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ABsTRACT. In this paper we show that the bilateral mock theta functions corresponding
to the mock theta functions of order five of the first kind can be related to the ones of
the second kind. We give also some identities for the bilateral mock theta functions.

1. Introduction

Bilateral forms of mock theta functions have been defined by Watson [4,
5], Agarwal [1], A. Gupta [2] from time to time. They have studied their
relationship with mock theta functions using bilateral basic hypergeometric
transformations. It is interesting to note that in a number of cases the
bilateral mock theta functions yield two different forms taking into account the
positive and the negative series. This reveals some relations among ten
bilateral mock theta functions. In §5, we present still other forms of the
bilateral mock theta functions.

Ramanujan stated without proof that the several identities holding between
mock theta functions belonging to the first kind f;(q), Do(q), Po(q), Fo(q),
Xo(q) and the five mock theta functions of the second kind f(q), ®1(q), ¥1(q),
Fi(g), x,(q) are interrelated amongst themselves. In §6, we show that the
bilateral mock theta functions corresponding to the mock theta functions of
order five of the first kind can be related to the ones corresponding to the
second kind.

In §7, we give identities for the bilateral mock theta functions that are
analogous to the identities given by Ramanujan [Watson 2, p. 277].

Notations and symbols

We use the following usual basic hypergeometric notation: For |g| < 1,
(@,=(@q),=1-a)(l-aq)......... (1—ag"') for 1 <n< oo, (a),=
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(@;9)g =1 and (a), = (a;9), = ]_'[(1 - q"'a)'1 for n <0, where a does not
equal to ¢'. Moreover, =

ay,az,...,a °°
rl//r[ ;q;z} =) (al,az,---,ar;q)nZ"/(bl,bz,.--,br;q)n»
bl»b27-'-,br n=—o0

where |biby...b/aay...a] <|z| <1 and (a1,a,...,a,9),= (a1;9),. -

(ar;q)n'
The symbol idem (cj;c¢;), after the expression, means that the preceding

expression is repeated with ¢; and ¢, interchanged.

2. Definitions of the mock theta functions of order five

Ramanujan defined ten mock theta functions of order five. These ten
functions fall into two groups and are defined as:

= Zq"z/(—q)n, C P(g) = q"(~4:47)
0

0

Uolg) =D gD (—g),.  Fyg) =) ¢ / (44%)n;

0 0

Zq/ wily

and
0 " G 1)? 2
HOEDIr / wo P =" (~4:4")
3 0
© 00
=> a""V2(=q),, Fi(9) =) a""V/(g4") 1>
0 0

Zq / n+1 n+l'

3. Definition and transformation of series for bilateral mock theta functions
of order five

We shall denote by f;.(¢g) the bilateral form of f,(g) with similar notation
for other functions. Using the following transformation of Bailey [3, p. 137,
(5.20)]:
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a, b . a, abz/d
(i) zt//z[ d;q;ZJ = (az’d/a’c/b’dq/abz’q)“z!//z{ ;q;d/a],

c, (27 d7 Q/b» Cd/abz; q)oo az, ¢

a, b g2 } (az,bz,cq/abz,dq/abz;q) |:abz/c, abz/d
Y b 2

(q/a,q/b,c,d;q)., g cd/abz},

(ii) 29, {
¢, az, bz

we can get an alternative from for the bilateral mock theta function fy (g).
Making a,b — oo and taking ¢ = —¢q, d =0, z=q/ab in (ii), we have

iqnz/(_‘ﬂn _ iqn(n+l)/2(_l)

Put
fl =3 0" [0, (1)
— iqn(n+l)/2(__1)n (2)

where the first expression is the definition of the bilateral mock theta function
and the second expression is its alternative form.

Similarly we have the following definition of the other bilateral mock theta
functions. We have given, in brackets, the value of the parameters taken in
each case.

