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We consider the problem of estimating an unknown function f in a regression setting with random
design. Instead of expanding the function on a regular wavelet basis, we expand it on the basis
{Y(G), j, k} warped with the design. This allows us to employ a very stable and computable
thresholding algorithm. We investigate the properties of this new basis. In particular, we prove that if
the design has a property of Muckenhoupt type, this new basis behaves quite similarly to a regular
wavelet basis. This enables us to prove that the associated thresholding procedure achieves rates of
convergence which have been proved to be minimax in the uniform design case.
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1. Introduction

In this paper we consider the problem of estimating an unknown function f in a regression
setting with random design. We will consider the problem in the framework of wavelet
thresholding. Of course, if the design is regular, the procedures are now standard; see
Donoho and Johnstone (1994) and Donoho et al. (1995). In the case of irregular design,
various attempts to solve this problem have been made: see, for instance, the interpolation
methods of Hall and Turlach (1997) and Kovac and Silverman (2000); the binning method
of Antoniadis et al. (1997); the transformation method of Cai and Brown (1998), or its
recent refinement by Maxim (2002) for a random design; the weighted wavelet transform of
Foster (1996); the isometric method of Sardy et al. (1999); the penalization method of
Antoniadis and Fan (2001); and the specific construction of wavelets adapted to the design
of Delouille et al. (2001; 2004). See also Penski and Vidakovic (2001).

Our aim here will be to stay as close as possible to the standard thresholding. For a
signal observed at some design points (for denoising or other purposes), Y(#;),
ic€{l,...,27}, if the design is regular (¢; = k/27), the standard wavelet decomposition
algorithm starts with a = 27/2Y(k/2”) which approximates [ Y(x)¢(x)dx. Then the
cascade algorithm is employed to obtain the 8 for j < J, which in turn are thresholded. If
the design is not regular, and we still employ the same algorithm, then for a function H
such that H(k/2”) = t;, we have ay = 2//2Y(H(k/2’)). Roughly, then, what we are
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focusing on is in fact the standard expansion of the function Y(H(x)), or, if G o H(x) = x,
the decomposition of Y on the ‘warped’ basis, Y(x)=>_ =P i(G(x). In the
regression setting, this means replacing the standard wavelet expansion of the function f by
its expansion on a new basis {1y x(G), j, k}, where G is adapting to the design: it may be
the distribution function of the design, or its estimation, when it is unknown. This obviously
creates some new difficulties since {v x(G), j, k} is no longer an orthonormal basis. Still,
this also has clear advantages: among them, let us emphasize the fact that our procedure is
computationally very simple. Compared, for instance, to the transformation method of Cai
and Brown (1998), which considers this approach for the finer scale, but then projects on
the regular wavelet basis, the calculations are more direct. But overall, by doing this, we
stabilize the variance of the estimated coefficients and avoid a necessary but heavy
systematic calculation of the threshold of each coefficient.

An appealing feature of this method is that it does not provide a new algorithm. As far as
algorithms are concerned, this one uses the standard thresholding procedure and as a
consequence the two estimators do coincide at their respective design points. From this
perpective, our paper answers the interesting theoretical question: for which class of design
densities is it optimal to run the classical wavelet algorithm, ignoring the irregularity of the
grid? In this sense this paper can be considered as a generalization of Cai and Brown
(1999).

However, considered as functional objects, the two estimators (since they project on very
different atoms) are really different, and this will be revealed when we study the behaviour
of the warped estimator in various L, norms.

Adopting such a point of view shifts the difficulty towards the study of the bias, that is,
the approximation properties of the warped wavelet bases {y x(G), j, k}.

Of course the properties of this basis truly depend on the warping factor G. Obviously, if
G is uniform, then {y (G, J, k} is a regular wavelet basis. We will prove that, under a
condition on G, we can expect behaviour of the warped basis which is almost as good for
statistical purposes as a standard one. As expected, this condition properly quantifies the
departure from the uniform distribution and happens to be associated with a notion
introduced some years ago in Muckenhoupt (1972) (see also Garcia-Cuerva and Rubio de
Francia 1985; Coifman and Fefferman 1974) and widely used afterwards in the context of
Calderon—Zygmund theory: the Muckenhoupt weights.

Beyond the study of the regression problem with random design, we wish to emphasize
that we investigate here the properties of a new kind of basis, which although definitively
not wavelet bases, turn out to behave, at least for statistical concerns, as well as ordinary
wavelet bases.

Our results will provide the rate of convergence of the procedures for various L, norms
under conditions associating the regularity of f* with the design G. For instance, in the case
where the density g of G is bounded from above and below, we found exactly the same
behaviour as in the regular design, except that here the conditions of regularity are
formulated on the function f o G~'.

The assumption of boundedness from above and below for g will not be required in full
generality. Moreover, it will be proved that there is a deep connection between Besov
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‘bodies’ constructed on the warped basis and Besov spaces which are modelled on a more
general measure than the Lebesgue measure.

This paper is organized as follows. In Section 2 we introduce the notions of warped
bases, weighted spaces and their relations. In Section 3 we introduce the model and the
different procedures. In Section 4 the notion of Muckenhoupt weight is recalled and its
relation with the warping problem is detailed. Section 5 describes the performance of our
procedures in terms of minimax or maxiset properties. Section 6 is devoted to the proofs,
although some of these are postponed to Sections 7—9. Each of these three sections is of
interest in its own right and specifically illustrates one aspect of the paper: Section 7 is
devoted to Muckenhoupt weights and associated Besov spaces, Section 8 details the
embeddings of Besov bodies in the presence of weight, and Section 9 details the probability
bounds, some of which are a little delicate and require the use of very precise concentration
inequalities for the empirical process.

2. Warped bases, weighted spaces and properties

2.1. Warped bases and weighted spaces

Consider a compactly supported wavelet basis {9, j= —1, k € Z} (note that
Y_1.x = ¢ox denotes the scaling function). The usual expansion of a function f in L,(R) is

[ = > Brpi), (1)
I1=(j,k)
with
B — Jf(x)zp,(x)dx. @)

Suppose now that instead of being in a homogeneous space, we are sitting in a medium
G(x) describing the fact that some zones in the space are dense and some are sparse. In
such a situation we may find some advantage in replacing (1) by the atomic decomposition

f@= > Brpi(Gx). 3)
1=(j.k)
Such ‘warped’ bases have been considered, for instance, in order to catch certain geometric
features or to handle local stationarity; see Clerc and Mallat (2003) and Le Pennec and
Mallat (2003). The new family {y;(G), j = —1, k € Z} is no longer an orthonormal basis.
For instance, the coefficients 3; can be calculated (under mild conditions on G) using the
following formula, which obviously differs from the standard case (2):

By = sz(G(X))f(x)g(X)dx,

where g is the derivative of G.



1056 G. Kerkyacharian and D. Picard

A closely connected problem is the following. Regular (Sobolev or Besov) spaces are
generally defined with respect to the Lebesgue measure. However (again when an
inhomogeneity appears in the spaces), it may be more natural to consider other measures,
especially measures of the form w(x)dx where w is a weighting of the space.

In this case, we are interested in considering the standard expansion (1), with a view to
measuring its approximation behaviour in the spaces L ,(w(x)dx). The connection between
the two approaches obviously lies in the following formula, where we have used a simple
change of variables (also valid under mild conditions on G):

P
du. 4)

v = [| e~ X 2o

P 1
1 _ y) -
” f(G(x) Z 1p1(x) 2(G~(x)) Ten

IeA

We see in this equation that the approximation properties of f in terms of the warped atoms
correspond to the approximation properties of /(G~!) in terms of the standard wavelet bases,
but measured with the weight w(x) = (g(G~'(x)))"\.

2.2. Properties of atoms

Many properties of the possible atoms that are shared by wavelet bases can be explored.
However, we shall concentrate here on two special properties which are sufficient, in the
treatment of most statistical applications, to restrict the complexity of the problem to the
level of a Hilbertian framework.

Property 1 Shrinkage (or unconditional) property. There exists an absolute constant K such
that if |0;| < |0}| for all i, then

s

)

p i

P

Property 1 means, in particular, that by thresholding or shrinking the coefficients we do not
risk exploding the L ,-norm, and has many more important properties of its own, as
underlined, for instance, in Donoho (1993).

Property 2 p-Temlyakov property. There exist c, and C, such that, for any finite set of
integers F, we have

NS j(zw) " ¢ e ©)

icF icF icF

This pair of inequalities was introduced in DeVore (1998) and Temlyakov (1998). They are
also referred to as ‘democratic’. They are obviously true for p = 2 when e; is an othonormal
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basis and provide a key tool to allow extension from quadratic losses to L, ones in most
statistical applications (see Kerkyacharian and Picard 2000).

Properties 1 and 2 are true for compactly supported wavelets. They become false in
general for warped bases, even for p =2 (warped bases generally are not orthonormal
bases). However, we will see in Section 4 that they remain true if we assume good
properties on G.

3. Model and estimation procedures

3.1. Wavelet shrinkage

Wavelet shrinkage is now a well-established statistical procedure used in nonparametric
estimation. A generic wavelet estimator of an unknown function f is written as

f= Z Bry i I{1B:| = 2} (7)
{1=(j.b),—1<j<J(n)}

where {4, j = —1, k € Z} is a compactly supported wavelet basis (with 11 s = ¢o4) and
B is an estimator of the true wavelet coefficients

B = wal-

Note that procedure (7) is nonlinear since only statistically significant coefficients (e.g.
|B/| = 1) are kept. Here 4 is a threshold parameter which depends on the problem at hand.
This procedure has been investigated in many cases. For the case of regression with

equispaced design,
i
Y; f<) + &,
n

where the &; are independent standard Gaussian random variables; see Donoho and Johnstone
(1996), where this estimator has been proposed with the following estimators of the wavelet
coefficients:

A 1 <& i
=— Y; —. 8
Br n; 1/)1(”) ®)
For the case with non-equispaced but still fixed design,

Yi= f(U)+e, ©

where U; is a fixed sequence, non-decreasing with 7, many adaptations of this first estimator
have been provided. At this stage we mention only Cai and Brown (1998) and Hall and
Turlach (1997), which are the closest to the forthcoming discussion.

A common assumption in this context states that the U; are of the form G~!(i/n), where
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G is a known and regular distribution function. In this case, expression (8) can also be
written as

R l n . 1 n
Br :;Z Yﬂ/’[(%) :;Z Y 1(G(U). (10)
P P

This formula is important since it allows very simple computations. Our aim here is to stay as
close as possible to this formula. It is also used in Cai and Brown (1998), but at the very first
step of the calculation to obtain the a j coefficients at the finest scale. A comparison between
the Cai and Brown procedures and the ones detailed in this paper is given in Section 5.2.

