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Introduction

Consider the system of parabolic differential equations

n . aZua n . ou* N ap 5 ou® _
(*) i.jz=laij(x’ t)axiaxj +i§1bi (X, t) 6)(,- +ﬂ§16 (xa t)u ot —Oa
a=1, 2,..., N.

Each equation of (x) contains derivatives of just one component of the unknown
functions u!(x, 1), u?(x, t), ..., u¥(x, t), and the system (*) is coupled only in the
terms which are not differentiated; so that a system of this form is said to be weakly
coupled [11]. Such weakly coupled parabolic systems form a class to which most
of the methods and techniques employed in the study of a single parabolic equation
apply with minor necessary modifications.

During the last decade weakly coupled parabolic systems, both linear and
nonlinear, have been intensively investigated by several authors, remarkably by
Polish mathematicians. We refer in particular to the books of Protter and
Weinberger [11], Szarski [12] and Walter [13], and the relevant references quoted
in them.

The purpose of this paper is to add to the theory of weakly coupled parabolic
systems results concerning the asymptotic behavior for t— oo of solutions of the
Cauchy problem for the system (x) with unbounded coefficients. Specifically
we focus our attention on the extension of the corresponding theorems which
we have recently obtained for a single parabolic equation with unbounded co-
efficients [4]. Our results incidentally generalize those of one of the authors for
more restricted classes of weakly coupled parabolic systems [7], [8].

The main tool is the maximum principle and the use of various comparison
functions constructed so as to control the behavior of the solutions under consid-
eration. The maximum principle is proved in §1. The asymptotic behavior of
solutions of (*) is studied in §§ 2 and 3; § 2 concerns the exponential decay of the
solutions with unbounded initial values, while § 3 concerns the exponential growth
of the positive or negative solutions with nonvanishing initial values. In §4 it

*) The research of this author is supported by National Science Council.
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is shown that Liouville type theorems for some weakly coupled elliptic systems
can be obtained as immediate consequences of the theorems of §§2 and 3.

§1. Maximum Principle
In this section we are concerned with the weakly coupled system of parabolic
inequalities

N
(1.1 Le[u*]+ 2 c*#(x, Huf =0, a=1, ..., N,
p=1

where each L* stands for the parabolic operator
N LI VS I B
L —i,jz=1aij(x’ t)axiaxj-l—i;lbl (x, t) 6x, ot

It is assumed that the coefficients in (1.1) are real valued in 2 x [0, T], 2 being an
unbounded domain in R" with closure £ and boundary 0Q, and satisfy there
the following hypotheses A :

There exist constants K, >0, K, =0, K3>0, u>0 and A such that

05 31 afy(x, D2, SKyllog((xl? + D+ 117 (x|2 + 1)1 #g]%,

|bi(x, DI =Ko(IX]2+DV2,  i=1, .., n,
c*¥(x, 1)=0, o= B,
N
2,7, D= Kslog (1x17 + D+ 11A(xI* + 1,
for all (x, H)e 2 x [0, T], all real n-vectors é=(¢,,..., &) and a, =1, ..., N.
We establish the following maximum principle.

THEOREM 1. Suppose thay hypotheses A hold. Let u%(x, t), a=1,..., N,
be real valued functions which are continuous in 2 x [0, T, differentiable once
with respect to t and twice with respect to x in Qx (0, T], and satisfy (1.1) in
Qx(0, T]. Suppose that for each a=1, ..., N,

(1.2) u*(x, 1) <0 on {92 x [0, TT} U {@x (t=0)},
and
(1.3 u®(x, t)< M exp {k[log (|x|2+ 1)+ 1]*(|x|2 + 1)*} in x (0, T],

where M and k are some positive constants.
Then u*(x, 1)<0 in 2 x[0, T], a=1, ..., N.

Proor. Let A=0. We introduce the auxiliary function
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v(x, t)=exp {2ke"*[log (| x|% + 1)+ 1]*(|x|2 + 1)*},
where
H=8K,(A+u)?*Qke+1)+4(K;+K,)(A+wn+ K3k 1.

