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1. Introduction and statements of main results

Consider the nonparametric test of

Hy : Xy, ..., X, are independent
against
H, : Xy, ..., X, are serially dependent,
where X, ..., X, are observations of a time series at times i = 1, ..., n, and under H, the
random variables X, ..., X, are also assumed to have a common continuous distribution
function. Many of the standard nonparametric test statistics for H, against H; are based upon
the vector of ranks (R(1), ..., R(n)), where R(i) denotes the rank of X;. Such statistics are
typically of one of two basic forms, which we introduce below. First, let N := {1, ..., n},
and for any 0 < k < n set
Ny = {(o, .., ix) € N¥T i, # i) for any j # [}. (1.1)
Further, for 0 < r < n, let
A={a(l):1eN,} (1.2)

be an array of real constants. Define the generalized serial rank statistic

n

Wai="Y_ a(R(D), R(i = Dmoa n)s - -» R = Fmoa n)), (1.3)

i=1
where, for any —n+1<s=M <sn—1,
v | M+n, if M <0,
modn =3 g, if M > 0.
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Many classical serial rank statistics can be put into one of these two general forms. For
instance, the Wald—Wolfowitz statistic (Wald and Wolfowitz 1943)

Wa, =Y an(RE)an(R(i = Dmod )
i=1

is of the form W,. Serial rank statistics of a non-circular form

n

Ti:= Y a(RG), RG—1), ..., R(i—7)

i=r+1

have been systematically studied by Hallin et al. (1985) and Hallin and Puri (1988; 1994).
Among other results, they have shown how to construct statistics of this form that are
asymptotically locally most powerful against certain ARMA alternatives.

The aim of this paper is to prove a Berry—Esseen theorem for serial rank statistics by
exploiting their underlying graph structure, in combination with the method of Stein (1972).
The graph structure of such statistics was first disclosed in Haeusler et al. (2000). The
graph representation is particularly helpful when computing the moments of serial rank
statistics. For future reference, we record here two results about the mean and the variance
of such statistics. In order to state these results we must introduce some notation. First, note

that by definition (1.1), for any 0 < k& < n,
Nkl =n(n—1)...(n— k),
where |C| denotes the cardinality of a set C. Now set
n
Uy =77 a(])a
APy

and, for all n > 2r +1,

) n Mn—Qr+U§ )
0 = — a~(I)

! (IN, V2] 2

IEN,

i n n(n— Q2r+ 1))> )
2 - .
w2 (wrm Woral /o 2, o

k=1 ki )EN ik

Proposition 1.1. Under the hypothesis Hy one has
EW, = uy,
and under the additional assumption that
pa =0,
one also has, for all n > 2r + 1,

EW? = var(W,) = o*.

> ii‘)a(ika ..

< l.l”“rk)'

(1.4)

(1.5)

(1.6)

(1.7)

(1.8)

(1.9)
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Formula (1.7) is of course trivial, and the proof of (1.9) becomes an easy exercise after
we have discovered the underlying graph structure (see formula (2.3) below).

To state our Berry—Esseen theorem we require the following assumption on the array A:
for some 0 < K < oo and all 0 < r < n,

K, = WIZ A <K. (1.10)

IEN,

Further, we introduce the notation

Ba= Y la)

IeN,

and
nis)y=(m—1)...(n—ys).

From now on Z will denote a standard normal random variable.

Theorem 1.1. Under assumptions (1.8), (1.10) and
ol =1, (1.11)
we have, for any fixed r >0 and n> r+ 1,

sup |P{W,<x}—P{Z<x}=<cr K)ﬂ—A (1.12)

—00<x<00 ( )

where the constant c(r, K) does not depend on n.

A similar theorem holds for the statistics 7', as well, but we omit the details here for the sake
of brevity.

The first Berry—Esseen theorem for serial rank statistics was proven by Hallin and Rifi
(1997) for the subclass of T4 of the form

n

Ty, o=(n—r""7 Y dD(R@)aPRG - 7).

i=r+l1
They showed under a number of regularity and smoothness conditions that

sup  |P{T4, <x} — P{Z<x}|=0n"?.
—oo<x<00o
The proof of Hallin and Rifi (1997) was based upon the characteristic function methods of
van Zwet (1982) and Does (1982).

In our proof we shall follow closely in the steps of Bolthausen (1984), who developed
Stein’s method to establish a Berry—Esseen theorem for linear rank statistics. Essential for
Bolthausen’s proof is a randomization step using a combinatorial argument. His approach
has since been applied to other rank-type statistics by Bolthausen and Gotze (1993), Loh
(1996), and Zhao et al. (1997). Bolthausen’s (1984) construction also inspired Mason and
Turova (2000) to come up with a randomization for the serial rank statistics when » = 1.
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This is where the statistics’ underlying graph structure comes vitally into play. As in the
paper by Bolthausen (1984), it relies on the specific features of the » =1 case, which
roughly speaking means a ‘one-node boundary’ in terms of graphs, and allows one to use
relatively easy combinatorics in the proof. Therefore, one of our major tasks here is to
construct an appropriate coupling for the case r = 1.

Next we state our central limit theorem.

Theorem 1.2. For any fixed r >0, let A, = {a,(I): [ € N,}, n>r+1, be a sequence of
arrays of numbers satisfying (1.8), (1.10) and (1.11) uniformly in n > 2r + 1. Also assume
the Lindeberg condition that, for all € > 0,

a*(I) = 0.

lan(D]>e

lim

n

n=00 [N
d

Then W4, — Z as n — oo.

Theorem 1.2 is proved using Stein’s method along lines similar to those followed by
Schneller (1998) to obtain a central limit theorem for linear rank statistics. It is an
extension of the central limit theorem for W, obtained by Mason and Turova (2000) for
the special case » = 1. After the necessary coupling is constructed, as detailed in Section 4,
the proof remains much the same as in the case r = 1.

Here is a useful sufficient condition for both the Lindeberg condition and (1.10) to hold.
Assume that, for all 7 € A/, and n > r+ 1,

la(D)| < n ' g((n+1)7'D),

where g is a non-negative measurable function defined on (0, 1)’*!, such that, as n — oo,

S e D | Podi <
i O

Then it is easy to verify that the Lindeberg condition is satisfied, as well as (1.10) (uniformly
in n>r—+ 1) for some K > 0. If, in addition, we assume that, as n — oo,

S D | Pdi=c <,
IEN, oo

then we obtain that 4/n(r) < C/\/n.
It will be shown in the course of the proof of Theorem 1.1 that under its assumptions
one always has, for all n > 2r + 1,

Pa o T
n(r)” (1+2r32/n’

This says that O(n~'/?) is the best rate achievable by Theorem 1.1.
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2. The graph structure

2.1. The statistics /¥4 via graphs

The statistics we introduce above can be written in an alternative way using a graph
representation. Let us now introduce some notions from graph theory that we need for our
approach.