3.2. Regression with random design

Let us now consider the following model. We observe independent variables Y, ..., ¥,
with

Yi= f(X) +e, (11)

where X; and ¢; are independent random variables, and &; has a known distribution with
density go. The X; are observed, the &; are not. Our aim is to estimate the function f. To
simplify, we assume that the &; are normal variables with mean zero and variance 0% 0% is
assumed to be known or replaced by an estimator. For the sake of simplicity, we take 02 = 1.
The X; have a density g which may be known or unknown. g is assumed to be compactly

supported on the interval Z = [a, b], as is f.

3.3. Warping the basis

The main idea developed in this paper is that instead of expanding the function on a
wavelet basis and obtaining as a consequence an estimator which is adapted to the basis but
not so well adapted to the statistical problem, we adopt a different strategy. We warp the
wavelet in such a way that in this new basis the estimates of the coefficients are more
natural.

If we follow the idea developed above in the non-equispaced but fixed design case and
suppose for a while that

X

G(x) = J g(u)du
is a known function, continuous and strictly monotone from [a, b] to [0, 1], then
. 1<
B == wiGX:)Y, (12)
i1

is a natural extension of (8).
We have
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. 1
E(B)) = ;Z E(y jx (GXD))(f (X)) + ) = B (G(X)) f(X))
i=1

b b
= J P (G()f () g(x)dx = J Yi()S(G ()dy =B,

where fB; is now the coefficient of the new function f(G~!(y)) in the wavelet basis
{1, j= —1, k € Z}. This can be rewritten as

LG ) =D Bryi(y)
1

or
[0 = Bryi(Gx)), (13)
7
and we can associate with this decomposition the estimate
fre = Z Y BTHIBT| = k1) y (G, (14)
j=—1keZ
with
| 1/2
t, = (‘E") . 2~ (15)

Obviously, (13) describes an expansion of f in the new basis {y;(G), j = —1, k € Z}.
Then one might ask what is to be done if G is not known, which is most frequently the
case. The answer is simple. Let

Ga(x) = %Z H{X; <x}

i=1

be the empirical distribution function of the X;. Let us define new empirical wavelet
coefficients

5, 1< R
Bir = ;; Yi(Gu(X)) Y.
Let us also consider the estimator

J
F=3"3 "Bl {IBil = rt,}p i(Gu(x)), (16)

j=—1 keZ

I 1/2
t,,_<0gn> , 2/ ~r!
n

again with
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The thresholding constant x is, as usual, a tuning constant of the method. The theory will be
stated assuming only that x is ‘large enough’ to ensure good concentration inequalities.
However, it is known in practice that a universal threshold will suffer from oversmoothing
especially if it chosen very large. We do not investigate in this paper the influence of the
design on the ‘optimal’ choice of this constant, postponing such practical investigations to a
future paper.

The difference between the two estimators is the substitution of the empirical distribution
function. Notice, however, that this substitution makes the computation even easier.

The only calculation steps are as follows:

1. Sort the X;.
2. Change the numbering in such a way that X; has rank i.
3. Calculate the highest level alpha coefficients using the formula

. 1 i 7
ayr = ;;(plk (n) Y, 27 = n.

4. Calculate the wavelet coefficients using the classical pyramidal algorithm.

Employ a thresholding algorithm giving rise to 8 coefficients.

6. Reconstruct the estimator, again using the standard backward pyramidal algorithm, and
obtain

W

J
=3 B (Gu),

j=—1keZ
which is a function especially easy to draw.

It is worthwhile to notice that f " can be considered as the same estimator as the standard
thresholding estimator (7) using (8) since the algorithms are exactly the same and the two
estimators obviously coincide at the design points. So, in this sense, investigating the
properties of this procedure is in some sense measuring the robustness of the standard
thresholding estimator with respect to the design. Considered as functions, however, they are
quite different because they are decomposed into atoms of very different kinds. The aim of
this paper will also be to partly investigate the functional aspects, and specifically to study
the behaviour, of the procedures f * and f " under conditions of regularity which will take
into account the regularity of the function f as well as the concentration properties of the
underlying design. It is interesting, at this stage, to notice that there is a slight difference here
from the standard setting in the fact that we set 27 ~ ¢, !, whereas we usually set 2- ~ 7,2
for the finest level. This will be commented on below. It is also worthwhile to notice that, for
technical reasons, the results will be proved not quite for f " but for a procedure which is a
little less direct from the computation point of view (but still very simple): instead of
estimating G over the whole sample, we assume that our number of observation is 2#n, and
divide the sample (before sorting the X; of course!) into two (independent) parts
Xy, Y, ..., X, Yo, X1, Y1, ..., X, Y). This splitting allows us to simplify, in the
proofs, the necessary control of terms of the form lle,k(Gn)—llij,k(G) which is already
complicated enough. Note that in practice it makes sense to split the data into ‘even and odd
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observations’, especially if one suspects for instance a possible change in the design,
although in theory the splitting may be done arbitrarily. We use the first part of the data to
estimate G(x) by

1 n
== 1} (X)) (17)
4
Then we estimate the wavelet coefficients using the other part of the data,
/r-ZMMGa»Y (18)
and then consider the estimator
J
f@=§:§j CIUBS| = ktu}y i(Gu(x)). (19)
j=1kez

4. Muckenhoupt weight and warped bases

4.1. Muckenhoupt weight

Let us first recall the following notions:

Definition 1. Muckenhoupt weights. For 1 < p < oo, 1/p+1/q = 1, a measurable function
w =0 belongs to the Muckenhoupt class A, if there exists 0 < C < oo such that, for any
interval I included in R,

1 pr /q 1/q
/ =
<|I|J w(x)dx) <|IJ w(x)? ”dx) < C.

For p =1, the definition is modified in the following way: o =0 belongs to the
Muckenhoupt class A, if there exists 0 < C < oo such that

0™ (x) < Co(x) almost everywhere,

where w*(x) is the Hardy—Littlewood maximal function.
For p =00 we set

Ay = UAP.

p?l

Definition 2 Maximal function. If B is the set of all the intervals of R and if f is a
measurable function, then the Hardy—Littlewood maximal function associated with f is

rro= sw (] Irwio).

IeBxel
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The concept of Muckenhoupt weight was introduced in Muckenhoupt (1972) (see also
Garcia-Cuerva and Rubio de Francia 1985; Coifman and Fefferman 1974) and widely used
subsequently in the context of Calderon—Zygmund theory. It is easy to observe that the
Muckenhoupt spaces form an increasing family when p varies. Many functions belong to
one of these classes. Of course, if w is bounded from above and below, it belongs to A4,
(and so to any A4,), but @ can also approach zero. For instance w(x) = |x|* belongs to 4,
for -1 <a<p-1

We see in the definition that this property in some sense quantifies how close @ is to a
uniform weight, where the function and its inverse evenly weight each interval. Some of the
important properties of these classes of functions will be recalled in Section 7. In what
follows we will assume the following condition:

(H,) y— o) = (g(G~'(»))~! is a Muckenhoupt weight belonging to A,([a, b]).

(We recall that G(x) = J"; g(u)du.) This will be proved to be equivalent (see Proposition 9) to
the condition that there exists C such that, for all intervals 7 C [a, b],

1 /q 1
(WJ;g(x)qu> gijlg(x)dx, 1/p+1/g=1

Again, these conditions are obviously true when the design g is uniform or uniformly
bounded from above and below. More generally, they obviously quantify the usual
assumption that the design gives enough mass to any interval. To fix the ideas, if we take
the example of the density g(x) = (a + 1)x* on the interval [0, 1], it satisfies (H,) for
a>—1+41/p. We see in this example that this condition does not require the density to
be bounded from above or from below.

4.2. Properties of the warped wavelet basis

As shown in formula (13), our construction builds on the new ‘basis’ {y x(G(-)),
j=-1,keZ}.
Let us consider the following L, risk:

Ellf - £)12 = [EJ[ NCRVERS

Let 1 < p<oo, w€ A4,, and y;; be a compactly supported wavelet. Let T and S be two
real measurable functions defined on R such that

S(T(x)) =x, a.e., T(S(x)) = x, a.e.;
. . (20)
for any non-negative measurable function 4, J WT(x))dx = J h(y)w(y)dy.
R R
We now state the following theorem from Kerkyacharian and Picard (2002):

Theorem 1. Under conditions (20), the family {y(T("),j= -1, ke Z} satisfies
Properties 1 and 2.
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Typically, these conditions are realized if we take T'(x) = G(x), defined on ]a, b[, and if
S = G7! is a locally Lipschitz function on ]0, I[. It is well known then that if S is
almost everywhere differentiable, then the following change-of-variable formula holds
(cf. Gol'dshtein and Reshetnyak 1983):

for any non-negative measurable function, J h(x)w(x)dx = J hT(y))dy,
R R

where @ is the Jacobian of S, that is, w(y) = (g(G~'(y)))"!. Then we see that our
assumption (H ,) states precisely that (20) is realized, with w € 4,,.

4.3. Weighted Besov spaces

It is natural in this context, if we wish to obtain a global rate of convergence in terms of L,
risk, to impose regularity conditions taking into account the fact that the design is non-
equispaced, and it is to this that we now turn. Let us define, for every measurable function,

Apf(x) =[x+ 1) = [(0).

Then, recursively, Ai f(x) = Au(A,f)(x) and so on, for A;IV f(x), N € Nx.
Let

1/p
pM(t, f, w, p) = sup <j|A§Yf(u)|Pw<u)du> ,

|h|<t

with the usual modification for p = oo, and let us define the following modified Besov space:

LN 94 1/q
s {1 ([0 4) ")

The only difference from the usual Besov spaces is the fact that the modulus of continuity p
is calculated weighting the space with the measure w(x)dx instead of the Lebesgue measure
corresponding to the function w = 1. One of the major advantages of regular Besov spaces is
that they can be expressed in terms of wavelet coefficients: under standard oscillating
conditions on the wavelet 1 (see, for instance, Meyer 1990), we have, for f =

ijfl,kﬂjkwj,b

g 1/4

1/ N g~ Va 1/p
p(t, [, 1, p)\ dt 5m _;
([ ) <o | 22 S gt <.

0 j=—1 keZ

We show in the following proposition that, under conditions on w, the direct sense of the
implication is still true if, in the sum over k, 27/ is replaced by w([k/2/, (k + 1)/2/]). It is
worthwhile to notice that, in fact, in most statistical applications, only the direct sense is
used.
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Proposition 1. For 1 < p < o let us suppose that w is in A, and let us put, for every
interval I C R,

w(l) = J w(x)dx.
I
Then, if ¢ is a real compactly supported wavelet, such that

Jl/)(x)xkdx:o, k=0,...,N—1,

then for
k k+1
f = zk:ﬁjku)j,ks ]j,k = |:Za T:|a
Js
1/q
1/ N an 1/4 1/p)?
t dt o
(J <M> 7) <oo= | q2i0 (Z |ﬁ,~,k|Pw(1j,k)> < o0,
0 ’ j kez

with the usual modification if q = oc.