It is easy to verify [4] that v(x, t) satisfies
N
(1.4) o]+ ) c*Pv<0in Qx (0, H™1], a=1, ..., N.
#=1

Consider the system of functions
w(x, 1) =u(x, {)— M exp {2ke"*[log (|x|2 + 1)+ 1]%(|x | 2 + 1)
—k[log(p? +1)+11*(p2 + 1)*}, a=1, ..., N,

in the cylinder Qox[O, H-1], where Q,=Qn(|x|<p), p>0. Since by (1.2)-
(1.4)

N
LF[w*]+ X c*2wf>0 in Qx (0, H 1],
=1

w*(x, 1)<0 on {02, x [0, H" 1]} U {Q, x (t=0)}, a=1, ..., N,

we have, by the standard maximum principle for weakly coupled parabolic sys-

tems [11] (Chapter 3, Theorem 13), w*(x, )<0 in qu[O, H-1], a=1, ..., N.
Let (x*, t*) be an arbitrary fixed point of £ x[0, H~!]. Then (x*, t*) is

contained in Q‘,x[O, H~1] for all sufficiently large p, and we have w*(x*, t¥)

<0. Letting p— oo, we conclude that u*(x*, t*)<0, thatis, u*(x, {)<0 in 2 x

[0, H-1] for each «. To show that the required inequalities hold throughout

£ x [0, T] it suffices to iterate the above procedure a finite number of times.
The case where 1 <0 can be treated analogously.

ReEMARKS. (i) Theorem 1 remains true if the domain Q is replaced by
the entire space R". In this case the condition (1.2) must be replaced by the
following:

u*(x, 0)<0 for xeR", a=1, ..., N.

(ii) An analogue of Theorem 1 for a single parabolic inequality has recently
been given by the present authors [4] (Theorem 1.1).

(iii) Theorem 1 can be generalized to give comparison theorems for weakly
coupled nonlinear parabolic systems of the form

Flx t ut uN ou® ou* 0%u* 0%*u® _ 8u"
a s &y 9 ooy axz ’

Y 0x,’ """ 0x,’ 0x%3’ 0x,0x,’"

1, ..., N.
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The special case where A=0 and p=1 has been discussed in a more general setting
by Besala [1].

§2. Decay of Solutions

In this section we shall deal with the asymptotic decay of solutions of the
Cauchy problem for the weakly coupled parabolic system

N
.1) Llu*]+ 3] c*#(x, Huf=0, a=1,..., N,
F=1

Les 3 at(x, ) 20—+ 3 bg(x, 1) 0 — 2
- 1 i % ax'axi '§1 i(x’ 6x _W’

i, Jj= i i
which is defined in the half-space R"x [0, o) and satisfies there the following
hypotheses B:

There exist constants k, >0, K; >0, K,>0, K;>0, K,, A=0 and x>0 such

that

yllog(1x |2+ D+ 114(x 2+ D¢ 33 an(x, 0ég,
= Ki[log (x| +D)+1174(x|2 + 1)1 ¥ €%,
b, DISKa(x[2 442, i1, .,
c*f(x, )20,  ap,
2,60, S ~ Kllog(x[>+ 1)+ 11| x|+ 1)+ Ko,

for all (x, )€ R" x [0, ), all real n-vectors £=(¢&,, ..., &) and a, f=1, ..., N.

By a solution of (2.1) we mean a system of N real valued functions
u%(x, t), a=1, ..., N, which are continuous in R"x [0, o), continuously differ-
entiable once with respect to ¢ and twice with respect to x in R" x (0, o), and
satisfy the system (2.1) in R" % (0, o).

The main result of this section is stated in the following theorem.

THEOREM. 2. Suppose that hypotheses B hold. Let u*(x, t), a=1, ..., N,
be a solution of (2.1) with the properties:
(a) for any T >0 there exist positive numbers My and k such that

[u*(x, )| < Mrexp {kr[log (|x|>+1)+114( x|+ 1)*}

for (x, )eR"x(0, T], a=1, ..., N;
(b) there exist positive numbers M and k such that

u(x, 0)] < Mexp{k[log(|x|>+1)+114(|x|> + 1)}



Weakly Coupled Parabolic Systems with Unbounded Coefficients 5

for xeR", a=1, ..., N.
Suppose in addition that the following inequalities hold:

2.2) 4K (A+p)?k? + 2K (A +punk— K3 <0,

and

2.3) Ko +2[—knp+2K (1 —p)+4K,Aly <0 if O<p=1,
or

2.3) K,+2(4K,A—k,nu)y—4K (A+p)?y2 <0 if u>1,

where y is the positive root of the quadratic equation
2.9 4K, (A+w)?y2 +2K,(A+u)ny—K;=0.

