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1. Introduction

In this paper we consider radially symmetric solutions to the semilinear
elliptic equation

(.1 Au + f(|x], u) =0, xeQ,

where Q = {xeR": |x| <1}, n>2, and the function f(t, u) is assumed to be
continuous in [0, 1] x R. In order to discuss radially symmetric solutions u
= u(t), t =|x|, it is natural to convert equation (1.1) to the second order
ordinary differential equation

-1
(1.2) W+ fw =0, O0<t<l,

(1.3) uw'(0) = 0.

In the present paper we establish the existence of infinitely many solutions of
equation (1.2) under the boundary conditions

(1.4) w0 =0, au(l)+bu'(l)=0,

for any coefficients a and b. Moreover we investigate the Sobolev norms of
solutions of the problem (1.2)—(1.3) in conjunction with their zeros. We treat
the nonlinear function f(t, s) under superlinear growth conditions and sublinear
growth conditions. In the present paper the function f is said to be superlinear
(in a neighborhood of s = + o0) if

[, s)

(L.5) limg, , o = o0 uniformly in te[0, 1].

On the other hand, f is said to be sublinear (in a neighborhood of s = 0) if

(1.6) lims_,of(t; 9 =00 uniformly in te[0, 1].
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Equation (1.2) can be written as
(L.2y @ wy + "1 f(t, u) =0, te(0, 1),

and so we can treat the problem (1.2)—(1.4) as a singular boundary value
problem for a nonlinear Sturm-Liouville equation.

In.the case where f(t, s) is superlinear and odd in s and satisfies some
growth conditions, Ambrosetti and Rabinowitz showed in [1] that equation
(1.1) with Dirichlet boundary condition possesses infinitely many solutions in
any bounded domain €. More precisely, they obtained an unbounded
sequence of solutions in Sobolev space H§(R2). See [2, 6,8, 9, 10] for the
related results.

In the case where Q is the unit ball and f is superlinear, the existence of
infinitely many radially symmetric solutions has been investigated by Castro-
Kurepa [4] and Struwe [11]. In fact, they treated equation (1.2) under
Dirichlet boundary condition, namely,

1.7) w0 =0, ul)=0.

Then Struwe [11] proved by means of a variational method that there is an
integer ko such that for any k > k, the problem (1.2)—(1.7) admits a solution
with exactly k zeros in the interval [0, 1]. On the other hand, Castro-Kurepa
[4] obtained the same results under weaker assumptions on the nonlinear term
f(t, s) by applying so-called shooting method. In the case of n = 1 Berestycki
[3] gave similar results with the aid of bifurcation theory. As mentioned
above, many authors have dealt with equation (1.2) under Dirichlet boundary
condition (1.7) in the superlinear case. However, it seems to the author that
very little is known about the existence of infinitely many solutions of (1.2)
under the other types of boundary conditions or in the sublinear case. In the
present paper we establish the existence of infinitely many solutions under
arbitrary boundary conditions in both superlinear and sublinear cases.

On the other hand, it is an interesting problem to study the relation
between H'(22) norms of radially symmetric solutions and the numbers of their
zeros. Recently, the author [7] has obtained the following result for this
problem. Consider the superlinear function f(t, s) = g(s) satisfying

(1.8) g(0) = 0, g'(0) = lim,_,, @ exists
and
(1.9) 0<a; <g()slP"'s<a,

for sufficiently large |s| and some constants a;, a, and 1 < p < (n + 2)/(n — 2).
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Under appropriate additional conditions on g, the author obtained the estimate
(1.10) e kPHVE=D <y lasay < c ke + =1

for any solution u of the problem (1.2)—(1.7) having exactly k zeros. In this
assertion condition (1.8) can not be removed so far as one employs the method
asin [7]. However, as mentioned before, the existence result of infinitely many
solutions has been obtained without assuming condition (1.8). See [4] and
[11]. Therefore in the present paper we prove the estimate (1.10) without
condition (1.8) by exploiting a new approach. It should be mentioned at this
point that the estimate (1.10) can be derived under condition (1.3) which is
weaker than (1.7). Actually, for the derivation of (1.10) we do not need any
boundary condition at the end point ¢t = 1.

Outline. 1In this paper we present four theorems. These are concerned with
the existence and the Sobolev estimates for solutions of (1.2). The first and
second theorems assert respectively that there exist infinitely many solutions of
(1.2) under boundary conditions of the form (1.4) in the sublinear and
superlinear cases. In fact, a positive integer k, can be found such that for any
coefficients a and b in (1.4) there exist two sequences {u; }i>x, and {y }isi, Of
solutions to (1.2)—(1.4) such that both u; and u, have exactly k zeros in the
interval [0, 1] and u;f(0) > 0, u, (0) <0. Moreover we have

(1.11) limy o U Loy =0, limy o, |45 |y =0
in the sublinear case;
(1.12) lim, _, o, J|ug | Lo(a) = 0, lim, o, [l i) = ©

in the superlinear case, respectively.

Our third and fourth theorems may be illustrated as follows: In these
theorems the H'(Q) estmates for the solutions are given in terms of the
numbers of zeros of the solutions. The third theorem is concerned with the
sublinear case. More precisely, we suppose that

(1.13) 0<a, <f(t s)sl”'s <a,

for sufficiently small |s| and some constants a;, a, and 0 < p < 1. Under some
additional conditions on f(t, s), we obtain the estimate

(1.14) Clk—(l+p)/(1—p) < ”“”H'(n) < Czk-(1+p)/(1—p)

for any solution u of (1.2)—(1.3) with exactly k zeros. The fourth theorem is
formulated for the superlinear case. In this theorem we assume (1.13) for
sufficiently large |s| and some constants a;, a, and p with 1 <p <(n+ 2)/
(n —2). Then we obtain the estimate of the form
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(1_15) clk(p+ H/p-1) < ”u”Hl(.Q) < czk"” Dp—1)

for any solution u of (1.2)—(1.3) with exactly k zeros. This theorem improves
and extends our earlier results given in [7]. In fact, we needed to assume
condition (1.8) in [7] but do not necessitate to assume (1.8) in this paper. Also,
these two theorems provide the estimates for the Sobolev norms of solutions in
which boundary conditions at t = 1 do not affect. More precisely, all solutions
of (1.2)—(1.4) are estimated in the form (1.14) or (1.15) in terms of the H!(Q)
norm, although the constants ¢, and c, in (1.14) or (1.15) are independent of the
coefficients @ and b in the bundary condition (1.4).

We now sketch the proofs of the above-mentioned theorems. Our main
tools for the proofs are combinations of shooting method, various a priori
estimates for the solutions and new types of Priifer transformations. We here
employ the following Priifer transformation:

|u/|(1—p)/(1+p) u = p cos o,

u=p sin @,
T
O:—
¢0) =2,

in the sublinear case, where 0 < p < 1, and
u' =p cos ¢,

[ul®= Y2y = p sin ¢,

0(0) =7,

in the superlinear case, where 1 <p<(n+ 2)/(n—2). By means of this
transformation one can define new unknown functions p(t) and ¢(t), and it is
seen that these functions are well defined provided u(¢) has only simple zeros in
the interval [0, 1]. We here say that a zero t of u is a simple zero if u(z) =0
and u'(t) #0. We prepare several lemmas and a priori estimates for the
solutions. We can then prove that u(f) has only simple zeros, and so our
Priifer transformations make sense. Moreover we show that for any solution
u,

(1.16) k = #{te[0, 1]: u(z) = 0}
if and only if
(1.17) kn < (1) < (k + D)m.

That is, the value of ¢(1) determines the number of zeros of u. On the other
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hand, using the Priifer transformation, we obtain the relation

(1.18) @'(t) = F(t, u(), u'()),

where F is a function determined by equation (1.2) and can be written
explicitly. Integrating (1.18) over [0, 1], we have

1

(1.19) o(l) — 0) = L F(t, u(t), u'(¢)) dt.

The left-hand side represents the number of zeros of u(t) by (1.17). We apply
appropriate a priori inequalities, and so the right-hand side can be estimated in
terms of the H!(2) norm of u(t). Thus we obtain the third and the fourth
theorems. The first and second theorems are obtained by applying a shooting
method together with the relation (1.19). To prove these four theorems, we
prepare four propositions, Propositions 3.1, 4.1, 5.1 and 6.1, which are crucial
for our discussions. In fact, Propositions 3.1 and 5.1 contain various a priori
estimates for the solutions of (1.2)—(1.3) in the sublinear and superlinear cases,
respectively. On the other hand, Propositions 4.1 and 6.1 give the relations
between the total number of zeros of the solution u of (1.2)—(1.3) and its value
u(0) at t =0.

This paper is organized as follows: In Section 2, we state our main results
in Theorems 1, 2, 3 and 4 together with some examples. It turns out that the
existence of infinitely many solutions to the problem (1.2)—(1.4) is proved and
the precise estimates for the H!(£2) norm of the solutions are established. Our
theorems are applied to Emden-Fowler type equations. We can discuss the
existence of solutions and investigate the asymptotic distribution of the
solutions in the Sobolev space H!(f).

Section 3 deals with the sublinear case and several a priori inequalities are
given for the solutions. These estimates together play an important role in
proving our theorems.

Section 4 contains the proofs of Theorems 1 and 3. Here we introduce a
new Priifer transformation to treat the sublinear case. This transformation and
the a priori estimates obtained in Section 3 are basic to our arguments in this
section.

Section 5 concerns the superlinear case and several a priori estimates for
the solutions are given.

Finally, in Section 6, we prove Theorems 2 and 4. To this end, we
introduce another Priifer transformation for the superlinear case. Using this
transformation and the a priori estimates obtained in Section 5, we prove
Theorems 2 and 4.

The author wishes to express his hearty thanks to Professor S. Oharu for
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valuable discussions and comments.

2. Main results and examples

We begin this section by introducing some notations and definitions which
are used in this paper. First Q = {xeR":|x| < 1} is the open unit ball in
R". We denote by LY(RQ), 1 < q < oo, and by H!(2) the usual Lebesgue and
Sobolev spaces, respectively. The function spaces L? and H denote respectively
the subspaces of L4Q) and H'!(2) which consist of radially symmetric
functions. We define the norm |- ||, of L? and the norm |- ||y of H by

1 1/q
|Iu||q=<j Iu(t)l"t"‘ldt> , l<g<oo,
0

lull o = ess. supogi<s (@),

and

1 1/2
lullp = <j @@®)? + ')t dt) ;

0
respectively. Given r > 0 the symbols
B, (r)={ueL®: |ull, <r}
and

B(r) = {ueH: |lullg <r}

stand for the open balls centered at 0 in L* and H, respectively. Moreover we
write S for the set of nontrivial solutions ue C%(0, 1)nC*[0, 1] of the problem
(1.2)-(1.3). By a nontrivial solution we mean a solution u of (1.2)—(1.3) such
that u £ 0. For ke, S, denotes the set of all solutions of (1.2)—(1.3) which
have exactly k zeros in the unit interval [0, 1]. Lastly, given an integer n with
n>2, the symbol n* means n*=o00 if n=2 and n*= @+ 2)/(n—2) if
n>3. In what follows, we impose one of the following two assumptions (A)
and (B) on the function f.

ASSUMPTION (A) (Sublinearity of f). The nonlinear term f'is assumed to be
of the form f(t, s) = g(s) + h(t, s), and g(s) and h(t, s) are continuous functions
satisfying the following conditions.