This proposition is proved in Section 7. A corollary will be necessary since we are not
expanding the function in the wavelet basis but in the warped basis. Let us define

ANG)f(x) = f(G[GE) + A]) — f(x).

As above, recursively, A%,(G)f(x) = A(G)AL(G)f)(x) and so on for AZV(G)f(x), N € Ny,
and again,

1/p

pN(t, [, G, p) = \i?p (JIAZV(G)f(u)l”du> :
=t

Notice that 6V is defined with the standard uniform weight. The ‘spatial inhomogeneity’ now

lies in the definition of A(G). Let us define the spaces

1 /~N q 1/q
G _ . p(t, f, G, p)\ dt
s o ([ (0L 0y ) ")

Notice that, in the particular case p = g = oo, it is easy to prove that

feEBY o foG ' EBmn.

$,00,00

G

s pg I terms of coefficients

The following corollary concerns the representation of spaces B
in the expansion using the warped basis.

Corollary 1. Under the conditions of Proposition 1 and condition (H ,), for

= BuwjxG)
Ik
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(ie. Bj= [[fo G "1y, ). we have

g7 /4

1/~ aqN a e
(Jeﬁ%ﬁﬁgg)<wﬁ.zsz@]mﬂmmO < oc,
0

J keZ

with the usual modification if ¢ = oo

The corollary is an obvious consequence of the previous proposition applied to f o G~ just
by observing that p"(¢t, f, G, p) = p"(t, f o G, w, p).

5. Performance of the estimation procedures

The properties of the procedures f * (corresponding to the case where G is assumed to be
known) and f @ (where G is not known) will be expressed in two different ways. The first,
developed in Section 5.1, is commonly used. It consists of proving that we obtain minimax
rates of convergence for a large variety of loss functions and a wide class of regularity
spaces (Theorem 2 and Proposition 2).

The second way (see Theorem 3 and Proposition 5 below) consists of determining the
maxiset of the procedures.

5.1. Minimax properties of the procedures f * and f @

Theorem 2. Assume that we observe model (11), with | bounded and g satisfying conditions
(H ), where p > 1, m = p are given real numbers, and that the two estimators f and f @
are those defined in (14) and (19). Then

_n_

Elf*—flb<cC if f€BY . s=1 1)

log 7]
If. in addition, f o G~' belongs to the space lip, 2 of Hélderian functions of coefficient i

r 71—

r@ _ n 1
EPC—fI5 = Clign| TS € B =) 22)
where
sp
= . 23
“ 1+2s (23)

A number of remarks and comments are in order. The rates of convergence obtained here
for f * correspond to the rates which were proved to be minimax in a uniform design, up to
logarithmic factors. Notice, however, that we do not observe the so-called ‘elbow’ here, that
is, the division of the set of parameters into a sparse and a dense region with different rates
of convergence, as occurs in the case of regular design (see, for instance, Donoho et al.
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1995). This is essentially due to the fact that the Sobolev embeddings which are true with
regular Besov spaces, no longer occur in the context of weighted spaces.

The results on f @ are the same as for f *, except that we need an additional Lipschitz
condition on f o G~! in the first case. We do not know if this is necessary.

The limitation s 2% is standard in the regression setting. Let us observe that this
restriction appears in our choice of J. In standard thresholding (standard denoising or
density estimation, for instance) one usually sets the highest level L so that 2% ~ n/log n;
here we have to stop much sooner (27 ~ (n/logn)!/?). This is especially necessary to
obtain the exponential inequalities of Proposition 3.

If we need to be more explicit, we can also express the results in terms of ‘regular’
Besov spaces. This can be done if we are ready to impose more restrictive assumptions on
the underlying design (e.g. its density is bounded from above and below). In this case, we

have the following proposition:

Proposition 2. Assume that we observe model (11), with f bounded and g satisfying
0<msgsM<oo.lf p>1 n=1aregiven real numbers and if the two estimators f*
and f© are those defined in (14) and (19), then

n

. —al(s,r)
Eu*—ﬂwsc[ ] #foG" €Bn 5= 24)

log n

If in addition, f o G~! belongs to the space lip; /2 of Holderian functions of coefficient %
then

—a(s,r)
5 n . _
£ - £l = o] Ffo Gl EB 2L ()
where
sp p—
- b > b E 19 b
- a T3 25 for s 7 rel, oo] -
a(s, r) =
(s—1/m+1/p)p frl+l$s$p_n e P2
1+2(s—1/m) ° 2 2r 7 T 2s—m+ 1

This proposition proves that, under the condition that g is bounded from above and below (as
already investigated in Stone 1982), we observe exactly the same behaviour as in the regular
setting, with the sole exception that the regularity is stated with the function f o G~! instead
of f.

The proofs of Theorem 2 and Proposition 2 will be given in the next section.

5.2. Illustration of the minimax results

We now illustrate the above results by a comparison of our procedure with the more
sophisticated procedure provided in Cai and Brown (1998). Let us first explain why the
Cai—Brown procedure is more difficult to implement: it consists of starting at the finest
level with the same estimate — using formula (12) at the highest level J' (27" = n) — and
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then projecting this high-resolution estimate onto the lower j levels. But as this projection is
performed on the true wavelet basis instead of the warped one, the cascade algorithm is no
longer usable. This creates two difficulties: first, the algorithm is much more involved; and
second, the variance of the estimated wavelet coefficients is no longer constant and not so
easy to calculate. As this variance enters into the threshold, it has to be calculated for each
coefficient, and this creates another source of difficulty in the procedure.

Among the advantages of our results let us emphasize that we obtain the rates of
convergence for various L, losses and a wider class of regularity spaces, as well as much
lighter conditions on the design. This allows us, for instance, in the case where g is
bounded from above and below, to find the elbow again as in the uniform design case, as
described in Section 5.1.

Among the drawbacks let us just mention that the results are expressed in terms of
ng’q-spaces, which are spaces mixing the regularity of f with the design G. For instance,
(22), which considers the case where G is unknown, states the rate (n/logn)—*/(+29 if
f(G™1) belongs to the space Bj ., When comparatively close (for p = 2) results in Cai
and Brown (1998) are expressed in terms of f belonging to Bj. . If we again take the
example where

g(x) = (a + Dx“I{[0, 11}(x),

condition H(p) is satisfied for a > —1 4 1/p and f(G~")(x) = f(x"/@*D). Obviously, if, for
instance, s < k and a < —1 + 1/k, f € Byoono = f(G') € By oo But in general this may
not be true. In fact, this is precisely the type of cases where the Cai—Brown procedure may
be more accurate, since estimating f(G~') may lead to loss of regularity. As a consequence,
a procedure using this estimation only at the higher scales (as in Cai and Brown, only using
the formula (12) at the highest level J' (27" = n)) where the bias is less important, obviously
leads to more computations but might exhibit more precise behaviour at this point.

5.3. Maxiset properties of the procedures

Let us quickly recall this notion. For a sequence of models £, = {P}, 6 € ®}, where the
Pyg are probability distributions and © is the set of parameters, we consider a sequence of
estimates ¢, of a quantity ¢(0), a loss function p(g,, ¢(0)) and a rate of convergence a,
tending to 0.

Definition 3. We define the maxiset associated with the sequence q,, the loss function p, the
rate a., and the constant T as the following set:

Max(gn, p, an)(T) = {0 €0, supEjp(Gn, q(O))a,) ' < T}

This way of measuring the performance of procedures has been particularly sucessful in
the nonparametric framework (see, for example, Cohen et al. 2001; Kerkyacharian and
Picard 2000; Rivoirard 2002). It has the advantage of giving less arbitrary and pessimistic
comparisons of procedures. It also has the advantage of being very powerful at giving as
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subproducts the upper bound inequalities in the minimax comparisons. And, for instance,
the following Theorem 3 providing the maxisets for the procedure f* will be a key tool for
the minimax results. Indeed, using Theorem 3, we are able to deduce the rates of
convergence of f * over a large number of regularity classes just by proving their inclusion
in the maxiset. Then we deduce the results for the more general procedure f @ by taking
advantage of the proximity of f * and f @ when n is large (Theorem 2).

We now need to introduce the following notation. Let us suppose that v is the following
measure for j €N, k € Z:

v{(J, B} =270 ).

We define the following function spaces:
Ly (V) = {f =SB o G spA{(J, BlIBs] = 4 < oo}.
I >

Theorem 3. Let p > 1, 0 < g < p. Under condition (H ), the maxiset of the estimator f*

R log n\ 4~ P)/2
Max(g) = {f, E|L7* —f|Z< : ) <oot, (27)
can be expressed in the following form if v{(j, k)} = 2772w (I ):
p
Max(q) = L) N f =Y Brpr o Gosup|| D B o G|| 2779 < oo, (28)
1 =20|| =1k »

5.4. Nlustration of the maxiset properties

Determining the maxiset of a procedure may have various applications. First, it can help in
the comparison of the procedure with others, by proving for instance that its maxiset is
systematically larger. This presupposes the calculation of the maxiset of the other
procedures. It might have been interesting in our context to also calculate the maxiset of the
Cai—Brown procedure, but this is beyond the scope of this paper. The second purpose is to
use the maxiset as a very powerful tool to prove rates of convergence on specified
functional spaces (such as Besov spaces) just by proving their inclusions in the maxiset.
This aspect will be extensively used in the following sections. The third aspect is more
descriptive, and helps to understand the particular shape of functions which are well
estimated (or, on the contrary, badly estimated) by the procedure. In our case it is natural to
compare our results with the maxiset of the standard wavelet thresholding (see
Kerkyacharian and Picard 2000) since, as explained earlier, this will help us to understand
how far we can go with the standard wavelet thresholding instead of turning to more
sophisticated procedures when the design is irregular. The previous result shows that in fact
the properties of the function are clearly expressed in terms not of f itself, but of f o G~'.
So the design appears once in this aspect, and as we have precisely calculated the maxiset
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we see that the appearance of £ o G~! is in some sense unavoidable. But the design also
appears in the following way. As in the case of regular design, the functions which are well
estimated are characterized by the fact that their ‘number’ of large wavelet coefficients is
small. The way this number is calculated is reflected in the definition of the space /, ().
We see that the design again makes an appearance here through w(/ ), which might greatly
influence the counting. We also see that the closer we are to the uniform design
(w(I) =277), the better interpretable this counting is.

6. Proofs

6.1. Proof of Theorem 3

This proof takes advantage of the following Theorem 4 taken from and proved in
Kerkyacharian and Picard (2000). The aim of the theorem is to determine the ‘maxisets’ of
the thresholding methods for a completely general basis. It will be applied to obtain
Theorem 3.