Then hmu“(x, N=0, a=1, N, the convergence being of exponential
order and umform with respect to xER"

Proor. The following is an adaptation of the proof for the case of single
parabolic equations [4]. We limit ourselves to the case O<u<1; a parallel
argument holds if u>1. v

Put v*(x, t)=u*(x, t)e X+t, a=1, ..., N. Then v*(x, t) satisfy the system

Lw[v«]+pi Z8(x, )P =0 in R"x (0, ),  a=1, ..., N,
=1

where ¢*A(x, t)=c*#(x, t)— K ,0*f, 6*f being the Kronecker symbols. It follows
that

2.5 h(x, 20, ap,
and
2.6) p;"l #o(x, 1)< — Ks[log(|x|? + 1)+ 117(|x|? + D~

We shall show that

2.7 lv*(x, T)| =M, for xeR", a=1, ..., N,
where
(2.8) To= 1 «

: =2+ pWKZnZ +4K, K4

K3k ' — K,(A+u)n+ (A+ uWK3n2 +4K, K,

lo
Kk T =K, pn— (At VK22 14K, K,
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and

(2.9) My=M exp{ 2K, (A+p)(2A+2p+n) }

K3k—1 -‘2K2(A+ﬂ)n_4K1(l+ #)Zk

To do this, we introduce the comparison function

w(x, t)=Mexp{k[log([x[2+1)+1]‘([x[2+1)“p"'°‘

+ 2K1(l+”)(2l+2[l+n) (1_p~1ot)},
Tologp

where p>1 is a parameter and
To="To(p) =[K3k™' —2K,(A+p)n—4K(A+p)*k] (log p)~*.
It is easy to see from hypotheses B, (2.5) and (2.6) that

N
Iw]+ 3] é*8(x, H)w=0in R" % (0, to(p)~ 1], a=1, ..., N.
B=1

Apply the maximum principle, Theorem 1, to the functions w(x, t)+v*(x, 1),
a=1, ..., N. Then we conclude that [v*(x, t)|<w(x, ) in R*x(0, 7o(p)~1],
a=1, ..., N. In particular,

[v*(x, To(p)™")| = M y(p) exp{kp™ " [log(|x|? + 1)+ 1]*(|x| + 1)}

for xeR", a=1, ..., N, where

M,(p)=Mexp 2"1‘“’“&;2;“"*”) (1= p™)5o(p) ).

Taking t=14(p)~! to be the initial time and repeating the above procedure we have
[p*(x, To(p)™ " +74(p)” )l = Ma(p) exp{kp~2[log(| x| + 1)+ 11*(| x|* + 1)*}
for xeR", a=1, ..., N, where
t1(P)=[K3k™ ' p—2K,(A+ p)n—4K (A + p)*kp~*] (log p)~*

and

My(p) =M exp{ ZKLCERDEALIAD (1 ptyay(p)- 4570100}

Proceeding in this way we have in general

(2.10) |05, 5 4) ) <My (o) exp{lp™e [log (x| + 1)+ 112 + 1}
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for xeR*, a=1, ..., N, where
(2.11) 1(p)=[K3k ' p/ —2K,(A+pu)n—4K (A+p)*kp~/] (log p)~*

and

@12) My (p)=M exp {ZEAAHIIQILIEN (1 _posy 51 i oy,

log p
p=0,1,2, ...
Using the inequality
& - 1 log p
(p)-1 <
jZ=:0p () K3k 1 -2K,(A+pun—4K,(A+p)2k 1—p~1

which follows from (2.11), we see immediately from (2.12) that the sequence
{M(p)} is uniformly bounded by the constant M, defined in (2.9).

Observing that liin f} 1(p)"' =Ty, T, being defined in (2.8), choose a
e—1+0 j=0
Po>1 such that if 1<p<p,

’

joe(x, To)=v*(x, Koy D<oz, a=1, ... N,

where x is an arbitrary but fixed point of R*. Fixing such a p find an integer P
such that if p> P

v ooy —uts, B i<ez  a=1,..,N.

For such choices of p and p

P
fo*(x, To)l <|v*(x, j§of,-(P)")l +e,
and taking (2.10) and the bounds M ,(p)< M, into account,
[v*(x, To)l <Mqexp{kp=?~*[log (|x|?+1)+11*(|x|> +1)*} +e,
a=1, ..., N. Letting p— o and ¢—0 we arrive at the inequality
]v“(x, To)]éMo, 0£=1, seoy N.