A directed graph H is defined by a set of vertices ¥ C N := {1, ..., n} and by a set of
ordered pairs {(ix, jx): k=1,..., N} CN|, N =1, where iy, j €V and iy # j; for
each k=1, ..., N. The pair (i, ji) represents the arc from the vertex i; to the vertex jy.
Thus the positive integer N denotes the number of arcs in the directed graph. Any set of
k =1 connected arcs in the form {(iy, #1), (i1, i2), (i2, i3), ..., (ix—1, ix)}, With 7,, # i; for
any m # j, we call a k-path, or a path, from iy to i;. We say that two vertices are
connected in a graph if and only if there is a path in this graph between them. Any set of
k = 3 connected arcs in the form {(io, i), (i1, i2), (i2, i3), - - -, (ik—2, i5-1), (ix—1, i0)}, With
im # i; for any m # j, we call a directed cycle on k vertices.

A directed graph whose edges form one directed cycle which passes through every vertex
of V is called a (directed) Hamiltonian cycle. For any n =3 and V C N, let H(V) be the
set of all Hamiltonian cycles on V. Thus any graph H in H(V') is defined simply by the set
of its arcs, and we shall write

H = {(i1, i), (i2, i3), -, (G}, 1)}, (2.1)

where {iy, i, ..., {jy|} = V. In particular, when 7 =N we shall use the notation
HWN) =H,.

For any » =1 and any T C N}, let L"(T) C N, denote the set of all vectors associated
with the connected r-paths in I', that is,

Lr(r) = {(jOs ] ]7) : {(jOs jl)) (jl) jZ)a R (jr—l) ]r)} - r} (22)

In particular, for » = 1, we have L'T) =T for any I' C \V. Clearly, for any H € H, there
are exactly n different r-paths in H for any 1 < r < n, and each path is defined uniquely by
the first vertex; for example, if H = {(i1, i2), (i2, i3), - .., (in, i1)} then, for any 1 < r < n,
L'(H)Y={@1s - irs1)s eevsr (s Q15 ooes i)}

Now it is easy to show, using the same idea as in the proof of Mason and Turova (2000),
that also in the general case » > 1 the following representation also occurs:

Wi £ WaH):= Y a(l), (2.3)

IEL7(H)

where H is uniformly distributed on H,, and the sum runs over all r-paths in H. Formula
(2.3) reduces the proof of Proposition 1.1 to straightforward computations.
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2.2. Coupling

The key ingredient in the proof of a combinatorial central limit theorem or Berry—Esseen
theorem is the construction of the following coupling.

Lemma 2.1. Let n>2r(r+2) >0 be fixed arbitrarily, and let a random cycle H be

uniformly distributed on H,. Assume that (1o, Iy, ..., I,) and (L, J1, ..., J,) are random
vectors distributed independent of H and uniformly on N, so that, conditionally on
Iy =iy €N, the vectors (I, ..., 1) and (J\, ..., J,) are also independent. Then there exist

random cycles Hy and H, such that
() HZH < Hy;

(11) ([0, I, ..., [r) S Lr(Hl), ([0, Ji, o, Jr) S Lr(Hz),'
(iii)) L"(H)AL"(Hy) and H are independent;
@v) (Lo, J1, ..., J;) and H, are independent;

V) |HIAH,| < C and |HAH,| < C for some constant C = C(r) independent of n.

Here N denotes a symmetric difference of two sets.

We postpone the proof of this lemma to Section 4. As an immediate corollary of formula
(2.3) and properties (i)—(iii) from Lemma 2.1 we obtain the following useful result (for the
proof of a similar result, see Mason and Turova 2000).

Corollary 2.1. Let n > 2r(r 4+ 2) > 0 be fixed arbitrarily, and let array A satisfy condition
(1.8). Further, set

W = Wwy(H), Wi = W4(H), Wy = W4(H). (2.4)
Then

wLw, L w, (2.5)

and, for any measurable function g,

EWg(W) = nEa([O’ [l’ Tt [r)g(Wl) = nEa(IO’ Jla MR Jr)g(WZ) (26)

2.3. Conditional expectation

Here we shall derive the results necessary for the induction argument in the proof of our
Berry—Esseen theorem. Throughout this section we assume #n > (2r +2)C =: k, with the
constant C as in Lemma 2.1.

In what follows we shall denote vectors by letters without indices (e.g. u), or with
superscript indices (e.g. u¥). Letters with subscript indices (e.g. u, or u’q‘), will be reserved
for the one-dimensional values only. If v = (uy, ..., u;, Uiy, ..., ux) and v= (v, ..., v))
are two vectors, then we shall use a shorthand notation (uy, ..., u;, v, uj11, ..., uy) for the
vector (U, ..., Ui Vi, ..., V], Uiry, - - -, Ug). We shall use bold face to denote the ordered
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sets of vectors (e.g. u = (u', ..., u*)). Let {u} denote, for any set of vectors u, the set of
all the components of the vectors of this set.

Now let v=(° ...,v"), t=0, be an ordered set of ¢+ 1 vectors 07 =
g, -+ V%), pg = 1,0 < g <1, fixed arbitrarily but in such a way that v] # v} unless
g=¢q and /=1, {v} CN, and

H{v} <. 2.7
With any vector i = (ip, ..., i) € Ny where 1 < k < n— 1, we shall associate a k-path
F(Z) = {(io, i]), (i], iz), ey (ik_1, ik)} C Nl. (28)
Define also
t .
r) = JTw) (2.9)
i=0

to be a (non-ordered) set of the paths associated with the vectors of the set v.
Let H be a random cycle uniformly distributed on H,. Consider the distribution of H
conditionally on the event

{Tv)C H, (v, v) ¢ H,0<1i,j<1}, (2.10)

which says that the cycle H passes through every path of the set I'(v), and moreover, the
paths of I'(v) are not connected in the cycle H. Let us denote

N:J\/\{v}:/\/\{ug, LV 0s g <t
and

./\7, = {(Jo, ...,jt)e./\N/'tJrl  Jjk # jm for any k # m}.