Let us introduce the following notation. Let {e;, j = —1, k € N} be a set of functions in
LP(R). v will denote the measure such that, for j € N, k € Z,

v{(J, B} = llexll,

We also define the function spaces
lq,oo(v) = {f = Zﬂjke‘jka iuglqv{(ja k)' |ﬂjk| > /l} < OO}
>

Theorem 4. Let p > 1, 0 < g < p. Suppose that {ej, j = —1, k € N} satisfies Properties 1
and 2. Suppose that c(n) is a sequence of real numbers tending to zero and N\, is a set of
pairs ( j, k) such that

sup v{A, }e(n)? < oc. (29)
n
We suppose in addition that, for any pair ( j, k) in \,, there exists an estimator ﬁ ik such that
ElBj — Bil*” < Ce(ny?” (30)
and
P(1Bi = Bil = ke(m/2) = Ce(np? A ()’ (1)
Then the thresholding estimator
f=2 Bul{lBil = re(m}e; (32)
(LKA,

is such that there exists C > 0 such that,
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vn e N¥, S\ fn — fII% < Ce(m)?™4
if and only if

/€ lq,oo(V)
and
P
sup e(n)?P|| f — Z Birejr|| < oo.
" (J-DEA, »

In using Theorem 4 to prove Theorem 3, we make the following observations:

1. The principal result of Theorem 4 says that the maxiset of the procedure f,
Max(q) = { /. E|/* = fll}(e(m)? "< oo}

P
< o0

f=> Bueu

(JK)EN,

=l NS [ = Biejisupc(n)!?

P

2. This theorem will be applied to obtain Theorem 3 with
ex=vxoG,  f=f  A,={(.k; |kl=DY, -1<j<J}

The basis satisfies Properties 1 and 2 because of condition () and Theorem 1.

3. The estimators of the coefficients will be taken to be A7 - 1t will be proved in the

following Proposition 3 that inequalities (30) and (31) hold with

log m\ 1/2
o(n) = t, = < Oi ”> and 27 ~ c(n)"".

4. It will be proved in Section 7 (see Theorem 5) that condition (#,) implies that

{7 B} = llexlly = lwllf
J

D 2PN ol p)e(n)” < oo
k

=1

™ 2712 (I ). Then condition (29) is satisfied if

This is obviously true if @ belongs to L; and 2/c¢(n)? is bounded, which is the case

under our assumptions.

Proposition 3. If ' is bounded, there exist constants C,, C',, and for any y > 0 there exists

a constant K, with

5 1L+ [ £11Z ,
E(Bjx — Bil") < Cp%’ Jor 2/ < n,

3 log n ;o ; n
P('ﬂjk_ﬁjk > K p ) < C,n " Jork=1,,2) < og

(33)

(34)
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Proposition 3 is proved in Section 9.

6.2. Proof of Theorem 2 and Proposition 2

To prove Theorem 2 and Proposition 2, we begin by investigating the behaviour of f * The
first step (proving (21) or (24)), consists of proving that the space er is included in the
maxiset Max(g) with ¢ properly chosen to obtain the prescribed rate of convergence (i.e.

a(s) = (p — ¢)/2) and the corresponding behaviour for (24).

6.2.1. Proof of inequalities (21) and (24)

Proposition 4. For p > 1,s =1 s> (p—m)/27, r =1, for q= p/(1 +2s) we have, if g
satisfies condition (H p),
B¢ C B

ST, 1 8,7T,00

C Max(q).

For p > 1, s>2, < (p —n)/2x if furthermore 0 <m< g< M < oo, for g=(p—2)/
2(s — l/n) +1),r < gq, we have

BY  C Max(g).

ST, 1

This proposition is proved in Section 8.

6.2.2. Proof of inequalities (22) and (25)

Now that our result is established for /¥, we just need to transfer it to /@ by proving that
the two estimators are reasonably close. This will be done in two steps, reflecting the fact
that the difference between f @ and f is decomposable into two parts with different levels
of difficulty: first replacing ,8 by ﬂC then replacing G by Gn/z in ¥ ;(G). It will be seen
that the first step is far less difficult than the second, which deals with random atoms and
will require fine concentration inequalities.

Maxiset for an intermediate estimate Let us consider an intermediate estimate (which will
only be used for the convenience of the proof),

[0 = Z > _BRIIBR = ki) i(G)).
j=—1 keZ
f" is intermediate between f© and f*. The difference between @ and f' only lies in the
basis system, which is (as for f ) Y ir(G(x)) for f whereas it is a random system for f @
Our first concern is to investigate the behaviour of f by proving the following
proposition, using a technique similar to that used for f

Proposition 5. Let p > 1, 0 < g < p. Under condition (H ,), the maxiset of the estimator f’,
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R 1 (g—p)/2
Max'(g) = {f, Ell/" —fll;”,("g ) < oo}

n
is such that
Max'(q) = Max(q).

The proof of this result exactly mimics the proof of the result concerning f *.AThe only
problem is showing that we have a result similar to Proposition 3 if we replace 8~ by S€.

Proposition 6. Let us suppose ||f|ls < D,|f o G | tipy;, < D. There exist constants C, C),
such that for any vy > 0 there exists 1(y, D) such that

5@ 1+ D? ; n
BBl = Biul") < Comipms for 2 <\ o (35)
~ 1 .
P<|ﬂ%{ — Bkl > Ky o8 n) sC,n"?, Jor k = k(y, D), 2/ < n (36)
n log n

Proposition 6 is proved in Section 9.

Evaluating the difference f @_ f " The second part of the proof involves evaluating the
difference

o7

Proposition 7. Under condition (20), if f is bounded and such that f(G™") is in the space
lipy ), then, for s =3,

sp/(142s
o A . Tog n p/(1+2s)
[E(Hf _f ”[Lp(R)) = C”f(G )‘|me(w) >

n

where C only depends on universal constants and the sup and lip,,, norms of f| (G™h.

This proposition is proved in Section 9.

7. Muckenhoupt weights and Besov spaces

7.1. Definitions
The definition of a Muckenhoupt weight was given in Section 4.1. There are several
equivalent definitions which are well known (see Stein 1993). We give here another

important one, together with the very helpful ‘doubling property’.

Proposition 8. If' [ denotes a bounded interval of R, and |I| its Lebesgue measure, for
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1 < p<ooand q such that 1/p+1/q =1, w a non-negative locally integrable function,
the following statements are equivalent:

(i) w € 4, that is,

1 pr /9 y 1/q
Vi, —J w) (—J w1 p) s(C< 37
(III I 1]

(with the obvious modification if ¢ = oo, p =1).
(i) For any measurable function f,

(il 1) = (ot e >l/p (38)

(where (1) = [, w).
Moreover, the measure w(A) = [, w(x)dx then satisfies the following ‘doubling’ property: if
I=[a—h,a+ h] and 21 = [a —2h, a+ 2h], then

w2l < 2C) (D). (39)

Proof. Inequality (38) easily implies (37), taking f = w~9/?. To prove that (37) implies (38),
we apply the Holder inequality to |f| = (|f]w"/?)(@~'/?):

()= (o) ) =) “(af)

Applying (38) with 27 instead of / and f = 1,, we obtain (39). O

7.2. Muckenhoupt weight and densities

We prove the following proposition:

Proposition 9. Let 1 < p < oco. Let g be a density on [a, b] and G(x) = f g(s)ds be the
associated partition function. Suppose that G is strictly increasing from [a, b] to [0, 1]. The
following statements are equivalent:

() (G ()" € 4,([0, 1]).
(ii) For q such that 1/p+ 1/q =1, for any J subinterval of [a, b], we have

L q l/q< < 1 )
(|J| Lg(” ds) |J|J g(s)ds

Proof. Since G is strictly increasing and continuous from [a, b] to [0, 1], we have a natural
one-to-one correspondence between the intervals of [a, b] and those of [0, 1]. The result is an
obvious consequence of the following lemma (with ¥ =0, 1], X = [a, b], dm and dv the
Lebesgue measure). O
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Lemma 1. Let (X, m) and (Y, v) be two measure spaces, G : X — Y a measurable function.
Let us suppose that,

for all non-negative measurable functions F, J F(G(x))dm(x) = J F(y)o(y)dv(y).
X Y

Let us put g(x) = o(G(x))"" and let Q be a class of measurable subsets of Y and
Q = G Y(Q). Then we have an equivalence between the two following statements:

v ! d a ~4/P(y)d 1/q<c 40
0eo, <@ng<y) v(y)) (@ng o) v(y)) <c (@0
. N 1/q
vo e 0, ( (Q)j g dm(x )) <C< (19>J g(x)dm(x)) @1

Proof. Inequality (40) is equivalent to,
1/p 1/q
voeQ, (J w(y)dv(y)) (j w4/ P(y)dvy)) = W)
0 0
and (41) to,
o Ve )
e <J~g(X)qdu(X)) < Cm(0) ! P(ﬁg(x)dm(x)).
0 0
But, as 1(G(x)) = 15(x),

JQw(y)dV(y) = Yw(y)lg(y)dV(y) = Jnlg(G(x))dm(X) = m(Q),

Jqu/ P(ndv(y) = waq(y)w(y)lg(y)dV(y) = Jwaq(G(X))IQ(G(X))dm(x)

= | _&()*dm(x)
0

and

Q) = ij(y)w(y)*1 Lo(n)dv(y) = j}(co(G(x))*1 1 o(G)dm(x) = Jgg(x)dm(x).

7.3. Weighted spaces, wavelets and approximation

The aim of the rest of this section is to prove Proposition 1. We necessarily begin by
expressing the |, norm of linear combinations of wavelets at the same resolution level.
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In this subsection ¢ is a compactly supported scaling function of a multiresolution
analysis and 1 an associated compactly supported wavelet. We fix the notation as follows:

supp(¢) C [0, L], supp(y) C [0, L];
P(&) = mo(§/2)F(P)(E/2), P(&) = m(E/2)F(P)E/2), (42)

where g denotes the Fourier transform of g and my(§) and m(§) are trigonometric
polynomials. As usual, for &, j in Z and any function g, we put

) ) k k+1 . k k+L
g0 =2 g@x B, L= {57] {5 . }

Jk =

so that supp(¢ ;) C I > supp(y ) C I k- For a measurable function f* we define

o = Jf(x)qu,k(x)dx, B = Jf(xw,-,k(x)dx;

Pif = Zaj,k(pj,k =Py, f, Pif = Pif =Py, f = Zﬂj,k%,k-
¥ k

The following theorem states the equivalence of the L ,(w) norms of functions in V; or
W; in terms of wavelet coefficients. Notice, however, that here the weight w appears in the
sum.

Theorem S. Let 1 < p < oo, and suppose w belongs to A ,(R).

(1) There exists C, depending only on ¢,y and w, such that

P
1 .
a2 o) <270 asp < C> lajil? o0, (43)
k k L () k
1 p
S Bl <2 S By = CX Il e, (44)
k k n_p(w) k
(i1) We have
VieZ,  NPiflw =< Clfllt @ (45)
Jim [[Pif = fllu o) = 0. (46)

(iii) Let 0 < g <o0 and f €L ,(w). Then

1/q 1/p11 Ve
D QPP — fllu,w)!| < oo | |27 (Z Iﬁ_/,k|”w(lj,k)> < o0,
7

J keZ
(47)

with the usual modification if q = oco.
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This theorem is the consequence of the following lemmas.

