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ABSTRACT. Suppose X is a simply connected mod p loop space such that the mod p
cohomology H*(X) is finitely generated as an algebra. We show that if X is a C,-
space in the sense of Williams then X is the total space of a C,-fibration over a finite
C,-space. By using this result, we can reduce problems about C,-spaces with finitely
generated cohomology to the case of finite C,-spaces. In particular, we give classi-
fication theorems for C;-spaces and C,-spaces with finitely generated cohomology.

1. Introduction

Loop space plays an important role in homotopy theory of Lie groups,
and it has been investigated from several points of view (cf. [15], [19], [25],
[26]). It is convenient to consider the loop space at a prime by using com-
pletion theory due to Bousfield-Kan [3]. Let p be a prime. A loop space
which is completed at p is called a mod p loop space. Throughout the paper,
homotopy equivalence means mod p homotopy equivalence and cohomology is
mod p cohomology unless otherwise specified.

Dwyer-Wilkerson [11] defined the p-compact group and studied its pro-
perties. A loop space X is said to be a p-compact group if the classifying
space BX is p-completed and the mod p cohomology H*(X) is finite dimen-
sional. Besides compact Lie groups, other useful examples of p-compact groups
are known. In fact, the p-completion of an odd dimensional sphere S~ is
a p-compact group if n|(p —1). In recent years, many theorems have been
proved about p-compact groups (cf. [11], [26]), and those theorems suggest
that p-compact groups have similar properties to those of Lie groups.

In this paper, we consider loop spaces which need not be finite, but
whose mod p cohomology rings are finitely generated. Recently, Broto and
Crespo [4], [8] gave remarkable results for H-spaces with finitely generated
cohomology. It follows from their results that a mod p loop space with
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finitely generated mod p cohomology is the total space of a loop fibration over
a p-compact group.

The present paper is devoted to study the higher homotopy commutativity
of mod p loop spaces with finitely generated cohomology. Such a notion was
first introduced by Sugawara [36]. He used it to give a criterion of a homotopy
commutative loop space to be the loop space of an H-space. McGibbon [22]
proved that a connected finite C,-space in the sense of Sugawara has the
homotopy type of a torus, and Kawamoto-Lin [17] generalized his result to the
case of finitely generated cohomology.

Later Williams [38] defined another kind of higher homotopy commu-
tativity which is weaker than the one of Sugawara. If X is a loop space, then
by using the Moore loop structure, we can choose a multiplication on X which
is associative. Cj-space means a loop space, and C,-space is just a homotopy
commutative loop space. Let X be a C;-space, and Q5 : I x X2 — X be a map
satisfying that Q,(0, X1,Xx2) = x1-x and Qs(1,x1,x2) = x3 - x; for x1,x; € X.
By using the map Q,, we can define a map Q;:S' x X> — X such that
Q3(t, X1,X2,%3) is a loop connecting {X,(1) - X5(2) * Xo(3) Yoex, [OT X1,X2,X3 € X,
where 2’3 denotes the symmetric group on 3 letters. X is said to be a C3-space
if there exists a map Q3 :D?x X* — X such that Qs|qiys = Q5. In gen-
eral, a C,-space is defined as a loop space together with a C,-form
{0i: Kix X'— X},_,., satisfying certain boundary conditions (see §2),
where K; is homeomorphic to the (i — 1)-dimensional cell. If there exists a
system of maps {Q;: K; x X' — X}, such that {Q;},_;., is a C,-form for
n>1, then X is said to be a Cy-space. It is known that the loop space of
an H-space is a Cy-space, and in particular, Eilenberg-MacLane spaces are
Cy-spaces. Similarly, a C,-map is defined as a loop map preserving the
Cp-forms (see §2). A C,-fibration is a loop fibration consisting of C,-spaces
and C,-maps.

Our main result is stated as follows:

THEOREM A. Let p be an odd prime. If X is a simply connected C,-space
such that the mod p cohomology H*(X) is finitely generated as an algebra, then
there exists a C,-fibration

K—X-—>F,

where F is a simply connected finite Cy-space and K is a finite product of
K(Z,2).

From Theorem A, we can reduce problems about C,-spaces with finitely
generated cohomology to the case of finite C,-spaces. In the case of p =2,
Slack has shown the following classification theorem about homotopy com-
mutative mod2 H-spaces:
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THEOREM 1.1 ([34; Cor. 0.2]). If X is a simply connected homotopy
commutative mod 2 H-space such that the mod2 cohomology H*(X) is finitely
generated as an algebra, then X is homotopy equivalent to a finite product of
K(Z,2).

Broto-Crespo [4] reproved Theorem 1.1 by using another method. On the
other hand, at odd primes, it is known that any connected mod p H-space
admits an H-structure which is homotopy commutative by a result of Iriye-
Kono [14]. Furthermore, there are examples of mod p loop spaces which have
homotopy commutative loop structures.

Clark-Ewing [7] constructed many p-compact groups. Let G = GL(/, Zp)
be a finite pseudo-reflection group contained in the list [7]. We see that G acts
on the mod p cohomology H*(BT'), where BT' denotes the classifying space of
the /-dimensional torus. Clark-Ewing proved that if the order |G| is coprime
to p, then there exists a space BX(G) such that

H*(BX(G)) = H*(BT")* = Z/ply,, ..., yi},

where deg y; = 2¢; for 1 <i </ and the order |G| = ¢, ...t;. Moreover, Dwyer-
Miller-Wilkerson [10] has shown that the homotopy type of BX(G) is deter-
mined by the cohomology and the action of the mod p Steenrod algebra. If
we put X(G) = QBX(G), then by a spectral sequence argument, the mod p
cohomology H*(X(G)) is finite dimensional, which implies that X(G) is a
p-compact group. The sequence of numbers (#,...,4) is called the type
of X(G).

McGibbon [21] studied the homotopy commutativity of compact Lie
groups, and Saumell [32] generalized his result to the cases of several p-compact
groups. From their results, we have the following theorem:

THeOREM 1.2 ([21; Thm. 2], [32; Thm. 1.1]). Let p be an odd prime and G
be a pseudo-reflection group contained in the Clark-Ewing list. If the pair (G, p)
is contained in the following table, then the p-compact group X(G) is a Cy-space.

G D X(G) Types
G |22t | Sl x...x S™1 | (1y,...,1)
Gy | 23 | Bi(p) 2,p+1)
Gy |17 | B;(17) (8,24)
G | 19 | Bs(19) (6,24)

Gi7 | 41 | Byg(41) (20, 60)
Gy | 19 | By1(19) (12,30)
G24 11 B3(11) XS” (4,6, 14)

Gy | 19 | Bi(19) x B1(19) (2,12,20,30)
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Here B,(p) denotes the S?"*l-bundle over $?"+%~! whose mod p coho-
mology is given as H*(B,(p)) = A(o,?'(0)) with dego =2n+1 (cf. [24]).

Let F be one of the p-compact groups X (G) given in Theorem 1.2. From
Theorem 1.2, we see that F is a Cy-space with finitely generated cohomology.
If the integral cohomology H*(F;Z) =~ Z, then we can define a map [p] : F —
K(Z,3) as [p']*(v) = p'u for i > 0, where ue H3(F;Z) and ve H*(K(Z,3);Z)
denote the generators. Let F(3;p’> be the homotopy fiber of the map [p] :
F — K(Z,3). In the case of i =0, we see that F{3;1) = F(3) is the three-
connected cover of F. From a result of Williams [38; Thm. 21, 23], we see
that F(3;p'> is a C,-space, and by a spectral sequence argument the coho-
mology H*(F{3; p')) is not finite but finitely generated as an algebra for i > 0.

Now from Theorem A, we obtain a classification of C,-spaces with finitely
generated cohomology.