(A1) There exist constants 0 <p <1, g; >0 and r, > 0 such that for any
[s| <o,

ar|slP*! < sg(s) < ay|s|P .
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(A2) The function h satisfies the growth condition
lim,, |h(2, 5)|/|s|?* V2 = 0,

and the convergence is uniform for te[0, 1].
(A3) If n> 3, g(s) also satisfies
2
lim sup,_, %g(%) < " _nz, where G(s) = L g(7) dr.
The above assumption is put in the sublinear case, and the next assumption is
imposed in the superlinear case.

S

AssuMPTION (B) (Superlinearity of f). The nonlinear term f is assumed to
be of the form f(t, s) = g(s) + h(t, s), and g and h are continuous functions
satisfying the following conditions.

(B1) There exist constants 1 < p < n*, g, >0 and R, > 0 scuh that for any
Is| = R,

a;|slPT! < sg(s) < ay|sPT.
(B2) The function h satisfies the growth condition
lim, ., + o (2, 5)|/]s|®* D2 = 0.

and the convergence is uniform for te[0, 1].
(B3) If n> 3, g(s) also satisfies

s

where G(S)EJ g(7) dr.
0

sg(s) 2n

I L e
M SUPs~ 20 Gy Sn—2

The assumptions (A) and (B) restrict the growth order of the nonlinear
term f in a neighborhood of s=0 and s= + oo, respectively. These
assumptions imply that the function g is the main part of f and h is regarded as
a small perturbation of g. Under the assumption (A) or (B), we wish to employ
the so-called shooting method in order to prove the existence of infinitely many
solutions to the boundary value problem (1.2)—(1.4). Our approach may be
outlined as follows: We consider the solution u(t,y) of the initial value
problem

—1
@.1) W+17—w+ﬂgm=q 0<t<1,

(2.2), u'(0) =0, u(0) = y.

We then vary the parameter y€ R continuously and make an attempt to find
infinitely many y for which solutions u(t, y) of the boundary value problem
(1.2)—(1.4) exist. To proceed this argument, we impose the next assumption.



118 Ryuji Kankiva

AssuMPTION (C),. Suppose that there exists a unique and global solution
u(t) on [0, 1] of the problem (2.1)—(2.2),.

We now state our first main result which guarantees the existence of
infinitely many solutions for (1.2)—(1.4) in the sublinear case.

THEOREM 1. Suppose that assumptions (A) and (C), are valid for sufficiently
small |y|. Then there exists a positive integer ko such that for any a and b with
a* + b* #0, there exist two sequences {ug }isy, and {uy }isi, 0f solutions to
(1.2)—(1.4) such that u;t and u,” have exactly k zeros in the interval [0, 1], u; (0)
>0, u, (0) <0,

lim, |ufle =0  and lim,., [uf ]y =0.

In the next theorem we establish the existence of infinitely many solutions
of (1.2)—(1.4) in the superlinear case

THEOREM 2.  Suppose that assumptions (B) and (C), are valid for sufficiently
large |y|. Then there exists a positive integer ko such that for any a and b with
a* + b* # 0, there exist two sequences {u }»i, and {ug }isi, of solutions to (1.2)—
(1.4) such that u;} and u, have exactly k zeros in the interval [0, 1], u; (0) > 0,
u (0) <0,

limy o Uil | =00 and limy, [|uf ||y = .

The above two theorems assert the existence of infinitely many solutions of the
boundary value problem (1.2)—(1.4). In the following two theorems we give the
estimates with respect to the H norm of solutions of (1.2)—(1.3) in terms of the
numbers of their zeros. We first deal with the sublinear case.

THEOREM 3. Suppose that assumption (A) is valid Then there exist
constants ¢y, ¢, >0 and r > 0 such that

(2.3) ¢, k= A+rPIa=p < lullg < c,k~A+PIA-p)
for any ueS,NBy(r) and any k > 1.

In the next theorem we consider the superlinear case and give the estimates
with respect to the H norm of solutions.

THEOREM 4. Suppose that assumption (B) is valid. Then there exist
constants ¢,, ¢, >0 and R > 0 such that

2.4) Clk(p+ DIP=1) < ||”||H < czk(”+ D/p—1)

for any ueS,nNB(R) and any k > 1, where B(R)Y means the complement in
H: B(R) = H\B(R) = {ueH: ||ul|y > R}.
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Theorem 4 extends our earlier result given in [7]. In fact, if we put
h(t, s) = 0 in assumption (B), then the main result (Theorem 3) of [7] follows
immediately from Theorem 4. Moreover, it should be mentioned that in
[7, Theorem 3] the function g(s) is assumed to satisfy g(0) = 0 and supposed to
be differentiable at s = 0. In Theorem 4 these assumptions are removed.

REMARK 2.1. We here list some sufficient conditions for condition
(C),. In later sections, we will obtain certain a priori estimates, (3.10) or (5.9),
for the solutions of (1.2)—(1.3) under the assumptions (A) or (B),
respectively. These estimates imply that any solution of the problem (2.1)-
(2.2), can be extended on all of the interval [0, 1]. Hence our requirements are
only local existence and uniqueness of solutions. One of them is a local
Lipschitz condition on f(¢, s) for the variable s. However this condition does
not hold in the sublinear case (1.6). Actually, from (1.6) it follows that
f(t, 0) =0, and so f(t, s) is not locally Lipschitz continuous. For the sublinear
case several sufficient conditions have been investigated by Coffman and Wong
[5]. See Theorems AS, A6, A7 and Corollaries A4, A5 and A6 in the paper

[5].

REMARK 2.2. Theorems 3 and 4 do not necessarily guarantee the existence
of solutions on [0, 1] of the problem (1.2)—(1.3). These results give only the
estimates with respect to the H norm of solutions u if they exist. Sufficient
conditions for the existence of solutions are given in Theorems 1 and 2.

Next, we note that the restrictions in terms of B, (r) and B(R)* can not
necessarilly be removed in Theorems 3 and 4, respectively. In fact, if we were
able to remove the restriction in terms of B_(r) in Theorem 3, this theorem
would imply that any solution with many zeros in [0, 1] must have a small H
norm. But, as seen from Example 3 below, we will find a solution which has
many zeros but has a large H norm. Using the same Example 3, we can also
discuss the case of Theorem 4, too. Therefore we see that the restriction by
means of B, (r) and B(R)" are essential in our discussions.

Finally, we illustrate the significance of our results by applying them to a
few typical Emden-Fowler equations. It turns out that the existence and the
asymptotic distribution of the solutions are discussed in the space H.

ExamMPLE 1 (Emden-Fowler equation). Consider the boundary value
problem

—1
2.5) W+ juPsgnu=0, O0<t<l,

(2.6) u'(0) =0, u(l) =0,
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where (2.5) is sublinear for 0 < p <1 and is superlinear for 1 <p <n*. In
each case we can show that for each k > 1 the problem (2.5)—-(2.6) possesses a
unique solution which has exactly k zeros in [0, 1] and satisfies u(0) > 0. If we
denote the solution by u,(t), then

Se={w,—uwy and S={+u:keN}.

In the superlinear case, this assertion has already been established in [7]. The
sublinear case can also be proved in the same way as in [7]. To show this, we
consider (2.5) on [0, co) together with the initial condition,

2.7 w0)=0 and u(0)=1.

It is easy to check that equation (2.5) subject to (2.7) possesses a unique global
solution w(t) on [0, c0). Furthermore the solution w(t) is oscillatory, that is, it
has an unbounded sequence of zeros in the interval [0, c0). To prove this

assertion, we use the so-called Liouville transformations: For the case of n
= 2 we employ

s=logt, y(s) = u(t), t>1,

and in the case of n >3 we take
s=m—=2t""2,  y@s)=sult)) t>0.
Then equation (2.5) is reduced to the equation of the form
y' +e*|ylPsgny=0, s>0, ifn=2
and
y" +cs’|ylPsgny =0, s> 0, if n>3,

where ¢ is a positive constant and o= —p—1+2/(n—2). Applying
[12, p 345, Theorem 4.7] in the case of n = 2 and [12, p 343] in the case where
n > 3, we see that all solutions of the above equations are oscillatory; hence so
is w(f). By the same discussion as in [7] we obtain the uniqueness and
existence of wu(t). We now apply our theorems to find the asymptotic
distribution in H of the solutions of (2.5)-(2.6). If 0 < p < 1, we have

(2.8) limy, o, [ty ll o = limy, o, |ty llg = O
and
(2.9) C k=*PIA=D < 1y, ||y < Cok~ PP for keN.

If 1 <p<n*=(n+2)/(n—2), we have



Semilinear elliptic equations 121

(2.10) limy o, |y ll o = limy, o, [ llg = 00
and
(2.11) Cok@DIe=D <y ||y < C krthie—1 for ke N.

ExaMpLE 2 (Perturbed Emden-Fowler equations). We consider the
Emden-Fowler equation with a perturbing term,

—1
@2.12) u"+1t—u'+|u|l’sgnu+h(t):0, 0<t<l1,
2.13) W) =0, au(l)+bu'(1) =0,

where 1 < p < n* and h is continuous on [0, 1]. Using our theorems, we find
an integer ko, and two sequences {u; };.i, and {u; }iy, Of solutions to (2.12)—
(2.13) such that u,” and u, have exactly k zeros in [0, 1], u;f (0) > 0, u, (0) <0
and they satisfy (2.10) and (2.11).

ExaMPLE 3 (Emden-Fowler equations involving both superlinearity and
sublinearity). Finally, we treat the boundary value problem which involves
both of the superlinearity and sublinearity:

n—1
(2.14) u” + u + |ulPsgnu+ |u|?sgnu =0, O<t<l1,

(2.15) u'(0) =0, au(l) + bu'(1) =0,

where 0 < g <1 < p <n* Using the Liouville transformations introduced in
Example 1 and applying Theorems A5, A6 and A7 in [5], one can easily check
that the assumption (C), is valid for every ye R. 'We now apply our theorems
to this equation. Notice that the nonlinear terms in equation (2.14) are odd
functions. Therefore there exist an integer k, and four sequences {u}isio»
{ = Witksko {Vktkako aDd { — D }isy, Of solutions to (2.14)—(2.15) such that u, and
v, have exactly k zeros in [0, 1], u(0), v,(0) >0 and

limy o | ll o = limy o [l llg = O,
limy o |0kl oo = limy, o 04 ]lg = 0,
Clk—(l+4)/(1—q) < " Uy, ||H < Czk—(l+q)/(1—q)
and

C3k“’+“/“"” < ” Uy ||H < C4k“’+”/(”_” for k> ko-
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3. A priori estimates in the sublinear case

In this section we are concerned with the sublinear case and give some
basic a priori estimates of the solutions with respect to the H norm. These
results are basic to the proofs of our results. The most important one is the
following proposition.

PrOPOSITION 3.1.  Suppose (A1), (A2) and (A3).Then for any m > n — 1 there
exist constants C; >0, 1 <i <5, and r > 0 such that

maXOStsl lu(t)|p+1t" < Cl maXOStsl G(u(t))t”

1
< C,maxg ., v ()" < C3f |u'|2¢™ dt
0

1

1
SCaJ Iu'|2t”‘1dtsc4f G(u)t™ dt
0

0

1
< C4J Gu)t" 1dt < Csmaxg,oq lu(®)|PF1e"
0

for any ueSnB(r)

In what follows, we always make assumptions (A1), (A2) and (A3) without
further mention. By (A1) there exist constants b, >0, 1 <i <4, such that

(.1 S|Pt < by Gls) < bysg(s) < b3G(s) < byls|”™"

for any |s| <r,. From (A2) it follows that given ¢ > 0 there exists a constant
r(e)e(0, 1) such that for |s| < r(¢) and te[O0, 1],

(3.2) |h(t, s)| < ¢|s|®+1)/2,

Since (p + 3)/2 > p + 1, we infer from (3.2) that
(3.3) [sh(t, s)| < g|s[PT! for |s| < r(e).