Lemma 2. Let @ be in A(R) and 6 be a bounded function, with support in [0, L] and
0;.1(x) = 2/20(2/x — k). Then for 0 < p < oq,

Z A k0,(x)

keZ keZ

1/p
< "2/ (Z |/1_,,k|"w(1_;,k)> ;
L,()

and for p = oo,

> 2jk0;4(x)

< C'? <sup|/1j,k|>.
keZ keZ

Lo (@)

Proof. The main tool of this proof is the doubling property (39) of the measure w(x)dx. For

p = oo the result is obvious. We give separate proofs for | < p < oo and 0 < p < 1.
_Let 1 < p<oo. As 0 is a bounded function, with support in [0, L], 0;« is supported in
I and there exists C < oo such that ) ,|6(x — k)| < C. Hence,

r/a
= 20/ (Z \4]716(27x — k)|> (Z 16(2/x — k)|>

keZ keZ

le,kej,k(x)

keZ

< il (Z 14l 160 - k>|>

keZ

and

|

> Aj404(x)

keZ keZ L

p
w(x)dx < CPlaP/? (Z \A_,-,kv’f |6(2/x — k)|cu(x)dx>
< Crl) )20 (Z Ilj,kl”w(fj,k)> -
kez
We finish the proof using the doubling property (39), which implies
(U(ij’k) = ca)(lj,k).

Finally let 0 < p < 1. Then
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|

> Ajk04(x)

keZ

p
o <Y |4 j,k|PJ~ |0,.£(x)| P (x)dx

keZ 1,

< STl 1001227 )
keZ

< c||6]|227 > " Al Por(Lj ).

keZ
O
Lemma 3. For 1 < p< oo w € 4, we have
» 1/p
2/ (Z Jf«p,-,kdx w(l,;@) < Clf I o
k

with the obvious modification if p = co. The same inequality holds if we replace ¢ by .
Proof. The main tool here is property (38). We have

2Jp/2 Z
k

P P
Jf@j,kdXI ol <2723 (J |f||¢j,k|dx> (l}x)
k j

1;

. 1 .
< C27”? zk: o) J\f¢j,k|pw(x)dx o0l k|”
< CPR[flr 3 2 - bl
k

<C J |/ ()] w(x)dx,
using |f k| ~ 27/ and the doubling property (39). Of course ¢ and 9 can be exchanged. [

Proof of Theorem 5. From Lemmas 2 and 3 we deduce (43) and (44).
Using these lemmas we also deduce (45):

I1PifllL ) =

3 jf(y)d),»,k(y)dy b
k

Lp(w)

» 1/p
w(fj,k)> < C*(|f 1L (-

< C2//? (Z

k

Jf«pj,kdx

Now, to prove (46), it is enough to prove that the family {¢, 1, «} is total in L ,(w). But
this is obvious, since if g € L (0)* =L (w) and [ gpro = [ gy, =0 for all &, k', j,
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then gw =0 w-ae. so g=0 w-ae. (It is clear that if g L, (w) then gw is locally
Lebesgue integrable.)
It remains to prove (47). But for f € L (o),

1P, fIIL @) < IPis1f = fllL,@ + I1Pif = fllL, @)

and

1Pif =11

o0
L@ < D I1Pw St )
1=

Hence
1/q

1/q
[Z(stﬂpjffh,,(w))q] <00 = [Z(WSHPW,fH[L,,(w))q] < oo
J J
We have used the following well-known convolution lemma:

Lemma 4. Let (a;)jez and (bj)jcz be two sequences and ax by = Zjak,jbj. Then
la*blli,@ < llalli,n@)bll,@- (48)

Moreover, using (44), we obtain

1/q 1/p7 97 Ve
[Z(zﬂupm f||lp(w))q] <oo = | ) |20 (Z |ﬁ,~,k|1’w(1,,k)> < .
J J

keZ

7.4. Weighted Besov spaces and wavelet expansions

Using the notation of Section 4.3, we prove Proposition 1. We begin with the following
standard lemma.

Lemma 5. The following statements are equivalent:

(i) There exists 6 € Li(R) such that yp(x) = (=DVAY, ,6(x).
(i) There exists vy € L{(R) such that y(x) = (DVy)(x).
(i) [x*yp)dx=0, k=0,1,..., N — L.

(iv) mi(§) = O(&™).

(v) There exists a trigonometric polynomial m such that

mi(8) = (1 — exp(~i&))" m(&)

Moreover,

supp(6) C [0, L], supp(y) C [0, L].
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For the reader’s convenience we give a very short proof of this lemma.

Proof. (i) = (ii). The hypothesis is equivalent to

P(E) = (1 — exp(—i&/2))VO(E).
So

. ) N N ) 1 [sin&/4\".
O = (1 exp(-i8/20)" 80 = 9" expt-inE4) 3 (V1) 06

And obviously

. N
exp-iv &4 (V1) 6@

is the Fourier transform of an integrable function.

(il) < (iii). This is standard using Taylor’s formula.

ﬁg = (iv) (§VP(E) = P(©E) = m(E/2)$(E/2) implies, as [p(0)] = 1, that mi(§) =
O(&]™).

(V) = (i). We have §(&) = mi(E/2)(E/2) = (1 — exp(—i&/2))¥ n(E/2)p(E/2).

(iv) < (v). This follows from Lemma 6 below. O

Lemma 6. Let m(w) be a trigonometric polynomial. The following statements are equivalent.

(i) m(w) = (1 — exp(—iw))¥ m(w), with @ a trigonometric polynomial.

(i) m(w) = O(lw|").

Proof. (1) = (ii) is obvious.

(i) = (1). Let us put m(w)= fozoak exp(ikw). If N =1, we have to find a
trigonometric polynomial >, by exp ikw such that

M
Z aiexp(ikw) = (1 — exp(iw))> by exp(ikw).
k=0

So

M

> arexplikw) = > (bx — bis1)exp(iko).
k=0 keZ

Let us put Aby = (by — byy1) = ax, so that b, = Zj?kaj' But, by hypothesis, m(0) =

0= Z?ioal- So by =0 for k<0 and k> M. We can now finish the proof using a

recurrence on N. O
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The following corollary of Lemma 5 is now clear:

Corollary 2. Let 1y be a compactly supported wavelet satisfying one of the equivalent
properties of Lemma 5. Let f a locally integrable function, with

Bia= |1 awas
Then
B = (=12 [AY 02 ~ B (49)
and, if DV exists,

Bix = (=D)N27N2J/ 2JDNf (u)y(2'u — k)du. (50)

Proof. We have

N
o= 22 foary — s = 22 10 3 Chi-/o@x — 1/2 - b
=0

N
= 5\,— u— 127" u—
zf/szc (=D f(u—1277"H0Qu — k)
1=0

= (—l)sz/ZJA§V,<,+]) F(w)0Q'u — k)du.

One can prove (50) using integration by parts. O

Proof of Proposition 1. For w € 4,, using (49), (38) and (39), we have
P
1Bjkl” < 27/ (J~ |A£\[—( f+1)f(u)||9(2j“ - k)|du>
I
< JP/ZM N POy — )P
< C2 = AT G fW)]P 1027 u — k)P w(u)du.
w(lj,k) Ik

So

2R\, Pl ) < C'j~ AY o S0 P10@7u — )P o(u)du

I

and
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1/p
" (Z Iﬁj,mw(l,,-,k)) - C"J IAY o fa)Podu < CpN@ U, £l w, p). (51)
R

keZ
O

8. Embeddings of Besov bodies with weight

This section is devoted to the proof of Proposition 4. Recall that we consider the following

Spaces:
By, = {f : (Jl <—(‘6N(t’ /G ﬂ)) rg>l/r< oo}.
o 0 15 t

Recall also that Corollary 1 proves that under condition (Hy), for ;; = [k/2/, (k + 1)/2/]
and f =3, By ;x(G), we have

1/7\" 1/r
fEBL, = > |22 (Z |ﬁ,»,k|”wu,»,k>> < oo,

J keZ

with the usual modification if r = oco.
As Max(q) is the intersection of two conditions, we will have to prove the inclusion of
BY_in the following two sets:

L= {f => Bipi o G, jup/lqv{(j, OBl >4} < OO}, (52)
7 >0
P
Lz = f = Zﬂ]l/)] o G, sup Z ﬂ]ki/)jk oG 2l(p_Q) < o0 . (53)
7 20| i=1k »

We remind the reader that we will concentrate on the case where
() = s o Gl ~ 27wl ).
Let us introduce the following Besov bodies:
rya VT
by == Bipro G, |y 22l (Z |ﬁ,-,k|”w<lj,k)> <ocop, (54)
7

j=-1 keZ

with the usual modification if » = co. Hence, we reduce the proof of Proposition 4 to
embeddings of Besov bodies which are quite simple, as shown below. Some embedding
properties are obvious:

bS < bC ifo<r<r. (55)

ST, 1 8,7T,00°
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Because of the fact that w is a finite weight, the following embeddings are also obvious:

G ¢ G
bs,n,r bs,p,oo’

ifo<p<am (56)

Notice, however, that other embeddings which are standard in the regular case (w(1 ) = 27/,
which occurs for instance if 0 < m < g < M < o0) may not be satisfied here (see condition
(58) in the following proposition).

Consider condition (52).

Proposition 10. (i) For g <z, for s related to q by

p 1
T 5.7 5 57
* 2g 2’ (57)
we have
bgfr,r(_> bsG,rz,oo(_> lq,cc(V)~
(ii) For ¢ = m if w is such that
G G <t o 1 1
by by VST, S = =5~ (58)
and if s is now related to q by
1 1 1
S__:S,__a Srzﬁ__a (59)
T q 2g 2

then

bS < bS sl, (v), for r<gq.

S,TT, 17 s',q,r

Proof. Let us put, for simplicity, v,{(j, k)} = 20P20)(1 j.x), and consider that the support of
f and v is [0, 1]. Let us consider f € bC such that

§,7T,00°

LG =D > By > Bl ol < ¢
J=—10=<k<2/ 0=<k<2/
We observe that for all j = —1, 3",V p{(J, ©)} = D ge s 2P0 i) = 2772 ([0, 1]).
To simplify, let us suppose that w([0, 1]) = 1.
We will use the following decomposition, and then consider every j level separetely:

o0

vl G 00, Bkl > 23 = D vl k) € {3 XN, Bl > 2}

j=1

Now, for fixed j € N,
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vpl(o ) € [} XN Bl > A} < 2772 Awp{(J, k) € (j} XN, Bl > 2}

< ipl2 5 > ocieni Bkl (1)
A7

—j(s+1/2)\ "
szfp/z{l/\<4cz J:+/)) }

Let J be such that C27/6+1/2 ~ 4. As p/2 < (s+ 1/2)m, we have

J T 00
_ C _ _
PG 0 € ULXN, Bl > 2 = 322+ (T) 30 aimgrsiom

=0 j=J+1

J
~27P2 (%) 2~ (s 1/ D= p/2)

But as 2/7/2 ~ 374, and 2-/(H1/Da-p/2) = p=J (02972 p/2  }7) 4 we obtain the first
inclusion The second one is obtained simply using Markov’s inequality, observing that

sqq {Z;k|ﬁ]k| <OO} O
Now consider condition (53). First, if 7 = p, then bfﬂ ,CbY 1425, poo- Using Theorem 5,
we have:
Z ﬁj kwjk o G l(p D/ < Z Zﬁj kw]k oG 21(17—5/)/17
J=Lk =1

1/p
< CZQJ/Z (Z 1Bix|Por(I;, k)) 2Up=a)/p.