THEOREM B. Let p be an odd prime and X be a simply connected mod p
loop space such that the mod p cohomology H*(X) is finitely generated as an
algebra. Then X is a Cs-space if and only if there exists a system {Fi}, _;_ q
consisting of some of the finite Cy-spaces X (G) on the table in Theorem 1.2 such
that

X ~ liﬂ@) X l_t[ Fi(3; p%) x liI Fix K(Z,2)",

i=s+1 i=t+1

where 1 <e; <ei; for s+1<i<it—1.

The next theorem can be regarded as an odd prime version of Theorem 1.1
since C,-space is exactly a homotopy commutative loop space.

THEOREM C. Let p be an odd prime. If X is a simply connected Cp,-space
such that the mod p cohomology H*(X) is finitely generated as an algebra, then
X is homotopy equivalent to a finite product of K(Z,2).

We remark that Theorem C is extended to the case of connected C,-spaces
(see Corollary 3.12).

Hemmi [13; Thm. 1.1] proved that if X is a simply connected finite quasi
Cp-space, then X is contractible, where quasi C,-space is defined on the category
of higher homotopy associative H-spaces. On the category of loop spaces, the
quasi C,-space is exactly the C,-space of Williams, and Theorem C can be
regarded as a generalization of his result in the case of finitely generated coho-
mology. Theorem C also generalizes results of Kawamoto and Lin [16], [17],
[18], in which the same type of problems were treated in the cases of the loop
spaces of H-spaces and C,-spaces in the sense of Sugawara.

It is natural to ask the explicit higher homotopy commutativity of the
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p-compact groups X(G) on the table in Theorem 1.2. Saumell [33] gave a
partial result for this problem. In §4, we determine the higher homotopy
commutativity of almost all p-compact groups (see Theorems 4.2 and 4.5).

This paper is organized as follows: In §2, we give a proof of Theorem A.
It is shown that the Dror Farjoun localization functor [9] preserves C,-forms
(see Theorem 2.14), and by combining Theorem 2.14 with results of Broto and
Crespo [4], [8], we can complete a proof of Theorem A. §3 is devoted to the
proofs of Theorems B and C. By generalizing results of McGibbon [21] and
Saumell [32], we give a classification for finite C,-spaces (see Theorem 3.3).
Theorem B is proved by using Theorems A and 3.3. A result of Hemmi [13]
about the classification of finite C,-spaces is used to prove Theorem C. In §4,
we study the higher homotopy commutativity of p-compact groups, by which
we give a necessary condition for a mod p loop space with finitely generated
cohomology to be a C,_j-space (see Corollary 4.9).

The author would like to thank Prof. Y. Hemmi, Prof. J. P. Lin and
Prof. M. Imaoka for their helpful suggestions and Prof. T. Matumoto for his
encouragement. We also appreciate the referee for many useful comments.

2. Proof of Theorem A

Dror Farjoun [9] introduced the localization functor with respect to a
space. In Theorem 2.14, we show that the localization functor preserves the
higher homotopy commutativity of modp loop spaces. By combining
Theorem 2.14 with results of Broto and Crespo (4], [8], we can complete the
proof of Theorem A. First we recall the localization functor.

Let 4 be a space. A space X is called A-local if the base point
evaluation mape : Map(4, X) — X is a homotopy equivalence, or equivalently,
if Map, (4, X) is contractible. Dror Farjoun constructed a localization functor
L, : % — % with respect to the space 4, where &, denotes the category of
pointed spaces. For any space X, the localization L,4(X) is 4-local, and there
exists a natural map ¢y : X — Ly(X). It is known that the map ¢y is
homotopically universal, that is, for an A-local space Z and a map {: X — Z,
there exists a map (: L4(X)— Z unique up to homotopy so that
{¢y ~ (. Furthermore, the natural map ¢, induces a homotopy equivalence

(2.1) (4x)" : Map, (La(X), Z) — Map,(X, Z)

for any A-local space Z.
The localization functor L4 does not necessarily preserve a fibration.
Dror Farjoun has shown the following:

ProposiTiON 2.2 ([9; Thm. 1.H.1, Cor. 3.D.3)). Let F,E and B be
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connected spaces and F — E — B be a fibration. If the base space B is A-local
or Ly(F) =~ x, then the localization L, preserves the fibration.

Let Y be a space and Y denote the i-fold smash product of Y for
i>1. In the proof of Theorem 2.14, we need the following:

PROPOSITION 2.3.  Let A be a space and Z be a A-local space. If X is a
space and ¢y : X — Ly(X) denotes the natural map, then (¢y)' : X' — Lq(X)'
and (¢X)(') : XO o LyX)Y induce the following homotopy equivalences:

(24) (py)")* : Map,(L4(X)",Z) — Map, (X, Z)
(2.5) ((¢x) )" : Map, (L4(X)?, Z) — Map,(X?, 2)
for i>1.

To prove Proposition 2.3, we need the following lemma:

LeEmMMA 2.6. Let X and Y be spaces and Ay y = Ly(¢y Ady) : L4(X A Y)
— Ly(Ly(X)ANL4(Y)). Then Ay y is a homotopy equivalence and Ay ydy,y

= ¢LA(X)/\LA(Y)(¢X Ady).

Proor. For a space W, we put L(W) = L4(W). From the definition of
Ax,v, we have that Ay yéy.y ~ Srx)ar(v)(Px A dy)-

Let a: X — Map,(Y,L(X AY)) be the adjoint map of ¢y,y: X AY —
L(XAY). From [9; 1.A.8 e.2], the mapping space Map,(Y,L(X AY))
is A-local. By the universality of ¢,, there exists a map a:L(X)—
Map,(Y,L(XAY)) with dpy~a. If &y y:L(X)AY - L(XAY) is the adjoint
map of @, then Ky y(dy Aly) ~ ¢y.y. By using the same arguments, we have
amap Ky,y: L(X)AL(Y) - L(XAY) with Ry y(dx Ady) >~ dy.y, and the
universality of ¢, x)..(y) gives @ map xx y : L(L(X)AL(Y)) — L(X A Y) with
Kx, Y¢L(X)/\L( )= Kx,y-

Since Ky yAx ydx.y =~ Kx, y¢L(X),\L(Y)(¢X ANdy) ~ Py y, We have that
kx,yAx,y = lpxay). Similarly, we see that Ax ykx y@roxar(v)(@x Ady) =
SLx)aL(v)($x A dy), and by using the universality of ¢y, ¢y and PrLix)AL(Y)> WE
have that Ay yxx,y =~ 1y (x)ar(y))- This completes the proof. [J

Now we prove Proposition 2.3 as follows:

PrOOF OF ProposiTION 2.3. First we show (2.4). By [9; 1.A.8 ed4|,
there exists a homotopy equivalence yy: y : Ls(X*') — L4(X") x Ly(X) with
Vxi xPxim = ¢y X ¢y for i > 1. If we define a map y;: Ly(X') — L4(X)" as
yi= (rx,x X ILA(X)”) o (yxi2,x X 1L, x))7xi-1 x, then y; is a homotopy equiv-
alence and (dy)' =~ y;4y:. By (2.1), (¢y:)" is a homotopy equivalence, and so
(($y)")" : Map,(L4(X)",Z) — Map, (X', Z) is a homotopy equivalence, which
shows (2.4).
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Next we show (2.5). By using the induction on i>1, we show that
there exists a homotopy equivalence {; : Ly(X?) — L4(L4(X)") satisfying the
following homotopy commutative diagram:

_ @ 4
x (¢x) L, (X)(z)

(2.7) byt J Lﬁumu)

La(X9) — Ly(La(X)").

For i=1, we can put {; =@, x): La(X) = L4(L4(X)). Now we assume
that there exists a homotopy equivalence (;_; : Ly(XUD) = L, (L4(X)"V)
such that the diagram (2.7) is homotopy commutative. If we define a map {; :
Ly(X9) — Ly(La(X)?) by ¢; = K000, Loy La(Ciot AdL,x))Axn, x, Where
KL (X)), Ly(X) is in the proof of Lemma 2.6, then {; is a homotopy equivalence
and the diagram (2.7) is homotopy commutative.