For any given cycle H € H(N) and vector x = (xo, ..., x;) € N, construct a new cycle
f{x,v € H(N) by inserting the path T'(v?) into the cycle H after the node x, for each
q=0, ..., t. To define Hx,v in formal terms, let us introduce for any cycle H the following
function determined by the edges of H:

Ep(i)=jif and only if (i, j) € H, forall i € NV. (2.11)
In this notation, we set
Hyy = H\{(xg, Eg(x), ¢ =0, ..., 1} UTW) U {(xg, 00), (0%, Ejy(x)), ¢ =0, ..., 1}.
(2.12)

Now let X = (X, ..., X,) be a random vector and H be a random cycle distributed
independently and uniformly on A; and H(N/), respectively. Then it is easy to see, in the
notation of (2.12), that

d ~
H {TVC H (v}, .v)¢ HO0<i,j<t} — Hyy, (2.13)
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where H Xov|x=x 4 I:Ix,v. Observe that if v/ = (0™, ..., v™)), where 7 is a permutation of
the set {0, ..., ¢}, then, according to our construction,

I'v)=T(v) (2.14)
and

Hyy L Hy,. (2.15)

We shall now obtain a useful representation for W,(H) (see (2.3)) conditionally on the
event (2.10). First we define, for any vectors x € N, and j = (jo, ..., j,) € N, apath T,
as follows:

() if {jo, ..., jr—1} N{x} = D set, using definition (2.8),
Iﬂj,x,v — r(])’

(i) otherwise, if {jo, ..., jr—1} N{x} = {jr, = Xkp> ---» jk, = X5} for some 0 <k,
< ...<kgy<r with 0<s<r, insert the path I'(v*) into I'(j) after the node
Xk, for every ¢ =0, ..., s, that is, set

rj,x,v - F(]O: ceey jk()a Ukés jk[]+19 AR ] jku Uki: MR jksa Uk;? jk;+11 crt jS)‘ (2'16)
Next, for any array 4 as in (1.2), we introduce a random array of constants
Ayy = {axs(j): jEN,}
such that, for any x € ./\7 b

Axylxex = Ay = {ay(j) 1 j € N} (2.17)
is a non-random array of constants
3 a(i), if {jo} N {x} = x,,
~ ) i=(i0,--1 ) E LT (Ljn):io €4 j0,0g -0, }
axy(J)) = (2.18)
a(i), if {jo} N{x}=2.

i= (g, )EL" (L} xw):i0=Jo

(The last sum contains just one term.) Notice that a,y(j) = a(j) unless {jo, ...,
Jr—1} N{x} # &, and in either case the number of terms in the sums in (2.18) is, according
to assumption (2.7), at most finite and independent of n, which implies in particular the
following uniform bound

|dx,v(i)| S K max |a(])| (219)

JEN
for some constant x;.
Clearly, according to (2.13) we have

d ~
WA(H)|{F(V)CH,(v'pi,ug)gH,Osi,jst} =Wa(Hxy). (2.20)
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Hence taking into account (2.17)—(2.18) we obtain the following representation which will
play a key role in the induction argument in the proof of Theorem 1.1:

d - ~

£ 3 axu() =Wy (H). 2.21)

W(H)| {TOC H(v), W) HO=ij=1)
JeLr(H)

Lemma 2.2. Let v be fixed arbitrarily to satisfy (2.7), and also let x € N, ; be fixed arbitrarily.
Set A= A.y, W= Wy(H) and W3 = W ;(H). Under assumptions (1.8) and (1.10), there
exists a constant M, > 0 such that, uniformly in v, x and n,

|EW; — EW| < M, max |a(J)|, (2.22)
JeN ,
and
EW% —EW? < M, | max |a*(J)| + max |a(J > 2.23
%~ ) = o, (s )+ max o) .2

Proof. Notice that [N, = [N ... (IN| — r), where
n—x<|N|<n (2.24)
by (2.7). We readily see then that, for all » < m < 2r,

NNl _ (2.25)
N ol
where D is some positive constant depending on r only.
Now consider W ;. According to (2.18), we have
W= > a(J) + > (). (2.26)
JEL (H){ gy 1y} =D JEL (H){Josersd o1 YN x} £D
Obviously,

#{J e L'(H): {Jo, ..., 1} N{x} # D} <1 (2.27)

for some x, = kp(r) independent of n, v and x. Hence, from here, (2.26) and (2.19) we
obtain:

wi— > alJ)

< Cy max |a(J)| (2.28)
_ JEN,
JeL ()

for some positive constant C; = C;(r), which implies that

EW;—EW|<[E[ > a()|-EW|+C ma |a(.J)] (2.29)
- JeN,
JeLr(H)
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Using formula (1.5) together with condition (1.8), we obtain

N
E[ > a()|-EW|= ‘ Al Z a(J)| < > aW)|. (2.30)
JeL(H) N JeN, ‘N | JEN N,
Employing (2.25), we now readily derive from (2.30) that
E | =|E J)— <C J 2.31
Y. al) >, ald) 2 max [a(J)| (2.31)
JeL (H) JeL(H)

for some positive constant C; = C,(r) uniformly in n. Substituting the last bound into (2.29),
we obtain (2.22).
To prove (2.23), consider

2 2

Ew)’—Em? < [EW)’-E[ Y aw| [+ [E[ Y au)| -EW?. (@32
JeL(H) JeL(H)

Set Y =3 cpnmal(J), where |L"(H)| = |N|. We see that
2

EW)’ —E[ Y aWw)| | <EW; - v +2E(W; - Y]|Y)). (2.33)
JeL(H)

Now by (2.28),
W;—-Y =Cm ), 2.34
‘ A | 1J6.E/1\;(,|a( )| ( )

and by the Cauchy—Schwarz inequality,

E|Y| < \/var(Y) + (EY)? < \/var(Y) + |[EY]|.
Notice that (1.6), in combination with the inequality |ab| < (a* + b?)/2, implies, for all
n>2r+1,
EWy < @r+ D > @D (2.35)
|N | IEN,

Using inequality (2.35), we now obtain

1/2

Vvar() < | @r+ 1) (() ) ,
W, 2 ]

’| IeN,

which by assumption (1.10) and (2.31) is clearly bounded from above by some constant
C3; = C;(r) uniformly in n.
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Gathering together our bounds and recalling (2.31), we now obtain from (2.33) that

‘E(W/;)z—EYz

< Cy max |a()) [{cl +2C5} max [a(J)] + 203 |. (2.36)

Consider now the second summand in (2.32). First, we observe that for any array (1.2) (even
without condition (1.8)) and all n > 2r + 1,

Ew? = (- —"(”_(ZFH))) 2(1 2.37
A <|N1| |N2r+l‘ [ezN:r a ( ) ( )

! n n(n—Q2r+1)) . N .
+2 Z <|Nr+k| — o] > Z a(ig, .., 1)a(if, ooy ipag)

k=1 T=(igseir )EN 11k

2
n(n—Q2r+1))
_ = .
+ |./\/2r+l| <I§r a( )>

For further reference we derive from (2.37) a useful representation:

, n(n—(2r+ 1) (IMI)Z

EW? = 0% + (EWy,) (2.38)

|N2r+1| n

Using formula (2.37) for both of the second moments in the last term of (2.32), we obtain

2

El Y aw| —EW =23 &) - A’; 3 &) (2.39)
JeLr(H) N IEN, N IEN,

. n . o .