Since x is arbitrary we have thus established the required inequality (2.7).
In order to investigate the behavior of v*(x, ) for ¢t> T, we introduce another
comparison function

w(x, t)=Moexp{—¢(®) [log(| x|+ 1)+ 1] x |2 + 1)* + Y ()},
where
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¢(2) =y tanh [4K (A+ )y (t — To)]

and

e 1) 4K 105 cosh [4K (1 + (1= To)],

where y denotes the positive root of (2.4). W(x, t) is constructed so as to satisfy
the differential inequalities L*[ W]+ }_‘Z W <0 in R*x (T, o), a=1, ..., N, and
the initial condition W(x, To)=MOp=01n R". Applying the maximum principle,
Theorem 1, to W(x, f) +v*(x, t) we have |v*(x, )| S W(x, t) in R*x (T, =), o
=1, ..., N, which amounts to

[v* (x, 1)] < Mo{cosh [4K (A+ )2 y(t — To)1}# x
x exp{ —y[log(|x|2 +1)+11%(|x|2 + 1)*tanh [4K (A + p)*»(t — To)1}
for (x, )eR" % (T, o), a=1, ..., N, where

2K (A+p)? '

This shows that, as t—co, each v*(x, t) behaves like exp{2[ —k;nu+2Ku(1—p)
+4K,AJyt}. Noting that u*(x, f)=v*(x, )e¥+’, we conclude that under condi-
tions (2.2) and (2.3) (when O<u<1) each u*(x, t) approaches zero exponen-
tially as t—co. It is obvious that the convergence is uniform with respect to
xeR". This proves the theorem.

REMARKS. (i) An analogue of Theorem 2 for single parabolic equations
has been proved in [4] (Theorem 2.1).

(ii) The special case of Theorem 2 in which A=0 and p=1 has been studied
by one of the authors [7] (Theorem 3).

§3. Growth of Solutions

The purpose of this section is to study the asymptotic growth of positive
solutions of the weakly coupled system of parabolic inequalities

N
3.1 Le[u*]+ 2] c*f(x, Hub <0, a=1, ..., N,
p=1
@ = S [ 62 ul o a _ a
L _—i,jZ=1aij(x’ t)m+ iglbi(x’ t)‘gg T

which is defined in the half-space R”x [0, o) and satisfies there the following
hypotheses C:



Weakly Coupled Parabolic Systems with Unbounded Coefficients 9

There exist constants k, >0, K, >0, K,=0, k;>0, K;>0, k,=0, A=0 and
ne (0, 1] such that

kalog(x|2+ D+ 1141 x 2 + 1412 7<% a1 (x, 02,
=Ki[og(|x[2+ D)+ 1174 x[2 + )17#| &2,

[bx(x, )| <K (|x|24+1D1/2,  i=1,..,n,

c*b(x, )20,  a=Ep,

—ks[Iog( 2 + D+ 112 + Vi ko< 35 e¥x,

= Kj[log(lx|*+ 1)+ 114 x|> + 1)

for all (x, t)e R" x [0, =), all real n-vectors é=(&,, ..., €&, and o, f=1, ..., N.
We shall prove the following.

THEOREM 3. Suppose that hypotheses C hold. Let u*(x, t), a=1, ..., N,
be real valued functions which are continuous in R"x[0, =), continuously
differentiable once with respect to t and twice with respect to x in R"x (0, o),
and satisfy the system (3.1) in R"x(0, o). Let in addition the following con-
ditions be satisfied:

(a) for each T>O0 there exist positive numbers My and ki such that
u*(x, )= —Myexp {kr[log(| x|2+ 1)+ 11*%(| x|+ 1)*}
for (x, )eR"x (0, T], a=1, ..., N;
(b) u*(x,0)=0 and u*(x, 0)s£0 for xR", a=1, ..., N.
Suppose that
3.2) kys—2K,(A+ pw)ny—4k,pu?y% >0,
where y is the positive root of the quadratic equation in y
3.3) 4k, pu2y? —2Q2AK, + K,n)(A+w)y—k3=0.

Then limu*(x, t)=o0, a=1, ..., N, the divergence being of exponential order

t—=o0
and uniform on every compact of R".