By taking the mapping spaces for the diagram (2.7), we have a homotopy
commutative diagram

Map, (La(L4(X)?),Z) —— Map,(L4(X¥),Z)

~

(¢,_A(x)(i))*j o (¢X(i))‘[ ~

(i) ()" (i)
Map*(LA(X) 72) - Map*(X 7Z)a

which shows (2.5). This completes the proof of Proposition 2.3. []

Now we recall the definition of the C,-space in the sense of Williams [38].
Let n=(1,...,n). A subsequence of n is denoted as oy = (ay,...,q;) for / > 1
with the inclusion i, : o — n, and « : 1 — n denotes the composite i,j,, where
Jy :1— oy is defined as j, (i) =a; for 1 <i<I. A (I,m)-partition of n is an
ordered pair (o, f8,,) with / + m = n of disjoint subsequences of n satisfying that
iy(o) Uig(B,,) =n. If we consider n=(1,...,n) as a point of R”, then the
symmetric group X, on n letters acts on R” by permuting the coordinates. Let
K, denote the convex hull of the orbit of n of this action. Then from the
definition, we see that K, is homeomorphic to an (n — 1)-dimensional cell.

If we denote the boundary of K, as L, = 0K,, then it is the union of
(n — 2)-dimensional cells which are corresponding to partitions («,f,,) of n.
Let &(as,p,,) : Ki X Ky — L, denote the inclusion.

If X is a loop space, then by using the Moore loop structure, we can
assume that X is an associative H-space. A C,-form on X in the sense of
Williams [38] is defined as a sequence of maps {Q;: Kix X' — X}, _;_,
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satisfying the following conditions:
(28) lelxtleX—-?X,
where K; x X = {1} x X is identified with X. For a partition (o, f,) of i,

(29) Qi(é‘(anﬁs)(/’, O'),)C1, cee 7xi) = Qr(l), Xo(1)y - y-xa(r)) . Qs(aa XB(1)y + - 7xﬁ(s))a

where p € K, and o € K.
(2.10)  Qi(T, X1, 5 X1y %, Xjg 15+ -5 Xi) = Qi1 (85(T), X1, -+, Xjm 1, X1y - - -, Xi),

where s; : K; — K;_; denotes the degeneracy map for 1 < j < i (see [38; Lemma
4]). A mod p loop space X together with a C,-form is said to be a C,-space.
If X has a sequence of maps {Q;: K; x X' — X}, such that {Q;},_,., is a
C,-form on X for any n > 1, then X is called a C.-space.

Let X and Y be C,-spaces with the C,-forms {Q;: Ki x X' — X}, _;_,
and {R;: K; x Y' = Y}, _,_,, respectively. A loop map y : X — Y is said to
be a C,-map if there exists a sequence of maps {D;: I x K; x X' — Y}, _,_,
satisfying the following conditions:

Ri(’[»lp(xl)a“'al//(xi)) if t=0>

(211) Di(t,nxlwﬂ,xj):{w(Qi(Taxh'“vxi)) if r=1.

For a partition (a,f,) of i,
(2.12) D;(t, (o, B,)(p,0), X1, .-, X;)
= Dy(t,p, Xa(1), - - - s Xu(r)) - Ds(t,0, Xp(1y, - -, Xp(s)),
where p € K, and o € K.
(2.13) Di(t, 7, X1, .+, Xjm1, %, X1y o -+ Xi) = D (8(T), X1, oy Xjo1, Xj 1y - -+ 5 Xi)

for 1 <j<i
The following theorem is the key in the proof of Theorem A:

THEOREM 2.14. Let A be a space. If X is a Cy-space, then the localization
L,(X) is a Cy-space and the natural map ¢y : X — Ly(X) is a C,-map.

Lemma 2.15. Let A and B be spaces and ¢ : A — B be a homotopy
equivalence. If (K,L) denotes a relative CW-complex, then the following
statements hold:

(1) If there are maps f : K — B and g: L — A with ¢g = f|,, then there
exists a map h: K — A such that h|; =g and ¢h ~ frel L.

(2) If hyk: K — A are maps satisfying that h|, = k|, and ¢h ~ pkrel L,
then h ~ krel L.
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Now we prove Theorem 2.14 as follows:

ProoF OF THEOREM 2.14. Since X is a mod p loop space, there exists a
space Z such that X = 2Z. By a result of Dror Farjoun [9; Thm. 3.A.1], there
exists a homotopy equivalence {: L4(X) — QLs4(Z) so that {¢y ~ Q(¢,):
X - QLz4(Z). Then it is sufficient to show that ¥ = QL5,(Z) is a C,-space
so that = Q(¢;) : X — Y is a C,-map. By using the following homotopy
commutative diagram:

Map,(Y', Y) _wr,

(
o] |

Y)
Map, (L4(X)',Y) —— Map,(X',Y)

J- e

Map, (L4(X)', La(X)) *2, Map, (X', Ly(X)),

Map, (X,

we have a homotopy equivalence
(2.16) ()" : Map,(Y', ¥) — Map, (X", Y)

since  ((¢y)")" : Map, (L4(X)',L4(X)) — Map, (X', L4(X)) is a homotopy
equivalence by (2.4). By using (2.5) and the same arguments as above, we
have that

(2.17) W%)* : Map, (Y, Y) — Map, (X", Y)

is a homotopy equivalence for i > 1.

Since X is a C,-space, there exists a system of maps {Q;: K; x X' —
X} <i<n satisfying the conditions (2.8)—(2.10). By using induction on i, we
shall construct C,-forms {R;: K; x Y’ — Y}icich and {D;: 1 x K; x Xi—
Y}, .i<, satisfying the conditions (2.8)—(2.10) and (2.11)—(2.13), which implies
that Y is a C,-space and  : X — Y is a C,-map. In the case of i = 1, we can
define maps R} : K1 xY — Y and D) : I xK; xX — Y as R|(l,y) =y and
Dy(t,1,x) = Y(x).

Now we assume that there exist maps R; : K; x Y/ — Y and D; : I x K; x
X/ — Y for 1 <j<i-—1 satisfying the conditions (2.8)—(2.10) and (2.11)-
(2.13). Let Si=1x (L; x X'UK; x XU {1} x K; x X'. If we define a map
E:S;— Y as

E(t,e(ar, Bs)(p,0), X1, - .., xi) = Di(t, p, Xo(1)s - - ,xa(r)) - Dy(t, Ty XB(1)y - -+ ax[}(s)),

E(t,T,X1, .., Xj—1, %, Xy 1, -+, Xi) = Dicy (8j(7), X1, .y Xjm1, Xjp1s - - -, Xi)
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and

E(l,t,x1,...,x) =¥ (Qi(t, x1,...,Xi)),
then we have the extension E:I x K; x X! — Y with E]| s, = E by using the
homotopy extension property. Let F:K;x X' — Y be a map defined as
F(t,x1,...,%x) = E(0,7,x1,...,x;) and y : K; — Map, (X", Y) denote the adjoint
map of F. If we set a map A:L; — Map,(Y', Y) as

1(6(“raﬂs)(/77 G’), DATERR 7yi) = Rr(p, ya(l)a ) ya(r)) : Rs(aa yﬂ(l)? LR} yﬂ(s))’
then we see that (y')"A=7y|,. By Lemma 2.15 and (2.16), there exists a map
0: K; — Map,(Y',Y) such that 6], =4 and (y')"0 ~ yrel L;.