+2 ~, Z a(l(), R lr)a(lk7 crto lr+k)
k=1 ‘Nr+k| 1=(ig,..., ir+k)€A7r+k
n

- a(io, - .., i)a(ip, ..., ipex)| + d max |a(J)

T > (io Ja(i +0)| +d max [a(J)

I=(igsr s irs k)EN sk

for some positive constant d. Taking into account the bound (2.25), we can apply a similar
argument as in (2.30) to every term on the left-hand side of (2.39), except for the last, to
obtain:

2

E N —EW? <d 2
> al) 1 max [a(J)
JeL(H)

for some positive constant d;. This, combined with (2.36) and (2.32), proves (2.23), which
finishes the proof of the lemma. U
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Next we derive some properties of the statistic # ;. Under the assumptions of Lemma
2.2, let

a=EWw,/

- 1
Nl=—3" a).
A gﬁ:

Proposition 2.1. /n addition to the assumptions of Lemma 2.2 and (1.11), assume that

max |a(J)| =71,
JeN,| @]

where T > 0 satisfies

M7+ 1)+ M7 < 1)2. (2.40)
Then
var(W ;) = 1/2, (2.41)
and there exists a positive constant ¢, depending only on v, such that
3
alJ)—a
i = Z 7~ = CﬂA (242)
o \/var(W ;)
and
N i—a\
K,:U 3 an-—a) _ g (2.43)
|N’|Je/\7, var(W ;)

uniformly in v and x.

The proof of this proposition is based on Lemma 2.2 and a standard application of
Jensen’s inequality, and therefore we omit it for the sake of brevity.

3. Proof of Theorem 1.1

For any array of real numbers

B={b(I), [ €N}, (3.1)
define statistics #p analogously to (1.3). Further, under the condition
var Wy > 0, 3.2)
define the numbers
. b(I)—EW
by = DD ZEWs/n (3.3)

v/ var Wpg
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a n N
Bs=> Ib(DF,  Ksg = > by,
IEN, "V IeN,
and a normalized statistic
Wa(H)= Y b(I),
[€L7(H)

where H € H,, and B = {b(I), I € N,}.

233

(3.4)

Without loss of generality we assume that K = 1. Here we closely follow the basic steps
of Bolthausen (1984). For any n>r, y >0, and 0 <7 <1 fixed arbitrarily, but to be
chosen later on, let B,(y, K, 7) be the set of all arrays (3.1) such that the numbers b(/)

satisfy the following conditions:

(D] <7
uniformly in 7 € N,.,

Bs=<vy
and

Kp<K

Further, as in Bolthausen (1984), define

hos(x) = ((1 +Z;x) A 1) Vo0,

hz,O(x) = 1(—00,2] (X),

and let
O, v, K, T, n) = sup{|Eh.,(Wy) — ®(h.;)| : z€ R, B € B,(y, K, 1)},
where
O(h) = Eh(2),
with Z being a standard normal random variable. We shall also use the notation
oy, K, t, n) =06(0, v, K, 7, n).

For further reference we record the inequality

A
oy, K, 7, <0, v, K, T, n+—.
(y n) A,y n) o
Set
fua@) = P j (h.a(y) — B(h.)e " dy,

which satisfies the equation
S2a(x) = xXf23(x) = hz3(x) — @(h:).

(3.5)

(3.6)

3.7)

(3.8)

3.9)

(3.10)

(3.11)
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Observe that
|fz2(0)] < 1, o2 < 1, and | f7,(x)] < 2, (3.12)

for all x € R uniformly in z, A. Moreover, using (3.11) and (3.12), one obtains

! !’ 1 l
|20+ ) = fLa)] < |y (1 +2x] 44 JO 1z a(x + Sy)dS) : (3.13)
For the facts (3.9), (3.11), (3.12) and (3.13) refer to Bolthausen (1984).
Notice that both parts of Theorem 1.1 clearly hold whenever, for some fixed gy > 0,
Ba > eon(r). (3.14)

Next we shall prove the following result.

Proposition 3.1. For any 0 <t < 1/2, there exist €y = €y(t) > 0, and positive constants a
and a, independent of t, such that, for any array A satisfying (1.8), (1.10), (1.11), and
B4 =< eon(r), we have, for all n >2r + 1,

sup |P{W, <x} — P{Z < x}| < &a14, 8K, 7, n) + axt >B4/n(r). (3.15)

—00<x<00

Proof. The proof will be inferred from the following lemma. Let 0 <7 =< 1/2 be fixed
arbitrarily. Set

oy Joadl), if la(D)| =,
a'(l) = { 0, otherwise, (3.16)

and let A" = {a'(1), I € N,}. Denote further u, = EW 4.

Lemma 3.1. Under the assumptions of Proposition 3.1 we have

PAW,# W} < ’nzg", (3.17)
| < ’niff , (3.18)

w2 = ”nf; , (3.19)

0% —varWy| <12 i([:; , (3.20)

for some positive C,.

Proof. Define
Oo={I:1eN,, la])|> 1},

for which clearly
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0l <77Ba4. (3.21)
Now
P{W,# Wy} <nP{I € 0},
where [ is sampled from N, with probability 1/|A/,]. Thus, by (3.21),

n|Q)| < Tf4

PAWa#Wal < N a(r)

which proves (3.17). Clearly,

B

n(r)
from which we derive, for any 0 < gy < 73, that |u,| < 7. These bounds yield (3.18) and
(3.19).

To finish the proof of Lemma 3.1 we introduce some notation. Let Q(/), I € N,, be an
indexed class of subsets of NV,, and for I’ € N, set

QUY={IeN,:I'cQ)}.

=

| = (3.22)

n(n"> " a(l)
1€Q

Q = max Q [ N Q = max Q 1 N Q = max Q N Q .

Claim. With the above notation,

>an Y al)

1€Q 1'eQ(I)

<128,Q. (3.23)

Proof. Notice that

> an Y al)

1€Q 1'€Q(I)

<D an D al)|+

1€Q 1'eQ(I),I'¢ 0

dath > all)| =S+ 5,

1€Q 1'eQ(N),1'€e0

By (3.22),
S <t a(h)| < T 'Q*Ba.
1€0
and, using the trivial inequality x> + y* = 2|xy|, we obtain
1 2 1 2 < Lo* ok 2070 -15
=3 Z (D) + 5 | Z (1) =5 (Q" +Q )Za(1)$r QB4
LI'€0,1'€Q(D) LI'€0.T'€Q(D) 1'e0

These bounds prove our claim. U
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Foreach | <k <vrand I =1y, ..., 1) EN,, set
QD ={l"eN,: I'=Ub, ..., [.)=Tbs ..., ety Lty ..., 1)}
Elementary combinatorics show that, for all /, I' e N, and 1 < k < r,
QuD = nt, QLI < At
We see then that, by (2.37) and (2.38),

[EW% —EW2,| < < " —”(”(2”1)))2012(1)

‘NV| ‘N2r+1| 1€0
2 n n(n—Qr+ 1)))
+ 2 ( — a(l) a(l")
kg |Nr+k‘ |N2r+1| ;Q ['egk(])
n(n—(2r+1) (WA)Z
+ (EWy) ,
A TV S I
which by r applications of the above claim and by (3.19) is
k TﬁA 2024 & k 2 Ba

n
n(”) n(r) Z(n—r—l) (n—r—% =7 D,%, (3.24)

where k, and D, are finite positive constants independent of n. Now, by (3.19) and (3.24), we
obtain that

2 2 2 2 < p2p Pa 1 Ba 2 Pa
0% —var Wy| < [EW% —EW?, <7D, <cr P
| A var A| | A A|+/’£A ()+ I’l(l") r l’l(l")

for some C, > 0, which completes the proof of Lemma 3.1. O

Returning to the proof of Proposition 3.1, fix 0 <7 < 1/2 in Lemma 3.1 arbitrarily. By
(3.20),

Pa
n(r)

Thus if &y < 72/(4C,), we have var W, > 1/4. This, together with (3.18), gives, for all
IeN,

|1 —var Wy | < 772C, <172C,8.

a'(l)—uq/n
vvar Wy

It is easy to check now, using Jensen’s inequality, that if &y < 7> min{1/(4C,), 1} then

\ < 2(a(D| + [uwl/m) < 2z + 7 20).