Pucla) = iq"z(—q; o), 3)

1/2Zq2" /( ey )

(@ = 00,b=—q,c=d =0,z=—q/a and base changed to g?)

Voc(g) = Y g2 (—g), ()

— (1/2)( +q)2q"+'> / (6)

(a— 0,b=—-qc=d=0,z=—q*/a)
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Fo(g) = > ™" / (@9, ™
=3 (-1)"¢"(g;4%), )

(a,b — ©,c=q,d =0,z = g*/ab, base changed to ¢?)

fiol@) =3 gD / (~9), )
Z23 (), (10)

(a,b— 0,c = —q,d =0,z = q*/ab)
o0 12
Pi(g Zq”” ~4;q (11)

=1/(1+4q) iq”’“’“’ / (4% 4%, (12)

(a— o,b=¢q,c=d=0,z=—¢>/a, base changed to ¢?)

o0
¥1.(9) Zq" D72 (— (13)

=123 g / (~a), (14

(a—> 0,b=—-¢q,c=d=0,z=—q/a)

Flc Zq2n (n+1) / 7:q )n+1 (15)

— Z n n(n+2 qZ)n (16)

(a,b— 0,c=¢3d=0,z=gq"/ab, base changed to ¢?)

4. Relations between bilateral mock theta functions of order five

Using the definitions and the alternative definitions of bilateral mock theta
functions as given in §3, we have the following relations:
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o0 00
foelg) =Yg (1), =23 g2 (g,
—o —o0

= 2Y.(q) (1)
Similarly we have
Foc(q) = Poc(—9) ()
J1(9) = 2¢1.(9) (3)
Fie(g) = —1/9P1c(—q) 4)

5. Still another definition of bilateral mock theta functions of order five

Using the general transformation of Slater [3, p 129 (5.4.3)] between 2y,
series, we have still other alternative forms for the bilateral mock theta
functions as given below. The advantage of using this transformation is that
the ¢’s are absent on the left-hand side, and we can choose ¢’s in any con-
venient way. For r =2, we have the transformation

(buybs,afan,a/an dz,afdzi @), |
(c1,¢2,9/c1,9/¢2;9) 2 b1, bz, ,

(c1/a1,c1/az, qby/c1,qba/c1,derz/q, 4% /deiz;q) o,
c1/q(er,q/c1,c1/ca qea/c159)

qay/c1, qaz/c
X 2, 42,
gby/c1, gba/c

where d = ajay/cic; and |b1by/ajas| < |z| < 1.
Making a;,a; — o, and taking b, = —¢q,b, =0,z = g/ajay, we have
another form for f;.(q).

(—q,q/cic2,c102;9) o,
(c1€2,9/¢1,9/¢2;9) o foc(q)

g/ci(=g*/c1,1/¢2,024: @) o = nins2) ) 2m; 2
= c(—q?/cr;
(cr,q/cr,c2q/c1,¢1/€259) o ;q e (=4 /i)y

+ idem(cl; 62) (1)

Similarly we obtain the following relations:
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(—q,qz/cm,clcz/q;q)f (@
(c17C27 Q/CI,Q/CZQq)oo te

q/cl( q /clvq/QvCZ’q)oo n(n+3) /,.2n 2
c C1,
~lenalnefonafena 2L i

+ idem(c;; ¢2) (2)

(q,4%/c1¢2,¢1¢2;9%) o Folq)
(c1,¢2,9%/c1,q%)c;42) o, ¢

q*/c1(q/c1, 1/ ez, e2q% q )OO o
) ) (n+2) CZn 3 e q
(C], Z/Cl,czqz/cl,cl/cz, Zq / ( /1 )n

+ idem(cl; (,‘2) (3)

(4% 4% /c1c2,c12/9% 4*) Fi (qz)
B c
(c1,¢2,9%/¢1,9%/c2;0%) o

4 10 4
9! 1,47 /€2,€2;9
/ ( / / oo Zq4n(n+3)/c2n( 10/6’1, )n

(Cl, 4/01,6244/01,01/02,
+ idem(cy; ¢3) (4)

As 00.(9),¥0.(9),91.(9),¥,.(q) are related to the above functions (§4), we only
give the transformations for the above four fifth order bilateral mock theta
functions.

