator holds if and
only if v is an AD-regular curve (in fact, only the inequality H'(y N B(z,7)) < cr
is essential, since in this case the lower bound is clear). For (n — 1)-dimensional
surfaces, n > 2, such a simple characterization seems impossible.

In [17] the authors studied singular integral operators on general finite dimensional
AD-regular sets. They showed that a large class of Calderén-Zygmund singular
integral operators are bounded on LP(E), 1 < p < +00, if and only if E is uniformly
rectifiable.

For the sake of completeness, we now recall some recently obtained results concerning
the boundedness of the Cauchy transform and its singular version on spaces of Holder
continuous functions on AD-regular surfaces. For their proofs, we refer the reader
to [1,2,3,4,5]
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3.2 Boundary values of Cauchy integrals on H  dlder spaces

Let K be a compact set in R and let u(z) be a continuous R ,-valued function
defined on K. The modulus of continuity of the function u is the non-negative
function w(u,t), t > 0, defined by the formula

wlu,t) = \ffﬁ)qﬂu(x) —u(y)l - z,y € K}.

The Holder space C**(K), 0 < o < 1, consists of those functions v € C(K) for
which
w(u,t)

t()é

lulla = [lullcu) + sup < 00
0<t<o

Hereby 0 = max, yex | — y|.

Provided with the norm ||.||, the space C%*(K) becomes a real Banach space.

In what follows, €2 is a bounded open subset of R" such that its boundary I' is an
AD-regular surface.

Theorem 3.1. The singular Cauchy transform S is bounded on C**(T"). Moreover
S? =TI, where T is the identity operator.

Theorem 3.2. Let u € C**(T'), 0 < a < 1. Then
(i) Cu € C**(QyL UT) with Cu(oo) = 0.
(11) Cu is left monogenic in R™\ T".

(111) (Plemelj-Sokhotzki Formula) For all z € T,

(CFu)(z) = lim (Cu)(z) = ;(Su(z) + u(z)).

Qi3dx—2z

Theorem 3.2 implies that u € C%*(T) can be represented as
u(z) =u"(z)+u (2), 2 €T, (8)

where u™(z) = (CTu)(z) and u™(2) = —(Cu)(2).
Moreover, the functions v have left monogenic extensions in €., respectively, such
that

ut € CO*(QLUT), u (00) = 0.

Finally notice that by means of the Painlevé Theorem (see Theorem 2.2), the de-
composition (8) is unique. It may thus be considered as a natural multidimensional
analogue of the well known Cauchy integral decomposition for a Hélder continuous
complex valued function on a closed curve in the plane.

Let us now consider the Cauchy transform acting on a k-grade multivector field F}.
It is easy to see that CF}, splits into

CFy, = [CFir—2 + [CFi]k + [CFi]p+2, (9)
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where

CR@)]e-2 = [ ely— ) o (v(y) ® Fuly))dH" " (y);
CR@) = [{ely = 2) A (v(y) @ Fuly)) + ely — 2) o (v(y) A Fely) K" (9);

CF@kr2 = [ ey = 2) A (v(y) A Fuly))aH™ ().

In view of (9) and the expression of S, we thus obtain by Theorem 3.2:

Theorem 3.3. Let F}, be a Holder continuous k-grade multivector field on I'. Then
forall z € T':

C*Fle)lia = 5 [ ey~ 2) o (u(y) o (Fily) — Felo)))aH"(y);

e
H_
-
—~
N
=
>
I
N | —
H—
Q
—~
<
|
I
S~—
>
—~
N
—~
<
S~—
[ J
—~
-
—~~
S—
|
-
—
I
SN—
S~—
S~—
3
3
|
—
—~
<
S~—
+

4 Harmonic decomposition for H d&lder continuous multivector
fields

As we already pointed out in the introduction, E. Dyn’kin studied in [20,21] the
problem of generalizing to Euclidean space R™ the classical Cauchy integral decom-
position for continuous functions on the boundary + of a bounded open domain in
the complex plane. The framework he used was the theory of harmonic differential
forms.
Now let €2 be a bounded open set in R™ such that its boundary I' is an AD-regular
surface.
As we have seen in (8), any u € C%*(T'), 0 < a < 1, admits a decomposition of the
form

u(z) =u"(z) +u (2), z €T,

where u* have left monogenic extensions to )., respectively.