A’ € B,(64B4, 8K, 47). (3.25)
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Clearly, now

sup |P{W, y=<x}—P{Z<ux}|< sup |P{Wy<ux}—P{Z<x}+P{Ws%Wy}

—oo<x<<00 —oo<x<00

< sup [P{Wy<x}—P{Z<x}+7 Bua/n(r)

—o0o<x<o0o
(3.20)
by (3.17). Next note that
sup |P{Wy <x}— P{Z < x}|
—00<x<00
Wo —pa _ Xx— Uy X — Uy
< P < —pPlz<_C4
70053)&00 ‘ { Vvar Wy o y/var WAf} { V/var Wy
+ sup |P{Z<(x—us)/VvarWy}— P{Z < x}|
—00<x<00
< O0(64P,4, 8K, 41, )+ sup |P{Z<(x—puq)/Vvar Wy} — P{Z < x}| (3.27)
—00<x<o0
by (3.25). Obviously,
sup |P{Z<(x—uq)/Vvar Wy} — P{Z <x}| < Ci(Jjus|+|1 —var Wy,
—00<x<00
for some absolute constant C;, which by (3.18) and (3.20), is readily seen to be
-2
<pi P (3.28)
n(r)
for some constant D. Combining inequalities (3.26), (3.27) and (3.28), we obtain (3.15) after
an obvious adjustment of the constants. O

In order to complete the proof of Theorem 1.1 it will now be enough to show that, at
least for some 0 <7 < 1/2 and ¢y > 0,

o(a1fB4, 8K, T, n) < CoﬂA/}’l(l”) (3.29)

whenever 54 < gyn(r).
From now on we set K' = 8K and

vy =aifs < argon(r). (3.30)
Let Bg(y, K', 7) denote the subset of B,(y, K', ) of the arrays B such that

Z b(I)=0 and 0% =1,
IeN,
in which case b(I) = b(I), implying W5 = Wg

EWg =0, var Wg = 0% = 1, (3.31)



238 T. Turova

n
b)) =fs <y and
ZN g W]

Y P)=Kz<K'. (3.32)
IEN,

To prove (3.29), assume that B € B(,)l(y, K’, 7), and consider
WB,[ = WB(Hi)9 i= 1’ 27 (333)

where H| and H, are defined by Lemma 2.1 above. Recalling (2.5), we obtain

We(H)L W1 LWy, (3.34)
Furthermore, by (2.6)
E[Ws(H) f22(W (H))] (3.35)
= nE[b(lo, J1, ..., ) [z2(Wg2)]
= nE[b(lo, J1, ..., J)foa(Wp )]+ nE[b(Lo, J1, ..., J ) Wpo— Wg1)f22(Wp)]

+ nE [b(lo, Ji, s S Wy — Wa)

!
X Jo(fé,A(WB +(Wp1 — W)+ t(Wpr — Wg1)) — f2(Wp))dt|.

By property (iv) from Lemma 2.1 the vector (loy, Ji, ..., J,) is independent of Wp,
therefore by (2.6) and (3.31), together with (3.34), we have

nE[b(lo, J1, ... J)fz4(Wp 1)l = EWp1Ef.2(Wg1) = 0.

Observe that Wg, — W, is a function of L"(H,)AL"(H,), which, by property (iii) of our
coupling, is independent of W . Hence, by (2.5), (3.31), (3.34), and property (iv),

nE[b(lo, J1, ..., J)Wpa — W) f1:(Wp)] = nE[b(lo, J1, ..., J)Wgr]EfL (W p)
=var(Wp)Ef'(Wg) = EfL(Wp).

Putting everything together now and using (3.11), we obtain

|Ehz’,1(WB) — q)(hz’i)| = nE b([o, J1, ey Jr)( WB,Z — WBJ) (336)

!
X L(fé,/l(WB +(Wp1— W)+ t(Wpr — Wg1)) — f2(Wp))dt|,
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which in turn, by (3.13), is
< nE[|b(Jo, J1, ..., J) W2 — WeD)|(|Wp1 — Wa| + |[Wpa — Wgi])] (3.37)

+2nE|b(lo, J1, ..., J) Wy — W) (W1 — Wa| 4+ |Wga — W1 |)Wg|
+ "E{V’Uo, Jis oo s J)Wpa = WeDI(|Wpi — Wa| + [Wpa — Wgil).

1

1 ¢l
X IJ J 1 (Wp +s(Wp1 — W)+ ts(Wpy — Wp))ds df}
0Jo

= A+ Ay + As.
Notice that

Ay < nEb(ly, J1, ... J) > [bUINB(I),

where the sum runs over /' € L"(H)AL"(H)U L"(H\)AL"(H,) and I?> € L"(H\)AL"(H,),
therefore by property (v) from Lemma 2.1 this sum contains at most a finite number of terms.
It is not difficult to derive from here under assumption (3.32) that, for some positive constant
c1 independent of n,

(D> _ cry
Al < nc E = . 3.38
s W) e

To bound the remaining two terms in (3.37) we shall use conditioning. Consider
Az = 27’[EE{|Z)([(), Jl, ey Jr)(WB,l — WB,Z)WB| (339)
X (|Wpy— Wp|+ |Weo — Wi DL (H)AL(H), L"(H\)AL(Ha), (1o, J1, -, J )}

Notice that the difference W — Wp, is a function of L"(H)AL"(H,), while Wg — Wpg is
a function of L"(H)AL"(H). Hence, properties (iv) and (v) allow us to derive from (3.39)
that