Further, (A3) implies that if n > 3 then there exist positive constants 0 and r,
such that

3.4) (2n — 6)G(s) = (n — 2)sg(s) for |s| <r,.

We may suppose without loss of generality that r(e) <r, <r, <1 for all ¢ > 0.

In what follows, we denote various constants by C,, C,,---, C, C’ and C”,
which depend on neither a solution u nor the total number of zeros of u. To
prove Proposition 3.1, we prepare several lemmas.
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LemMa 3.1. (i) For any ueS, we have

1 1
(3.5) J (e tdt = J uf (¢, w1 de + u'(Du(1).
0 0
(ii) There exist constants C,, C, >0 and r,€(0, r,) such that
1 1
(3.6) J W) tde < ClJ [ulP* et de + u'(Du(1)
0 0
and
1 1
3.7 J lufP*tetde < CZJ W@ e tde + Cylu'(Du(l)
0 0

for any ueSnB,(r,).

Proor. Multiplying (1.2) by u(¢)t"~! and applying integration by parts, we
obtain the desired relation (3.5). Next, by (3.1) and (3.3) there exists a constant
C, > 0 such that

(3.8) Isf(t, s)] < CylslP™t for |s| <r(1).

This inequality and (3.5) together imply the inequality (3.6). Lastly,
substituting ¢ = a,/2 into (3.3) and applying (A1) and (3.3) we obtain

(39) $f(t,5) = sg(s) = Isht, 9) > 5P

for |s| < r(a,/2). The inequality (3.7) follows from (3.5) and (3.9). The proof is
now complete.

LemmA 3.2. There exist constants C,, C, >0 and ry€(0, r,) such that

(3.10) Lu'(t)? + Gu(r) < C,Gu(0))
and
(3.11) [u(0)] < ullo < C,|u(0)]

for te[0, 1] and ue SN B (rs).
ProoF. Multiplying (1.2) by u/(t) and integrating the resultant identity
over [0, t], we have
t

(3.12) %u'(t)2 + G(u(t)) + (n — l)f ! u'(s)* ds

OS

= G(u(0)) — L: u'h(s, u)ds.
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We now set
E = maxo.; {34/ (2)* + G(u(1))}.
Then it follows from (3.1) that
lu@®| < (b, E)/**Y  and |u'(t)| < (2E)'?

for te[0, 1]. Using the above inequalities and (3.2), we have

t t
(3.13) f ' (s)h(s, u)|ds < & f || |u|®* D2 ds < ¢CE
0

0

for any ueSnB,(r(c)), where C is a positive constant independent of & It
follows from (3.12) and (3.13) that

14/ (t)* + G(u(t)) < eCE + G(u(0))
for te[0, 1]. This implies
E <¢CE + G(©) for ueSnB.(r(e)

We then choose ¢ = 1/2C to obtain E < C’G(u(0)), which implies the inequality
(3.10). Next, by (3.10), we have

G(u(t)) < C;Gu(0) for te[0, 1].
The inequality (3.11) follows from the above inequality and (3.1), and the proof
is complete.

LEMMA 3.3. There is a constant r,€(0, r3) such that to each m with m > n
— 1 there correspond constants C,, C, >0 for which the inequalities

(3.14) jl G(u@)tmdt < C, Jl u' ()%t dt + C,|u' (Du(l)| + C,u(1)?
0 0
and
(3.15) jl w'()?mde < Czjl Gu(t) ™ 2dt + v’ (u(1)
0 1]

hold for any ueSnB,(ry).

Proor. Let m> 1. Multiplying (1.2) by u(t)t™ and integrating the
resultant identity over [0, 1], we have

1 1 — _ 1
(3.16) f|u'|2t'"d:=f uf &, wimde + "+21)(”’ I)J W2em2 dt
0 0

0
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+w(Du(l) — ﬁ%ﬂ u(1)?.

On the other hand, by (3.1) and (3.9), we obtain

1 1 1
(3.17) f uf (¢, wyem de > “—1J lulp 1 emdt > c‘j Gu)tmdt

0 2 0 0
provided that |u| ., < r(a,/2). Assume now that m >n — 1. Then the second
term on the right-hand side of (3.16) is positive, and so the inequality (3.14)
follows from (3.16) and (3.17). Next, by (3.8) and (3.1), there exist constants C,
C’ and C” such that

JI uf (¢, wyt™dt + (m —n +21)(m k) Jl urtm=2de
0

0o

1 1
< Cj |ulP*emde + CI u?tm 2 de
0

0

1 1
SC’I |u|p+1tm‘2dtSC”j Gu)™~2dt,
0

0

provided that |u|, <r(1). This estimate, together with (3.16) implies
(3.15). This completes the proof.

Using Lemmas 3.1 and 3.3, we obtain the next lemma which is useful for
proving Proposition 3.1 below.

LemMA 3.4. For any m with m > n — 1, there exist constants C; >0 and
r >0 such that
1

MaXos.s; {% WP+ G(u(t))t"} < clf G de

0
1
<C, f w2t dt < Cymaxoq,<, u/(t)?t"
0

for any ueSnB(r)
Proor. Let m > 0. Multiplying equation (1.2) by v'(t)t™ and integrating the
resultant identity over [0, T], we have

T
(3.18) %u’(T)z ™ + Gw(T)) T" = mJ Gu(r))em ' dt

0

m T T
+<——n+ 1>j |u’|2t'"_1dt—j w'h(t, wyt™ dt.
2 0 0
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First we substitute m = n into (3.18) to obtain

(3.19) %u’(T)Z T" + Gu(T)) T" <n f l

Gu)t" tdt + fl [u'h(t, u)|t" dt.
0 0
We here set
K(t) =3u'(0)*t" + Gu(t)r"
and
K = max,.; K(t).

Then it follows from (3.1) that

(3.20) lu(e)|P* D22 < (b, K)'V?
and
(3.21) lu'(t)|t"? < (2K)/?

for all te[0, 1]. Using (3.20), (3.21) and (3.2), we have

1 1
(3.22) f |u'h(t, w)|t"dt < ef |u/[¢"2 |u|P+ D22 4t < eCK
0 0

for all ue SnB,(r(€)), where C does not depend on u, K, and ¢. It follows from
(3.19) and (3.22) that
1

K(T) < nJ G(wt" 'dt + eCK

0

for any Te[0, 1], so that

1
K < n'[ G(u)t" tdt + eCK.

0

Put ¢ = 1/2C, then we have

1
(3.23) K < 2nJ G(u)t"~*dt.

0

This is the first inequality displayed in the statement of Lemma 3.4. We now
prove the second inequality. Substituting m =n and T=1 into (3.18), we
obtain

1

(3.24) %u’(l)z + Gu(l)) =n j G(u)e"~ ' dt

0
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-2 1 1
_n 5 f lu’lzt""ldt—J u'h(t, u)t" dt.
0

0

First we consider the case in which n > 3. From (3.4) and (3.5) it follows that

1 n—2 1
(3.25) nJ G(uyt" ' dt — 5 J |/ |?t" =t dt
0 [

_1 J " 20G(W) — (n — Duglw)} - de
2 Jo

— 1 —
_n-2 J wht, W= dt — "2 w(u(l)
2, 2

n—2

. _ 1
> gj Guyt"~'dt — %J uh(t, "~ dt — u'(Du(1)
0

0
for ueSnB_(r,). Therefore by (3.24) and (3.25) we obtain

(3.26) %u’(l)z + Gu(l)) = g Jl G(u)t"~ 1 dt

0

— 1 -2 1
_n . 2j uh(t, uy"~'de — " 5 u’(l)u(l)—j Wwhit, W dt

0 0

for any ueSnB,(ry). Next, let n=2. In this case we directly obtain from
(3.24) the inequality (3.26) with 6/2 replaced by 2. On the other hand, the
substitution of T=1 into (3.18) yields

%u’(l)2 + G(u(l)) = mjl G(uyt™ ' dt

0

m 1 1
+(~——n+ l>j Iu’lztm_ldt—j u'h(t, u)t™dt.
2 0 0

From this and (3.14) we see that for any m > n there is a constant C > 0 such
that

1
(3.27) %u’(l)2 + G(u(l)) < le |u'|2em =t de — J‘ u'h(t, uyt™ dt
0 0
+ Clu'(Du(1)| + Cu(1)?

for ueSNB(r,). The estimates (3.26) and (3.27) together imply that for any m
> n one finds a constant C >0 and
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1 1
(3.28) QJ Gu)t" tdt < CJ |u'|?" 1 dt
2J)o 0

n—2
2

1 1
+ f |uh(t, u)|t""‘dt+2J~ [u'h(t, u)|t" dt
0 4]

+ Clu'(Du(1)| + Cu(1)?
for ueSnB,(r,). We then estimate each term on the right-hand side. Using
the inequalities (3.1), (3.3), (3.22) and (3.23), we have

1 1 1
(3.29) f |uh(t, u)|t"~1dt < ef [ulPtie—lde < sb‘J Gut" ' dt
0 0

0

and

1 1
(3.30) J |u'h(t, u)|t" dt < eC J G(uyt"~* dt
0

0

for ueSnB,(r(s)). Combining (3.28), (3.29) and (3.30), we see that for any
m > n there is a constant C > 0 such that

1 1 1
'[ G tdt < C'[ Iu’lzt""ldt-f-eCj Gu)t"tdt

0 0 0
+ Clu/(Du(1)| + Cu(1)?

for ue Sn B (r(¢)), where the constant C may depend on m but does not depend
upon u, K and &. Set ¢ =1/2C and rs = r(1/2C), then we have

1 1
(3.31) j G tdt < Cf lu' 2™~ 1 dt + Clu'(1)u(1)| + Cu(1)?

0 0

for ueSnB,(rs), where C and rs may depend only on m. To estimate the
second and third terms on the right-hand side, we substitute ¢ = 1 into (3.20)
and (3.21). Then it follows from (3.20), (3.21), (3.23) and (3.1) that

(332)  [w(u(l)] + u(1)? < CKP+IR0+) 4 CK2e+D

1 (p+3)/2(p+1) 1 2/(p+1)
< C(J G(u)t" ! dt> + C(J G(u)t"_ldt>
0 0

< Clujz™" fl Glwy"™* dt + cnuu:;"fl G(u)" ™ dt.

0 0

Consequently, it follows from (3.31) and (3.32) that
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1 1
J Gy tdt < CJ |u'|2¢m~ 1 dt

0 0
1
+ C(llulle™™"? + IIuilio"’)I G(u)e"~ ' dt
0

for ueSnB,(rs). The second inequality in Lemma 3.4 follows from the above
inequality provided that |u|, is sufficiently small. Lastly, for m >n —1 we
have

1 1
f |u’'|2t™ dt < (maxge,<, u’(t)zt")J t" " dt,
0 0

which implies the last inequality in Lemma 3.4. Thus we obtain the desired
estimates by choosing an appropriate radius r >0, and the proof is now
complete.

We are now in a position to give the proof of Proposition 3.1.