It therefore seems natural to study Dyn’kin’s problem directly within the framework
of Clifford analysis.

We are thus led to consider the following problem: Under which conditions does a
k-grade multivector field Fy, belonging to C%*(T") admit the decomposition

Fi.(2) = Ff (2) + F} (2), z €T, (10)
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where F; ,;t are harmonic multivector fields in €2, respectively, such that
FF e C%(QyLUl), Fy (00) =07

The main result of this paper (Theorem 4.1) gives necessary and sufficient conditions
upon F}, in terms of its Cauchy transform CF}. As such, these conditions are of a pure
function theoretic nature, thus illustrating once more the powerfulness and elegance
of Clifford analysis techniques in dealing with higher dimensional problems.

Theorem 4.1. Let Fy, € C%*(T), 0 < a < 1. Then the following assertions are
equivalent:

i) The multivector field Fy, admits on I' a decomposition of the form (10)
ii) The Cauchy transform CFy(x) is both left and right monogenic in R™ \ T
ii) The k-grade multivector field [CFy(z)]y is harmonic in R™ \ T’

iv) The multivector fields [CFy(x)]k—2 and [CFg(x)]kt2 vanish in R™.

Proof: i) — ii)
Assume that
Fi(2) = Ff (2) + F (2), z €T,

where the k-grade multivector fields F are as in (10).
Then
CFy(z) = CF/ (z) + CF} (z).

In view of the assumptions made on Fj, we have that CF;" = 0in Q_, CF,, =0 in
Q. and that CFF(x) = FF(x) for x € Q.

Consequently

Ff(z), €,

Chile) = {F_(x) x €

But, as F; ,f is a harmonic k-grade multivector field in €24, CF}, is as well left as right
monogenic in R™ \ T".

it) — iii)

Let CFy(z) be left and right monogenic in R™\ I" and consider its decomposition (9)
in multivector fields

CF, = [CEi—s + [CFi + [CFrso- (11)

Then, by Lemma 2.1, [CFy);, | = k — 2, k, k + 2, are harmonic [-grade multivector
fields in R™ \ I" and so is in particular [CFyi.

Consider again the decomposition (11) of CFy.

As CFy, itself and as moreover by assumption [CFj]j are left monogenic in R” \ T,
we have that in R™ \ I, by letting act D from the left on (11):

D([CFylk—2) + D([CFi]p+2) = 0.
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Furthermore, as D([CFy|r—2) and D([CFylg12) split into a (k — 3) and a (k — 1),
respectively, into a (k + 1) and a (k 4+ 3) multivector, we obtain by the uniqueness
of the decomposition into multivectors, that in R™ \ I":

D([CFk]k,2> =0 and D([CFk]k+2) =0.

Consequently, the multivectors [CFy|,—2 and [CFy|i+2 are harmonic in R™ \ T'.
Moreover, in view of Theorem 3.3, for all z € T,

[CT Filr—2(2) = [C7 FrJr—2(2)
and

[CT Filka(2) = [C7 Filisa(2).
The Painlevé and Liouville Theorems 2.2 and 2.3 then imply that

[CF]C]]C_Q = 0 and [CFk]k+2 =01in R".

) — 1)
First notice that, as Fj, € C%*(T), then by means of the Plemelj-Sokhotzki formula,
forz e’

Fk(Z) = C+Fk(2) — CiFk(Z) (12)

In view of the assumption (iv) made, the functions Fi defined in, respectively, Q.
by F, ki = FCF}, are obviously k-grade harmonic multivector fields which satisfy all
required properties. |
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