To construct a map R;: K; x Y' — Y satisfying the conditions (2.8)—
(2.10), we show that the induced map

(2.18) ()" : Map, (Y™, Y), — Map, (X%, ¥) ).,

is a homotopy equivalence, where Y!! denotes the i-fold fat wedge of Y defined

as
YU ={(y),...,») € Y| y; == for some 1 < j<i},

and f:Yll - Y is a map defined as f(y;,...,y)=(--(y1-y2) )y
Since Y is a modp loop space, if we define a map v;:Map, (Yl Y),
— Map, (Y, Y), and v,:Map, (X, Y), — Map, (X1, Y) ey as vi(g) =
py(g x f)Ayy and vy(h) = py(h x (Y1)*f)Ax4, then the following diagram is
homotopy commutative:

. U .
Map, (¥, v), YL, Map,(x1, v),

; iy ,
Map*(Y[]7 Y)f _— Map*(X”7 Y)(.p["])*f,

where ¢ denote the constant maps and the vertical arrows are homotopy
equivalences. Hence it is sufficient to show that the top horizontal arrow
is a homotopy equivalence. There is the following homotopy commutative
diagram of fibrations:
. )" 4
Map, (Y, Y), ~* Map,(X?, Y),
(py) (px)"

Map,(Y', ¥), —“L. Map, (X', ¥),

(IY)'J l(lx)'

i W f
Map*(Y 7Y)c - Map*(X ,Y)c,
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where C;={g: YY) = Y|(py)'g=~c} and Co={h: XD — Y|(py)h ~c}.

By using the homotopy exact sequences for the fibrations and the five lemma,

the bottom horizontal arrow is a homotopy equivalence, and so we have (2.18).
If we define a map w : K; — Map, (Y, Y), as

w(T)(yIa'"’yj—l,*?yj+1""7yi) = Ri—l(sj(T)1YI"'"yj—lvyj-i—lv""yi)

for 1 < j <i, then we see that (y1)*(1y)*0 ~ ()’ wrel L, By Lemma 2.15
and (2.18), we have that (iy)"0 ~wrelL;, and so there exists a map
&:1x K; — Map, (Y, Y), such that

(1y)"0(z) if (¢,7) e {0} x K;UI x L;,
(1) if (t,7) e {1} x K.

Let T;=1x(L;x Y'UK; x YIhU{0} x K; x Y. For a map G:T; - Y
defined as G(¢,7,y,,...,);)

B {0(1)(yl,...,yi) if (t,7,91,...,y;)€lxL;ixY'U{0}xK;x Y’
a £(t7r)(y1"'~7yi) if (tarayl,«,'ayi)EIXKi X Yli]v

we have the extension G:IxK;xY' — Y with G|;, =G by using the
homotopy extension property. If we define a map R;: K;x Y' — Y as
Ri(t,yy,.- ., pi) = G(1,1, Yi,---,Yi), then R; satisfies the conditions
(2.8)-(2.10). Since Ri(lx, x ')~ FrelL; x X', there exists a map
H:IxK;x X" — Y satisfying that

o) ={

R,‘(T,W(XI),...,V/(X,’)) if 1= 01
H(t = .
(6,7 %1,., %) {l//(Qi(t,xl,...,xi)) if t=1
and
H(t,e(oc,,ﬂs)(p,a),xl,. .. axi) = Dr(t7paxoc(l)a s 7-xa(r)) : D.Y(tﬂ U,X/}(]),. . axﬁ(s))'

If we set a map M :I x K; x X! - Y as
M(t7T)xl"",Xj—lﬂ*ﬂxj+17"'7‘xi):‘Di—l(sj(r),xl"“’xj—17xj+17“‘7xi)

for 1<j<i, then Hl|opkurnryxxit = Mlorck,urxryxxi- By [38; Remark
10], there exists a map D;:I x K; x X' — Y such that Dk, urxryxxi =
H|orxk,urxeyxx: and Dilp, g yn = M. Hence we see that the map D; satisfies
the conditions (2.11)—(2.13), which implies that Y is a C;-space and Y : X — Y
is a Ci-map. This completes the proof of Theorem 2.14. [

Now we give a proof of Theorem A as follows:

ProoF oF THEOREM A. Let X be a simply connected C,-space with finitely
generated cohomology. From Theorem 2.14, the localization Lgz/,(X) is a
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Cn-space and the natural map ¢y : X — Lpz/,(X) is a C,-map. By using
results of Broto and Crespo [4], [8], there exists an H-fibration

(2.19) K—X—>F,

where F is a simply connected mod p finite H-space and K = K(Z,2)™ for
some m > 0. Since the mod p cohomology H*(F) is finite dimensional, by
Miller [23; Thm. A] F is BZ/p-local. By Proposition 2.2 the localization
functor Lgz,, preserves the H-fibration (2.19), and so we have the following
homotopy commutative diagram of fibrations:

K —

| 1
N N ol

Lpz/p(K) —— Lpz/p(X) —— Lpzp(F),

e

where K denotes the homotopy fiber of ¢y : X — Lgz;,(X). It is shown in [2;
Remark 9.5] that Lgz/,(K) ~ *, which implies that Lgz/,(X) ~ F and K ~ K.
Since ¢y : X — Lpz,(X) is a C,-map, by Williams [38; Thm. 21], the homotopy
fiber K is a C,-space and the fiber inclusion K — X is a C,-map. This com-
pletes the proof of Theorem A. []

3. Proofs of Theorems B and C

Let X be a simply connected C,-space with finitely generated cohomology.
Then from Theorem A, X is the total space of a C,-fibration over a simply
connected finite C,-space, and so we can reduce the problems to the cases of
finite C,-spaces.

If Fis a simply connected finite C,-space, then by a result of Browder
[6; Thm. 8.6] the mod p cohomology H*(F) is an exterior algebra generated by
the odd dimensional elements. By a spectral sequence argument H*(BF) is a
polynomial algebra, where BF denotes the classifying space of F. We can put

H*(BF) = Z/p[xl,. . ,x,],

where degx; =2¢ for 1 <i</. From results of Adams-Wilkerson [1] and
Dwyer-Miller-Wilkerson [10], there exists a pseudo-reflection group G(F) <
GL(l,Z,) such that H*(BF) =~ H*(BT')®®) where BT denotes the classifying
space of the /-dimensional torus. This implies that the type (¢1,...,#) of Fis
a union of irreducible types on the Clark-Ewing list [7].
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The topological realizations of the invariant rings H*(BT' )G for pseudo-
reflection groups G < GL(/, Zp) have been investigated by Clark-Ewing [7] and
many others (cf. [26; §3]). Notbohm [27] studied the topological realization of
a family of pseudo-reflection groups. Let p be an odd prime, ¢ > 1,r > 1 and
! > 1 such that g|(p — 1) and r|g. A subgroup G(q,r,!) = GL(!, Zp) is defined
as the semidirect product G(q,r,l/) = A(q,r,l) X %), where

Alg,r,1) ={(z1,-.,z) € (Z,) |z8 =1 for 1 <i<l and (z;...2)" =1},

and X, denotes the symmetric group on / letters. Here an element of A(q,r,/)
is considered as a diagonal matrix and X, acts on (Z,,)l by the permutation
of the coordinates. It is known that G(q,r,/) is generated by the pseudo-
reflections (cf. [27; Remark 1.3]), and G(q,r,/) acts on the mod p cohomology
H*(BT"). From [27; Prop. 1.4], the invariant ring is given as

H (BT ) = Z/plst,...,s1%") = Z/p[y,,..., vy, el,

where y; =oi(sf,...,s]) for 1 <i<I—1 and e=(s1...5)". We see that
the invariant ring has the type of no. 2a on the Clark-Ewing list [7]. The
following result is due to Notbohm:

THEOREM 3.1 ([27; Thm. 1.5, 1.6]). Let p be an odd prime. If ¢ > 1,r > 1
and 1> 1 such that q|(p — 1) and r|q, then the following statements hold:
(1) There exists a space BX(q,r,l) such that the mod p cohomology

H*(BX(‘Lral)) ;Z/p[ylr--,yl—l’e]'

(2) If Y is a space such that the modp cohomology H*(Y)
H*(BX(q,r,1)) as algebras over the modp Steenrod algebra, then Y
BX(q,r,1).

~
~

By generalizing results of Saumell [32; Prop. 3.3, 4.1], we have the following:

LEMMA 3.2. Let p be an odd prime. If ¢q > 1, r>1 and | > 1 such that
q|(p — 1) and r|q, then the p-compact group X(q,r,l) = QBX(q,r,1) is not a
Cy-space.