Proor. Observe first that u*(x, £)>0in R"* x (0, =), a=1, ..., N, according
to the maximum principle, Theorem 1, and the strong maximum principle for
weakly coupled parabolic systems [11]. It can be shown as in [8] that for each
1o, >0 there exist positive numbers M and k such that

u*(x, to) = Mexp{—k[log (| x|?+ 1)+ 17#(| x| + 1)*}
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for xeR", a=1, ..., N.
We introduce the comparison function v(x, t) defined by
v(x, )=Mexp{—p(t) [log(|x|>+ 1) +11%(| x |2+ 1)* +y(1)},

where

f(o)= YOI 4+ §(k —y)
= (0+k)etr* i+ —to) — (f—y) °

and

()= (ky—4k u2y2)(t—1to)
_ K (A+w (8+k)er*ki(v+0)(t=t0) — (k —y)

2k pu? log (y + 8)e4n*k1d(t=to)
(6 +k)e4ll2k1(7+6)(t—to) _ (k— ')7)
—(y—9)log edr2k1(y+8) (t—to)
(y+9)(k—7)

+ (S+k)e*n ki) (t—to) — (f — ) —(—y)log (y+0)—(k—1).

Here 6 denotes the absolute value of the negative root of (3.3). It is not difficult to
N
verify that L*[v] + )] ¢*(x, t)v=0 in R" x (t,, o) and v(x, t,) = Mexp{— k[log([x|*
=1

+1)+174(x|2 + 1)*} on R"[4]. Now apply the maximum principle, Theorem 1,
to the functions v(x, )—u*(x, t), a=1, ..., N. Then it follows that u*(x, )
=v(x, £) in R*x (ty, o). Since ¢(t) is bounded for t>t,, the limiting behavior of
v(x, t) as t—oo is determined by the factor exp{y(f)}, which behaves just like
exp{(kq— 4k u?y? —2K n(A+ p)y)t} for large t. Consequently, each u*(x, t) tends
exponentially to infinity as t— oo ; obviously the divergence is uniform on every
compact x-set. Thus the proof is complete.

REMARKS. (i) An analogue of Theorem 3 for a single parabolic inequali-
ty has been proved in [4] (Theorem 3.1).

(ii) The special case of Theorem 3 in which A=0, and p=1 has been ob-
tained by one of the authors [8] (Theorem 2).

(iii)) Let, in hypotheses C, the condition “c*f(x, £)=0, a=~ " be replaced
by the more stringent “c*f(x, t)>0, a==. Then the conclusion of Theorem 3
remains true under the weaker initial condition:

(b’) There exists an « such that u*(x, 0)=0 and u*(x, 0)==0 for x&R".
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§4. Weakly Coupled Elliptic Systems

Inspired by EideI’'man and Porper [5], we present here Liouville type theorems
for some weakly coupled elliptic systems with unbounded coefficients.
We begin by stating a Liouville theorem for the system

u®
Ox;

n » aZua n " N B 5 _
4.1 i’élaij(x)m+i§1bi(x) +p§10 (x)uf=0, a=1,.., N,

whose coefficients are defined and real valued in R" and satisfy there following
hypotheses:
There exist constants k; >0, K;>0, K,=0, k;>0, K;>0, k,=0, A=0 and
ue (0, 1] such that

killog(1x |2 + D+11-X(|x |2+ D¢ 3 af(0EL;

i,j=1
=K;[log(|x[2+1)+1174(x |2+ D)!~#| £ ]2,
[bF(x)| = K (| x[2+1)1/2, i=1,..,n,
c*f(x)>0, a==p,

—ky[log(Ix |2+ D)+ 114(|x |2+ 1)*+k, gﬁg}lc“l’(x)

< Kj[og(|x |2+ 1)+ 1]4(| x|+ 1)*
for all xeR", all real n-vectors £ =(¢,, ..., &,) and a, =1, ..., N.

THEOREM 4. Suppose that the above hypotheses hold. Suppose in addition
that

4.2) k,—2K (A4 wny—4k,u?y?>0,
where y is the positive root of the quadratic equation
4k u?y? —2Q2AK+ K,n)(A+p)y—k;=0.

Let u*(x), a=1, ..., N, be a solution of (4.1) in R" with the properties:
(i) there exist positive constants M and k such that

[u*(x)| < Mexp {k[log(|x |2+ 1)+ 1]*(| x|> +1)*}
for xeR", a=1, ..., N;
(i) u*(x)=0, or u*(x)=<0, for x€R", a=1, ..., N.