=1

Hence, if [ € b 4/ p),poo? condition (53) obviously holds. Hence the problem remaining is to
check whether bfm is included in b(1 4/ p)poo- NOW, if we use the embeddings (56), with
p = p, we only need to check that s = 2s/(1 +2s)=1—g/p, when ¢ is chosen as in (57),
which is always true for s =, or s =2(s — 1/ +1/p)/(1 4+ 2(s — 1/m)) = 1 — g/ p, when
q is chosen as in (59), which is always true for p = 2, but observe that this condition is
necessary for 1/2 < s < (p —m)/27. Hence, (53) will always hold if s =, for p <.

For 7 <p, g bounded from above and below, we have, usmg (58), b?m
bsG 1/n+1/ p, p,co NOW bs 1/7+1/ p, p,co - b(l q/ p),p,0o for s — 1/7T+ 1/]7 = Z(S_ 1/.7'[ + 1/]7)
J(1+2(s—1 /Jl')) (g is necessarily in this case chosen as in (59)). The last inequality is
true for s = 1/ + 1/2.

9. The probability bounds

In this section we summarize all the proofs for the probability bounds used for the results
above. We recall the following elementary facts.
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If, for all x € R, G(x) = P(X < x) denotes the distribution function of the variable X,
then we set

Yy €0, 1], G '(y) = sup {x, G(x) < y}.

It is well known that
Vy e [0, 1], GG '(y) =y, and G(G '(y)) =y <= G continuous.
Vx € R, G '(Gx))=x, and G (G(x))=x <= G strictly increasing.

Moreover, if U a is random variable with uniform law on [0, 1], then X has the same
distribution as G~'(U), and

1
v, EP(X) = ED(GL(U)) = L¢(G—1(y))dy.

If G is a continuous function, G(X) has the uniform law on [0, 1]. The following facts are
also equivalent:

e G is absolutely continuous and G'(x) = g(x) a.e.
e For all FF =0,

1

JF(G(x))g(x)dx = J F(u)du.

0
e For all F =0,
1

JF(G(x))dx = J F(u)w(u)du.

0
Moreover,
1 1
and o(u)=——F—.
(G(x)) g(G~(u)
We recall that the definitions of the estimators of the empirical partition function, and the

different estimates of the wavelet coefficients, considered below, are given respectively in
(17), (12) and (18). Obviously,

gx) =

. 1
BB, = jw_,-,k<G<x>>f<x>dG<x> — B = L (GG MG )y,

~ ~ l ~
ECF) = [Ext1a(Gu)/ (046 = L Ex[4(Ga(G NG (),

where Ey denotes expectation with the respect to X1, ..., X,. If G is a continuous function,
we also have

1
B = j PG ).

0

Moreover,
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N _ 1 <& 1 <&
Gu(G ) =2 1o =D 1o (GX).
i=1 i=1

Let us put U; = G(X)), U, = G(X>), ..., U, = G(X,); these variables are independently
and identically uniform on [0, 1]. So if we put

N 1 <&
Un(3) == 110Uy, (60)
=1
then
/\[D 1 A
EU%}]:J;EJwﬂuvuy»th*%y»d% (61)
where [E, denotes expectation with respect to the law of Uy, ..., U,.
Now if we put
log n

A(y’ a):{lUn(y)7y|2atn}’ tn: n >

and if \/logn/n < 27/, then there exists Lj = Lj(a), an interval homothetical to the
support of ¥ 5, with a ratio bounded independently of jk, such that

Vi (Un(») = H{AW, &)}y;(Ua(p) + AW, )}y (UaNI{Li ().

So we can prove the following lemma which will later be a key tool:

Lemma 7. Let 2/ < \/n/log n. With the previous notation, there exists A such that

1
jﬂ%ﬂﬁmmvwsAﬂ+?W%%- 62)
0

Proof. Using Hoeffding’s inequality,
P{U.(y) = ¥| = 4} < 2exp(-2n2?) (63)
and
Ely ;1 (Un()I” = EU{AW, )} (Ua()IP) + EA{A @, a)} (T L} ()
< c{%/2 - ZJP/ZI{L,k}(y)}.
So

1 ) 2Jp/2 ) .
JH%AM@W@sC{M+ww“ﬁ<60+ﬂm”}
0o n

if @ is chosen large enough. O
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9.1. Bounds for ,Bj‘k — Bt Proof of Proposition 3

We need to prove the following inequalities:

L+ /15
nP/2

o 1 .
P<|ﬁ;kk — Bkl > K4/ Oi n) <Cy,n7?, for k =k, 2/ < 10; -

First, we observe that for p < 2, using Jensen’s inequality,

E(B% — Bxl?) < (E(BY — Bra NP,

[E(|Bj‘<k - Bl = C)p , for 2/ < n,

(64)

(65)

Hence, it is enough to prove (64) for 2 =< p < oco. Using Rosenthal’s inequality (see Hirdle et

al. 1998, p. 241), for p = 2,

5 Ely; 1« (GX)Y'[P (| (GX)Y'[})P/?
E(B% — Bal?) < C( |1/’_/,k(n£71 )Y’ +( |%k( ,ip/z)) ) )’

Bl (GXNY'[” = E|lp; (G NS (X)) + )P
< 27N (Elp; (GXNSXP + E[p;(GX)e|?).
But

Ely (GNP = J|w_,~,k(G<x>>f<x)|Pg(x>dx < ||f||£;j|w_/-7k<G(x)>|Pg<x>dx
- ||f\|;;J|w,-,k<u>|Pdu < ||f||;;2f<P*2>/2||wn§;2j|wj,k<u>\2du

oA _
= 115 1l & 2720,

Furthermore,

Ely .k (GX")el” = Ef[j e(GX))| PEle]” = [E|6|"lej,k(G(X))l"g(X)dx = C2M 0,

So
E[,x(GXNY'|P < Cp(1 + || f]|2)27P/>7D.

This proves (64) if 2/ < n (and a fortiori if 2/ < y/n/log n).
Now let us prove (65). We have

l n
~ 2 ViGN (XD + ) — B
i=1

1< 1¢
= (; > w,-,k(G(X;») (FXD = E@( GADSXM + > (G D
i=1 i=1



Regression in random design and warped wavelets 1087

Hence
(lﬂjk _ﬁjk| > K\/ 10g">
1
(' Zw, HGXD)(f (XD — E(y, k(G(X))f(X)))‘ - )
Q Zw/ HGX )| > —\/l‘f ”)
Let us observe that, conditionally on (X1, ..., X}), we have
1 <& 1 &
~> Wik GX D)~ N (0, =D, wik(G(X;))> :
=1 i=1
So

flogn) _ k% log n
(‘ Z’l/)j k(G(X ))61 5 " > = [E(Xi ..... X, €Xp <_ e Z,n_lwik(G(Xl,))>
1 n
< P(’;;wik(G(Xi))— 1’ > a>
n B k% log n
exp STt

Using Hoeffding’s inequality (see Hérdle ef al. 1998, p. 241), we have, using the fact that
9% (G(X))) are i.i.d. variables bounded by 2/|j||%, and such that Ey3 ((G(XD) = 1,

P li 2 Gy — 1] >a) = 2exp[ 2L ) <@l (66
I’l,‘:le,k( (X1) a | = z2exp ravewll IR (66)

nl|l[52%

if 2/ < \/n/log n. Hence, we can easily fix o and then « large enough in such a way that

(‘ Zw,k(axm, \/1°§”>scw,

if 2/ < \/n/log n.

Using Bernstein’s inequality,
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(' Zw]k(G(X WU (XD — E@ (G )X )))‘ \/1°g ”)
$2exp<_ n((/2)\/log n/n)* )

2302 + M(x/2)\/logn/n))’
where
M = (|9, (G NS X) = E@ (G NSX D)oo < 22721l oo 1 [l o0
0% = Elp;(GXN(f(X") — E@ (G XM < Ely (GNP < |If]

as

1 1
Elyx(GX)| = lej,k(G(x))lzd#(X) = Jolilij,k(GGfl(y))l2 dy = Jo\l.v_/,k(y)l2 dy=1.

Furthermore,
2exp| - n((x/2)/log n/n)y* “2exp| 3k%logn
2302 + M(x/2)\/log n/n) 4)|f oo (3 + 2.27/2(1c/2)+/log n/ n)
_ 3x?log n
=2 TG 0

if 2//> < \/n/log n. Hence, we find that for any y, there exists x large enough such that

<‘ Zw/k(G(X))(f(X)—[E(w]k(G(X NS’ )))‘ Sy °g”> <.

O
9.2. Bounds for Bj@k — B,k: Proof of Proposition 6
We now need to prove the same inequalities as above but for ﬁ%{, namely,
5@ 1+ D? ; n
[E|ﬁ%k —Bil” = pr, for 2/ < (67)

log n’

. log n j n
P(ﬂ% — Bkl > ©y i > < Cpn'?, for k = 1(y, D), 2’ < logn’ (68)

As above, it is enough to prove (67) for 2 < p < oo. Let us observe that conditioning on
(X4, ..., X,), we have
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A 1 <& 1 <&
E[BY (X1, ..., X)) =E [;Z Wik (;Z 1]m,xg](xi>> (f(XD+e)
i=1 i=1

(X1, ...,X,,)].