Proor. If p > 1 or r =g¢q, then we have the required result by results of
Saumell [32; Prop. 3.3, 4.1], and so we assume that p </ and r <gq. Let
s=(p—1)/q. Then s <Isince s|(p—1) and p <I. If D? denotes the 3-fold
decomposable module of H*(BX(q,r,l)) defined as D3 = H*(BX(q,r,1))-
H*(BX(q,r,1)) - H*(BX(q,r,1)), then D? is closed under the action of the
mod p Steenrod algebra, and by [32; Lemma 3.2], the action of #' on
H*(BX(q,r,1))/D? is given as
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2 (5) (=1)°(s+ D)ghys + Z‘s=1(_1)s+quJ7j)7s+i—j if 1<i<l-sy,
Yi) = s sl . o~ . .
DO C YRRy Vi A if I-s+1<i<I-1,
P'(e) = (=1)* sre,

where j; =y, for 1 <i<l—1 and j,=e%". By applying a result of
McGibbon [21; Lemma 3.2] (see also Lemma 4.6 in §4) to e H*(BX(q,r,1))
and 2!, we see that X(g,r,1) = 2BX(q,r,1) is not a Cy-space. This completes
the proof. [J

THEOREM 3.3. If F is a simply connected finite Cy-space, then there exists
a system {F;}, ., consisting of some of the p-compact groups X(G) on the
Jfollowing table such that the classifying space BF ~ H,k: | BF;.

G )4 X(G) Types

G >2t | $2 1 x o x ST | (1.0, )
Gw | =3 | Bi(p) 2,p+1)

Gy |17 | B;(17) (8,24)

G | 19 | Bs(19) (6,24)

Gi7 | 41 | Byo(41) (20, 60)

Gyo | 19 | Bu(19) (12,30)

624 11 B3(11) XS” (4,6, 14)

Gy |19 | Bi(19) x B;;(19) (2,12,20,30)

PrOOF. By results of Dwyer-Wilkerson [12] and Notbohm [28], there exists
a decomposition BF ~ H,k= | BF; with simple p-compact groups F; for 1 <i<k
(cf. [11], [26]). From a result of Dwyer-Miller-Wilkerson [10], H*(BF;) =~
H*(BT)® for some pseudo-reflection group G since the cohomology H*(BF;) is
a polynomial algebra. This implies that the type of F; is obtained from the
Clark-Ewing list [7] for | <i <k. Since F ~ H,k: | Fi as p-compact groups, we
can show that F; is a Cy-space for 1 <i < k. Hence it is sufficient to consider
the homotopy commutativity of p-compact groups on the Clark-Ewing list.

Recently, Notbohm [30] determined the condition for which a type on the
Clark-Ewing list is realizable as the cohomology of a space. From results of
Notbohm [29; Thm. 1.4], [30; Thm. 1.4, 1.5], McGibbon [21; Thm. 2], Saumell
[32; Thm. 1.1] and Lemma 3.2, we see that each F; must be contained in the
table given in the theorem for 1 < i < k. This completes the proof of Theorem

33. O
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Now we proceed to the proof of Theorem B. Let F be a finite C,-space.
Then by Theorem 3.3, there exists a homotopy equivalence BF ~ H,": | BF;,
where F; is one of the p-compact groups X(G) on the table of Theorem 3.3 for
1 <i<k. By permuting F; if necessary, we can assume that H*(F};Z,)) =
Z ) for 1 <i<rand F;is 3-connected for r + 1 <i < k. Thus the p-localized
cohomology of F is given as

H3(F; Z(p)) = Z(p){ul, . ,u,},

where u; € H3(F;; Z(,,)) is the generator for 1 <i<r. Since H*(K(Z,3);Z,)
=~ Z,), we put the p-localized cohomology of K(Z,3)™ as

HY(K(Z,3)™;Z) = Zip{v1,-- -, m},

where v; denotes the generator of H*(K(Z,3);Z,) for 1 < j<m.

Let ¢ : F — K(Z,3)"™ be a map and ¢* : H*(K(Z,3)"™; Z(,)) — H*(F;Z(y))
be the induced homomorphism. Then it is easy to see that there exist systems
of generators {i; € H3(K(Z,3)'";Z(p))}lsjsm and {#; € H3(F;Z(p)}<ier
satisfying that

i) if 1<j<s,
(3.4) ¢*(0;) = § pYu if si+1<j<s,
0 if +1<j<m,

where 51 <s; <rand 1<e¢; <e¢;; for si +1<j<s—1.
In the proof of Theorem B, we need the following fact:

PROPOSITION 3.5. If F is a finite Cy-space and ¢ : F — K(Z,3)™ is a map,
then there exist systems of generators {i;€ H3(K(Z,3)m;Z(p))}lstm and
{t;€ H3(F;Z,)}<i<, satisfying (3.4), and moreover, there is a homotopy
equivalence w : F — F such that w*(#;) =u; for 1 <i <r on the p-localized
cohomology H*(F;Z,).

By permuting F; for 1 <i<r, we assume that E:Bl(p)xE for
l<i<gqgand F,=S>xF, for g+1<i<r. Let p*:H*(F;Z,)) — H*(F)
denote the mod p reduction map and o; = p*(w;) € H3(F) be the modp
reduction of u; for 1 <i<r. Since the mod p cohomology of B(p) is

H*(Bi(p)) = A(0,2'(0))
with dego = 3, we can assume that 2!(g;) # 0 in H?*!(F) for 1 <i < g and

PY o)) =0 for g+ 1<i<r
The following lemma is used to prove Proposition 3.5:

LEMMA 3.6. Let F and ¢ : F — K(Z,3)™ be as in Proposition 3.5. Then
we can choose systems of generators {i; € H3(K(Z,3)m;Z(p))},sjsm and
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{#; € H*(F;Z(,))}1<i<, Such that the following conditions hold:
O

Pl f1<j<u,
¢°(0) =  pYig-n; I H+1<j<n,
0 if h+1<j<m,

where ) <q, b <r—q+t, 0< f;< fi,, for 1<j<ti —1and 0 < g; < g4
for 1 +1<j<th-1

(2) If we put 6;=p*(iy)e H F) for 1 <j<r, then 2 (6)#0 in
HYY(F) for 1 <i<q and 2'(6))=0 for g+1<i<r.

Proor. By using induction on r > 1 and m > 1, we show the lemma. If
¢* =0, then we can put that o, =v; for | <j<m and & =u; for 1 <i<r,
and the result follows. Thus we assume that ¢* # 0.

In the case of r = 1, we can set ¢"(v;) = p%cju, where a; > 0 and (¢, p) =1
for 1 < j<m. By permuting v;, we can assume that a; <a; for 2 < j <m.
If we put that e=a;, 0 =v, 0 =v;— p% *(¢j/c1)vy for 2< j<m and
i = cju, then the result follows.