PrOOF OF PrROPOSITION 3.1. It is easy to check the first, the fourth and the
sixth inequalities stated in Proposition 3.1. The second and the third
inequalities have already been proved in Lemma 3.4. Therefore it is sufficient
to verify the fifth and the last inequalities. By Lemma 3.1 (ii) and (3.1) there is
a constant C; > 0 such that

1 1
(3.33) f w21 dt < CIJ Guyr"™dt + w'(1)u(1)
0 0

for any ueSnB,(r,), where r, is a radius as mentioned in Lemma 3.1. To
estimate the right-hand side of (3.33), we use Lemma 3.4 and (3.15), and so for
any m > n — 1 there exist positive constants C, and r such that

0 0

(3.34) fl Gyt ' dt < czr G(uyt™ 2 dt + C,|u'(1)u(l)]

for ueSnB,(r). From (3.33) and (3.34) we see that for any m > n — 3 there is
a constant C > 0 such that

(3.35) JI W2t dt < cfl G(uyt™dt + C|u'(1)u(1)).
0

0
On the other hand, letting m = n in Lemma 3.4, we have
1 1 1
K = maxoq<, <§u'(t)2t" + G(u(t))t"> < C'J |u'|*t"dt < C’J lu'|2¢"~ 1 dt.
o 0

Using this inequality, we obtain
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(3.36) [’ (Du(D)] < [u' (D] Ju(@)]F P2 Ju =72

< 3/ (D)2 + [u(D)|**P) u|L-pr2
1

< CiKlluls ™™ < C, ||ungg-w/2J lw' 2"~ dt,
0

where C, and C, are positive constants independent of u and
K. Consequently, it follows from (3.35) and (3.36) that

1 1 1
f w21 dt < C3J Gu)t™dt + C, ||u||g‘1"/2f |/ |2t" " dt
0 0

0

for any ueSnB,(r), where C; and r depend only upon m. If |u|, is
sufficiently small, the above inequality implies the fifth inequality stated in
Proposition 3.1.

We next prove the last inequality. Using (3.32) and (3.34), for any m > n
— 1 we have

1 1 1
f G 1dt < le Gw)t™ 2dt + C,|lu|L~#/2 J Gt 1 dt,
0 0 0
and so
1 1
J Gu)t" ldt < Cj G(u)t™™ 2 dt
0 0

provided that ||u| is sufficiently small. In this inequality we putm =n + 2 to
obtain

1 1
J Gu)t"™'dt < Cf G(u)t"dt < C' maxge.< [u(®)|P+e"
Y 0

This is nothing but the last inequality of Proposition 3.1. The proof is
complete.

We next prepare two technical lemmas which will play an important role in
the proof of Theorems 1 and 3.

LemMA 3.5. For any @ > 0 there are constants C and r > 0 such that

(3.37) J 1 Gyt 'dt < C{%u’(t)z + G(u(t))}t”"

0
for te(0, 1] and ueSnB,(r).

PrROOF. Let w > 0 and define
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E(t) = 3u'(6)* + G(u(t)).

Let Te(0,1). Multiplying equation (1.2) by u'(f)t™“ and integrating over
[T, 1], we have

1 1

E®t " tdt + (n— l)j |u' |2t~ 1 dt
T

(3.38) E(T)T© = wf

T

1
+ J u'h(t, wt~* dt + E(1).

T

We then show the following two inequalities:

1 1
(3.39) f |u'h(t, u)lt’“’dt_<_8C1J‘ E@)t=° dt
T T
and
6 1
(3.40) E(1) > <§ —¢eC, — Cy ||u||g-m/2) J Gu)t"~dt
0

for any ¢>0 and ueSNB,(r(¢)). In these inequalities, C;, 1 <i <3, are
positive constants independent of ¢, u and T, 6 is a positive constant as defined
in (3.4) in the case of n > 3 and 6/2 should be replaced by 2 in the case of n
= 2. First it follows from (3.2) that

1 1
J |[u'h(t, u)|t~dt < aj |u| |u|PFD2gme=1 gy
T T

1 1

< ef (1w ]? + lufP* Y e 1dt < SCJ E@)t " 'dt

T T

if u satisfies ||u|, < r(¢). This is the desired inequality (3.39). We next obtain
(3.40) by using the inequalities (3.26), (3.29), (3.30) and (3.32) together. By
(3.38), (3.39) and (3.40) we have

1
E(NT ° > {g— —eCy — C5 Ilullg_’”/z}J G(u)t"~*dt

0
1

+ (w—aCl)J

1
E@®t Ydt + (n — I)J’ lu'|2t= @~ tdt
T T
for ueSnB,(r(s)). We put

& =gy = min(w/2C,, 6/4C,).

Then the second and third terms on the right-hand side are positive, and so we
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obtain

0 1
E(T)T™® > <Z —C, IIuII‘O})“”/Z)j G(u)t" ' dt
(4]
for ue SN B, (r(ey)). Consequently, we obtain (3.37) from the above inequality
as far as ||ul|, is sufficiently small. This completes the proof.

We say that a zero 7 of u is a simple zero if u(t) = 0 and u'(t) # 0. Lemma
3.5, together with (3.11), implies that any nontrivial solution with small L%
norm has only simple zeros. This fact is important for defining our Priifer
transformations. In the following lemma, we give some technical estimates
near t = 0 for the solutions belonging to S.

LEMMA 3.6. There are constants 6 >0 and C,, C, > 0 such that

(3.41) [ullo < Cylu(®)]
and
(3.42) [u'(t)] < C,tlu(t)|?

for all t and u satisfying te[0, 6||u|"P"%] and ue SN B (ro), where ry is the
number appearing in condition (Al).

PrOOF. Let ueSNB,(r,). Multiplying equation (1.2) by ¢"~! and
integrating the resultant identity over [0, t], we have

(343) W) = — t“"‘l’ftf(s, w1 ds
0
and
(3.44) u(t) — u(0) = — j ' (s""‘ 3 f ’ e, (@) dt> i
0 0

We then estimate the right-hand side. For te[0, 8 ul|{,"?2], it holds that

J‘ (s_("_” r |f(z, u(r))|r"_1dr> ds < Ct? | u|®,

0

< CO* lullp:f llully < C6* lull

where C is independent of 6 and u. From this and (3.44) we have
[u(0)] — C&* lull, < lu®)l,

and so
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1
<C_2—c52> lull, < Ju)l,

by (3.11). Therefore, choosing é so small, we obtain (3.41) from the above
inequality.
Next, (3.43) implies that

lw' (@] < Ctllulls.
This, together with (3.41), implies (3.42). This completes the proof.

As seen from the proof of Lemma 3.6, we may assume that § < 1. In view
of this, we may assume without loss of generality that

S lluly” < 8 ul %P2 < 1

holds for ueSnB,(1).
Proposition 3.1 and Lemma 3.6 lead us to the following definition.

DerFINITION 3.1. For ueSnB,(1) we define the numbers

M(u) = maxog, o [u(®)P* ' t"
and
T(u) = 6 |ull47P2.

We conclude this section by proving the next lemma, which means that it is
sufficient to compute the value of M(u) instead of the H norm of u€S in our
subsequent discussions.

LeMMA 3.7. There exist constants C,, C, >0 and r > 0 such that for any
ueSNB,(r) we have

C;M) < llullf < C,M(u).

Proor. It follows from Proposition 3.1 that

1
lull zj [w|?et"~ Y dt > CM(u).
0
This is nothing but the first inequality. Again, by Proposition 3.1, we have

1 1 1
j uzt"’ldtslluﬂio"’j |u|"+1t"'1dtsCf Gu)t" tdt < C'M(u)
0

0 0

and
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1
j [W2t""1dt < C"M(u)  for any ueSn B(r).
(o]
Therefore these two inequalities together imply
1
luly = J W + W) tdt < (C' + C")M(u).
0

This completes the proof of Lemma 3.7.

4. Proof of Theorems 1 and 3

In this section we prove Theorems 1 and 3. We suppose assumptions
(A1), (A2) and (A3) throughout this section. We begin by introducing
notations which will be used in the subsequent discussions.

DEerFINITION 4.1. For a continuous function u(t) on [0, 1], N[u] denotes
the number of zeros of u(t), that is,

N[u] =#{te[0, 1]: u(r) =0} (< + ).

Moreover, under assumption (C),, we denote by u(t, y) the solution of the initial
value problem (2.1)—(2.2),.

The next proposition is crucial for proving our theorems.

PROPOSITION 4.1. Under the assumptions of Theorem 1, it follows that
N[u(-, )] < + oo for sufficiently small |y| > 0, and that

lim, o N[u(-, y)] = + .

In what follows, we choose a constant r > 0 so small that Lemmas 3.1, 3.2,
3.3, 3.6 and 3.7 are all valid for any ueSnB,(r). We here observe that, in
Lemmas 3.4, 3.5 and Proposition 3.1, the number r depends on an exponent
m. When we use these lemmas and Proposition 3.1 in our discussion, we
exchange a constant r for a smaller one in accordance with the choice of m if
necessary. Therefore, in the following lemmas and definitions, the number r is
supposed to be chosen in an appropriate way.

To prove Proposition 4.1, we introduce a new type of Priifer
transformation.

DErFINITION 4.2. For ueSnB_(r) we define the functions p(t) and ¢(¢) by
4.1) [W'[*~'u' = p cos ¢,

4.2) u=p sin @,
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(43) 00 =3,

where p=2/(1 + p). Notice that u> 1.

The relations (4.1), (4.2) and (4.3) determine the functions p(t) and ¢(t) of
class C1[0, 1] uniquely. In fact, by (3.37) and (3.11), any nontrivial solution u
has only simple zeros, and so

p(®) = (lu'[* + lu»)*>0 for te[0, 1].

Therefore p(t) and ¢(t) are well-defined. Since the left-hand sides of (4.1) and
(4.2) are continuously differentiable, p(t) and ¢(t) are of class C[0, 1] as well.

LemMa 4.1. For ueSnB,(r) we have
(4.4) @' @) =p 2 {lW T + plu'* "  ug(u)
1
+ u(n — 1);|u’|“‘1 u'u + plu'|* " uh(t, u)}.
Proor. Differentiating (4.1) with respect to ¢, we have

ulu'|*~u” = p’ cos ¢ — po’ sin .

Substituting this relation into (1.2) yields

4.5) p’ cos(p—pq)’sinq)=u|u'|"_1<—n:1u'—f>.
Next, we differentiate (4.2) to obtain

4.6) u=p'sing+pep’ cos p.

Moreover, by (4.1), we get

4.7 u' =|p cos @|'* sgn (cos ).
Combining this with (4.6) gives

(4.8) p'sin @ + pp’ cos ¢ = |p cos |'/* sgn (cos @).

Multiplying (4.5) by — sin ¢ and (4.8) by cos ¢, and then summing up these
identities, we obtain

n .
p<0’=ulu’|“"< u’+f> sin ¢ + p'*|cos @[T,

Dividing both sides by p and using the resultant identity together with (4.1) and
(4.2), we obtain the desired relation (4.4). This completes the proof.
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From Lemma 4.1 we obtain the next key lemma which gives the relation
between N[u] and ¢(1).

LEMMA 4.2. (i) Let ueSiNB,(r) and (t)-,=0<t; <t, <-- <t <1)
the associated sequence of its zeros. Then we have

o) =jn for 1 <j<k,
(—Dr<oe@t)y<jn fortj,<t<t, 1<j<k+1,
and
kn < (1) < (k + V=,

where we set to =0 and t,,, = 1.
(i) Let ueSNB,(r). Then k = N[u] if and only if kn < ¢(1) < (k + 1)=.