Ay =2nE{|b(Lo, J1s -y ) Wp1 — We)|(|Wea1 — Wg|+ |Wea — Wgal) (3.40)
X E{|Wp||L"(H)AL"(H), L"(H)AL'(Hy), (1o, J1, -, T )}
Consider the last conditional expectation. Assume that an event
A={L"(H\L"(H,) =U, L'(H)\L'(H) = U],
L' (H)\L"(Hy) = Us, L"(H2)\L"(H\) = U3, (Lo, J1, -, 1) = (o, j1s -5 Jr)}

has a positive probability. Since all the cycles H, H; and H, are defined on the same set of
vertices, and also (/o, Ji, ..., J,) € Hy, then for any event A there is a unique non-empty
sltlzt of vectors, say {v°, ..., v'}, with v’ = (v}, ..., U;i) and p; = r for any 0 < i < ¢, such
that
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E{|Ws(H)||A} = E{|WB(H) UTw) c H, (W' o)) g H.0<i,j< r}. (3.41)

q=0
Notice also that the condition P{.A} > 0 implies [{v}, ..., v}, }[ < (2r+2)C = k according
to property (v) of our coupling.
Now we can use the results of Lemma 2.2, taking into account that 0 <t <1 in (3.5), in
order to obtain the bound
E{|Wp|[A} < M,

where the constant M > 0 is independent of n and A. This, together with (3.40) and the
definition of A, gives us

2M
Ay < 2MA, < 227 (3.42)
n(r)
Finally, we shall find an upper bound for Aj. Set

a(,y, K', 7, n)

t
= sup{P{ Wg(H) € [z, z+ ] U I'w? C H, (u;i, ué) dH,0<i < t} :

q=0
r<|{og,....v Y| <k, zeR, BeB)(y, K', 1)}

Analogously to (3.40)—(3.42) we obtain
1
Ay < IAla(ﬂ., v, K', 7, n). (3.43)

Let us fix 0 <7 < 1/2 in (3.5) such that condition (2.40) is satisfied. Hence, from now
on 7 is a positive constant depending on » only. Then using (2.21) and the results of
Proposition 2.1, we obtain the bound

a(A, v, K',t,n) <sup{P{Wp,  €lz,z+A} :z€ER, BEB,_,,, r+1<=m=x},

(3.44)
where Bj,_,, denotes the set of all arrays of real numbers
By-w={bI), I =y, ..., 1), [;€{l,..., n—m}, I; # I; for any i # j},
such that
us, , =0, var(Wp, ) =1/2, Bs, , <cy, Kp, , <cK' (3.45)
Notice that, for any B,_,, € By,
sup P{Wp, , €z, z+Al} ssup P{W; €[z z+ 2]}, (3.46)

where we use the notation B as in (3.4). Assuming now that gy is chosen sufficiently small,
we can again use (3.15), taking into account (3.45) and (3.30), to infer that the last term in
(3.406) is
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2a5t 3¢y n 21
(n—m)r) 2’
where 7 is the same as fixed above, ¢’ and a; are some positive constants, and

(n—m)(r):=(mn—m—1)...(n—m—r). Combining (3.44), (3.46), and (3.47), we now
obtain

<20(d’cy, 8¢K', T, n — m) +

(3.47)

y 24
a(Ad,y, K', t, n) <2 max O(a'cy, 8cK', 17, n— m)+ a3 —— +—
*y ) <2 max o(a’cy ) Y o

for some a3 > 0. Substituting the last bound and (3.38) into (3.43), we obtain

Y S
A < n( )< +/’Ln( T 1<n211><<K(3(a cy,8cK', T, n m)) (3.48)

for some constant c3 > 0. Combining (3.48), (3.38), (3.42) with (3.37) and (3.36), and taking
into account (3.8) and (3.9), we obtain the inequality

oy, K', t, n)\04ﬁ< +T+ll<2§,€6(a cy,8cK', T, n — )) +\/L2_n (3.49)

for some constant ¢4 > 0.
Without loss of generality we can assume from now on that ¢ > 1 and a’ > 1. Choosing

24a’c204y
A=——"2",
n(r)
we derive from (3.49) that for some constant ¢s independent of n, and for all K’ = 1,
vk,

oy, K', t, n) < cs

1 !
() 2dca (1A Old’cy, BeK, T, n—m).

Next observe that (2.35), in combination with the Cauchy—Schwarz inequality, shows that

BN =Y JaDP = n(r)o?/@r+1) = n(r)/@r+1), (3-50)

IeN,

which says that for all n = ng, for some ng, we have y = a’f4 = 1. Further, for all n = ny,
for some n;,
n(r) _3

S (n—m)(r) 2
This implies, for all n > 2k Vny V ny,

n(r)o(y, K', T, n) . 1 max (n— m)(r)o(a’cy, 8cK', T, n — m)
’}/K’ 2 1sm=k a’cy8cK' ’

which, in turn, implies, since ¢ > 1, | <y < a1&gyn(r) and K' = 1, that for all » sufficiently
large,
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n(r)o(y, K, t, n) < s +l max  sup (n— m)(r)o(y, K, v, n — m).
y=1,K=1 yK 2 Ism=<K y=1 g=1 yK

This last inequality readily implies (3.29), which by (3.15) finishes the proof of Theorem 1.1
for W 4. O

4. Proof of Lemma 2.1

4.1. Main graph construction

Throughout this section we assume that n > 2r(r + 2).

Given a cycle H and vectors (lo, Iy, ..., I,) and (o, Jy, ..., J,), let us construct cycles
H, and H,. First of all, notice that each of the latter cycles should be some modification of
the cycle H which preserves all but a finite (in #) number of the edges of the cycle H in
order to possess property (v). Obviously, in order to have property (ii) the cycle H; should
pass through the path ([o, Iy,...,[,), while H, should incorporate the path
(Lo, J1, ..., J;). That would be a fairly easy task to accomplish, namely to change a
finite number of the edges of the cycle H in order to pass through a given r-path. However,
the problem becomes much more complicated when we try to achieve property (iii) as well.
To see where the difficulty comes from, let us assume that we have two cycles H; and H,
satisfying (ii) and (v), which means that H{AH = By and H,/AH = B,, where By and B,
are finite (i.e. bounded uniformly in ») non-empty sets of edges. Hence, the set
L"(H)AL"(H;) might contain those r-paths of H which have at least one vertex in
common with the vertices in By or B,. This clearly violates property (iii), which states that
L"(H\)AL"(Hy) and H are independent. Our way to overcome this obstacle is to introduce
auxiliary random elements (denoted by 7 below) which will take care of the r-boundaries
of the set {7,J}:={lo, [1,..., [,} U{J1,...,J,} in the graphs H, and H,. An
r-boundary of a vertex v in a cycle is called the set of all the vertices of this cycle
reachable from v along a connected path of at most » (non-directed) edges. We call an
r-boundary of a set the union of the r-boundaries of the vertices in this set without the
vertices of the set itself. Our aim now is to construct cycles H; and H, so that the
r-boundaries of the set {/, J} in either of these cycles are independent of H.

Let us outline our strategy. First we define, independently of H, a new random element
V =V(I, J) to represent an r-boundary of {/, J} in the cycle H;. Further, we determine a
set U of paths through which cycle H; should pass in order to have the given boundary of
the set {7, J}. Finally, we will introduce an algorithm to modify a cycle H as little as
possible, in order to obtain a new cycle G(H, U) which passes through a given collection
of paths. We will conclude by proving that this algorithm produces random cycles with
required properties (i)—(Vv).