In the case of m =1, we can set

q r
¢*(v) = Zpaiciui + Z pPdiu;,
im1

i=q+1

where a;,b; > 0 and (¢;, p) = 1,(d;,p) =1 for 1 <i<r. By permuting u;, we
can assume that @) <g; for2<i<gand by <bjforg+2<i<r. Ifa <
bgt1, then we put f =a; and choose generators #; € H3(F, Z,) as oy =
Lo s + Yt pb7du; and @; =u; for 2 <i<r. In this case, we
see that 21(61) = 2! (p*(#1)) = XL, p% 7 c;i?'(a:) # 0, and the result follows.
If a1 > by, then we put g = bgy1, lgs1 = Y 1) p“ 9ciu; + Zi':qH p¥~9du; and
w;=u; for 1<i<q, g+2<i<r. In this case, 91(&q+1)=2{=q+1Pb"—gdi@‘(a[)
=0 since qj—g=a1—g>0 for 1 <i<gq, and so we have the required
conclusion.
Now we assume that the result holds if r and m are replaced by r — 1 and
m — 1. In the case of r,m > 1, the induced homomorphism ¢* : H*(K(Z,3)™;
Z,)) — H3(F;Z,) is give as

9 r
* ai i bi
¢ (v) = E P jui + E P ai jui
i=1 i=q+1

for 1 < j <m, where a;;,b;; >0 and (¢;j,p) =1, (dij,p) =1for1 <i<rand
1 <j<m. By using the similar arguments to the cases of r=1 and m =1,
there exist systems of generators {i; € H*(K(Z, 3)™"Zp)h<j<m and
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{it; € H*(F;Zp))}, <<, satisfying (2) and either of the following conditions:

¢ (01) = pli,
q. oo
¢ (1)) = Z,Ua"’fi,jfli + Z pPid; jit;

i=2 i=q+1
for 2<j<m or

¢*(01) = pitg+1,

q_ roo
¢ (5) = ZP""’Ei,jﬂi+ Z pPid; ji
i=1 i=q+2
for 2< ] <m, where 0 < fi < dj,j, B,"j, 0< g1 < d,"j,l;,"j and (E,',j,p) =
(dij,p)=1 for 1<i<r and 2<j<m. From the inductive hypothesis,
we can choose systems of generators {i; € H3(K(Z,3)'";Z(p))}lsj§m and

{#; € H}(F;Z ()}, <i<, satisfying the required conditions. [J

PROOF OF ProposiTioN 3.5. Let {ije H*(K(Z,3)";Z,)} <j<n and
{4j e H*(F;Z(p))},<;<, be the systems of generators of Lemma 3.6. We
construct maps f;:Bi(p) = F and g;:S*> — F such that f*(&)=uw for
l1<i<gqand g;(@;)=u; for g+1<i<r.

By the universal coefficient theorem, we have that n3(F) = H3(F;Z,)) =
Z{i,..., 4}, and so there exists a map g;: S* — F such that g (&) =u
in the p-localized cohomology for 1 <i<r. If 6 € H3(S*) denotes the mod p
reduction of ue H*(S3 Z,), then we have that g;(6;) =0 for 1 <i<r.

From the mod p cohomology H*(B;(p)), the cell structure of Bi(p) is
given as

Bi(p) ~ S3 U, e¥t! Ug e,

where o € m5,(S3) = Z/p is the generator and S : S¥+3 — S3U,e?*! denotes
some attaching map. In the case of 1 <i<gq, 2'(6;) #0 in H¥*(F) by
Lemma 3.6. If we consider a cofibration

S2p i} S3 _}') S3 Ua eZp+l’

then g;u ~ * since 2!(6;) # 0, and so there exists a map A : S>U, e?t! - F
such that 4;y ~ g;. By Theorem 3.3, [24; Thm. 3.2] and [37; Thm. 3], we see
that 75,3(F) =0. If we consider the following cofibration:

§2+3 LA S U, et 9 Bi(p),

then 4;8 ~ x, and so there exists a map f;: B;(p) — F such that f;0 ~ h; for
l<i<g.
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If we put F =[], F; x[[X,,, Fi, where F; = By(p) x F; for 1 <i < q and
F,=S8>xF;forq+1<i<r, then F=B(p)?x (S*) “xF. Lete:F—F
denote the inclusion map. Since F is a loop space, by using the maps f;:
Bi(p) > F for 1 <i<gq, g;:S>— F for g+ 1 < i <r constructed above and
¢: F — F, we can construct a map w : F — F which induces an isomorphism
on the mod p cohomology.

By permuting the generators obtained in Lemma 3.6, we have systems of
generators {i; € H*(F;Z ()}, <<, and {3 € H*(K(Z,3)™;Z))}1<j<m sat-
isfying the required conditions. This completes the proof. [

Now we can prove Theorem B as follows:

Proor oF THEOREM B. If X is a simply connected C,-space with finitely
generated mod p cohomology, then by Theorem A, there exists a C,-fibration

(3.7) K—X-—-F,

where F is a simply connected finite C,-space and K = K(Z,2)™ for some
m > 0. By extending the fibration (3.7), we have an H-fibration

X - F%Kk@z3)m

and we may assume that the p-localized cohomology of K(Z,3)™ and F are
given as

H(K(Z,3)"™Z ) = Zip{vr, - -, vm}
and
H3(F; Z(p)) = Z(p){ul,. .. ,ur},

where v; € H*(K(Z,3);Z,)) for 1 < j<m and u;e H}(F;Z,) for 1 <i<r
denote the generators. By Proposition 3.5, we can choose systems of gen-
erators {5 € H>(K(Z,3)™;Z(y))}1<j<m and {i; € H3(F;Z )}, <;<, such that
the induced homomorphism ¢* : H*(K(Z,3)™;Z,) — H*(F;Z,)) is given as

il if 1<j<s,
¢7 () =q p9  if s5+1<j<s,
0 if +1<j<m,

where 1<e <ey; for s1+1<j<s,—1. Furthermore, there exists a
homotopy equivalence w : F — F satisfying that w*(&#;) =u; for 1 <i<r. If
(:K(Z,3)™ — K(Z,3)™ is a map defined as {*(3;) = v; for 1 < j < m, then ( is
a homotopy equivalence, and there exists the following homotopy commutative
diagram of fibrations:
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. F Y, k@)™

Y
(3.8) j l CJ:
X

— . F . k@ 3™

where
S1 52 k
Y =[[R3>x [ EGpe> = [] Fixk@,2)""
i=1 i=s1+1 i=sy+1
and Y : F — K(Z,3)" is a map defined as
u;j if 1<j<s,
Y (v) =< pYy if si+1<j<s,
0 ifs+1<j<m

By using the homotopy exact sequences for the fibrations (3.8) and the five
lemma, we see that ¥ : ¥ — X is also a homotopy equivalence. This completes
the proof of Theorem B. [

ReEMARK 3.9. In the proof of Theorem B, if X is a C,-space, then F is a
finite C,-space by Theorem A. Since BF ~ H:‘:l BF;, by using the next lemma,
we have that F; is a C,-space for 1 <i<k.

LeEmMA 3.10. Let X, Y and Z be loop spaces. If Z is a C,-space and
Z~X x Y as loop spaces, then X and Y are C,-spaces.

ProOF. Let 1x:X —Z be the inclusion map and py:Z— X
be the projection map. Since Z is a C,-space, there exists a C,-form
{0i:KixZ' > Z}, _,., satisfying the conditions (2.8)-(2.10). If we define
amap QF :Kix X' — X as QF = pyQi(lg, x (1x)") for 1 <i <n, then the
system {Q} : K;ix X'— X}, _;., satisfies the conditions (2.8)-(2.10), which
implies that X is a C,-space. By using similar arguments, we see that Y
is a C,-space. This completes the proof. [J

Next we proceed to the proof of Theorem C. By using Theorem A, we
can reduce the problem to the case of finite C,-spaces.

Hemmi [13] introduced the concept of the quasi C,-space. Let X be an
A,-space in the sense of Stasheff [35] and P;(X) denote the i-th projective space
of X for 1 <i<n. From the construction of P;(X), we have the inclusion map
1;: Pi(X)— Piy1(X) for 1<i<n—1 and the projection map p,uP,(X)——»(ZX)(")
for | <i<n. LetJ;(ZX) denote the i-th James reduced product space of ZX
and 7; : Ji(2X) — (ZX)(i) be the projection map for i > 1. A quasi C,-form
on X is a system of maps {y; : J;(ZX) — Pi(X)},.,., satisfying the following
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conditions:
l//] = lzxi):X—>2X,

Vilszx) = ti-¥io for 2<i<n,

pi; ~ (Z o)n,— for 1 <i<n,

ocel;
where the action of the symmetric group X; on (ZX )@ is given as the per-
mutation of the coordinates, and the summation on the right hand side is
defined by using a co-H-structure on (XX Y. An A,-space X together with a
quasi C,-form is said to be a quasi C,-space. Hemmi has shown the following
result:

THEOREM 3.11 ([13; Thm. 1.1]). Let p be an odd prime. If X is a simply
connected finite quasi C,-space, then X is contractible.