Proor. First notice that u(t) = 0 if and only if ¢(¢) = 0 (mod n). Let 7 be
a zero of u(¢). Then it is a simple zero, and so (4.4) implies

o'(®)=p) U@ >0.

Consequently, ¢(t) is strictly increasing in the neighborhoods of zeros of
u. Now, let 0<s<7<1, u(t)#0 for te(s,7) and u(r)=0. If(j—r<
o(s) <jm, then it follows that (j— 1)nm < ¢(t) <jn for te(s,7) and ¢(7)
= jn. This proves the first assertion (i). The second assertion (ii) follows
readily from (i), and the proof is complete.

We need the next lemma for the proof of Proposition 4.1.

LemMA 4.3. For each a > 0 there is a constant C,> 0 such that
1
4.9) f ' [Flulp =2t dt < C,M(u)™*  for ueSnB(r),
0

where M(u) is the number defined in Definition 3.1.
Proor. First, it follows from the definition of p(t) that
(4.10) p(®) = u@  and p(t) > |w' (@)
for any te[0,1]. By Lemma 3.6 and (4.10) we have
|/ lFlulp =2t < Clu' |~ Hulp*1p =2 < CpU 2
< Clu()| 4 =P2 < Cllull 5"

for te(0, T(u)], where T(u) is defined in Definition 3.1. Hence we obtain
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T(u)
(4.11) J [ [“|ulp =2t  dt < CT(u) |ul| 5" ~7"
0

< ClulG™™2 ul ™72 =C,

where C is independent of u in SnB(r)
Next, (4.10) asserts that for any a > 0,
1 1
4.12) f |u'[*lulp~ 2t~ dt SJ‘ t~lde

T(u) T(u)
1

1

ST@™| A< T ™ < G, fluf7 447,
T(u)

By Proposition 3.1

1
M@u) < CJ Gwt"~'dt < Clu|rii,
0
and so by (4.12) we have
1
(4.13) J [u'|*lulp™ 2t~ dt < C,M(u)~ ~P/21*p)
T(u)
for « > 0. Summing up (4.11) and (4.13), we obtain
1
J‘ |u'|“|u|p_2t_1dt < CaM(u)—(l—p)a/2(1+p) + C
0
for « > 0. Since r is taken to be sufficiently small, we may assume that
M(u) < 1. Consequently, it follows that
1
j [u,‘ululp—zt—l dt < (Ca + C)M(u)—(l—p)aﬂ(l +p)
0
for any « > 0. Replacing (1 — p)a/2(1 + p) by a, we get the desired conclusion,

and the proof is complete.

We are now ready to prove Proposition 4.1. The main tools of our proof
are Proposition 3.1 and the new Priifer transformation as introduced in
Definition 4.2.

PROOF OF PROPOSITION 4.1. Let ueSnB,(r). Integrating the identity (4.4)
displayed in Lemma 4.1 over [0, 1], we get

(@14 o(1) = 32 1) + 1) — L3(0) ~ L(w)
where I(u), 1 <i<4, are respectively defined by

(4.15) Il(u)EJ |u'|F*tp~2dt,

0
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(4.16) I(u) = llfl [u'[* =t ug(u)p ~* dt,
(o]
(4.17) I3(u) = p(n — I)Jllu'l”|u|P_2t_1dt,
0
4.18) I,(u) = ufl [w'|F~ Y uh(t, u)|p 2 dt.
(4]

We then estimate the terms I;(u), 1 <i<4. First we give a lower bound of
I,(u) + I,(u). It follows from the definition of p(¢) that

4.19) p?=|u|** + u?,
and so that
(4.20) pPYE<|u')? + [ulPtl.

This implies the estimate

@21) L+ 1w = f lu' =1 p 2 (1| + pug(u)) dt

1 1
> CJ W =L p 2 (Ju')? + [uP* ) de > CJ‘ lw'[*=tp~1=P dt.
0 0

To estimate the right-hand side, we fix any exponent m such that m > max
{n—1,(3+ p)n/2(1 + p)}. Then it follows from (4.20) and Proposition 3.1 that

422) PSP < (/P + [ufp PP
< CM(u)3*P2a+p for te[0, 1].
By (4.10) and (4.22) we have
(4'23) |u'[“_1 p—(l—p) > |u'|2p =(3+p)2 > CM(u)"(3“’)/2(1”’)Iu'lzt'".

From (4.21), (4.23) and Proposition 3.1, it follows that
1

(4.24) I, (u) + 1,(u) > CM(u)“‘“"’/Z‘”"’j |u'|2tm dt
0

> CM(u)_(l -p)/2(1 +p),

where C is a constant independent of u. This is the desired estimate. We
have already estimated the term I;(u) in Lemma 4.3. Hence we estimate
I,(u). Tt follows from (3.2) and (4.10) that

W'~ uh(t, wlp =2 < ' Hul®* 2 p 72 < 1,
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and therefore
(4.25) I, (u) < pu.

We choose a constant « in Lemma 4.3 so that 0 < o < (1 — p)/2(1 + p), and use
(4.14), (4.24), (4.25) and Lemma 4.3. Then it follows that

(4.26) @(1)> C,;M(u)~0-»i2a+n _ C,

for any ueSnB,(r), where C; and C, are independent of u. On the other
hand, we note that the inequalities (3.10) and (3.11) stated in Lemma 3.2 hold
for any ue S with |u(0)] < r;. These facts can easily be proved in the same way
as in the proof of Lemma 3.2. It therefore follows from (3.11) that

4.27) M) < ||ullZ"t < Clu())P*!
for any ueS with |u(0)| < r;. The inequalities (4.26) and (4.27) together imply
(4.28) e(1) = C3lu(0)|"* P2 - C,

for ueS with |u(0)| sufficiently small.

We now prove the first assertion that N[u(-, y)] < oo for |y| sufficiently
small. By Lemma 3.5 and (3.11), any solution with small L* norm has only
simple zeros, and so it possesses at most a finite number of zeros. In fact, if it
would have infinitely many zeros, then there would exist an accumulation point
of zeros. However the accumulation point is not a simple zero, and this is a
contradiction and therefore any solution with small L* norm has at most a
finite number of zeros. This fact, together with (4.27), implies that if |u(0, y)|
= |y| > 0 is sufficiently small, then N[u(-, y)] < oco. Recall that u(t, y) denotes
the solution of (2.1)-(2.2),, We here define o¢(t,y) by the function ¢(t)
introduced in Definition 4.2 with u = u(t, y). Then it follows from (4.28) that

4.29) o(l,y) > Csly| 07 P2 C, for |y| sufficiently small.
This inequality and Lemma 4.2 together imply that

lim,_o N[u(-, )] = + o0.
The proof is thereby complete.

We choose a constant p, >0 such that u(t,y) is well-defined and
N[u(-, y)] < oo for any ye[ — 7o, 70]\{0} and moreover the inequalities (3.10),
(3.11), (4.27) and (4.28) hold for any u(t, y) with 0 < |y| <7y,. We here present a
lemma which guarantees a continuous dependence of solutions on the initial
condition (2.2),.

LEMMA 4.4. The mapping y — u(-,y) from [ — 95, yo]\{0} into C?[0, 1] is
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continuous.

PROOF. Assume that vy, ye[ — y0, 70]\{0} and lim,_ 7y, =7. We write
u,(t) = u(t, y) and u(t) =u(t,y). We wish to prove that lim,_. u, =u in
C?[0, 1]. Suppose that it be false. Then there would exist an ¢ >0 and a
subsequence (again denoted by (u,) for simplicity) of () such that

(4.30) luy — ullczo,1 = € for all k.
On the other hand, (4.27) asserts that sup, |||, < 0. By (3.43) we obtain
4.31) [up @) < Ctllull®, for all te[0, 1].

This, together with equation (1.2), implies that sup, ||u;|l, < 0. Now (4.31)
also implies that sup,|lu;ll, < oo and therefore (4) is bounded in
C2[0, 1]. By Ascoli-Arzeld’s theorem, we find a subsequence (w,) and a
function v such that {u,} converges to v in C'[0, 1]. Applying this fact to
integral equation (3.43), we see that (u,) converges in C 2[0,1] and v is a
solution of (2.1)—(2.2),, from which it follows that u =wv. This contradicts
(4.30). The proof is now complete.

We now give the proofs of Theorems 1 and 3.

PRrOOF OF THEOREM 1. Let a® + b # 0. We first consider the case where
b #0. According to the choice of y,, we have

4.32) o(,y)< oo  for 0<I[y<7e.

It suffices to find only a sequence (u;"), since another sequence (u; ) can also be
found in the same way. To this end we choose a positive integer k, such that
o(1, o) < kom.  Since lim,_, ,, (1, y) = 00 by (4.29) and ¢(1, y) is a continuous
function of y by Lemma 4.4, the intermediate value theorem implies that for
k > ko there is a ye(0, yo) such that ¢(1, y) = kn. Therefore we can define a

sequence (qulksk, DY

(4.33) a4 = sup {y€(0, yo): @(1, y) = (k + Dn}.
We also define a sequence (pisi, bY
4.349) P = inf {y€(qi, 70): @(1, 7) = kn}.

These sequences possess the following properties:

(4.35) P> Gk = Pev1 > Gi+1 > 0,

4.36) lim, ., p, = lim,_, , q, =0,

4.37) o, p)=kn, o(1,q)=k+ Dmn and
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(4.38) kn < o(1,y) <k + for ye(qw p) and k> k,.

The properties (4.35), (4.37) and (4.38) follow readily from the definitions of (p,)
and (q,). We show the assertion (4.36). By (4.35) the sequence (p,)
converges. Suppose that lim,., p.=79*#0. Then y*€(0,y,) and (4.37)
asserts that ¢(1, y*) = lim,_ , (1, p,) = 0, which contradicts (4.32). We
therefore obtain lim,_ . p, =0, and so (4.36) holds.

We here set y(y) = au(l, y) + bu'(1, ). The function y(-) is continuous on
(0, yo] by Lemma 4.4. From (4.37) and Definition 4.2 it follows that

¥ = (= Db p(1, p)*™,

¥ = (= D bp(l, g™,
Since b # 0,

ye)y(@) = — b2 {p(l, po) (1, qk)}llu <0

for k > k,. By the intermediate value theorem there is a y,€(qy, px) such that
y(y,) =0. We then define u;(t) = u(t, y,) for k > k,. These are the desired
solutions. In fact, they satisfy equation (1.2), boundary condition (1.4) and the
sign condition u; (0) >0. By Lemma 3.7 and (4.27) we have

lug 17 < CM(w) < Cllu 157 < Cyf™ — 0 as k— 0.

Since kn < (1, y,) < (k + 1)7 by (4.38), u,’ (¢) has exactly k zeros in the interval
[0, 17.

Next, we treat the case in which b=0. Since we assumed that a®
+ b% #0, we must have a # 0. Hence the boundary condition (1.4) can be
written as

w(0)=0 and u(1)=0.

Since lim, ., ¢(1, y) = oo, we find a sequence (yy)xsx, Such that y, > 0, lim, ., 7
=0 and ¢(1,y,) = kn for k >k, Therefore, in this case, we define u; (r)
=u(t, y,) for k > ko,. These are the desired solutions of (1.2)—(1.4). The proof
of Theorem 1 is thereby complete.