For any m = 1 and any vector u = (uy, ..., u,), we shall denote by {u} = {uy, ..., uy}
the set of values of its coordinates. Also, for any array of vectors U = {ul, o u™ we
denote {U} = U {u'}.
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Let {I =y, ..., I,) and J =(Jy, ..., J,) be any fixed realizations of the correspond-
ing random vectors, and let 2 be a cycle passing through I'(/). Write
h=A{o, 1), -+ -s (Lrs hry1)s - (B, L0)}- (4.1
Consider the r-boundary of the set {7, J} in this cycle. Define
k(1, J) == {J}\{1}] (4.2)

to be the number of components of J which are not in the set {/}.

In the simplest situation when k(Z, J) = 0, that is, when {J} C {/}, the r-boundary of
{I, J} in a cycle (4.1) is clearly {h,_,, ..., hy_1, Ayi1, ..., h2}. Observe that the location
of this r-boundary, that is, the indices {n—r,...,n—1,r+1,...,2r}, is determined
uniquely and independent of this particular cycle passing through /. Thus in the case
k(1, J) =0 we define V=V (I, J) to be a random vector with 27 components indexed as
the vertices of the r-boundary of {/, J},

V=v'=0 VLV VD, (4.3)
and distributed uniformly over the set {(xi, ..., x,) : x; € N\{I}, x; # x;}.
In the case k(/, J) =k =1 we first introduce a random vector (&, ..., §;) uniformly
distributed on the array
Q= {(ul, csup)ir+Hlsuy <o <ups=n-—1, ui;éuj}, 4.4)

to specify later on the locations of the values of {J}\{7} in a cycle H,. More exactly, write
{1} ={Js -5 Is ) with 51 < ... <. (4.5)

Then in a cycle H; written as (4.1), we shall have
he = Jy, (4.6)

forany 1l < /< *k
Now we are ready to define V' (I, J) in the general case. Conditionally on 7, J such that
k(I, J) =k =0, define a random vector

Vi =V ..., V5, 4.7)
so that, conditionally on & = (&, &, ..., &, &xy1) with
gOEra§k+IEn_1’ and (Ela"'a&k)egkiszla

one has, for all 0 < [ < k,

! 1 i 1 :
(V§[+15 sty V§[+r7 V§/+17r7 RN V§[+171)3 lf gl“rl _El >2r7
! .
Ve= (Vé,Jrla ey Vél_lfl)s if 1 <§l+1 —EISZF’
g, if & -8 =1

(assuming & makes no contribution to (4.7)), and the distribution of vector V' is uniform on

V(m) = {(ur, ..., up) € N\{L, JD™ : u; # u; for any i # j} (4.3)
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with

k
m= (i —&—1A2D. (4.9)

=0

Notice that the indices of all ¥/ will correspond to a location of the r-boundary of the set
{I, J} in the cycle H, that is, if H; is written in the form (4.1) we shall have

vi=n (4.10)

for all possible 7 and /.
Let us now gather the random variables /, J and V' into one vector (recall also (4.5))

([O’ 119 MR 17'9 VO) JSl) Vl’ JSZ) et Vk_l) JS/(’ Vk)’ if k = k(l’ J) > 09

. 4.11
([07 11’ e 17‘7 V0)9 otherwise. ( )

Since by our construction the indices of the components of vector (4.11) will represent the
location of the set {/, J} and its r-boundary in the cycle H;, we can also determine the
corresponding connected paths as follows. In the simplest case k(/, J) = 0 after a cyclic
permutation of (4.11) we obtain, taking into account (4.3), a vector

u=0'=0"_,..... 7"

n—ro n—1°

Lo, Iy ooy Iy VO, V), (4.12)

which by its definition (recall (4.10)) will correspond to the directed 3r-path in the cycle H;
written as (4.1).

In the general case when k(/, J) > 0 we see that the only consecutive vertices in the
vector (4.11) which might not be neighbours in the cycle H; (recall (4.6) and (4.10)), are
the vertices Vélﬂ and VéH_r if &4 —r>&;+ r. Observe that, for any n > 2r(r + 2),
the set

{l(),...,lM}:{O$l$k:§1+1—§1—1?2}"} (4.13)

is non-empty, and we can assume 0 < /[y < ... <[y <k, where 0 < M < k. Now let
vector U be a cyclic permutation of the vector (4.11), call it

U=UJ,EV)=U"...,U"
with U' = (U{, ..., U’},f),izO, ..., M, such that
Uy="Vi, ., forl=1,i=0,..., M.

According to this definition U &€ AN, 4,, and its components U°, ..., UY will
correspond to the connected components of the set {/, J} together with a given boundary
V(l, J, &) in the cycle H,. Clearly, vector p = (py, ..., pa) is a deterministic function of
1, J and & We shall write

p=p,J, %), M=M{,J, & (4.14)

for further reference. Notice that by their definition p; =1 for all 0 < i< M, and
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M
HUM=M+)> pi=r+k+m<2r(r+2). (4.15)
i=0
Now for any array
u= O ..., u"), with u? = (uf, ..., u%),0< ¢ <M, (4.16)

such that { P{U = u} > 0, we shall define a transformation

G, ) :H, — H, (4.17)

as follows. Let H € H, be fixed arbitrarily.

(@)

(i)

If T'(w) C H, that is, if H passes through every path of I'(u) (see definition (2.9)),
set

G(u, H)=H.

Otherwise we construct the cycle G(u, H) iteratively, by adding new edges to the
path T'(u«°). (The reader might find it helpful to draw a picture.) We shall denote by
Gk, k < n, the current k-path. We start with

Gp, = T("). (4.18)

Then from the last vertex of this path, which is u(;]o, we draw a new edge to the first
vertex of H which we missed starting at u). To be precise, we choose this vertex
according to the following procedure. First we define recursively, using definition
(2.11),

Ey() = Eu(i),  Ey()=ER(Ey @), k>1, (4.19)

for all i€ {1, ..., n}, so that E’;,(i) is the end vertex of the k-path from vertex i
along the cycle H. Now, for any w € A/, we can define a number

M
w(w) = u(w, H,w):=mind m=1: Ej(w) & | J{u P\ {ud}) 3. (4.20)
q=0
which is the length of the shortest path in H from vertex w to the vertex outside the
set UM ,({u?}\{ug}). Now we choose
! (’40
Wy, = W) 4.21)
and then set
Gppr1:=Gp U {(u(;jg, wyt1)}

Algorithm. Assume that we have constructed a k-path

G = {(uo, ut), (ui, uz), ..., (uk-1, ur)},

for some py+ 1 =< k < n. Then there are two following cases.