6. Some relations between bilateral mock theta functions of the first kind and
the second kind

6.1. A relation between f.(¢) and Fi.(q)

If we put ¢; = —¢° in (5.4) and use (3.1), we have

(612» —q2/627 —02‘12; 44)00 F (qZ)
(_q6a027—q_27q4/02;q4)oo ¢

— _q_z(_q47q4/c2762;q4)oo f ( 4)

. (_q6, _q—zv —q6/52, —024—2§ q4)oo 0c
q4/C2(q10/Cz,— -2 _q6 q4)
(c2,4%/c2,—247%,—q"/ c2;4*) .,

q4n(n-i—3)/C,Zn(qIO/c2 q ) (1)

If we take ¢, = ¢%, the above relation can be written in the form
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4% (1 +¢*)°(=4*, —¢% 9%
(1+4*)(—45% —4% 4% q*)

_ —(1-4)%(4% ¢% 4%
(1+¢2)*(—¢5,—¢*, —q6;q“)oo

2\2(,4 _ 6
(1(1-qu> )( (Z Z’q 4% g ZW SR

FIC(‘Iz)

foeg*)

6.2. A relation between fic(q) and Fy.(q)
If we put ¢; = —¢q in (5.3) and use (3.9), we have

(—q,—qc2,—q4/¢2;9%)
(_qa €2, -q7 qz/(—’z; qz)oo

Foc(q)

_ _q(_q2a 1/02, C2q2 q2)oo
Ty —n _ flc( )
( q,—4q,—C4, q/Cz, )

a?/c2(q?/er, ~1/q9, -4 q )
(c2,q%/c2, —c2/q, —q%/ 23 4?)

oo Zq2n n+2)/62n(q3/02’ )n (3)

If we take ¢; = g, the above relation can be put in the form
4(-¢* —4% 9w (999
—5 - Fo(q) = 2. .2
(qv —-49,—49,4 )00 (_q7 —-q,—4°, 4 )oo

ARl 3 e (),

fie(%)

7. Bilateral equivalent forms of certain identities

The following identities for the bilateral mock theta functions are anal-
ogous to the identities of Ramanujan [Watson, 2, p. 277]

(Bo') 2Foc(q) — 00.(—q) = x0(q) + 3Fo(q) — 1

which can be written as

Foc(q) = x0(q) + 3Fo(q) — 1
(Co’) foe(=4) + 2Foc(¢%) = 3(200(—4%) - £o(q))
90:(=4") + Woo(—9) = 390(=4") — 3/21,(q)
Joe(=4) + 2Foc(q%) = 300(=4") + 3¥o(—q)
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(BI') 2F1.(q) + 1/901.(—q) = —x1(q9) + 3F1(q)
—2F1(q) + 1/9¢1.(—=q) = 3x:1(q) — 9F1(q)
1/90,.(—9) = x1(q) — 3F1(q)

Fi(q) = —x1(q) + 3F1(q)
(cr) fre(—9) = 2qF1.(4%) = 3(1/q0,(~4%) + ¥, (—9))

=6/q¢,(—4°) + 3£1(q)
= 394(0,9)H(q)

(DY) 201.(9) — 9F1c(q%) = 3¥(4%)G(g*)
where
Gla) =Y 4" /@, H@) =D a"""/(@), ¥ =) ¢
0 0 0

We see that a study of bilateral mock theta functions is interesting in the
sense that it gives various alternative forms and shows a close relationship
among the mock theta functions, their bilateral forms and bilateral hyper-
geometric series.

I am thankful to Prof. R. P. Agarwal for his guidance.
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