Proor oF THEOREM 3. We first show the lower estimates for the H norms
of the solutions. Let ueS,nB,(r). Since ¢(1)e[kn, (k + 1)m) by Lemma 4.2,
(4.26) yields
(k+ ) > C,M(u)~*-p20*n _ C,
Therefore, by Lemma 3.7, we have

Ck~ 1 +p)/(1—p) < “u”H:
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where C is a constant independent of u. This is the desired lower estimate with
respect to the H norm.

We next consider the upper estimates for the H norms of the
solutions. Let ueS,nB,(r). Integrating both sides of (4.4) over [0, 1] with
respect to t, we obtain

439) (1) =3 < 1,0 + 1,00 + I5(0) + L,(w),

where the terms I(u), 1 <i <4, are defined by (4.15), (4.16), (4.17) and (4.18),
respectively. We then estimate the terms I;(u), 1| <i<4. In order to estimate
I,(u), we apply (4.10) and obtain

1
(4.40) I,(u) SJ p(t)~ P2 gy,
0
Let o >0. From (4.10), Lemma 3.5 and Proposition 3.1 it follows that
1 1
pPrl > 5(|u’(t)|2 + lu(®)P*1) > Ct“’f G(u)t" ' dt > Ct*M(u),
0

so that
(4.41) p(£)~1~PV2 < Cp~ (1~ P0/2(1+P) pf(y)~ (1= PY2(1+P)

for te[0, 1] and ueSnB,(r). Here the constants r and C depend only on
. Choose a constant ® so small that (1 — p)w/2(1 + p)<1. Then
t~(1=Pe/21+P) ig integrable over [0, 1], and hence it follows from (4.40) and
(4.41) that

(4.42) I,(u) < CM(u)~(t—P2a+p),

We next estimate I,(u). By (4.10) we have

1

Lu < CJ p P2 g

0

and so (4.41) yields
(4.43) I,(u) < CM(u)~t—PV20+p),

We have already estimated I;(u) and I,(u) in Lemma 4.3 and (4.25),
respectively. Combining (4.42), (4.43), Lemma 4.3 with a = (1 — p)/2(1 + p),
(4.25) and (4.39), we obtain

(1) < CM() ™1 =P2A+P 4 €,
Since ¢(1)e[kn, (k + 1)m) by Lemma 4.2, it follows that
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kn < C,M(u)~(=PR20+p 4 ¢,

At this point we may assume that M(u) < |ull, <1 for ueSnB_(r). This
implies that

kn < (Cy + C,) M(u)~ 1~ P20 +p),
Consequently, by Lemma 3.7, we obtain
lully < Ck=+pri=p

This completes the proof of Theorem 3.

5. A priori estimates in the superlinear case

The purpose of this section is to present several a priori inequalities of
solutions in the superlinear case. Throughout this section we always suppose
conditions (B1). (B2) and (B3). By (B1) we may assume that

(5.1 a,|s|Pt! < sg(s) < a,|s|P*?! for all seR.

Indeed, we first define g(s) by g(s) = g(s) if |s| = Ry, §(s) = g(Ro)RoPs? if 0 < s
< R, and g(s) = g(— Ry)Rg?|s|P if — Ry <s<0. Then g(s) is continuous on
R and satisfies conditions (5.1) and (B3). We next define A(t, s) by A(t, s) = g(s)
— §(s) + h(t, s). Then f(t, s) can be represented as f(t, s) = g(s) + h(t, s). The
function A(t, s) is continuous on [0, 1] x R and satisfies (B2). Thus we may
suppose (5.1) for the function g(s) without loss of generality. From this
condition one finds constants b, >0, 1 <i <4, such that

(5.2) Is|P*! < b, G(s) < b,sg(s) < bysG(s) < by|s|PH!

for all seR. On the other hand, if n >3 then (B3) states that there exist
constants 6, C > 0 such that

(5.3) (2n — 0)G(s) + C = (n — 2)sg(s) for all seR.
Lastly, (B2) assures that for any ¢ > O there exists C, > 0 such that
(5.4 |h(t, s)| < e|s|?*V2 + C, for seR.
Moreover, since (p + 3)/2 <p + 1, we have

(5.5) [sh(t, s)| < e|s|P** + C, for seR.

The next proposition is the main result of this section and plays an
important role in the proofs of Theorems 2 and 4.

PROPOSITION 5.1.  Suppose that conditions (B1), (B2) and (B3) hold. Then
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for any m > n — 1 there exist constants C, >0, 1 <i <5, such that the estimates

maXp<r<y |“(t)|p+1tn < Cl maxOStsl G(u(t))t"

1
< C,maxg W ()" + C, < Csf |/ |2tmdt + C,
0

1

1
5C3j l“/|2t"_1dt+C3£C4f Gut™dt + C,
0 0

1

< C‘J Gu)t" ' dt + C, < Csmaxgy,; lu(®)P*1t" + Cs
0

are valid for any ues.

To prove Proposition 5.1, we prepare several lemmas. Noting that p > 1
and using conditions (5.2), (5.3), (5.4) and (5.5) in the proofs of Lemmas 3.1, 3.2
and 3.3 instead of (3.1), (3.2), (3.3) and (3.4), we obtain the following three

lemmas.

LemMmA 5.1. (1) For ueS we have

1 1
(5.6) f W' |2t" "1 dt = f uf (¢, wyt" =t dt + w'()u(1).
0 0
(ii) There exist constants C;, C, > 0 such that
1 1
(5.7 J |u’|2):"_1dtSC1J~ lulP* e~ de + w'(Du(l) + C,
0 0
and
1 1
(5.8) f lulPtie—1de < C2J lu' 2"~ dt + C,lu'(Du(l)] + C,
0 0

are valid for ueSs.

LeMMA 5.2.  There exist constants C;, C, >0 such that

(5.9) 2@ + Gu(t) < C,Gu(0)) + C,
and
(5-10) [u(0)] < lull o < C2lu(0)] + C,

for te[0, 1] and ueSs.

LEMMA 5.3. For any m > n — 1 there exist constants C,, C, > 0 such that
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0

1 1
(5.11) J Guyt™dt < CIJ lu' 2t dt + C,|w(Du(l)] + C,u(1)? + C,
(4]

and

1 1
(5.12) J w2t dt < CZJ Guyr™=2dt + w'()u(l) + C,
(4] 0

hold for any ues.

From Lemmas 5.1 and 5.3 we obtain the next lemma which is basic to the
verification of Proposition 5.1.

LEMMA 5.4. For any m > n — 1 there are constants C; >0, 1 <i < 3, such
that

1

1
maxg.<; {5 u'(t)’t" + G(u(t))t"} < le Gu)t" 1dt + C,

0
1
<G, J lu'|2t"dt + C, < C3maxge,c; w(t)2t" + Cs
0

for ues.

Proor. Using Lemmas 5.1, 5.2 and 5.3, we follow the lines of the proof of
Lemma 3.4, where we need some modifications to complete the proof of Lemma
5.4. First we rewrite the inequality (3.22) as

1

1
(5.13) J |u'(t)h(t, u)|t"dt < EJ |u' |2 |u|®* D22 gt + C,

0 0

<eCK + C, for any &>0,

where C, can be chosen as a constant depending only on & Therefore the
inequality (3.23) can be modified in the form

1
(5.14) K < 2nj G~ 'dt + C,

0
where C is independent of u and K. In what follows, C denotes various
constants independent of u, K and ¢, while C, means a constant depending only
on & As in the inequalities (5.13) and (5.14), we must add appropriate
constants “+ C,” or "+ C” to the corresponding inequalities. Using (5.14), we
may rewrite (3.32) as

(5_15) Iu’(l)u(l)l + u(l)z < CK(p+3)/2(p+1) + CK?/tr+1)
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1 (p+3)/2(p+1) 1 2/(p+1)
< C(J G(u)t"‘ldt> + C(j G(u)t"~1 dt) +C

0 0

1
< BJ Gut" 'dt+ C, for any ¢>0.
0
Here (p + 3)/2(p + 1), 2/(p + 1) < 1 and we used Young’s inequality. From the
modified form of (3.31) and (5.15) it follows that

1

1 1
j G(u)t"'ldtSCf |u’|2tm_1dt+8CJ Gu)t" 'dt + C,
0

0 0

for any ¢ > 0. Choosing ¢ sufficiently small, we have

1 1
j Gt tdt < CJ |u' |2t~ Ydt + C,
0 0
which is the second inequality of Lemma 5.4. It is easy to check the last
inequality of Lemma 5.4, and this completes the proof.

We are now ready to prove Proposition 5.1.

PrROOF OF ProrosITION 5.1. We follow the lines of the proof of
Proposition 3.1. As mentioned in the proof of Lemma 5.4, we need to add
constant terms "+ C” or "+ C,” to the corresponding inequalities treated in the
proof of Proposition 3.1. Moreover it is necessary to modify all the
inequalities which include the terms ”||u|,”. First appropriate constant terms
"+ C” must be added to the right-hand sides of (3.33), (3.34) and (3.35); it is
seen that for any m > n — 3 there is a constant C > 0 such that

r1 1

(5.16) W/ dt < cf Gyt ' dt + w()u(l) + C,
JO 0
rt 1

(5.17) Gu)t" 'dt < cf G(uyt™dt + Clu'()u(1)| + C,
JO 0
r1 1

(5.18) /2 Ve < cf Gyt dt + Clu'(V)u()| + C,
JO )

for ueS. Next, we choose m =n in Lemma 5.4 and get
1

1 1
maxg.,<, {2 u'(t)? + G(u(t))}t" < CJ [ |?t"dt + C < Cf |u'|?t"1dt + C.
0

0

From this we obtain
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1 1/2
lu'(1)| < <Cf lu'|t" " tdt + C)

0

and

1 1/(p+1)
|u(1)|g(cj |u'|2t"-1dt+c> .

0

Since 1/2 4+ 1/(p + 1) < 1, we have

1 1/2+1/(p+1) 1
(5.19) |u'(Du(l)| < (CJ lu'|> "~ dt + C) < EJ lw'|>t" "t dt + C,

0 0
for £ > 0 and some constant C, depending upon ¢. By (5.18) and (5.19), for any
m > n — 3 there is a constant C such that

1 1 1
J |w' 2"t dt < Cf G(uyt™dt + scj lu'|?"~ ' dt + C,
0 0 0

for ¢ > 0 and some constant C,. Here C is a constant independent of &. Let
¢>0 be sufficiently small. Then the above inequality implies the fifth
inequality of Proposition 5.1. To prove the last inequality of Proposition 5.1,
we use (5.15) and (5.17). Then we see that for any m >n — 3 and ¢ > 0,

1

1 1
j Gu)t" tdt < cf G(u)tmdt +ecj Gy ' dt + C,,

0 0 0

where C depends only on m, but C, depends on both m and &. Choosing ¢
= 1/2C, we obtain

1 1
J G(uyt" tdt < CJ G(uyt™dt + C.
0 0
Letting m = n, we get
1 1
j Gut" 'dt < CJ Gut"dt + C < C’' maxgy ., lu@®)P*t" + C.
0 0

This is nothing but the last inequality of Proposition 5.1, and the proof of
Proposition 5.1 is complete.

In the next lemma which corresponds to Lemma 3.6, we present some
technical estimates for solutions in a neighborhood of ¢t = 0.

LemMMA 5.5. There are positive constants C,, C,, R, and 6 such that if
ueSNB(R,), then
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(5.20) ullo < Cylu(t)
and
(5.21) [ ()] < Cyt|u(t)?