1 1
=F [nZwk (nZ 1]—oc,xz](Xi)> (f(X,‘))’(Xl, X,,)] :
i=1 i=1

- Ll PO ONF(G (),
with U,(y) defined as in (60). It is natural to introduce
Bt =Bu(X1, ..., Xy) = J;w,-,k(f/n(y))f(c;1<y)>dy. (69)
Moreover, using (61),
ELA) = EIB) = [Eu[sG00AG ).

where [, denotes the expectation with respect to the law of Uy, ..., U,. We have,

EIBY, — Biul” <27 "EIBY, — Bul” + EIBj —Bul").  2<p<oo,  (70)

@ log n - 5 K [logn = Kk [logn
P(W% =Bkl > KVT) = P<|ﬂj@if = Bkl > SV, > +P<|ﬂjk =Bkl > N |
(71)

9.2.1. Bounds for ﬁ]@i - B Jk

We consider two cases: p =2 and p <2.
For p =2, using Rosenthal’s inequality, conditionally on (X1, ..., X,),

Elvj(Ga(X NS X) + P [(X1, -5 Xo)
np-1 :

(B, — Bl I(X1, ..., X)) < cp<

- [Ew'j’k(é”(X'))(f(X') + 9P (X1, ...,Xn)] p/2>~
n
But
2P Dy k(G XN + (X X
< E[p; k(Gu(XNFXNPI(Xs - X)) + E i c(Gu(X D[P P|(X0s - X))

and
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Bl 1(GuXNSXPI(X, o X) = ij,k(c?n(x'))f(x')l”du(x')
= j|w,«,k(én(G—1(y)))f(G—‘(y))\" dy = lej,k(Un(y))f(G_l(y))l” dy
< A1 lwsa@rom v

and
1
E[;k(Gu(X NPl [(X1, -y X)) = [E(|€|p)J0\1/Jj,k(Un(y))|pdy~

So integrating with respect to X; and using Lemma 7,

[E|Bj@f)k —Bul? = [E[IE|BJ@,k =Bl PI(X1 L X))

i(p/2—1) p 2 /2
<o (AQE DI OE AL | 1240+ SR
p np—1 np/2

TS

<C
P n!’/2

For p <2, we have

5 ~ K [logn 5 ~ Kk [logn
P(lﬂ%‘ﬂjﬂ =5\, > =Eux,...x,) l”j’<|ﬁ%—ﬁfk =5\,
But
Kk [logn
P =4/
< 2 n

1 <& A 3
<P (’ - > i Ga XS (XD = Bjx)
i=1

x X>>]

B — B

X1, .0 X,,))

K log n
4 n
_K flog n
4 n

The two right-hand-side terms will now be investigated separately. We have

(X, ...,X,,))

+ p(’i;wj,k(én(x,f>>e,- X1, Xn>>.
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1 <& A ~ 1
P (’ =Y PG XD = Bi)| = 5= (X X,,>>.
i=1
2
_ n((K/4)\/10g n/n)
s 202+ M(x/6)\/logn/n
where
M < 2||E[ e (Gu(XDS XM, -y X)llso =< 22729l solf 110

02 < E[p; (G XS XX, .oy X)) < Elgpja( Ga(X DS (XDPI(X s -y X )

1 1
- L|wj,k<0n(y))|2|f(G-‘<y>)|2 dy < Hf\licjowwj,k(m(y))|2 dy.

So, if 2/ < n/log n, there exists some constant C such that
K /log n
4 n

( Cklogn )
< 2exp| — o) - .
£ 115 o 1% (Un(DP dy + &L f ]l

1 <& A 5
p (’ S UG — ) (X1 X n>>-
i=1

So

1 . 3 !
p(‘nZw,-,k(Gn(X;))(f(Xf)—ﬂjk) % O?)
i=1

<Eux,.x,)|2

Cklogn
exp| — ——— _ S )
1115 Jo [0 (Un(D 2 dy + | oo
But by the Dvoretzky—Kiefer—Wolfowitz inequality (Dvoretzky et al. 1956),

P <sup|0,,(y) -yl = ;L) < Kexp(—2ni?),

yeR

with K a universal constant. Let

. 1
Bu(a) = {supwn(y) — = a2 ”} (72)
yeR n

It is clear that there exists, for all j, k, an interval L;; homothetical to the support of
with a ratio bounded by a constant independent of j, k& (but depending on ) and D(«) such

that, for 2/ < /n/log n,



1092 G. Kerkyacharian and D. Picard

1
13;<a)L|¢j,k(U,,(y))|2 dy = IB:,(a)L v /(Ua()) dy < D(a), (73)

Cklogn
Ecv,,..,x,|2exp| ———— 5 ;
1115 Jo [ (U (D2 dy + | oo

Crlogn
<[E I 2exp| —
(X1, X)L B () p =
‘ “ [ ( 17112 Jg|w,»,k(un(y>>|2dy+x||f||oo>1

Cxlogn
+ Ex,..x B [2 exp <_ - )]
‘ 125 19k (T DI dy + 5]/ o

2
<2Kexp| —2n|a logn +2exp| ——— Crclog n < Cn’7,
n 1/ 1% + D@ f o

with a suitable choice of a and then k.
Again let us observe that conditionally on (X1, ..., X}), we have

1< N 1 .
;;wj’k(G”(Xi))e" ~ N<O’ ﬁ;W?,k(Gn(Xi))>

and
1 & A k [logn
P - . Gn Xl’ i =—
(’n;w,,k( (Xl =71/ )
x*log n
<[ Exi.xy|expl — =
(X 1y X ) E(XT s X3 p n ;
] 1 < ( 32n! Zi:”/)ik(Gn(Xi))
1 2
< 2K exp (—2n<a\/ ogn) )
n
k% log n
+ Exron IaeEoxxy | exp [ - - :
(X1 X ) LB () E(X X)( p( 32m Iy wik(Gn(Xf))
But

1
Eoi, x4 (Ga(XD) = L (OO dy,

and on BS(a) for 2/ < \/n/log n, this quantity is less than D(a). Using the same argument
as for (66), by the Hoeffding inequality,
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1 R 1 . 21?22
Pl |- 2 (Gu(X] —J (U, 2d)>i <2 - .
(‘n;w],k( (XD) = | s On)F dy ) exp( TRETR D(a»>
But if
1 <& . ! .
’;Z wik(Gn(th)) - Jolll)j,k(Un(y)N2 dy’ = /1,
i=1
we have
x| — x*log n - o (_ Kx*log n )
P\ v Guxy) P\ 026 1 ey
So

1 & A Kk [logn
Pl |- E i XDei| =~
(’ n - w.l,k(Gn( 1))Cz 4 " )

2
log n 2n%2? K?log n
<2Kexp| —2n| ay/ 2exp| — __keen )

With a suitable choice of a, then A, and finally x, we obtain

1< A Kk [logn 1
P —g (Gn(XDei| = 2| — | < C—.
(‘ni—l VGt 4V on > Cny

9.2.2. Bounds for Bjk — Bk

Let us observe that

~ 1 A~
BB = J W1 (Ua() — P ON(G ().

0

In this subsection we will use refinements very specific to wavelets. Let us recall that if y is
a compactly supported wavelet, then there exists a compactly supported function 0 such that

Y=A 40, h=2"' AU =0+ h) —00).
So
Vir=Au0,0), h=27"1" 0, =202y k).

Let us prove the following lemma:

Lemma 8. Let h € R and 0 be a compactly supported function. Then
(A1O)Un(») = (D)) = AlO(U (1) = 0] + O(U(y) + h) = 0T, (y + b)) (74)
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Proof. The left-hand side is equivalent to

O(U(y) + ) = 0(U(») = 0(y + h) + 6(y).
The right-hand side equals

AWOU () = 0] + O(U(y) + h) = O(U(y + h))
= (O(Un(y + ) = 0y + h) = 0(U(») + 0(») + O(Un(y) + h) = O(Un(y + h))

= —0(y + 1) = 0(U.(») + 6(») + O(U(y) + ),
which is equal to the left-hand side. O

As a consequence of this lemma we have

~ 1 A
Bix — B = Jo(wj,k(Un(y)) — PG (y)dy

1
= JO(A—Z*f*IGj,k)(Un(y)) — (A5 10,00/ (G ()dy

1
= OA,}H [0, 1(Un() = 0, x(N1f (G (»)dy

1
+ L[Qj,k(Un(y) =27 = 0,y = 27 NIA(G ()dy

1
= L[Hj,k(Un(y)) — 0, WMIA 5 1(f 0 G H(y)dy

1
+ L[Qj,k(Un(y) =27 = 0,(Un(y = 27 DIA(G ().

So

~ . 1 A~
B — Bl <277||f o G71Hlipl/zjowj,k(Un(y)) — 0 x(y)|dy

1

+ ||f||ooj0|0j,k(Un(y) — 277N =0, /(Uu(y — 2777 1))|dy.

If we now recall that ||f]jo < D, [|f © G™'|/4p,, < D, then

~ . 1 A~
B —Bul = z*f/szow,;k(Un(y)) —0,,0))\dy

1
+ Djowj,k(m(y) 2y 0, (U — 27 dy.
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We tackle the two terms on the right-hand side separately. First we obtain bounds for
27712 JS 10, (Un(») — 0;4(»)|dy, using definition (72). It is clear that there exists, for all
J, k, an interval L;; homothetical to the support of 6 with a ratio bounded by a constant
independent of j, k (but depending on «) such that, for 2/ < \/n/logn,

1
2—.//2J0|9j,k(l7n(y)) — 0x()dy

1
=2 1B} | 040,00 = 0,4y + 2 LB @} | 10,40, = 03401d

Lk

< 200l {B@} + 210 o T B @) | 10,00 slay

ij

We obtain

o . r K ‘ . P
[E(z f”jow,-,kwn(y»e,-,k<y)|dy) < U0l s + 2710 NZE( | 10,00~ slay) -

Lk

Using Holder’s inequality, and then Rosenthal’s inequality applied to the binomial
distribution,

P
2’P||0’II§Q[E<[ IUn(y)—yIdy> <2’P||9’|\£’0C(a)2’j(p’l)J E|U(») — y|7 dy
L

Lk

_ _ — !
$||9'||§OC(a)Cp((1 »ry+yrd-y  od y))‘“)

np—1 nﬁ/z

1
nP/2 '

We also obtain

(! A log n
Plz ]/2L|‘9_i,k(Un(y))*Gj,k(J’)|dy? K i 1

o . K [logn
2’]|0 IIOOJ IUn(y)—yldy>5\/ £ ]
L n

jk

o N K [logn
2’[|o IIOOJ [Un(y) = yldy = 54/ ]
Lijk n

' g Kk [logn
C@|0' sup 0,0~ =5 F
yel[0.1] n

K
gﬁ“rp

But

P

K
=
nv’

<P
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using the Dvoretzky—Kiefer— Wolfow1tz inequality, with y = x2/2C(a)?|0'|2..