By using the above theorem, we can prove Theorem C as follows:

Proor oF THEOREM C. Let X be a simply connected C,-space with finitely
generated mod p cohomology. By Theorem B and Remark 3.9, there exists a
homotopy equivalence

K t 9
X ~ HF,-<3> X H Fi(3; p&> x H F; x K(Z,2)",

i=1 i=s+1 i=1+1
where F; is a simply connected finite C,-space for 1 <i <gq. On the category
of loop spaces, the quasi C,-space is exactly the C,-space in the sense of
Williams by Hemmi [13; Thm. 2.2]. Then by Theorem 3.11, we see that
F;~x for 1<i<gq, and so X ~K(Z,2)". This completes the proof of
Theorem C. [

In the case of connected C,-spaces, we have the following:

COROLLARY 3.12. Let p be an odd prime. If X is a connected Cp,-space
such that the mod p cohomology H*(X) is finitely generated as an algebra, then
X is homotopy equivalent to a finite product of K(Z,1), K(Z,2) and K(Z/p',1)
for i > 1.

To prove Corollary 3.12, we need the following lemma:

LEMMA 3.13. If X is a connected Cy,-space, then the universal cover X is a
Cy-space and the covering projection map w: X — X is a Cy-map.

ProOF. We give an outline of the proof. Let u: X x X — X denote the
associative H-structure which makes X a C,-space. By [25; Thm. 11.4.2, 4.3],
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there exists an associative H-structure i: X x X — X on X such that wji=
o x o).

Since X is a C,-space, there exists a C,-form {Q;: K; x X' — X}icicn
satisfying the conditions (2.8)—(2.10). By the covering lifting property (cf.
[25; Lemma II.1.7]), there exists a map Q,: K; x X' — X such that wQ, =
Qi(1g, x w') for 1 <i <n. By using the uniqueness of the lifting, we see that
the system {Q,: K; x X' — X}, <i<n satisfies the conditions (2.8)-(2.10), and
thus X is a C,-space. This completes the proof. []

The proof of Corollary 3.12 is given as follows:

PROOF OF COROLLARY 3.12. If X denotes the universal cover of X, then
there exists an H-fibration

(3.14) X - X - K(m(X),1),

where K(n;(X),1) is a finite product of K(Z,1) and K(Z/p',1) for i > 1. By
Lemma 3.13, X is a simply connected C,-space, and by using a spectral
sequence argument, we see that H*(X) is finitely generated as an algebra. By
applying Theorem C to X, we have that X ~ K(Z,2)" for some r > 0. By a
result of Browder [5], we can use a spectral sequence for the H-fibration
(3.14). Then the E,-term is given as

Ey" = H'(K(m(X),1)) ® H*(X),
and by the DHA lemma [15; p. 14], the spectral sequence collapses, and so we
have that
H*(X) = H*(K(n;(X), 1)) ® H*(X).

Since X ~ K(Z,2)", there exists a map {: X — K(m(X),1) x K(Z,2)" which
induces an isomorphism on the mod p cohomology, which implies the required
conclusion. This completes the proof of Corollary 3.12. [

4. Higher homotopy commutativity of p-compact groups

In §3, we proved the classification theorems for C,-spaces and C,-spaces
with finitely generated cohomology. In this section, we are interested in
Cy-spaces for 2 <n < p. If X is a simply connected C,-space such that the
mod p cohomology H*(X) is finitely generated as an algebra, then by Theorem
B and Remark 3.9, there exists a homotopy equivalence

¥ = [[E3 x [] At x [] Fix k(22
i=1

i=s+1 i=t+1
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where F; is a simply connected finite C,-space for 1 <i <gq. So we can reduce
the classification of C,-spaces with finitely generated cohomology to the higher
homotopy commutativity of the p-compact groups X(G) given in Theorem
1.2. 'We can give another interpretation of the higher homotopy commutativity
of loop spaces by using the generalized higher Whitehead product due to
Porter [31].

Let X be a loop space and X denote the n-fold smash product of X. By
Porter [31; Thm. 1.2], there exists a map @, : 2" 'X® — (ZX)" such that

Tl 2 syl L (sx)

is a cofibration sequence, where (XX )["] is the n-fold fat wedge of ZX and
&n: (ZX) - (ZX)" denotes the inclusion. Let 1: XX — BX be the adjoint
map of the homotopy equivalence X — QBX. Then the n-fold generalized
Whitehead product of 1 is defined as

[t = {W W) = Yo, | : (ZX)" — BX with |, =1 for each factors}.

Williams [39] studied the connection of the C,-space and the higher
Whitehead product, and by using his result, Saumell [33] determined the higher
homotopy commutativity in the case that a p-compact group X is a finite
product of odd dimensional spheres. The following lemma is due to Saumell:

LemMma 4.1 ([39; Cor. 1.5], [33; Thm. 3.2]). Let n>2 and X be a loop
space. Then X is a Cy-space if and only if the k-fold generalized Whitehead
product i,...,1] contains zero for 2 <k < n.

Now we can prove the following result:

THEOREM 4.2. Let p be an odd prime. Then we have the following:
(1) S$2=1x...x 8§21 js a Cy-space if p > nt.

(2) Bi(p) is a Cp_1)2-space.

(3) Bs(19) is a Cs-space.

(4) B (19) is a Cs-space.

(5) Bi(19) x B11(19) is a Cs-space.

Proor. In the case of X = S%1~! x ... x S2~1 the result follows from
[33; Thm. B].

Let X = Bi(p) and G = S3U,e?*!, where oem,(S®)=Z/p denotes
the generator. By the cell structure of X, we see that G = X. A result of
McGibbon [20] implies that X'G is a retract of 2X, and so there exists a map
r:2X — XG with r(2i) ~ lgg, where i: G — X denotes the inclusion map.
Let k =1(2i): XG — BX. As in the proof of [21; Thm. 4], we can assume
that xr ~ 1, and so it is sufficient to show that the k-fold generalized Whitehead
product [x,...,k] contains zero for 2 <k < (p—1)/2.
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If k=2, then [x,k] is the ordinary generalized Whitehead product, and
so [«,k] =0 since X is a Cyspace. Now we assume that the (k — 1)-fold
generalized Whitehead product contains zero. Then there exists a map ¥ :
(2G)M — BX with |y, =1 for each factors. To show W(y) = yay ~ %, it
is sufficient to construct a map ~|/~1 : ().TG)" — BX with ‘M(za)l*l =1, and the
obstructions for the existence of i belong to the following cohomology groups:

(4.3) H*Y(Z6),(26)¥; m(BX)) = A ((2G)W; mi(BX))
for i > 1. By [37; Thm. 3|, the homotopy groups of BX are given as

Z/p if i=2p+2j(p—1)+1forl<j<p,

(44) mi(BX) {0 otherwise for i < 2p? + 1.

By the cell structure of (£G)*), the obstruction groups (4.3) are zero
unless i =4k +2j(p—1)—1for0<j<k. Since2 <k < (p—1)/2, we have
that 2p+1+2(j—-1)(p—1) <4k +2j(p—-1) -1 <2p+1+2j(p—1) for 0<
j < k, which implies that the obstruction groups are zero by (4.4). By using
similar arguments, we can obtain the required results for (3) and (4).

In the case of X = Bi(19) x B;;(19), we put that G = (S*U,e*)v
(SPUge®), where oemig(S®)=Z/19 and Bensg(S?) ~Z/19 denote the
generators. Since 2'G is a retract of 2 X, we can show the required result as
in the case of (2). This completes the proof of Theorem 4.2. [

Next we show the following result:

THEOREM 4.5. Let p be an odd prime. Then we have the following:
1) S2-Ux...x 8%~ js not a C,-space if p < nt;.

(

(2) Bi(p) is not a Cy-space.

(3) By(17) is not a Cs-space.