Sfor te[0, §|lull V%], where
B, (R)'= L*\B,(R) = {ueL®: |u|, > R}.

Proor. We follow the lines of the proof of Lemma 3.6 with some slight
modifications. Let ueS. We wish to estimate the right-hand sides of the
identities (3.43) and (3.44). For te[0, 6| u| 5% 1/?] it follows that

J (s”‘"’“f |f(z, u(r))|z" ! dr) ds < C?||u|% + C < CO?*|ul, + C,
0

0

where C is independent of 6 and u. This inequality and (3.44) together imply
[u(0)] — Co*[lull, < lu®) + C,
and therefore (5.10) yields

<—1— — C52>|[u||00 <lu(t) + C + 1.
C,

Choose 6 so small. Then we find C’ > 0 such that
lull, < C'lu@)| + C".
Set R, =2C’. Then the above inequality yields
lullo < 2C" |u(t)| for ueB_(R,).

This is the desired inequality (5.20). Next, it follows from the relation (3.43)
that

W' ()] < Ct|u|? + Ct.

If |ul,>1, then we have |u'(t)] <2Ct|u|?. This, together with (5.20),
implies (5.21). The proof is now complete.

In view of Lemma 5.5, we introduce a notation corresponding to Definition
3.1

DErINITION 5.1. We define
L)y =dlull2P~V2  for ueSnB,(1),

where 6 is a constant determined in Lemma 5.5.
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In Definition 5.1 we may assume that d, L(u) < 1 without loss of generality.
In the next lemma we see that any solution u with large L® norm has only
simple zeros. This fact is essential for defining our new Priifer transformations
later.

LemMa 5.6. (i) There exist constants R, (= R,) and C > 0 such that if
ueSNB,(R,), then
(5.22) L' ()2 + Gu(t)) > C|lu| for all te[0, 17,

where 6 =p+ 1 —n(p — 1)/2 (> 0).
(i) Any solution ue SN B (R,)° has only simple zeros and possesses at most
a finite number of zeros in the interval [0, 1].

ProoOF. (i): Substituting m = n into (3.18), we obtain

(5.23) (% W (t)? + G(u(t))> "= nft G(u)s"~ ! ds
0

" t
" <— ", 1>J w1 ds — J Wh(s, WS ds
2 0 0

for 0 <t < 1. We first use (5.4) to estimate the last term on the right-hand side
as

0

t t
(5.24) J‘ |u'h(s, u)|s"ds < J [u'| (e|u|®* P2 + C,)s"ds
0

t t
< 8J |u'|?2s" " tds + ej |[ulPtis" tds + C,.

0 0

Here and from now on, we denote by C, various constants dependent only on
e. We define

E(t) = 1u/'(t)® + Gu()).
From (5.23) and (5.24) it follows that

(5.25) E(t) = E(t)t" > nf

0

t
G(u)s" tds + (—g+ 1— 8>J |u'|2s" 1 ds
0

t
—ej lulP*1s"~1ds — C,.

0

On the other hand, multiplying equation (1.2) by u(f)"~! and integrating the
resultant identity over [0, t], we have
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t

(5.26) J |u'|2s" " tds = j ug(u)s"~tds + j uh(s, u)s"~ *ds + w'(Qu(t)t" L.
o]

0 0

Combining (5.25) and (5.26), we have

0 0

t t
+<—"+ 1 —EH uh(s, u)s"*lds-sj ulp* 5”1 ds
2 0 0

+ <_ g +1-— s) u'Ou@et - C,.

(5.27) E(t) > njt G(u)s" tds + (— g +1— 8> JI ug(u)s"~tds

We now estimate the third and the fifth terms on the right-hand side. It
follows from (5.2) and (5.5) that for any 0 <e < 1,

(5.28) ‘—g+1—s

f |uh(s, w)|s"~'ds
0

t t
< nsz‘ lulPtis" lds + C, < acoj ug(ws" 'ds + C,,

0 0

where C, is independent of &. From the definition of E(t) and (5.2), we have

Iu'(t)l < (2E(t))1/2 and |u(t)| < (blE(t))l/(p+ 1)

and so

< CE(t)(p+3)/2(p+ ) < E(t)+ C.

(5.29) ’ < - g +1— g> W (Ou(t) !

We here used Young’s inequality together with the fact that (p + 3)/2(p + 1)
< 1. From the inequalities (5.2), (5.27), (5.28) and (5.29), it follows that

ug(u)s"~tds — C,,

0 2 0

(5.30) 2E(t)>n j t G(u)s"~ 1 ds — n—2+eC f '

where C is independent of &. On the other hand, we find constants a, C; >0
such that
(5.31) 2nG(s) — (n — 2 + a)sg(s) + C, > al|s|P*!

for all se R. 1Indeed, if n > 3 then this follows from (B3) and (5.2); if n = 2 then
this inequality is obtained from (5.2) only. We choose e so small that
¢C < a. It then follows from (5.30) and (5.31) that
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t
(5.32) E(t)ZCZJ lulP*is"~1ds — C,.
[
If ueSNB,(R,), it follows from Lemma 5.5 that for any te[L(u), 1],
t L(u)
J lup ™t 5" ds > f lulP*ts"~tds > Cllull" ! L) = C'|ull%,
0 0

where o =p+ 1 —n(p — 1)/2 is positive since 1 < p <n*. Combining this
inequality with (5.32), then we have

(5.33) E@t) = C4llully, — Cs for te[L(u), 1].

We choose R, (> R,) so large that C, R > 2C5. Thus (5.33) implies that if
ueSNB,(R,), then

(5.34) E(t)>3C4lul? for te[L(u), 1].

Next, let us consider the case where te[0, L(u)]. In this case the
application of Lemma 5.5 implies

(5.35) E(t) = G(u(t)) = Clu@®)|P*! = C'|u|5*

for te[0, L(u)] and ue SN B, (R,). Therefore the first assertion (i) follows from
(5.34) and (5.35).

(ii): From (5.22) we see straightforwardly that ueSnB,(R,) has only
simple zeros. If it has infinitely many zeros, then there exists an accumulation
point of zeros in [0, 1]. However the accumulation point is not a simple
zero. This is a contradiction, and so we obtain the second assertion (ii). The
proof is thereby complete.

In the next lemma corresponding to Lemma 3.7, we find a relation between
the quantities M(u) and |u|y for any solution u in S.

LEMMA 5.7. There are two positive constants C, and C, such that
(5.36) M) < Cyllullf + C, < C,M(u) + C,

for any ueS.
Proor. Using Proposition 5.1, we find constants C;, C, >0 such that

1
lullf > J W™t dt > C, M(u) — Cy,
0

which is the first inequality of (5.36). Again, applying Proposition 5.1 and
noting that (p + 1)/2 > 1, we have
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1
lullf = f @ + [w' )" dt
o]

1 2/(p+1) 1
s(f |u|"“t"‘1dt> +f [u'|?t" dt
0 0

< (CM(@u) + C)***Y + CM(u)+ C < C'M(u) + C/,
which is the second inequality of (5.36). This completes the proof.

Using Lemma 5.6, we obtain the next lemma, which gives a relation
between the quantities M(u) and | u|,, for a solution belonging to the class S.

LEMMA 5.8. There exist constants C >0 and R;(= R,) such that
(5.37) CM@) = |ul? for ueSnB,(R;),
where o =p+ 1 —n(p — 1)/2.

PrROOF. Multiplying (5.22) by t"~! and integrating over [0, 1], we see with
the aid of Proposition 5.1 that

C,M@) + C, > |ul?,  for ueSNB(R,).

Choose R; (> R,) so large that 2C, < R%. Then the above inequality implies
(5.37) and the proof is complete.

REMARK 5.1. We can replace the conditions ue SN B, (R), 1 <i<3,bya
single condition ueSNB(R) for some R >0 in Lemmas 5.5, 5.6 and 5.8,
respectively. In other words, for ueSNnB(R)° these lemmas remain
valid. Here R is chosen as a positive constant dependent on R;, R, and
R;. In fact, it follows from Lemma 5.7 that

lul3 <CM@u)+ C<Clu|®t*+C  for any ueS.

We here choose R so large that the above inequality implies that
ullo = R; > R, > R, for all ue S with ||u||; > R. Therefore we conclude that
the conditions ueSnNB,(R), 1 <i<3, can be replaced by ueSnB(R) in
Lemmas 5.5, 5.6 and 5.8, respectively.

6. Proof of Theorems 2 and 4

In this section we apply the results given in Section 5 and prove Theorems
2 and 4. We first present the following proposition which plays an important
role in the proof of Theorem 2.

PrROPOSITION 6.1. Under the assumptions of Theorem 2, it follows that
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N[u(-, )] < + o for |y| sufficiently large and
limy*tooN[u(" y)] = + 0.

In what follows, we assume without further mention that conditions (B1),
(B2) and (B3) are valid. To prove Proposition 6.1 mentioned above, Theorems
2 and 4, we introduce new Priifer transformations below.

DEerINITION 6.1. For ue SnB(R)° we define the functions p(t) and ¢(t) by

(6.1) u' = p cos @,

(6.2) lul*"'u = p sin @,
T

(63) 00 =7,

where v = (p + 1)/2. Notice that v > 1.

The relations (6.1), (6.2) and (6.3) determine the functions p(t) and ¢(t) of
class C'[0, 1] uniquely. In fact, as mentioned in Lemma 5.6, any solution
ueSNB(R) has only simple zeros, and so it follows that

p()= (1w + |uP*™)2> >0  for all te[O0, 1].

and the continuous functions p(t) and ¢(t) are uniquely defined. Since the left-
hand sides of (6.1) and (6.2) are continuously differentiable, the functions p(t)
and o¢(t) are also of the class C' [0, 1].

LemMMA 6.1. For ueSnB(R) we have
(6.4) @'(t)=p 2 {Jul"" ug(u) + viuP ™ u'|?

n—

1
+ w'lul”tu+ |ul""tuh(t, u)}.

Proor. Differentiating (6.1) with respect to t, we obtain
u" =p’ cos ¢ —pe'sin @,

which, together with (1.2), implies

6.5) p' cos @ —pe'sinp=— u —f.

Next, we differentiate (6.2) to obtain

(6.6) p'sin @+ pp’ cos ¢ =v|ul*"tu.
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Multiplying (6.5) by —sin ¢, (6.6) by cos ¢ and then summing up these
identities, we obtain

pgo’=sin<p{ u’+f}+vlu|”'1u’ cos .

Dividing both sides of this relation by p and using the relations (6.1) and (6.2),
we get (6.4). This completes the proof.

LEmMMA 6.2. Let ueSNB(R). Then for any zero T of u there is an ¢ >0
such that

@'(t)>0 if O0<|t—r1|<e.
Therefore ¢(t) is strictly increasing in some neighborhoods of zeros of ul(t).

Proor. Since ueSnB(R) and u(r) =0, Lemma 5.6 asserts that t is a
simple zero of wu(t). Therefore u'(t) #0 and 7#0. We set a=u'(r) and
choose ¢, > 0 so that
la] <|u'(t)] < 2|a|
2
and

%U — 1| < |u(t)] < 2|al|t — 1|

for all te[t —¢;, T+ ¢;]. Here we may assume that 1 —¢; >0 since 7> 0.
Using the above inequalities, one finds positive constants d,, d, and d, such
that

(6.7) vu@PHu' @) = dolt — "7,
(6.8) lu@"|h(t, W)l < d,|t — ],

n—

1
— ()|l < ]t =<l

(6.9)

for te[t —¢;, T+ ¢,]. Combining (6.4), (6.7), (6.8) and (6.9), we obtain the
estimate

n—1

P (1) 2 viul ™ u'|? — ['] [u]” — [ul"|h(z, u)|

2dolt — 1’7t —(dy + dy)|t — |
!

for te[t —¢,, T+ ¢&]. Therefore, if |t — 7| > 0 is sufficiently small then we
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obtain p(£)*¢’(t) > 0. This completes the proof.