Case A. If the last vertex of the current path coincides with the first vertex of one of



246 T. Turova

the paths in I'(u), we add the corresponding path to our current path. More
precisely, if uj = ué for some 1 < /< M then we set

Gusp(u, H) = Ga(u, H)UTH UL (. ENDad)) ), (4.22)

and proceed again from the beginning of the algorithm.
Case B. Otherwise, if u} & Ugio{ug}, choose

i1 = ED(ul) (4.23)
and set
Giy1 := Gr U {(uf, uiy1)}-

Then proceed again from the beginning of the algorithm.
Due to the fact that H is a cycle, this procedure leads to a construction of a unique cycle
G, = G,_1 U{(up_1, uy)} where u, = ul. Finally, set G(u, H) := G,,.

Now let H be a random cycle uniformly distributed on H, and independent of the
random vectors I, J, &, V defined above. Also let

U=U,J,&5 V)=Up, L1, .-, I,), (J1, ..., ), &, V), (4.24)

U,:U((IOlea--"Jr)!(lls"'ylr)sga V)a

and define
H, =G, H), H, =G, H). (4.25)
It follows obviously that
viv, (4.26)
which implies
H L, (4.27)

4.2. Properties of the transformation G(u, -)

We begin with Property (ii). It follows immediately from (4.18) and (4.22) that, for any set
u as in (4.16) and for any H € H,,

Gu, H)e H(uw):={H € H, : T'(w) € H}. (4.28)
Since the set of paths U contains a path I'(/y, I, ..., [,) while U’, contains a path
I'(y, J1, ..., J,) property (ii) follows by the definition (4.25) and equality (4.28).

Properties (iii) and (v) also follow immediately by construction.
Turning now to property (i), let Hy € H, be fixed arbitrarily. Consider the probability
function
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P{G(U, H) = Ho} = > P{G(u, H) = Ho}P{U = u} (4.29)
u

#{heH,: G, h)= Hy}
L

M, p=(po,....pm) u=(u°,...,u™)
X P{U=u|lM(,J, & =M, p,J,&§=ptP{M,J,§ =M, pl,J,§ = p},

with functions M(7, J, &) and p(I, J, &) defined in (4.14). Let M and p be fixed arbitrarily
but so that P{M (I, J, &) =M, p(I, J, &)= p} > 0. It is obvious that, conditionally on
M, J, 5 =M and p(I,J,E5) = p, the vector of the components of the array U is
uniformly distributed on NV, with ¢ = M + Zf\i oPi (see (4.15)), which implies

1

P{U=u|M(I, J, D)= M, p(I, J, D) = p} = D (4.30)

Let us define the following set of arrays of M + 1 vectors of given cardinalities:

(M, p) 0 My . i i i 0 M
NP ={u=", o, u™) cu' = (uy, o osudl), (g, -y uy ) €N Y

Observe that, due to symmetry, the number |H(u)| for any u € N’ E]M‘p ) depends only on the
values of M and p but not on a particular choice of u. Also due to symmetry we have, for
any fixed Hy € H(u),

[Hl

heH,: G, h)= Hy} = , 4.31
which implies
ST #{heM,: Gu, h) = Ho} = #{ve N""" : T(v) € Hy} 7'?”' : (4.32)
wen T H(w)|
We shall use the following relation:
[HW)| = (n — (g + (v e NP . T(v) € Ho}/n. (4.33)

This holds due to the simple observation that, for any fixed position of M + 1 different p;-

paths with a total number of ¢ + 1 vertices in a cycle, there are (n — (¢ + 1))! ways to place

the remaining n — (¢ + 1) vertices. The factor 1/n refers to n cyclic permutations.
Combining (4.33) and (4.32) with (4.30), we can now reduce (4.29) to

1

(4.34)

1
>N P{M(1,J, D)= M, p(I, J, D)= p} = Tt
M,p n

This proves
HLGU, H)= H, (4.35)

which, together with (4.27), implies property (i).
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Finally, we consider property (iv). Let (g, j1, ..., jr) €N, and Hy € H, be fixed
arbitrarily. Using definitions (4.25) and (4.24), consider

P{H\ = G(U, H) = Hollo = io, J = j = (j1, ... j)} (4.36)
= P{G(U(, j, & V), H) = Ho|ly = io, J = j}.
By (4.28) we have
P{G(u, H) = Hy} =0,
unless u is such that I'(w) C Hy. Hence it is easy to see that
P{G(U(, j, & V), H) = Ho|ly = iy, J = j} =0,

unless 7 is an r-path in H, from the vertex iy, that is, 1 = I := (i, ElHO(iO), o, E;,O(io)).
Write

HO = {(iOa El]{()(iO))n ] (E?Jo(i())a xr+1)’ R (xn72a xnfl)ﬂ (xnfla 10)}

Observe that the values Hy, I and j determine & and 7 uniquely such that
I'(U(, j, & V) C Hy if and only if £ =& and V = V. Indeed, following the definition of
U, we obtain & = (&, &1, ..., &k, k1) With k = [{j}\{/}], such that &, =r, Erpi=n—1,
and in the case £ > 0 we have & < ... <&, with {&} ={/: x; € {j}\{[}}. Also, we see
that 7 is simply the r-boundary of the set {j, I} in the cycle Hy. Hence, setting
a=U(@, j, & V), by (4.36) we have

P{G(U(, j, & V), H) = Hol|ly = io, J = j} (4.37)
= P{G(ﬁa H) = HO}P{([ls ey Ir) = (ElHo(lO)a ey E%(’O))Uo = 10}
XPE=EV=VI=IJ=j}.

Recall that the distribution of / is uniform on N,. Hence,

P{(y, ..., 1,) = (E}y (o), -, Efy (i) 1o = io} = o (4.38)

D...(n—r)
Taking into account (4.31), as well as the fact that given /=7 and J = ~with
k(I, j) = k > 0 the distribution of & is uniform on €, and conditionally on &= & the
vector V' is uniformly distributed on V(m) (see (4.4) and (4.8)), we derive from (4.37) and
(4.38) that

1 1
[H@ Q4] [V(m)[ (n = 1) ... (n— 1)

P{G(U(, j, & V), H) = Ho|lp = ip} = (4.39)

Also, setting |Qo| = 1, it is easy to see that the same formula holds in the case £ =0 as
well. Observe now that for H(/) := {H € H, : (/) € H} we have

[H(D] = [HW)] Q| [V(m), (4.40)
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which follows from the following facts:
1.
I'(I) C T(w);
2. |Q| equals the number of possible ways to label the nodes of the set {;j}\{I},
choosing labels from N\{7};
3. |V(m)] is the number of all possible ways to label the nodes of the r-boundary of the
set {j} U{I} choosing labels from N\({j} U {l}).

Substituting (4.40) into (4.39), we obtain

1 1
T HD((n—=1D . (n—1)

It is easy to compute, for any i € N,, that |H(i)| = (n — r — 1)!, which, together with (4.41),
implies
1 1
P{G(U(I j, & V), H) = Hy|ly = iy} =———— = —— = P{H, = Hy}, 4.42
{6, j, & V), H) = Hollo = io} CENEA {H, o} (4.42)
where the last equality is due to (4.34). This, when substituted into (4.36), yields property
(iv). This completes the proof of Lemma 2.1.
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