(4) Bs(19) is not a Cy-space.

(5) Big(41) is not a Cs-space.

(6) Bi11(19) is not a Cy-space.

(7) Bs(11) x S is not a Cs-space.

(8) Bi(19) x B11(19) is not a Cs-space.

Let X be a simply connected p-compact group. If the mod p cohomology
H*(X) is an exterior algebra, then the modp cohomology of BX is
a polynomial algebra. For n > 1, we define the n-fold decomposable module
of H*(BX) as D' = H*(BX) and D" = D"!. H*(BX). Then we see that
D™! < D" and D" is closed under the action of the mod p Steenrod algebra
for n > 1. In the proof of Theorem 4.5, we need the following lemma:

LemMA 4.6 ([13; Lemma 4.8], [33; Prop. 4.1]). Let2<n<p—1and X be
a simply connected p-compact group. If there exists an element x € H*(BX)
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satisfying that 6(x) =0 mod D" and 6(x) #0 mod D" 4-0(D") for some Steenrod
operation 0 € o,, then X is not a Cy,-space.

By using Lemma 4.6, we can prove Theorem 4.5 as follows:

PrROOF OF THEOREM 4.5. In the cases of X = S%~!1 x ... x §%~1 and
X = B)(p), we have the required results from [33; Thm. B] and Theorem 3.10,
respectively.

Let X = B;(17). Then the mod17 cohomology of BX is given as
H*(BX) = Z/17[x, y] with 2'(x) = y, where degx = 16 and degy = 48, and
we can set that 2'(y) = a;x® + ayx?y for ay,ay € Z/17. 1If we assume that
a; =0, then

@Y (y) = Ta2x’y* + 3aix" y? + 3ajx"’

which contradicts the fact that #8(x) = x!7, and so a, # 0. Since 2%(x) =
0 mod D> and #%(x) # 0 mod D* + #?(D*), by applying Lemma 4.6 to
x e H*(BX) and 22, X is not a Cs-space.

If X = Bs(19), then H*(BX) = Z/19[x, y] with 2!(x) = y, where degx =
12 and degy =48. For the dimensional reason, we can set that 2!(y) =
a\x” +ayx’y for ay,a; € Z/19. If a; =0, then 2'(y) = a;x’, and by using a
routine calculation, we have that (2')°(y) = 4a;x3y* + 13a2x"! y2 4 4a}x".
Since 2%(x) = x'°, this causes a contradiction, and so a; # 0. Hence 2*(x) =
0 mod D* and 2?(x) # 0 mod D® + 2%(D*), which implies that X is not a
Cy-space.

In the case of X = Bjy(41), the mod4l cohomology of BX is given
s H*(BX) = Z/41]x, y] with 2'(x) = y, where degx =40 and degy = 120.
For the dimensional reason, we can set that 2!(y) = a;x° + a;x?y for a;,a; €
Z/41. 1If we assume that a; = 0, then

(91)19(})) :Sa?x5y12+35a1xll 10-|—9t16 17 8
+7a]xPy® + 294} xPy* + 2547 x*°y? + 22a)°x*,

which contradicts the fact that 2?°(x) = x*!, and so we have that a, # 0.
Hence #2(x) = 0 mod D? and #?(x) # 0 mod D* 4+ #?(D?), which implies that
X is not a Cs-space.

Let X = By1(19). Then the mod19 cohomology of BX is given as
H*(BX) =~ Z/19[x, y] with 2!(x) = y, where degx = 24 and deg y = 60. For
the dimensional reason, we can set that 2'(y)=ax* for ae Z/19. If we assume
that a =0, then (2')''(y) =0, which contradicts the fact that 2'2(x) = x'°,
which implies that a # 0. Hence 2!(y) = 0 mod D* and 2!(y) # 0 mod D> +
2'(D*), and so by Lemma 4.6, X is not a Cy-space.
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In the case of X = B3(11) x S'!, the mod 11 cohomology of BX is given
as H*(BX) = Z/11[x, y,z] with 2!(x) =y, where degx =8, degy =28 and
degz = 12. For the dimensional reasons, we can set that

(4.8) P (z) = aix* + ayxz?,
P (y) = bixyz + byz* + byx?z? + bax",

where a;,bje Z/11 for 1 <i<2, 1<j<4. If we assume that a, = b; =0,
then by using (4.8), we have that

(2"} () = (2a2by + 6b2)x"" + (aPby + 9b3bs)z*x® + 9a1b32x%y
+ (3b3 + 6bybs)z* x> + Sa1hyz*x3 y + 6b3z% x y?
+ 3byb3z0x% + 8b4x4y2,

which contradicts the fact that 2%(x) = x!!, and so a; # 0 or b; # 0.

If a; #0, then 2'(z) =0 mod D? and 2!(z) # 0 mod D* + ' (D?), and
so by Lemma 4.6, X is not a C;s-space. In the case of b; # 0, we see that
2%(x) =0 mod D* and 2*(x) # 0 mod D* + #?(D?), and so X is not a
Cs-space.

Finally, we consider the case of X = B;(19) x B;;(19). In this case, the
mod 19 cohomology of BX is given as

H*(BX) = Z/19[x, y,z,w],

where deg x = 4, deg y = 24, degz = 40, degw = 60, 2!(x) = z and 2'(y) = w.
For the dimensional reason, we can set that

12,2 4

P'w) = a1x®* 4+ a3x®y + a3x?y? + agx®y’ + asy* + agx"z

8 2
+ax"yz+ agxzyzz + a9x4z + a;oxgw + a11x3yw,

where a; € Z/19 for 1 <i<11l. If (x,z) denotes the ideal of H*(BX) gen-
erated by x and z, then (x,z) is closed under the action of 2! since 2!(z) =
2x'% € (x,z). If we assume that as = 0, then 2'(w) € (x,z), which implies that
(@Y (w) € (x,z). This contradicts the fact that 2'2(y) = y'° ¢ (x,z), and
so we have that as #0. Hence 2!(w) =0 mod D* and 2'(w) # 0 mod D° +
2'(D*), which shows that X is not a Cys-space. This completes the proof of
Theorem 4.5. O

From Theorems 4.2 and 4.5, we can determine the higher homotopy
commutativity of almost all the p-compact groups on the table in Theorem
1.2. In the following table, » denotes the maximal number for which X is a
C,-space but not a C,,-space.
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X P Types n

ST s o x §2u-1 >21 (Il,...,tl) [p/t1]

Bi(p) 30124 2

— =5 | (2,p+]) (p—-1/2< <p-1
B;(17) 17 | (8,24) 2

Bs(19) 19 | (6,24) 3

Big(41) 41 | (20,60) 2

By (19) 19 | (12,30) 3

Bs(11) x S1 11 | (4,6,14) 2

B1(19) x Byi(19) 19 | (2,12,20,30) | 3

By using Theorem B, Remark 3.9 and Theorem 4.5, we have the following
corollary:

COROLLARY 4.9. Let p be an odd prime. If X is a simply connected
Cp-1-space such that the mod p cohomology H*(X) is finitely generated as an
algebra, then X is homotopy equivalent to a finite product of K(Z,2), Bi(p),
B (p)<3) and By(p){3;p'y for i > 1.

Kawamoto-Lin [17; Thm. C] has shown the same result under the assump-
tion that X is a C,_;-space in the sense of Sugawara. Corollary 4.9 implies
[17; Thm. C] since it is shown in [22; Prop. 6] that the higher homotopy
commutativity of Williams is weaker than the one of Sugawara.

It is natural to ask if the converse of Corollary 4.9 holds. In the case of
p =3, it is known that B;(3) has the homotopy type of Sp(2). McGibbon
[21; Thm. 2] proved that Sp(2) is a C,-space, and moreover, Sp(2){3) and
Sp(2)¢3;3"y are C,-spaces for i > 1. At present, the author does not know
the corresponding result for p > 3. However, it seems to be reasonable to
conjecture that Bi(p) is a C,_j-space for p > 3.
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