Now we obtain bounds for [} |6;4(Un(y) —27") — 6, x(U,(y — 27/~ 1))|dy, again using
(72). 1t is clear that there exists, for all j, k, an interval L;; homothetical to the support of
0 with a ratio bounded by a constant independent of j, k£ (but depending on a) such that,

for 2/ < /n/logn,
1
Jowj,k(t?n(y) 2y g, (U — 2 )y
1
= I{Bn(a>}L|e,~,k(Un(y) =27 = 0, /(Un(y — 27771))|dy

+ I{Bi(a)}J 10,6(Un(y) = 2777") = 0,1(Un(y —2777"))|dy

Lk

<2/ 1{B,()}2]|0' || + 23-"/2H0'Hm1{82(a>}J |U.(») =277 = U,(y — 2777 H)|dy

L

= 2B @210 + 270 (B} |

1 n
—j-1
~> T2 (U —2771d
i=1

Lk

We have

p

1
E (L 10, /(Un(y) =271 = 0, (Un(y — 2f‘)>|dy)

n O\ P4 .
< (o) @l S v 2oz |

Again, using Holder’s inequality, and then Rosenthal’s inequality applied to the binomial law,

P
Z 1,01,y (Up) — 2777 ‘dy)

. 1<
2oz ( [ |
Lyl i

i=

n

1 P
ZZ y2-m (U =277 'dy) .

i=1

L/k

dy

. . ¢ =1
= 2311.//2”9’||foC(a)2_~’(p_l)J E ;Z L1 9(U) — P
i=1

L

(1— 2*]71)122*/‘*1 +2*(j+1)p(1 _ 2*/‘*1) (2 J= 1(1 2= 1))17/2)

pl2p P
<2201, -

=i 9-ir/2 2\ P21 1
< 2012)|9'||2. C(a)C, ( — 1+W) = 1012, C@Cp s ((;) t1)=cs

We also have
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1 R . A ' 1
' Uo"’f’k(Un(y) — 27 = 0,(Un(y — 27 )ldy = x\/? ]

1/4
n K - log n
< 2010’ loo P23-’/29’00J | U—2’1d> .
(10g n) || || nzaz + || || L,k ZZ 1y—2- 1 ( ) 2 n
But
‘ 1 & log n
P (23726’ J Sy (U =27 dy = 8
1971 | 52 Ti2mrn () S\,
_p| ! J 15:1 pr g (U) — 2 dy = K e, [l
[ Ll = 2C()[|6" [ n
K _ . [logn
< P|sup Lya (U =277 = o 27772 .
Z b2 2C(@)]|0']| n

Let us recall Talagrand’s inequality (see Ledoux 2001, p. 149): for

1< i
Z = sup *Zl]yfz—j—l’y](Ui)*z -1 5

yELy| N

2= 271 —27),

i=1

there exists a universal constant K such that
1 1
P {Z =2H(Z)+—-0oVKr+ —2Kr] < exp(—r).
n n
So
1 1 i
P|Z=2KZ)+—-0+/Kylogn+—2Kylogn| <= —
n n

and this implies

. I 1 1
Z=262)+ 272\ [ Ky~ 4 ZoKylogn| < —,
n n n?

and as 2/ < y/n/log n, this in turn clearly implies that there exists a new constant K such

that
. I 1
P [z = 2E(2) + 2772 Ky ﬂ} <—. (75)
n n

But now, by the Vapnik—Chervonenkis inequality (Devroye and Lugosi 1996),

Jog 2 log 212
[E(Z)sz\/og SA(")sz\/og "
n

n
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where S 4(n) is the shattering number of the class
A= {l]yfzf/'fl’y], ye ij},
which can be easily computed:

n(n+1) <

Salm) =14+

Actually we need a slight improvement on this inequality, taking into account the fact that the
variance is 27/(1 — 27/). Using such an improvement (Lugosi 2003, p. 17), we obtain

E(Z) < 1610g2S 4(2n) NS /3210g25 4(2n)
n n

So, as 2/ < \/n/logn,
. 1
E(z) < c27/2 28" (76)
n

Now using (75) and (76), we obtain
K 2 /log n - 1
2C()[|0"[ oo n n’

Zlyzny]w) 277 =

i=1

sup
ye ij

for r suitably choosen.

93.BmmdsmrEmf@—:?H£mQ

Our aim now is to prove Proposition 7. We have

Fe—f= 3" 3 BGHIBG = Kt Hyu(Gu(x) — u(G())}

J=j=—1 keA,;

and

p

JV@UJ_f(@de E: E:ﬁ‘qw = ity (Gu(x) — Y 4 (G(x))}

J=j=—1 kel
R P
= Z > BLHIBG =kt Hy w(Gu( G (1) — w(y)dy
J=j=—1 kel
R P
=, Z 7 BLH{IBY = Kt {wi(Ua(») — v ()} @(r)dy.

J=j=—1 keh,

Let
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log n

A, ) ={|U,(») — y| = at,},  t, = =

So, as before, using Hoeffding’s inequality, P{|U,(y) — y| = A} < 2exp(—2ni?), and
Ny 2
P(A(n, y)) = P{lUu(y) — y| = at,} < A
A 1 P
_vr=—— 1(E).
E[UA(y) = 1 <(2n)p/2pf<2)
Let us define
M) = {YUa() — ¥ ()}

and clearly

2/3p/2

[E‘Ajk|p = CPW

(77)

From now C denotes a constant depending only on the wavelet system, p, but not on the
data, and may vary from line to line in the proof. We have

SN T ieA BB = Kt i (Un(») — Y (0} = Fi + F

=7

=373 BSHIBY) = Keu} A I{A(n, »)}

JsJ kel
+ 305N BLIIBS = K} A () I{A (n, )}
JsJ keA;

So

1 1
EEJIf@(x) _P@lPde=c (L E(F, ()| o()dy + JO E(F20) P)w(y)dy) .

We first bound [Ef(; |F1(»)|?w(y)dy. Using Holder’s inequality,

1
LlFl(y)V’w(y)dy 277 SN IBLIPHIBG] = Kt}

J<J ke

1
X L W (0a) — PN 1A, )}y,

and using Schwarz’s inequality,
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1 ~ A~
[EJO\F1<y>\Pw<y>dy < (29771 S CEIBGIPPI{IBG] = Ke D12

J=J kel

1/2

1 2
X lE(JO|¢jk(Un(Y))_wjk(y)|p[{A(”a y)}w(y)dy> ]

But, using (67) and the a priori information, f o G~' € Lip, /25

[E(BGIPP 1{|BS] = Kt )1'* < [E(BG — BilP)I'* + |Bl”
3y 1/2
< {2 s 217 0 6 = ca ko0 (42 0

and

1/2

1 2
[[E (Jowjk(Un(Y)) — Y uWPI{A(n, Y)}w(y)dy> ] < Csz/z%'
So

1
< J 1 s 2 L
E[ 1P 0ty < Cory S S D)o

JsJ keA;
Jp

1 /2
< CJ”‘I(H—DP)—Z( a1V J(p/2=1) ) = C(1+DN—75
na

if a is large enough.
We now estimate [Efo |F>(y)|?w(y)dy. Using Holder’s inequality,

P
o(y)dy;

J |B(0)]Po(dy < JP71 > [EJ

J=J

> BLI{IBG = Kta}Au(y)I{4

keA,
but obviously
ApI{AS(n, 1)} = ApI{AS (n, Ly} (),

where Lj is some fixed homothetic interval of [k/2/, (k + 1)/2/]. Let us observe that

> H{Ly} = CH{[0, 11} (78)

keA,

so, applying Hdlder’s inequality again,
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R . 14
S BGH{IBY = Kt }Au(n)I{AC(n, y)}

keA;

p—1

< | Y IBUPI{IBG = KtuHAwO)PI{A(n, WALy} ) | | Y H{Lu}

keA; keA;

< C Y (8% = Bul” + Bl HIIBGI = Kiud AP H{Lix}(»)

keA;

< COD T IBRIPIA O H{Li ) + D IBG — Bl I{IBG = Ktu AP I{ L }(»)

keA; kel ;
Thus
1
[EJ B0 Poi)dy < C(As + As + A5).
0

We conclude by bounding each of the A; in turn. First,

1
Ay =07 STE[ Y Bl AR H L (o

Jj=<J 0 ken,;

<Jry ) Iﬂ/klpj E|A ()7 H{ L} (Mo (y)dy

JsJ keA;
p/2 D 2PN Bl P2 o )
j=<J keA;

log sp/(142s)
—1y( P n
= CIAG >||Bs,,,_x(w>(\/7> ,

<cJr! /QZM B £G ] s,
JsJ

because if s = 1, then

| | o2 7 sp/(1+42s)
/222”]2 ’3p<J”—<C(10g(n))”—<C< £ ) ;

Jj=J "

and if 1/2 < s < 1, then
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1 1 n\ P
p— JjpH—Jsp p—1 Jp(1—s) p—1 _
J np /222 277 < Cllog(n)” ! — 52 < Cllog(m)"™! — (, / og n)

J=J
sp/(142s)
log n
(p/2)(1—-5)-1 g
.sp/Z (log n) = C< , ) .

Next,

=J" IZ[EJ Y 1B = Bl {1 ] < Kin /2 I{IBG] = Kta} AP H{ L} (n)w()dy
keA;

J=J

<Y J EBY — Bal? A% — Bl > Kia/2} AP {Li} o)y

JsJ keA;

=JP~ 12 Z J ([E|ﬁ ﬁjk|3p)1/3(P{‘ﬁAj@k — Bl > Ktn/Z})l/3

JsJ keA;

X (E|A ()PP P H{ Ly} (»)o(y)dy

using Holder’s inequality. But by (77) and (67) applied to 3 p instead of p,

_ 1+Dr 1 23w
Ay <JrtyC - L > HLida()dy.
Jj=<J J=J

np/2 p=vp pp/2

oo 7 sp/(142s)
c( g > .
n

=S 5 [ (I8 - B 1B = K2} 1B = Kl Ano)]

JsJ keA;

So certainly

N

Az

Finally,

X HLp}(y)o(y)dy

< 7 ST Byl = Krn/z}J [1B% — B4l7 1A | L} o)y

JsJ keA;

<JrY N HiBul = Krn/z}J (EIBG — B PE|A 4 ()22 2 I{ L} (»)w(y)dy,

JsJ keA;

using Schwarz’s inequality. Again by (77) and (67) applied to 3 p instead of p,
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3jp/2
A= I SO ST Iyl = ki /z}j 2

JsJ kel

—= H{ Ly }(y)o(y)dy

cl+Dr .
LIS P 2PN H{|Bil = Kta/2 (1 )27,

J=J keA
But
. 1 P )
> 1Bl = K /227 ot = () S 18472 i)
keA " keA;
n p/2 o »
= (m) /(G D5, , @2
So
Ay = D og e (N gy S 2
’ np (K/2)logn B pocl®) £
jsJ
ol

//\

(log )p/z 1||f(G )Hp M(w)zsz(l s).

J=J

If s = 1, then clearly

4=cl /2 2 log )2 AG 5 = CU+ DYAG)

By pec(@)

sp/(142s)
» log n
By poe() " :

(1-s)
p n\"
By poc(@) log n
sp/2
» log n
By, poo(®) n

sp/(142s)
» log n
Bp(w) n .

If 1/2 <s <1, then

1+ DP
A3 = €2 Qlog my? | £(G)
np/z

< (1 + D")(log my M| (G|

< C(1 + DN f(GTH

as obviously s/2 = s/(1 + 2s).
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