By means of Lemma 6.2 we obtain the next key lemma which gives us the
relation between the number of zeros of a solution u in SN B(R) and the value

of ¢(1).

LEMMA 6.3. (1) Let ueS;NB(R) and (t)fo, =0<t; <t <-- <t <1)
the sequence of its zeros. Then we have the same assertion as in (i) of Lemma
4.2

(i) Let ueSNB(R). Then the same assertion as in (i) of Lemma 4.2 is
valid.

Proor. In view of Lemma 6.2, we obtain the conclusion in the same way
as in the proof of Lemma 4.2.

For the proof of Proposition 6.1 we need the following lemma which
contains a technical estimate for the solutions in SnB(R).

LemMmA 6.4. For any o >0 there is a C, > 0 such that

(6.10) J: lu'|lul’p =2t~ dt < C,M(u)f* + C,
for ue SnB(R)".
ProOF. Let ueSnNB(R). From the definition of p(¢) it follows that
(6.11) p(®) = lu@®®*P?  and  p(t) > [u'(1)]
for all te[0, 1]. By Lemma 5.5 and (6.11) we have
[w|lul’p =2t < Clu@®)'~! < Clluf g1

for all 0 <t < L(u). This implies that
L(u)

6.12) J || |ul*p "2t tdt < Cllull®~ P2 Lu) < C’,
0

where C’ is independent of u in SnB(R)".
On the other hand, using (6.11), we obtain

1 1 1
J‘ lulllulvp—Zt—ldtSJ\ t—ldtSL(u)—aJ‘ t—1+adt
L(w) L(u) L(u)

<a 'Lu)* for any o > 0.

Moreover Lemma 5.8 implies

L)~ = C,llull @12 < C,M(u)»~ V=2
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and hence
1

(6.13) f /| lul’p =26~ dt < C,M(u)®~ V2.
L(u)

Consequently, combining (6.12) and (6.13) gives
1
f [u'[|u]"p 210 < CaM(u)(P-l)a/Za +C
(4]

for any «>0. Rewriting (p — 1)o/20 as a, we get (6.10). The proof is
complete

We now use the Priifer transformations introduced in Definition 6.1 and a
priori estimates given in Section 5 to complete the proof of Proposition 6.1.

PrOOF OF ProprosiTioN 6.1. We first observe the trivial inequality
lullw = |u(0)]. If |u(0, y)| = |y]| is sufficiently large, the assertion (ii) of Lemma
5.6 states that u(-, y) has at most a finite number of zeros in [0, 1]. That is,
N[u(-,y)] < + o. We then demonstrate that lim _,,N[u(-,y)]=
+ 0. Let ueSnB(R). Integrating both sides of (6.4) over [0, 1], we obtain

(614 o(1) =5 > 1) + 1) — L) — Lo(w)

where I(u) (1 <i<4) are defined by

(6.15) I(u) = J: [ul*~ ug(u)p = dt,
(6.16) L= le lul ™Y u'|?p "2 dt,
(6.17) Iiw)=(@n— 1)L1 lu'|lul’p =2t~ L dt,
(6.18) L(w) = Ll lul’|h(t, w)|p =2 dt.

We then estimate the terms I (u), 1 <i<4. We first compute a lower
bound of I,(u) + I,(u). From the definition of p(t) we infer that

1

(6.19) Il(u)+12(u)=f p Ul T (W 1P + ug()dt
0

1 1
ZCJ P'zlul”'l(iu’lz+lu|"“)dt2Cf |u|~ 12 dt.
0 0
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To estimate the right-hand side, we choose a constant m such that
m>max(n— 1, n(p + 3)/2(p + 1)).
Then we have
|u(t)|("+3)/2 "< (|u|"+1 tn)(p+ I2p+1) < M(u)(’” 3)/2(p+ 1),
and so
(6.20) lu(®)|P~ 172 > M(u)= @ 32EED [y(g) [P 1 em
for all te[0, 1]. By virtue of (6.19), (6.20) and Proposition 5.1 and the choice
of m, we have

1
L) + I > CM(u)“"”’/Z“’“’J lulp*1em dt
0

> ClM(u)(p—l)/Z(pH) — CZM(u)_(‘” 32(p+1)

Since ||ul|3 < CM(u) + C from Lemma 5.7, we may assume that M(u) > 1 for
ueSNB(R). Accordingly, we obtain

(6.21) 1) + Iy(u) > C,M@u)®~V2e+) _ C,

We have already estimated the value of I;(u) in Lemma 6.4. It remains
only to compute the upper bound of I,(u). We infer from (5.4) and (6.11) that

1

1
(6.22) L)< cf lul(Jul®* D2 4 1)p=2dt < C + cj p~ldt.
0 0

We wish to estimate the right-hand side. Since ue SnB(R), we get [ul, > R;
as mentioned in Remark 5.1. Hence it follows from Lemma 5.6 that

(6.23) p@)* =|u'|* + [ulP*! > C<%u’(t)2 + G(u(t)))

>C'|ul% = C'RS for te[0, 1].

Combining (6.22) and (6.23), one finds a positive constant C independent of u
such that

(6.24) I,w<C for all ueSnB(R).
Using (6.14), (6.21), Lemma 6.4 and (6.24), we obtain

o(1) =3 = C,M@P™ YR+ - C, M@y - C,.

We choose o so small that 0 <a < (p — 1)/2(p + 1). Then we get
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(6.25) o(1) > CM(u)?~ D2+ _ ',
This, together with Lemma 5.8, yields
(6.26) o(1) > C, |ule~Vel2e+) _ ' > C,|u(0)|P~Voi2e+D _

for all ueSnB(R).
On the other hand, Lemmas 5.7 and 5.8 together imply

(6.27) lully, <Clulf +C for ueSnB,(R;).

By (6.27) and the trivial inequality ||u|l,, > |u(0)|, there is a constant R’ >0
such that if ueS and |u(0)] > R’ then ue SNB(R)*. From this fact and (6.26)
we infer that

(6.28) o(1) > C,|u(0)|r~Vei2r+ 1 _

holds provided that ueS and |u(0)] > R'.

Recall that u(t, y) denotes the solution of (2.1)-(2.2),, We here define
o(t, y) by the function ¢(t) of Definition 6.1 with u = u(t, y). It follows from
(6.28) that

(6.29) (1, 9) = C,|y|®~ Vo2t _ for |y| >R’
This inequality and Lemma 6.3 together imply

lim,_ ; , N[u(-, y)] = + oo,
and this completes the proof of Proposition 6.1.

We can choose a constant y,(=> R’) such that u(t, y) is well defined and
N[u(-, y)] < oo for any y with |y| >y, In the same way as in the proof of
Lemma 4.4, we obtain the next lemma.

LEMMA 6.5. The mapping y - u(-, ) from (— 00, —yo]U[yo, + 00) into
C?[0, 1] is continuous.

We now prove Theorems 2 and 4.

PrOOF OF THEOREM 2. We prove Theorem 2 in the same way as in the
proof of Theorem 1. Let a? +b? #0. We first deal with the case where
b # 0. The choice of y, implies that ¢(1, y) < oo for y with |y| > y,. Choose a
positive integer kye NV such that ¢(1, yo) < kon. As in the proof of Theorem 1,
we apply the intermediate value theorem and define two sequences (g,),, and

(pk)kzko by
(6.30) g, = inf {y€(yo, ©): @(1, y) = (k + 1)}

and
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(6.31) Px = sup {y €, qi): (1, y) = kn},

respectively. These sequences possess the following properties:

(6.32) Yo <Pk < qk < Pi+1 < Q+1s k >k,
(6.33) lim, ., , p, = lim;_, . g, = + o0,

(6.34) o1, py) = kn, o(l,q)=(k+ )n and
(6.35) kn < o(l,y) <k + )rn for ye(pe, q4)-

We next define a continuous function y(y) on [y,, ) by

y() = au(l, y) + bu'(1, y).
It follows from Definition 6.1 and (6.34) that

y(p) =(—1¥bp(1, p)  and y(q) =(— 1)*"'bp(l, g).

Since b # 0, we see that for any k > k,

yp)y(@) = — b*p(1, p) p(1, g) <O.

By the intermediate value theorem there is a 7y,€(p,, q,) such that y(y,)
=0. We then define u;(¢t)=u(t, y,) for k >k, These are the desired
solutions. In fact, it follows from (6.27) that

Cllu(-, ydllf + C=u(-, p)l% = Inl” —o0  as k— oo,
namely,
limy o, llu g = limy o flu [l = + o0.

It is clear that u, (t) is a solution of (1.2)—(1.4) with exactly k zeros in [0, 1] and
satisfies u; (0) > O.

We next consider the case in which b =0. In the same way as in the
proof of Theorem 1 we find a sequence (y;);»i, such that lim,_ , y, = + oo and
o1, ) =krn for k>k, In this case we define u;(t)=u(t,y,) for
k > ko. These are the desired solutions. We can also find (u;) in the same
way as above, and this completes the proof of Theorem 2.

Proor oF THEOREM 4. We first show the upper estimates for the H norms
of solutions. Let ueS,nB(R). Since ¢(1)e[kn, (k + 1)) by Lemma 6.3, it
follows from (6.25) that

(k + r > CM(u)?~ 12+ _ 7,

This inequality, together with Lemma 5.7, implies
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”u”H < Ck+ 1)/(p-1)_
We next treat the lower estimates for the H norms of solutions. Let
ueS,NB(R). Integrating the identity (6.4) over [0, 1], we obtain

(6.36) o(1) - g < L) + L) + L) + L),

where the integrals I;(u), 1 <i < 4, are defined by (6.15), (6.16), (6.17) and (6.18),
respectively. We then estimate the terms I,(u), 1 <i < 4, one by one. We first
deal with I,(u). To this end, we set £ =n(p — 1)/2(p + 1). Note that & < 1
because of the assumption 1 < p < n*. Using the inequality (6.11), we have

1
(6.37) Lw<cC f |u®= /2 g
0

= CJI (Iu|p+ ltn)(P— D20 +1) =8 gy < CM(u)(p_ D/2(p+1)
0
We next compute the term I,(u). By (6.11) and (6.37), we obtain
1
(6.38) I,(u) < VJ lu|®= D2 gt < CM(u)®~ D2+ 1),
0

We have already obtained the upper estimates for I;(u) and I,(u) in Lemma 6.4
and (6.24), respectively.

Combining (6.36), (6.37), (6.38), Lemma 6.4 with o = (p — 1)/2(p + 1) and
(6.24), we obtain the estimate

o(1) — g < CM(u)e~b20+0 4 C.

Since ¢(1)e[kn, (k + 1)7) by Lemma 6.3, it follows from Lemma 5.7 that
k< Cillulp™e D + C,.

Since u e B(R), we may assume without loss of generality that ||u |z > 1, and so
we get

k<(Cy+ Cullg™/ewD.

This completes the proof of Theorem 4.
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