Then u*(x)=0 for xsR", a=1, ..., N,
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Proor. We observe that u*(x), a=1, ..., N, is the unique solution to the
following Cauchy problem

ov*

o =0

@3 %

i,J

a 0%v* 2 v
aij(x) axiaxj + iglb ( )

1
for (x, ) R"*x (0, o).
v*(x, 0)=u*(x) for xeR", a=1, ..., N.
Let u*(x)=0 for xeR", a=1,..., N. If u%(x)==0 for some a, then it follows from
Theorem 3 (Remark (iii)) that limov*(x, f)=u*(x)=c for xeR", a=1, ..., N.
t— oo
This is obviously a contradiction. The case where u*(x)<0 for x R" can be
treated similarly.
ExampLE 1. That condition (4.2) is sharp is illustrated by the elliptic system
ul —(|x|2—n+1u! +u2=0,
Au?+ut —(|x|2—n+1)u?=0,

which has a solution ul(x)=u?(x)=e"!*I>/2, where 4 is the n-dimensional
Laplace operator. For this system, A=0, u=1, k,=K;=1, K,=0, k3=1,
ky=n+1, K;=n and y=1/2. But condition (4.2) is violated: k,—2K(A+ w)ny
—4k,u?y2=0.

Our final theorem concerns the complex valued entire solutions of the elliptic
system containing a complex parameter :

=wu*, a=1, ..., N.

4.4) Z a”(x) + Z b}

Assume that there exist constants k,; >0, K,>0, K,=0, K;>0, K,;, 1=0 and
>0 such that

Ky Tlog((x]2 + D+ 11H(x| + )1 1¢2 < 51 ar(&e,
<K, [log([x|? + 1)+ 1]74([x|? + D1~ ]2,

b S Ka(xl2+ D12, i=1, .n.

c*(x) 20, o=,

nﬁf”“(")é — K;[log(|x|2 + 1)+ 114(x|2 + 1)+ Ky,

for all xeR", all real n-vectors ¢&=(¢y, ..., ¢,) and o, B=1, ..., N. Assume
furthermore that
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(4.5) Ko+2[—kynp+2K u(1— ) +4K,Aly<0  if O<p<1,
or
4.5) K, +2(4K A—knp)y—4K,(A+ w292 <0 if u>1,

where y is the positive root of the quadratic equation
4K, (A+w)?2y? +2K,(A+uny— K;=0.

THEOREM 5. Suppose the above hypotheses hold. Let u*(x), a=1, ..., N,
be a complex valued solution of the system (4.4) in R" with the property that

(4.6) |[Reu?(x)| <M exp {k[log(|x|? + 1) + 134(|x|2 + 1)#},
[Im u(x)] < M exp {k'[log ([x|2 -+ 1)+ 11A(x|? + 1)}

for xeR", a=1, ..., N, where M, M', k, k' are positive constants. If Rew=0
and k<vy, then u*(x)=0 for xeR", a=1, ..., N.

PrROOF. Putting w=0,+./—106,, and u*(x)=uj(x)+/—1u3(x), a=1,
N, we form the functions

v*(x, t)=e"1*[u%(x)cos o,t +ug(x)sin g,t], a=1, ..., N.

It is easy to see [9] that v*(x, t) satisfy the parabolic system (4.3) in R" x (0, )
and the initial condition v*(x, 0)=u%(x) on R",a=1, ..., N. According to
Theorem 2, hm v"‘(x, 1)=0 for xeR", a=1, ..., N. Since ¢, <0 by hypothesis,

all the functlons u%(x), ug(x) must vanish 1dentlcally in R", thereby completing
the proof of the theorem.

ExaMpLE 2. Consider the elliptic system
4.7 Aut —(|x|2+n+1ut +u2 =0,
Au? +ul—(|x|2+n+1)u?2=0.

For this system, A=0, u=1, k;=K;=1, K,=0, K;=1, K,=1—n, and y=1/2.
Hence, by Theorem 5, the solution of (4.7) satisfying

(4.8) lul(x)| < Mekl*1* and |u2(x)|<Meklx1> with k<1/2,

vanishes identically in R". Since ul(x)=u?(x)=el*1*/2 is a solution of (4.7), it
is not possible to replace k by 1/2 in (4.8). This shows that the growth restric-
tion (4.6) with k <y cannot be relaxed.

REMARK. Among numerous papers dealing with Liouville theorems for
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elliptic equations we refer in particular to the papers by Besala [2], Besala and
Ugowski [3], EideI’'man and Porper [5], Krzyzafiski [6], and Oddson [10].
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